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The dynamic analysis of flexible delaminated layered beams is revisited. Exploiting Boolean vectors, a novel assembly scheme
is developed which can be used to enforce the continuity requirements at the edges of delamination region, leading to a
delamination stiffness term. The proposed assembly technique can be used to form various beam configurations with through-
width delaminations, irrespective of the formulation used to model each beam segment. The proposed assembly system and the
Galerkin Finite Element Method (FEM) formulation are subsequently used to investigate the natural frequencies and modes of
2- and 3-layer beam configurations. Using the Euler-Bernoulli bending beam theory and free mode delamination, the governing
differential equations are exploited and two beam finite elements are developed. The free bending vibration of three illustrative
example problems, characterized by delamination zones of variable length, is investigated. The intact and defective beam natural
frequencies and modes obtained from the proposed assembly/FEM beam formulations are presented along with the analytical
results and those available in the literature.

1. Introduction

Layered structures have seen greatly increased use in civil,
shipbuilding, mechanical, and aerospace structural applica-
tions in recent decades. Delamination, a common failure
mode in layered structures, may arise from loss of adhe-
sion between two layers of the structure, from interlaminar
stresses arising from geometric or material discontinuities,
or from mechanical loadings. The presence of delamination
may significantly reduce the stiffness and strength of the
structures. A reduction in the stiffness, in turn, will affect
the vibration characteristics of the structures. Changes in
the natural frequency, as a direct result of the reduction of
stiffness, may lead to resonance if the reduced frequency is
close to an excitation frequency.

Several experimental methods exist to predict the onset,
size, and growth of delamination as a failure mode in
composite materials. Using acoustic emission (AE) sensors,
different levels of amplitude signals emitted by the materials
can be monitored [1]. The different amplitudes correspond
to loading types and are assigned damage mechanisms.

Using this technique, continuous monitoring of damage is
possible experimentally. Another research [2] has shown that
acoustic emission is a viable and effective tool for identifying
damage and distinguishing damage types in self-reinforced
polyethylene composites. More recently, further research has
been done using neural networks and unsupervised learning
techniques applied to the data set of acoustic emission signals
[3]. The signals were successfully used to classify the AE
patterns caused by different damage mechanisms in carbon-
reinforced composites (delamination and matrix cracking).

The time-domain stability of vibrating delaminated sys-
tems has also been an area of study. Particularly, the mech-
anisms that cause the different laminates to separate from
each other are typically not defined in most theoretical
applications. They are described as physically inadmissible
mode shapes whose existence in the frequency domain is a
product of delamination tip boundary conditions. The study
of the real phenomenon, however, has shown that time-
dependent normal forces in the delaminated segments do
not influence the global free vibration frequencies but may
contribute to localized buckling [4, 5]. Instability and critical
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dynamic forces can be predicted, allowing for study of the
onset of delamination opening.

The vibration modelling and analysis of delaminated
multilayer beams has been a topic of interest for many
researchers. The earliest delamination models formulated in
the 1980s [6] addressed the vibration of two-layer beams,
where each layer was modelled using Euler-Bernoulli bend-
ing beam theory. The upper and lower portions of the
delaminated segment were assumed to vibrate independent
of each other, that is, “free mode” delamination. The free
mode, however, underpredicts natural frequencies for off-
midplane delaminations due to unrestricted penetration of
the beams into each other. In 1988 [7], Mujumdar and
Suryanarayan proposed the “constrained mode” delamina-
tion model, which assumes equal transverse displacements
for the top and bottom beams and the rigid connector
assumption. The rigid connector assumption states that, for
the beam models presented, the delamination faces, which
are planar and normal to the neutral axis of the undeformed
beam, remain planar and normal to the neutral axis of the
deformed beam.This assumption produces a set of kinematic
and force continuity conditions at the delamination tips.
In a recent work by Szekrényes [8], an extensive literature
survey of the research works related to the vibrations of
delaminated elements was presented and, based on coupled
flexural-longitudinal vibration model, the equality of axial
forces in the top and bottom beams was derived and shown
in an exact way. Also, the continuity of the effective bending
moments was related to the equilibrium equations and it was
also concluded that delamination buckling can take place if
the normal force is compressive in one of the half periods of
the vibration and reaches a critical value [8].

The constrained mode delamination model, predicting
vibration behaviour much more accurately for off-midplane
delamination, is in fact simply a limiting case of the freemode
delaminationmodel. However, opening delaminationmodes,
that is, where the layers separate from each other, commonly
seen in experimental analysis [9–11], cannot be captured
using the constrained model. Therefore, in the present study,
the free mode delamination model will be investigated and
the constrained mode delamination model can be derived in
a similar manner.

The accuracy of dynamic/forced response analysis of a
flexible structure depends greatly on the reliability of the
modal analysis method used and the resulting natural fre-
quencies and modes. There are various numerical, semiana-
lytical, and analytical methods to predict the natural frequen-
cies andmode shapes of such a system. Several exact solution
methods exist for well-defined systems, such as delaminated
isotropic beams with constant geometric and material prop-
erties. Single [9, 12, 13], multiple [14], and various overlapping
and enveloped delamination conditions in space and on
various elastic media, such as Pasternak soil [15], have been
studied using analytical solution methods. Some work has
also been done on delaminated sandwich structures [16],
albeit with some mathematical simplification. These solution
methods generally use the same procedure as Mujumdar
and Suryanarayan [7] to formulate the kinematic conti-
nuity conditions across the delamination tips. The power

of this type of formulation lies in the ability to be applied
to any number of different system configurations. However, a
potential drawback to this procedure is that the system equa-
tion must be reformulated after any configuration change,
potentially limiting its applicability.

