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Abstract

The metal-rolling process is modelled as a de-
lay differential system with noncommensurate delays.
Stability conditions for delay differential systems have
been recently developed using asymptotic stability
tests and the Lyapunov approach. These results are
applied to the stability analysis and stabilization of
the metal rolling process. Conditions on the gains
of finite dimensional controllers such as proportional
plus derivative controllers are developed to ensure
the stability of the controlled process against delay
variations,

Keywords: Metal rolling, multipass processes, delay
differential systems, multidimensional systems.

Notation
R field of real numbers
Rlz1,...,2zm] ring of polynomials in (z1,...,zy) with
coefficients in R
R(z1,...,2m) quotient field of Rzy,. .., zm]
D_ open left half plane {s € C | Re[s] < 0}
D open right half plane {s € C| Rels] > 0}
R Jw-axis {s € C | Rels] =0}
D closed right half plane DUR
um open unit polydisc
_ {(z1,...,2m)€EC™| la]<1,i=1,...,m}
um closed unit polydisc
{(z1,...,2n) €C™| |zm|<1,i=1,...,m}
™ distinguished boundary of U™
{(z21,...,2m) €C™| |&|=1,i=1,...,m}
I n X n unity matrix
Op n X n gero matrix

@ direct sum of matrices
AT transpose of matrix A
A* conjugate transpose of matrix A

1 Introduction

Metal rolling is a common plastic working technique in
which deformation takes place between two rolls with
paralle] axes revolving in opposite directions as shown
in Fig. 1. In practice, the stock is passed through a
series of rolls for successive reductions which requires
more investment in equipment {1]. A more economica!
practice is to use a single two high stand; a process often
called ‘cogging’ [2].
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In this paper, the cogging process is considered as
a multipass process. Multipass processes represent a
class of dynamical systems that operate in repetitive
cycles. Each cycle of operation is called a pass and the
interaction between the outputs generated during suc-
cessive cycles of operation is called pass interaction. Ex-
amples of such processes, besides the metal rolling, are
metal cutting processes, binary distillation columns, lig-
uid/liquid heat exchangers, automatic ploughing, vehi-
cle convoys, and the standard multipass process ‘vertically-
steered longwall cool-cutting machine’ {3,4,5]. The ap-
proach taken in this paper is so general to be applicable
to any of the above mentioned processes as well.

The stability of multipass processes has been ex-
amined by Edwards (2] where the multipass process is
converted into an infinite-length single-pass process de-
scribed by a functional differential equation and then
the standard inverse-Nyquist stability criteria is applied.
This approach has been examined by Owens [6,7] who
showed that it neglects disturbances at the beginning
of each pass. Therefore, it is natural to introduce pass
delay and to discuss the stability of multipass processes
using multidimensional system stability theory. In two
more recent publications Boland and Owens [8] and Ed-
wards and Owens [5] showed that for discretized mul-
tipass processes two-dimensional (2-D) bounded-input
bounded-output (BIBO) stability is equivalent to what
is known as the stability along the pass [2]. An analo-
gous result for differential multipass processes has been
presented in Foda and Agathoklis [9]. In [10] the coeffi-
cient assignment for 2-D discrete systems has been ap-
plied to design a tracking controller for the metal rolling
process.

Differential multipass processes have been recently
studied using delay differential system models [11]. An-
alytic tests for asymptotic stability and stability in-
dependent of delay (i.o.d.) for delay differential sys-
tems are available [12,13,14]. Also, sufficient conditions
for the stability of delay differential systems using the
Lyapunov approach have been developed by Agathok-
lis and Foda [15,9]. These stability results are used to
determine the constraints on the gains of the finite di-
mensional controllers such as proportional plus deriva-
tive (PD) controllers in order that the controlled metal
rolling process would be stable against delay variations.