The conventional Finite Element Method (FEM) has a
long, well-established history and with the advent of digital
computers it is commonly used for structural analysis. The
FEM is a general and systematic approach to formulate the
element matrices for a given system and is easily adaptable
to complex systems, such as nonuniform geometry, often
modeled as a stepped, piecewise-uniform configuration.
Exploiting polynomial interpolation (shape) functions, the
FEM leads to constant element mass and stiffness matrices
and ultimately a linear eigenvalue problem from which
the natural frequencies and modes of the system can be
readily extracted. The FEM method for a single beam can be
modified to accurately model delaminated multilayer beams.
Among others, Lee [17–19] used the layerwise FEM theory
to investigate the free vibration of delaminated beams. In the
recent years, layered, sandwich, and composite elements have
been integrated in certain commercial software and are used
to analyze the vibration of composite structures. However,
modelling a delaminated configuration in commercial soft-
ware packages such as ANSYS is not straightforward and can
involve cumbersome, complex, time-consuming and error-
prone processes. It requiresmanualmodel creation, involving
the use of, for example, multipoint constraint rigid link
(ANSYS element MPC184) [20] to enforce the displacement
and slope continuity at the edges of delamination region [21].

Semianalytical formulations, such as the so-called
Dynamic Finite Element (DFE) method [22], have also been
developed to carry out structural modal analysis. The hybrid
DFE formulation results in a more accurate prediction
method than traditional and FEM modeling techniques,
allowing for a reduced mesh size. The DFE technique follows
the same typical procedure as the FEM by formulating the
element equations discretized to a local domain, where ele-
ment stiffness matrices are constructed and then assembled
into a single global matrix. The application of the DFE to the
preliminary free vibration analysis of a delaminated 2-layer
beamhas been reported in an earlier work by the authors [23].

Analytical methods, namely, the Dynamic Stiffness
Matrix (DSM), have also been used for the vibrational
analysis of isotropic, sandwich, and composite structural
elements and beam-structures. The DSM approach exploits
the general, closed-form solution to the governing differential
equations of motion of the system to formulate a frequency-
dependent stiffness matrix. The DSM produces exact results
for simple structural elements, such as uniform beams, and
Banerjee and his coworkers [24, 25] have developed a number
of DSM formulations for various beam configurations. The
DSMmethod for a single beam can be modified to accurately
model delaminated multilayer beams. A DSM-based analysis
of a two-layer split beam has also been presented in earlier
works by the authors [26, 27].

The aimof this paper is to present an FEM formulation for
the linear, free vibration analysis of a delaminated two-layer
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Figure 1: The coordinate system and notation for a delaminated layered beam.

beam, using the free mode delamination model. The delami-
nation is represented by two intact beam segments; one for
each of the top and bottom sections of the delamination.
The delaminated region is bounded on either side by intact,
full-height beams. The beams transverse displacements are
governed by the Euler-Bernoulli slender beam bending the-
ory, and shear deformation and rotary inertia are neglected.
Continuity conditions for forces, moments, displacements,
and slopes at the delamination tips are enforced through a
novel Boolean vector assembly scheme, leading to the integral
FEM model of the system. In fact, through the presented
method, one obtains specific matrices for an intact, fully
delaminated, and delaminated elements attached to an intact
segment from left/right. Therefore, a direct assembly method
can be directly used to form various multiple-delaminated
beam configurations, without the need to manually create
the model and to use a constraint element (e.g., ANSYS
elementMPC184 [20]), to enforce the displacement and slope
continuity at the edges of delamination region. Thence, the
direct assembly of element matrices and the application of
system’s global boundary conditions results in the linear
eigenvalue problem of the defective system. In addition, two
MATLAB-based computer codes, based on the Dynamic
Stiffness Matrix (DSM) method [26, 27] and the analytical
solutions reported in the literature [28–31], are developed and
used as a benchmark for comparison. Two 2-noded and 3-
noded beam FEM elements are presented, where cubic Her-
mite and quartic interpolation functions of approximation,
respectively, are used to express the flexural displacement
functions, that is, field variables and weighting functions
[32]. The FEM models are used to compute the natural
frequencies of an illustrative defective beam example, char-
acterized by a single delamination zone of variable length.
The frequency values are then compared with DSM data and
those from the literature. Certain modal characteristics of
the system are also discussed. It is worth noting that while
the model used in this study assumes isotropic materials,
further research is underway to extend it to sandwich [33] and

fibre-reinforced laminated composite beams, characterized
by an extensional response coupled with flexural/torsional
and coupled bending-torsion vibration [34, 35].

2. Mathematical Model

Figure 1 shows the general coordinate system and notation
for a single-delaminated beam, with total length 𝐿, intact
beam segment lengths 𝐿

1
and 𝐿

4
, delamination length 𝑎, and

total height 𝐻
1
. This model incorporates a general delami-

nation, which can include laminated composites or bilayered
isotropic materials, with different material and geometric
properties above and below the delamination plane.Thus, the
top layer has thickness 𝐻

2
, Young’s modulus 𝐸

2
, density 𝜌

2
,

cross-sectional area 𝐴
2
, and second moment of area 𝐼

2
. The

bottom layer has corresponding properties, with subscript
3. The delamination tips occur at stations 𝑥

2
and 𝑥

3
, and

torsion, shear deformation, axial (warping effects and axial
deformation), and out-of-plane delamination are ignored.
Following this notation, the general equation of motion for
the 𝑖th Euler-Bernoulli beam in free vibration is written as
[26–28, 31]

𝐸𝐼
𝑖

𝜕
4
𝑤
𝑖

𝜕𝑥4
+ 𝜌
𝑖
𝐴
𝑖

𝜕
2
𝑤
𝑖

𝜕𝑡2
= 0, 𝑖 = 1, . . . 4. (1)

For harmonic oscillations, the transverse displacements can
be written as

𝑤
𝑖
(𝑡) = 𝑊

𝑖
sin (𝜔𝑡) , (2)

where 𝑊
𝑖
is the amplitude of the displacement 𝑤

𝑖
, subscript

“𝑖” represents the beam segment number, and𝜔 is the circular
frequency of excitation of the system. Back-substituting (2)
into (1), the equations of motion reduce to

𝐸𝐼
𝑖

𝜕
4
𝑊
𝑖

𝜕𝑥4
− 𝜌
𝑖
𝐴
𝑖
𝜔
2
𝑊
𝑖
= 0, 𝑖 = 1, . . . 4. (3)
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The general solution to the 4th-order, homogeneous differen-
tial equation (3) can be written in the following form:

𝑊
𝑖
(𝑥) = 𝐴

𝑖
cos(𝜆

𝑖

𝑥
𝑖

𝐿
𝑖

) + 𝐵
𝑖
sin(𝜆

𝑖

𝑥
𝑖

𝐿
𝑖

)

+ 𝐶
𝑖
cosh(𝜆

𝑖

𝑥
𝑖

𝐿
𝑖

) + 𝐷
𝑖
sinh(𝜆

𝑖

𝑥
𝑖

𝐿
𝑖

)

(4)

which represents the bending displacement 𝑊
𝑖
of beam

segment “𝑖”, 𝐿
𝑖
is the beam segment length, and 𝜆

𝑖
stands for

nondimensional frequency of oscillation, defined as

𝜆
4

𝑖
=

𝜔
2
𝜌
𝑖
𝐴
𝑖

𝐸𝐼
𝑖

𝐿
4

𝑖
. (5)

Coefficients 𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, and 𝐷

𝑖
(𝑖 = 1, . . . 4) are evaluated

to satisfy the displacement continuity requirements of the
beam segments and the system boundary conditions. As also
reported by several researchers [8, 26–28, 31], the inclusion
of delamination into the beam model leads to coupled axial-
transversemotion of the delaminated beamportions, primar-
ily associated with the continuity requirements imposed at
the delamination endpoints. In order for the delamination tip
cross sections to remain planar after deformation, the ends of
the top and bottom beams must have the same relative axial
location after deformation, preventing interlaminar slip. The
midplanes, that is, the neutral axes of the beam segments,
in the delaminated region are located at a distance from
the midplanes of the intact segments. Hence, they will not
have the same axial deformation unless some internal axial
force is imposed. As mentioned earlier in this paper, based
on coupled flexural-longitudinal vibration model [8], the
equality of axial forces in the top and bottom beams has
been recently derived and shown in an exact way and the
continuity of the effective bending moments was related to
the equilibrium equations. However, in what follows, this
imposed axial force is briefly presented for completeness,
following the method derived and discussed in [7].

Consider a delamination tip after deformation.According
to the numbering scheme in Figure 1, and since no external
axial load is applied, the top and bottom beam segmentsmust
have equal and opposite internal axial forces; that is,𝑃

3
= −𝑃
2
,

applied to prevent interlaminar slip (see Figure 2). Addition-
ally, the requirement that the delamination tip faces remain
planar after deformation results in, at the left delamination
tip,

𝑢
2
(𝑥
2
= 0) − 𝑢

3
(𝑥
3
= 0) =

𝐻
1

2
𝑊
󸀠

1
(𝑥
1
= 𝐿
1
) , (6)

where 𝑢
𝑖
is the axial displacement of beam section 𝑖 and

𝑊
󸀠

1
(𝑥
1

= 𝐿
1
) = 𝑊

󸀠

2
(𝑥
2

= 0) = 𝑊
󸀠

3
(𝑥
3

= 0) from the
kinematic continuity conditions. If this is combined with the
same formulation from the right delamination tip,

(𝑢
3
(𝑥
3
= 𝐿
3
) − 𝑢
3
(𝑥
3
= 0))

− (𝑢
2
(𝑥
2
= 𝐿
2
) − 𝑢
2
(𝑥
2
= 0))

=
𝐻
1

2
(𝑊
󸀠

4
(𝑥
4
= 0) −𝑊

󸀠

1
(𝑥
1
= 𝐿
1
)) .

(7)
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Figure 2: The faces of the delamination remain planar after
deformation, adapted from [31].

The assumption is made by Mujumdar and Suryanarayan [7]
and by other researchers (see, e.g., [27, 31]), that the axial
displacementwill behave according to the following, for small
deformations and material and geometric properties which
remain constant along the length of the beam:

𝑢
𝑖
(𝑥
𝑖
= 𝐿
𝑖
) − 𝑢
𝑖
(𝑥
𝑖
= 0) = ∫

𝐿 𝑖

0

𝑃
𝑖
(𝑥
𝑖
)

𝐸𝐴
𝑖
(𝑥
𝑖
)
𝑑𝑥
𝑖
=

𝑃
𝑖
𝐿
𝑖

𝐸𝐴
𝑖

, (8)

where 𝐸𝐴
𝑖
is the axial stiffness of beam section 𝑖. Substituting

this into (7) yields

𝑃
2
𝐿
2

𝐸𝐴
2

−
𝑃
3
𝐿
3

𝐸𝐴
3

=
𝐻
1

2
(𝑊
󸀠

4
(𝑥
4
= 0) −𝑊

󸀠

1
(𝑥
1
= 𝐿
1
)) . (9)