The paper is organised as follows. The next section
contains background material and results pertinent to
delay differential and multipass systems. In Section 3,
the metal rolling is modelled as a delay differential sys-
tem with two noncommensurate delays, namely the pass
delay and the gauge sensor measurement delay. In Sec-
tion 4, the stability of the metal rolling process is con-
sidered. Proportional plus derivative (PD) controllers
are designed for the controlled metal rolling process us-
ing the asymptotic stability i.o.d. criteria for delay dif-
ferential systems. It is shown that this criteria, which
is stronger than the asymptotic stability criteria for de-
lay differential systems, is more appropriate, taking into
consideration the nature of the delays involved. Discus-
sion and some concluding remarks follow in Section 6.

2 Delay Differential Systems

In this section, delay differential system models and
their stability are discussed. Our interest in this type of
multidimensional systems is derived from the fact that
the metal rolling process discussed in the next section
is a differential multipass process [11,6,7] and such pro-
cesses can be modelled via delay differential equations.

An autonomous delay differential system with m
noncommensurate delays is represented by a functional

differential equation of the form
Bmil Ay Rm & ) . .
P IFHD D c!’:':---i-F!f(“hhx—hhz—...—hhm
=0 H=0  ja=0
d™
+dt'-+; 9(‘) =0 (l)

where hy,. .., hn are the noncommensurate delays. De-
1ays Ay;..., hm are called noncommensurate if there ex-
ist no integers I;,...,ls { not all of them zero) such
that 3™, i h; = 0. Eq. (1) is called commensurate if
m=1.

The characteristic polynomial associated with this
delay differential system would be a multivariate of the
form

c(s,e™™, ... e7hnt) = grmbi g
T Do Limeo Cisy.ojm S'ETTM0 L gmimbns
2
Letting zz 2 ¢™*, i =1,...,m, ie. % is a left shift
operator of duration h;, the characteristic polynomial
would be

(8,21, 2m) = 8™ 4

Pl My N . X
. eve Cisy..dm 8'2{‘...2’,: (3)
i=0 51=0 $m=0
An autonomous delay differential system of the com-
mensurate type can be modelled via the following 2-D
state space model [11,16]

S Il ] ] BT
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where 7; € R™ denotes the delay state vector, z; €
z™ denotes the differential state vector, and A denotes
the pass delay for a differential multipass process. The
characteristic polynomial of this 2-D state space model
is defined as

c(s,2) & det [I"‘_ A‘:Al . I,:sz. (5)

which can be written in in the form of {3). This 2-D
state space model realizes both neutral (¢cn,; # 0, for
some j € [1,n,]) and retarded (ca,; =0, V 5 € [1,71])
delay differential systems.

Also, a delay differential system with m noncommen-
surate delays may be modelled by the following gener-
alized linear system model [17,18]

D(21,...,2m) (t) = A(21,...,2m) 2(t) +

B(z1,...,2a) u(t)
where A, D € R™"|z,,..., 2} and B € R*"[z,,...,24].
%, ¢ =1,...,m are delay operators of duration h; , § =
1,m. Note that R{z),...,2u] is a commutative ring in

general and for m = 1, i.e. the commensurate case, it
is also a principal ideal domain (p.i.d).

Definition 1 [19] A matrix D(z,...,2s)

€ R™"z,,..., 2] is atomic at zero if D(0) is nonsin-
gular over R.

Atomicity at sero is always assumed for D in this paper.
Let U be the closed polydisk 0P = {(z1,...,2s) €
C™| |5| <148, i=1,...,m}, then formal stability of
D is defined as follows:

Definition 3 {17] D(2,...,2zu) is called formally sta-
ble if det[D(z;,...,2w)] # O for all (2;,...,2.) € O
for some § > 0.

Remark: If D is atomic at zero and formally stable,
then it is invertible over 0™ and Eq. (7) becomes

£t) = Flz,....zm) 2(t) + G(z1,...,2u) 6{t) (D

where F = D™'A and G = D~'B are in general over
R(zy,...,2m).