Using the continuity of axial forces across the delamination
tip, 𝑃
3
= −𝑃
2
,

𝑃
3
= Λ
∗
(𝑊
󸀠

4
(𝑥
4
= 0) −𝑊

󸀠

1
(𝑥
1
= 𝐿
1
)) , (10)

where 𝑊
󸀠

𝑖
is the slope of the 𝑖th beam segment, where

“prime” represents the differentiation with respect to the
beam longitudinal axis, 𝑥, and the parameter Λ∗ is defined
as

Λ
∗
=

𝐻
1

2𝐿
2

(
𝐸𝐴
2
𝐸𝐴
3

𝐸𝐴
2
+ 𝐸𝐴
3

) . (11)

Expression (11) can be further simplified if the cross-sectional
shape is known, and continuity of bending moments at the
left and right delamination tips, respectively, leads to the
following equations:

𝑀
1
(𝑥
1
= 𝐿
1
) = 𝑀

2
(𝑥
2
= 0) +𝑀

3
(𝑥
3
= 0) − 𝑃

2

𝐻
3

2

+ 𝑃
3

𝐻
2

2
,

(12a)

𝑀
4
(𝑥
4
= 0) = 𝑀

2
(𝑥
2
= 𝐿
2
) + 𝑀

3
(𝑥
3
= 𝐿
3
)

− 𝑃
2

𝐻
3

2
+ 𝑃
3

𝐻
2

2
.

(12b)
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Exploiting (12a) and conditions ((10), (11)) for internal axial
force, and noting that bending moments and shear forces in
beam segment “𝑖” are related to displacements, 𝑊

𝑖
, through

𝑀
𝑖
= −𝐸𝐼

𝑖
𝑊
󸀠󸀠

𝑖
, and 𝑆

𝑖
= 𝐸𝐼
𝑖
𝑊
󸀠󸀠󸀠

𝑖
, respectively, it can be shown

that, for continuity of bending moments,

𝐸𝐼
1
𝑊
󸀠󸀠

1
(𝑥
1
= 𝐿
1
)

= 𝐸𝐼
2
𝑊
󸀠󸀠

2
(𝑥
2
= 0) + 𝐸𝐼

3
𝑊
󸀠󸀠

3
(𝑥
3
= 0)

+ Λ [𝑊
󸀠

4
(𝑥
4
= 0) −𝑊

󸀠

1
(𝑥
1
= 𝐿
1
)] ,

(13)

where the coefficient Λ is defined as

Λ =
𝐻
2

1

4𝐿
2

(
𝐸𝐴
2
𝐸𝐴
3

𝐸𝐴
2
+ 𝐸𝐴
3

) . (14)

To satisfy the continuity of shear forces about the left
delamination tip,

𝐸𝐼
1
𝑊
󸀠󸀠󸀠

1
(𝑥
1
= 𝐿
1
) = 𝐸𝐼

2
𝑊
󸀠󸀠󸀠

2
(𝑥
2
= 0)

+ 𝐸𝐼
3
𝑊
󸀠󸀠󸀠

3
(𝑥
3
= 0) .

(15)

Likewise, using (12b) for 𝑥
4
= 0, relevant relationships

similar to (13) and (15) can be derived for the left delamination
tip. Two boundary conditions at the intact beam ends, conti-
nuity of displacements and slopes, at the delamination tips
result in 12 equations. Along with additional four equations
resulting from the continuity of bending moments and shear
forces at the delamination tips, the total 16 equations can be
used to solve for the 16 unknowns, 𝐴

𝑖
− 𝐷
𝑖
for each beam,

𝑖 = 1, . . . 4, as appear in Expression (4). In other words, the 16
equations can be solved simultaneously, using a root finding
algorithm to find the natural frequencies and mode shapes
of the system. Thus, an analytical solution can be produced
for each set of system’s imposed boundary conditions (see,
e.g., [28–31]). This solution method, based on finding the
coefficient matrix of the system, herein referred to as the
“Coefficient Method (CM),” has been used to predict the
vibration behavior of different systems of varying complexity
(see, e.g., [28–31]). However, one of the main drawbacks of
this method is that it remains a relatively problem-specific
solution technique, which should be reformulated every
time the system’s global boundary conditions change. In
an earlier publication by the authors [27], an equivalent,
yet more conveniently applicable Dynamic Stiffness Matrix
(DSM) formulation was presented. The DSM, however, lacks
generality and is limited to uniform beam configurations.
Therefore, in what follows a general FEM-based model is
presented, which can be readily extended to more complex
cases, with variable geometric and material parameters.

2.1. Finite Element Method (FEM) Formulation. The finite
element approach used here is based on the Galerkin method
of weighted residuals. The equations of motion for each
beam are used as the basis of this solution method. Simple
harmonic motion is again assumed, and the equations of

motion, according to the Euler-Bernoulli beam theory, take
the following form:

𝐸𝐼
𝑖

𝜕
4
𝑊
𝑖

𝜕𝑥4
− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

𝑊
𝑖
= 0, 𝑖 = 1, . . . 4, (16)

where𝑊
𝑖
is the actual transverse displacement of beam 𝑖, and

the same nondimensionalization used in (5) has been applied.
An approximate transverse displacement𝑊

𝑖
is introduced in

place of the actual displacement, such that 𝑊
𝑖
≅ 𝑊
𝑖
. This

results in the following residual equation:

𝐸𝐼
𝑖

𝜕
4
𝑊
𝑖

𝜕𝑥4
− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

𝑊
𝑖
= R, 𝑖 = 1, . . . 4, (17)

whereR is the residual of the approximate equation. Follow-
ing the Galerkin method of weighted residuals, the residual
above is weighted by a virtual displacement 𝛿𝑊 and the
integral is set to zero across the domain of the system.
Since the system is composed of four distinct beam sections
occupying their own subset of the domain, the following
is representative of the Galerkin method applied to the
delaminated system:

4

∑

𝑖=1

(∫

𝐿 𝑖

0

(𝐸𝐼
𝑖
𝛿𝑊
𝑖
𝑊
󸀠󸀠󸀠󸀠

𝑖
− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

𝛿𝑊
𝑖
𝑊
𝑖
)𝑑𝑥
𝑖
)

= 0

(18)

with

𝑊
𝑖
(𝑥
𝑖
) = ⟨𝑁

𝑖
(𝑥
𝑖
)⟩ {𝑊
𝑛
} , (19)

where ⟨𝑁
𝑖
(𝑥
𝑖
)⟩ are the shape functions of the beam elements,

which will be defined later. Since the virtual displacement is
applied to the entire domain, and the four different beam
sections occupy unique subdomains, 𝛿𝑊 = ∑

4

𝑖=1
𝛿𝑊
𝑖
. In

order to produce the force and displacement continuity
terms, a set of integrations by parts is performed on the above,
resulting in the following weak form:

4

∑

𝑖=1

(𝐸𝐼
𝑖
[𝛿𝑊
𝑖
𝑊
󸀠󸀠󸀠

𝑖
− 𝛿𝑊

󸀠

𝑖
𝑊
󸀠󸀠

𝑖
]
𝐿 𝑖

0
)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∗

+

4

∑

𝑖=1

(∫

𝐿 𝑖

0

(𝐸𝐼
𝑖
𝛿𝑊
󸀠󸀠

𝑖
𝑊
󸀠󸀠

𝑖
− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

𝛿𝑊
𝑖
𝑊
𝑖
)𝑑𝑥
𝑖
)

= 0.

(20)

The terms in (∗), above, represent the boundary and continu-
ity conditions imposed on the system. Using Euler-Bernoulli
beam theory, the shear force and bending moment at any
point are defined based on the transverse displacement as

𝑆 (𝑥) = 𝐸𝐼 (𝑥)𝑊 (𝑥)
󸀠󸀠󸀠
,

𝑀 (𝑥) = 𝐸𝐼 (𝑥)𝑊 (𝑥)
󸀠󸀠
.

(21)
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For the endpoints of beam sections 1 and 4, the following is
true for free vibration:

𝐸𝐼
1
(𝛿𝑊
1
𝑊
󸀠󸀠󸀠

1
− 𝛿𝑊

󸀠

1
𝑊
󸀠󸀠

1
)
󵄨󵄨󵄨󵄨󵄨𝑥1=0

= 𝛿Wext
󵄨󵄨󵄨󵄨𝑥1=0

,

𝐸𝐼
4
(𝛿𝑊
4
𝑊
󸀠󸀠󸀠

4
− 𝛿𝑊

󸀠

4
𝑊
󸀠󸀠

4
)
󵄨󵄨󵄨󵄨󵄨𝑥4=𝐿4

= 𝛿Wext
󵄨󵄨󵄨󵄨𝑥4=𝐿4

,

(22)

where 𝛿Wext is the external virtual work caused by applied
external forces on the system, causing virtual displacements.
For the free vibration of this system, the total external work
is 𝛿Wext = 𝛿Wext|𝑥1=0 + 𝛿Wext|𝑥4=𝐿4 = 0. The remaining
terms in (∗) above can be resolved by applying the necessary
continuity conditions for displacements (e.g.,𝑊

1
= 𝑊
2
= 𝑊
3
,

slopes:𝑊󸀠
1
= 𝑊
󸀠

2
= 𝑊
󸀠

3
, and shear forces:𝐸𝐼

1
𝑊
󸀠󸀠󸀠

1
= 𝐸𝐼
2
𝑊
󸀠󸀠󸀠

2
+

𝐸𝐼
3
𝑊
󸀠󸀠󸀠

3
), leading to

4

∑

𝑖=1

(𝐸𝐼
𝑖
[𝛿𝑊
𝑖
𝑊
󸀠󸀠󸀠

𝑖
− 𝛿𝑊

󸀠

𝑖
𝑊
󸀠󸀠

𝑖
]
𝐿 𝑖

0
) = 𝛿Wext + 𝛿𝑊

2
(0)

⋅ (𝐸𝐼
1
𝑊
󸀠󸀠󸀠

1
(𝐿
1
) − 𝐸𝐼

2
𝑊
󸀠󸀠󸀠

2
(0) − 𝐸𝐼

3
𝑊
󸀠󸀠󸀠

3
(0))

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∗∗

− 𝛿𝑊
󸀠

2
(0)

⋅ (𝐸𝐼
1
𝑊
󸀠󸀠

1
(𝐿
1
) − 𝐸𝐼

2
𝑊
󸀠󸀠

2
(0) − 𝐸𝐼

3
𝑊
󸀠󸀠

3
(0))

− 𝛿𝑊
2
(𝐿
2
)

⋅ (𝐸𝐼
4
𝑊
󸀠󸀠󸀠

4
(0) − 𝐸𝐼

2
𝑊
󸀠󸀠󸀠

2
(𝐿
2
) − 𝐸𝐼

3
𝑊
󸀠󸀠󸀠

3
(𝐿
3
))

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∗∗∗

+ 𝛿𝑊
󸀠

2
(𝐿
2
)

⋅ (𝐸𝐼
4
𝑊
󸀠󸀠

4
(0) − 𝐸𝐼

2
𝑊
󸀠󸀠

2
(𝐿
2
) − 𝐸𝐼

3
𝑊
󸀠󸀠

3
(𝐿
3
)) .