The stability of delay differential systems has been
studied via the investigation of the zero sets of the char-
acteristic polynomial {12,13,14] and using 1-D frequency
dependent Lyapunov equations. Also, m-D constant
parameter Lyapunov equations of a special form, that
combines both known forms of the Lyapunov equation,
have been recently derived [15,20] for the stability analy-
sis of delay differential systems. Firstlet h = max h;, 1 =
1,...,m and let B denote the Banach space of contin-
uous functions from {-h,0] into R equipped with the
sup norm

(6)

[I¥l] = sup,gi_rq |¥(0)], forany v €B  (8)
Also let y: € B denote the function segment defined by
wlo) =y(t +0), o€[-k,0]

Consider the autonomous delay differential system
given by Eq. (1) which is usually considered with the



initial condition

w(t) =¢(t), te€[-h,0], where y€B
Definition 3 [21] The delay differential system (1) is
said to be asymptotically stable if 3 M,y > 0 such

that for each ¢ € B the solution y(t) of (1) with yo =1
satisfies

ly@Ill < Mlgle™, Vi>o0 (9)

and is said to be asymptotically stable indepen-
dent of delay (i.o.d.) if (9) holds for all h; > 0, 5 =

1,...,m.

The following theorem states the necessary and suffi-
cient conditions for the asymptotic stability of (1).

Theorem 1 {22] The delay differential system described
by Eq. (1) is asymptotically stable if and only if

c(s,e™*...,e™™*) # 0, Res>0, (10)

and asymptotically stable independent of delay (i.o.d.)
if and only if (10) holds V k; >0, i=1,...,m.

Corollary 1 The delay differential system (7) is asymp-
totically stable

det[s] — F(e™*™,...,e™*™)] # 0, VseD, (11)

and asymptotically stable independent of delay (i.0.d.)
if and only if (11) holds V h; >0, i=1,...,m.

The following theorem provides an analytic test for i.o.d.
asymptotic stability.

Theorem 2 [12] The delay differential system (1) is
i.o.d. asymptotically stable if and only if

(i) e(s,1)#0, seb (12)
(i) ef(s,—1)#0, s€R, (s#0) (13)
() (1+oT)™ e(o 77 T)#0, s€R, VT>q)

A stronger notion of stability for delay differential sys-
tems called pointwise asymptotic stability has been de-
fined using the characteristic multivariate ¢(s, 21,...,2m)
as follows.
Definition 4 [23,24] A delay differential system with
characteristic polynomial ¢(s,2,...,2m) is said to be
pointwise asymptotically stable if and only if

c(8,21,.-0r2m) # 0, V(s,21,...,2m) € D x 0™ (15)

Therefore the delay differential system described by Eq.
(7) is pointwise asymptotically stable if and only if

det{s] — F(21,...,zm)] #0,
V(s,21,...,2m) €D x U™ (16)
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The stability of the 2-D state space model (4) has been
studied via a constant parameter 2-D Lyapunov Equa-
tion as follows [15,20]. Let W = W, @ W, and Q be
positive definite symmetric (p.d.s.) matrices over R.
Then the proposed 2-D Lyapunov equation for delay
differential systems is

ATWO + WA + ATWMA - W0 = —Q (17)

where W1 2 W, ©0,,, W14 0, ®W,,and A 2
[Al A,
As A
It is clear that this proposed Lyapunov equation
combines known discrete and continuous forms of the
known Lyapunov equations. The following theorem gives
a sufficient 2-D stability condition using this proposed
Lyapunov equation.

Theorem 3 [15] The delay differential system (4) is
pointwise asymptotically stable if there exist p.d.s. ma-
trices Wy, Ws, and Q such that the 2-D Lyapunov equa-
tion (17) is satisfied where W = W; @ W, and A is as
given before.

3 The Metal Rolling Process

In this section the metal rolling process is described and
modelled as a delay differential system of the noncom-
mensurate type. Fig. 2 depicts the physical diagram of

the metal rolling process. The dynamics of this process
are given by [5].