(23)

The terms (∗∗) and (∗ ∗ ∗) in (23), as well as the external
work term, go to zero directly as a result of the shear force
continuity conditions. However, the remaining terms do not
vanish, since the continuity of bending moments ((13), (14))
contains an additional implicit bending-axial coupling term,
such that

4

∑

𝑖=1

(𝐸𝐼
𝑖
[𝛿𝑊
𝑖
𝑊
󸀠󸀠󸀠

𝑖
− 𝛿𝑊

󸀠

𝑖
𝑊
󸀠󸀠

𝑖
]
𝐿 𝑖

0
)

= (𝛿𝑊
󸀠

2
(𝐿
2
) − 𝛿𝑊

󸀠

2
(0)) (Λ (𝑊

󸀠

2
(𝐿
2
) − 𝛿𝑊

󸀠

2
(0))) .

(24)

With the boundary and continuity conditions satisfied, the
system can be discretized into elements, which will each be
approximated using their own basis functions, fromwhich FE
shape functions can be found. The system can be discretized
as follows, using the result of (24):

Λ(𝛿𝑊
󸀠

2
(𝐿
2
) − 𝛿𝑊

󸀠

2
(0)) (𝑊

󸀠

2
(𝐿
2
) − 𝛿𝑊

󸀠

2
(0))

+

4

∑

𝑖=1

#elements𝑖
∑

𝑚=1

(∫

𝑥𝑚+1

𝑥𝑚

(𝐸𝐼
𝑖
𝛿𝑊
󸀠󸀠

𝑖
𝑊
󸀠󸀠

𝑖
− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

𝛿𝑊
𝑖
𝑊
𝑖
)𝑑𝑥)

= 0,

(25)

where “#elements
𝑖
” is the number of elements in beam

section 𝑖.
It is worth noting that following the same above-

described procedure, expressions (13) and (14), respectively,
for the case of double-delaminated three-layer beam config-
urations can be written as

𝐸𝐼
1
𝑊
󸀠󸀠

1
= 𝐸𝐼
2
𝑊
󸀠󸀠

2
+ 𝐸𝐼
3
𝑊
󸀠󸀠

3
+ 𝐸𝐼
4
𝑊
󸀠󸀠

4
+ Λ (𝑊

󸀠

1
(𝑥
1
= 𝐿
1
) − 𝑊

󸀠

5
(𝑥
5
= 0)) , (26a)

Λ =
(𝐻
1
+ 𝐻
3
)
2

𝐸𝐴
2
𝐸𝐴
4
+ (𝐻
2
+ 𝐻
3
)
2

𝐸𝐴
2
𝐸𝐴
3
+ (𝐻
3
+ 𝐻
4
)
2

𝐸𝐴
3
𝐸𝐴
4

4𝑎 (𝐸𝐴
2
+ 𝐸𝐴
3
+ 𝐸𝐴
4
)

, (26b)

where subscripts 𝑖 = 1, 5 stand for the intact beam (left and
right extremity) segments and the three delaminated layers
are represented by 𝑖 = 2, 3, 4. The necessary displacements,
slopes, and shear force continuity conditions at the delami-
nation tips, respectively, are then written as

𝑊
1
= 𝑊
2
= 𝑊
3
= 𝑊
4
,

𝑊
󸀠

1
= 𝑊
󸀠

2
= 𝑊
󸀠

3
= 𝑊
󸀠

4
,

𝐸𝐼
1
𝑊
󸀠󸀠󸀠

1
= 𝐸𝐼
2
𝑊
󸀠󸀠󸀠

2
+ 𝐸𝐼
3
𝑊
󸀠󸀠󸀠

3
+ 𝐸𝐼
4
𝑊
󸀠󸀠󸀠

4
.

(27)

2.2. 2-Node Beam Element (#1). Following the traditional
Euler-Bernoulli finite element development, Hermite cubic

polynomials [32] were used as the basis functions of approxi-
mation for each beam, such that, for a two-node, 2-degree-of-
freedom per node beam element, that is, transverse displace-
ment and slope defined at each node (Figure 3),

𝑊(𝑥) = ⟨1 𝑥 𝑥
2

𝑥
3
⟩ {𝐶} , (28)

where {𝐶} is a column vector of unknown constant coeffi-
cients. The following represents the vector of nodal displace-
ments used in further FE development:

{𝑊
𝑛
} =

{{{{{

{{{{{

{

𝑊
1

𝑊
󸀠

1

𝑊
2

𝑊
󸀠

2

}}}}}

}}}}}

}

=

[
[
[
[
[

[

1 0 0 0

0 1 0 0

1 𝐿 𝐿
2

𝐿
3

0 1 2𝐿 3𝐿
2

]
]
]
]
]

]

{𝐶} = [𝑃
𝑛
] {𝐶} . (29)
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Figure 3: A 2-node, 4-degree-of-freedom (4-DOF) beam element.

Thus

𝑊(𝑥) = ⟨1 𝑥 𝑥
2

𝑥
3
⟩ [𝑃
𝑛
]
−1

{𝑊
𝑛
} = ⟨𝑁 (𝑥)⟩ {𝑊𝑛} , (30)

where ⟨𝑁(𝑥)⟩ is a row vector of shape functions, which
describe the displacements at any point along the domain of
the element in terms of the nodal displacements and slopes
at the endpoints of the element domain, {𝑊

𝑛
}. Additionally,

the shape functions may also be used to approximate the
virtual displacements, 𝛿𝑊(𝑥) = ⟨𝑁(𝑥)⟩{𝛿𝑊

𝑛
}. With the

shape functions fully defined, they may be substituted for the
approximate displacements in (25)

⟨𝛿𝑊
𝑛
⟩ (Λ ({𝑁

2
}
󸀠

(𝐿
2
) − {𝑁

2
}
󸀠

(0)) (⟨𝑁
2
⟩
󸀠

(𝐿
2
) − ⟨𝑁

2
⟩
󸀠

⋅ (0))) {𝑊
𝑛
} +

4

∑

𝑖=1

#elements𝑖
∑

𝑛=1

⟨𝛿𝑊
𝑛
⟩

⋅ (∫

𝑥𝑚+1

𝑥𝑚

(𝐸𝐼
𝑖
{𝑁
𝑖
}
󸀠󸀠

⟨𝑁
𝑖
⟩
󸀠󸀠

− 𝐸𝐼
𝑖
(
𝜆
𝑖

𝐿
𝑖

)

4

{𝑁
𝑖
} ⟨𝑁
𝑖
⟩)𝑑𝑥)

⋅ {𝑊
𝑛
} = 0.

(31)

Frequency-dependent and non-frequency-dependent terms
above can be gathered to form the following eigenvalue prob-
lem, common to structural vibration analysis with FEM, with
a modification caused by the presence of the delamination:

⟨𝛿𝑊
𝑛
⟩ ((𝐾 + 𝐾delam) − 𝜔

2
𝑀) {𝑊

𝑛
} = 0 (32)

if

det ((𝐾 + 𝐾delam) − 𝜔
2
𝑀) = 0, (33)

where 𝐾 is the structural stiffness matrix formed by assem-
bling the associated beam elements, as per (31), 𝐾delam is
the delamination stiffness matrix, from the term appearing
outside the integral expression in (31), and𝑀 is the structural
mass matrix. From this formulation, the simplest solution
methods involve eigensolutions.

2.3. 3-Node Beam Element (#2). Exploiting the same concept
of a polynomial interpolation function, a 3-node, 5-DOF
element is also developed (see Figure 4). Making use of a
higher-order polynomial interpolation functions increases
the accuracy of the solution. Whereas for the 2-node beam
element (Figure 3) a 3rd-order polynomial was required, for
a higher-order interpolation of 4th-order one requires the
addition of another single degree of freedom to the system.
This was accomplished by adding a midpoint node with only
one degree of freedom (lateral displacement) to the beam

1 2 3W
󳰀
1

W3W2W1

W
󳰀
2

x

L/2 L/2

Figure 4: The 3-node, 5-degree-of-freedom beam element.

model used previously. This third node, while increasing the
mesh fineness, allows for a greater solution accuracy and
possibly faster convergence, which will be investigated. The
3-node beam element (Figure 4) was developed in the same
way as the 2-node beam element, except using the following
interpolation function:

𝑊(𝑥) = ⟨1 𝑥 𝑥
2

𝑥
3

𝑥
4
⟩ {𝐶} . (34)

Consequently, the degrees of freedom for the system were
modified as discussed.The addition of themidpoint node and
its associated lateral degree of freedom are compensated for
by using the following degrees of freedom:

{𝑊
𝑛
} =

{{{{{{{{

{{{{{{{{

{

𝑊
1

𝑊
󸀠

1

𝑊
2

𝑊
3

𝑊
󸀠

3

}}}}}}}}

}}}}}}}}

}

=

[
[
[
[
[
[
[
[
[
[

[

1 0 0 0 0

0 1 0 0 0

1
𝐿

2

𝐿
2

4

𝐿
3

8

𝐿
4

16

1 𝐿 𝐿
2

𝐿
3

𝐿
4

0 1 2𝐿 3𝐿
2

4𝐿
3

]
]
]
]
]
]
]
]
]
]

]

{𝐶}

= [𝑃
𝑛
] {𝐶} .

(35)

Thus

𝑊(𝑥) = ⟨1 𝑥 𝑥
2

𝑥
3

𝑥
4
⟩ [𝑃
𝑛
]
−1

{𝑊
𝑛
} = ⟨𝑁⟩ {V𝑛} . (36)

3. Numerical Tests

Numerical checkswere performed to confirm the predictabil-
ity, accuracy, and practical applicability of the proposed
delaminated FEM models. Both the FEM and Coefficient
Method (CM) [31] formulations were programmed in MAT-
LAB codes.The linear eigenvalue problem resulting from the
conventional FEM formulations was solved using MATLAB
“eig” function. The use of the nondimensional frequency (5)
in the calculations removed material dependencies from the
system, provided that the material was isotropic, or at least
orthotropic with principal axes aligned with the Cartesian
coordinate system in Figure 1.

In what follows, two illustrative examples of fixed-fixed,
homogeneous, 2-layer, and 3-layer delaminated beams are
examined. In the first example, the natural frequencies of the
system with a central split, about the midsection (𝐿

1
= 𝐿
4
),

of various lengths up to 60% of the span (0 ≤ 𝑎/𝐿 ≤ 0.6),
occurring symmetrically along the midplane of the beam
and surrounded by intact beam segments, are considered.
This split beam configuration has also been presented and
studied in [6, 7, 27–31]. The split FEM and DSM models
were created and used to compute the natural frequencies
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Table 1: First frequency (𝜆2) of the delaminated beam, with a split occurring symmetrically about the midsection along the midplane;
proposed FEM, DSM, CM, and standard FEMmodels.