M k) »
wWit) = p_fﬁ;’m —52 walt) + 5 )
A
+y, %0 (18)

where p denotes the differentiation operator d/dt,
¥o(t) is the actual roll-gap thickness,
yi(t) is the thickness of the incoming metal strip,
y4(t) is the desired value of motor deflection from the
unstressed position,
M is the lumped mass of the roll-gap adjusting mecha-
nism,
A1 is the stiffness of the adjusting mechanism spring,
Az is the hardness of the metal strip,
A = A1A2/(A1+As) is the composite stiffness of the metal
strip and the roll mechanism,
wo = [(ka + A)/M]/?, ¢ = ky/(2w, M) are the angular
natural frequency and the damping ratio of the local
servo,
and k,, kj are the proportional and derivative gains of
the servo controller.

The work strip can be passed back and forth through
a reversing stand (cf. Fig. 3) which requires extra power
[1). Therefore, it is assumed that the strip is passed
repeatedly through a non-reversing single stand where
the roll-gap is reduced for each pass, a process often
called ‘cogging’ [2]. Nonetheless, this process is slow



and has a variable pass delay since the stock is usually
passed over the top of rolls.

The thickness of the incoming strip can be related to
the actual roll-gap thickness by the following interpass
equation

w(t) = w(t = k) (19)

where the delay &, denotes the pass delay and it may be
related to L, the length of the metal strip which varies
from pass to pass. Eq. (19) will be referred to as the
pass interaction equation.

The gauge thickness is usually controlled via a pro-
portional feedback control of the form

valt) = —ke| g (t) — vo(t — ha)] (20)
where k. is the loop gain and y,(t) is the adjustable
reference setting for the desired strip thickness. The
delay h; is the output sensor measurement delay which
is given by hy = X/v(t) where, as shown in Fig. 3,
X is the distance between the roll-gap and the output
sensor and v(t) is the velocity of the metal strip which
may also vary from pass to pass. Hence, the controlled
metal rolling process is described by the delay differen-
tial equations (19-20) and

1/M

W) = FTtesta

[—e1 ka va(t) + €2 wi(t)]
+es %(t) (21)
From

where ¢; £ AfAa, e EI5Y c1, and cs 4 AfAy .

Eq. (21)

~5 WO +

O

Substituting in the above equation for y;(t) and ya(t)
using Eqns. (19) and (20), respectively, we get

(p* + 2¢w.p + w}) [ (t) — "3 Yo(t — h1)] =
2R 00le) - wult — hal] + 53 welt — ba)

Thus the controlied metal rolling process can be mod-
elled by the following forced delay differential equation

go(i) + 28w, ﬁo(t) +w, yo(t) — Cs go(t - hl)

(p* + 26wep + w3) [wo(t) — €3 wi(t)] =

(23)

—28wocs Yot — h1) — (W) s+ M)yo(t - k) +
. ka k.
L - - TUNY

where w? = (ks + A}/M and 2€w, = k/M . This is
a delay differential system of the neutral type with two
noncommensurate delays k; and hs. The characteristic
multivariate associated with this system can be written
in the form

11

(s mzm)=8+3 3 ¥ oy 'S

=0 51=0 §=0

(25)

Given this delay differential equation, it is possible to
write it in a generalized system model over R[z;, 2]
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as follows. Let 232 be the shift operators defined by
2 ¥o(t) 2 yo(t — hi), § = 1,2. Also, define z4(t) 2 y,(¢),
23(t) 2 §(t) and 27 (t) £ [z4(t) , z3(t)]. Then Eq. (24)
can be modelled by

D(21,2) £(t) = A(21,23) (t) + B(21,21) w(t) (26)

where A, B, and D are over the ring R|z, 2| and

0
Az, 23) = 1

, wh
on(z,z) enlznzm))’ " o

an(z,2) = W)~ (% + wies)zn

+(¢1 k. ke/M) 2

—28wo(1 —es 21)

and @2z, 2)

B(zn,z) = [61 k.ok,/M] ,

and

D(z1,2) = [o (1 —?:s lx)]

It is clear that D(2,, 22) is atomic at sero and that it
is formally stable since es = A;/(A; + A3} < 1. Hence,
D(2y, 2a) is invertible over the closed unit bidisc and Eq.
(26) can be written as

£(t) = F(zn,2) z(t) + G(21, %) % (2) (27
where
F(zhzi) = [fol ;’} and G(‘h’l) = [g] [
with f; = [w)- (% + wies)z
+2 :‘lk‘ al/(t-cs ),
fi = —2fw,,and g= ——————M:; f.:zx) .

If the pass delay is an integer multiple of the out-
put sensor measurement delay or the measurement de-
lay can be neglected, the above models would be com-
mensurate. Another case that results in a commensu-
rate model is the so-called previous pass control [5] for
which hs = h;. For example, if h: is neglected the
metal rolling process dynamics would be described by
the state space model

£(t) = F(2) z(t) + G(2) w(t) (28)

clkk

where f; = [w} + —— ( + wjes)z]/(1 - es 2)),

f:, and g are as before.

4 Stability Analysis and Stabi-
lization

In this section the stability of the metal rolling process



is analysed as a delay differential system. The objective
is to calculate bounds for the PD controller gains k,, k3,
and k. to guarantee the stability of the controlled pro-
cess described by the delay differential equation (24).
h, and h, are not constant in general and therefore,
asymptotic stability in delay intervals and asymptotic
stability i.o.d. should be considered (cf. Definition 3).
However, it is very difficult in general to check any of
these stability conditions for the noncommensurate case
and, therefore, one can consider pointwise asymptotic
tability using Eq. (16). Condition (16) can be further
simplified due to the fact that the regularity of F(z;, z2)
in Eq. (27) on the closed unit bidisc U? implies that
the eigenvalues A; of F(21,2;) are regular functions of
(21,22). Thus if Re A; > 0 for some (2f,23) € 0%, it
must be true that Re A; > 0 V (21,2;) in an open
neighbourhood of (2{,2). Therefore, instability of the
multipass process in the pointwise asymptotic stabil-
ity sense can be detected by checking the eigenvalues of
F(z1,2;) on T2. This can be carried out using a suitably
fine partition of T? which is a finite computation. Fur-
thermore, the testing of the eigenvalues of F(z,2;) can
be done by applying existing stability tests for polyno-
mials with complex coefficients [25] to the characteristic
polynomial of F(z;, z2).

The stability analysis can be further simplified by
considering the case where the sensor delay is neglected.
This leads to a commensurate model for which asymp-
totic stability can be checked using the analytic stability

test provided by Theorem 2. Assuming zero reference
input, the delay differential equation (24) becomes
- . ks k.
Fo(f) + 26wo #(t) + (W2 + Z357) wo(t)
~—cs §oft — h1) — 2€wocs Yot — h1) — (w? s

+°H’) Yolt —hy) =0 (29)

and the corresponding characteristic polynomial would
be

c(8,2) = 8% + 28w, s + (W3 + #) —c3 8’z

- — (w? ey, _
2éw,cs 82 — (w) c3+M)z 0 (30)

where the gains k,, k;, and k. are all assumed to be
positive. The following theorem is a direct application
of the analytic stability test of Theorem 2.

Theorem 4 Consider the multipass process (29) and
assume positive gains k,, k;, and k.. Then the com-
mensurate metal rolling process is asymptotically stable
i.o.d. if and only if

C3 — A(l - c;)

(D) k.> Frhs) +1—cs (31)
(i) ko ke < Ap+ A—‘gz;l—é) k2 (32)

Proof: The proof of this theorem can be developed
based on theorem 2.
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Hence, the inequalities (31) and (32) give the design
constraints on the PD controllers gains to guarantee the
asymptotic stability i.o.d. for the controlled commen-
surate metal rolling process.

5 Discussion and Conclusions

The metal rolling process has been modelled using delay
differential equations with commensurate and noncom-
mensurate delays. These delays correspond to pass de-
lay and measurement delays. It has been demonstrated
that the theory of multidimensional systems, delay dif-
ferential or multipass systems, is a natural setting for
the study of the metal rolling process. It has been shown

that the conditions of asymptotic stability i.o.d. can be
employed to calculate bounds for the controlled process
controller gains to guarantee stability against delay vari-
ations.
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Figure 1: Schematic Representation of Longitudinei Rolling
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