Delamination
length
𝑎/𝐿 tot

Six 2-node FEM†
elements

Ten 2-node FEM†
elements DSM [27] Wang et al. [6],

reported by [31]
Della and
Shu [31]

Layerwise
FEM [17]

Mode 1 Mode 1 Mode 1 Mode 1 Mode 1 Mode 1
Intact — — 22.39 22.39 22.37 22.36
0.1 22.37 22.37 22.37 22.37 22.37 22.36
0.2 22.36 22.36 22.36 22.35 22.36 22.35
0.3 22.24 22.24 22.24 22.23 22.24 22.23
0.4 21.84 21.84 21.83 21.83 21.83 21.82
0.5 20.89 20.89 20.89 20.88 20.89 20.88
0.6 19.29 19.29 19.30 19.29 19.30 19.28
†Conventional FEM displays numerical instabilities with delamination lengths approaching 0.

Table 2: 2nd frequency (𝜆2) of the delaminated beam, with a split occurring symmetrically about the midsection along the midplane;
proposed FEM, DSM, CM, and standard FEMmodels.

Delamination
length
𝑎/𝐿 tot

Six 2-node FEM†
elements

Ten 2-node FEM†
elements DSM [27] Wang et al. [6],

reported by [31]
Della and Shu

[31]
Layerwise
FEM [17]

Mode 2 Mode 2 Mode 2 Mode 2 Mode 2 Mode 2
Intact — — 61.67 61.67 61.67 61.61
0.1 60.77 60.76 60.80 60.76 60.76 60.74
0.2 56.01 55.99 55.99 55.97 55.97 55.95
0.3 49.05 49.03 49.00 49.00 49.00 48.97
0.4 43.95 43.90 43.89 43.87 43.87 43.86
0.5 41.57 41.55 41.52 41.45 41.45 41.50
0.6 41.08 41.04 41.03 40.93 40.93 41.01
†Conventional FEM displays numerical instabilities with delamination lengths approaching 0.

and mode shapes of various delamination cases. As the
benchmarks for comparison and validation purposes, the
results from [6, 7, 27] for the constrained mode, as well
as an alternative formulation from [6] were used. As also
suggested in [6], the first two frequencies were computed
for a delamination length of 0.0002𝐿, to check for numerical
instability when the split length becomes extremely small.
This case showed negligible discrepancies from those of a
solid intact beam. The effect of the longitudinal motion
of the upper and lower parts of the split region on the
frequencies, examined in [6], has been neglected here for
this class of example problems. As discussed earlier in this
paper, the differential stretching of the top and bottom layers
was present to keep the delamination faces planar after
deformation (i.e., no interlaminar slip at the delamination
faces). The FEM formulation results in an additional stiffness
term, called “delamination stiffness,” which has the effect of
stiffening the system at the delamination tips.

Tables 1 and 2 summarize the first two natural frequencies
obtained using the beam element #1 (4-DOF) Finite Element
Method (FEM), with 6- and 10-element discretizations of
midplane delaminated region (up to 60% of span).The intact
beam segments were modeled using single beam elements.
As can be seen fromTables 1 and 2, the FEM formulation pro-
duced excellent agreement with analytical results and the lay-
erwise FEM theory [17] and exhibits a convergence towards
the DSM results, as the number of elements is increased.

While the FEM result discrepancies are generally low, even
for a coarse mesh size, it is observed to be even lower for the
first naturalmode than the second one.This is consistent with
traditional FEM theory, where more elements are required to
guarantee accurate solutions for higher mode numbers.

Figure 5 shows the first two natural modes of the 2-
layered beam, with 60% of span midplane delamination,
compared with those of an intact configuration. It is worth
noting that the conventional FEM-based models are char-
acterized by constant mass and stiffness matrices of limited
number of total degrees of freedom (DOF), that is, number
of nodes times number of DOF per node. Accordingly, the
naturalmodes obtained from the conventional FEMmodel—
being the eigenmodes of the governing linear eigenvalue
problem—have the same dimension as the total degrees of
freedom of the FEM model. Unlike the conventional FEM
(e.g., 4-DOF Hermite beam element), the DSM matrices are
formulated based on continuous element assumptions, which
introduces infinite number of degrees of freedomwithin each
element (see, e.g., [24, 25]). Therefore, as also reported in
[27], usingDSM technique, additionalmodes of vibration can
be found. These modes are the result of the denominator of
the global stiffness matrix going to zero, and correspondingly
the determinant of the global stiffness matrix approaching
infinity, |𝐾(𝜔)| → ∞. Also known as the poles of a system,
they can represent real physical mode shapes, describing the
structure vibrating at zero nodal displacements [36] outside
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Figure 5: The first two natural modes for a 2-layered beam with centrally located, 60% midplane delamination, compared with those of the
intact configuration; (a) 1st modes. (b) 2nd modes.
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Figure 6:The inadmissiblemode; interpenetration of equithickness
top and bottombeams.Whilemathematically possible, this situation
would not be encountered in practical applications; 60% of span,
midplane delamination, 15-element FEM model within the delami-
nation zone.

of the delaminated region. Zero-nodal-displacement modes
have also been observed and reported in the literature for
other structural configurations (see, e.g., [22, 36]). There are
also certain frequencies captured through the system modal
analysis whose mode shapes, while mathematically possible,
do not represent physically admissible displacements. These
modes, for example, a second mode (𝜆 = 31.0) in the case
of present study, are simply the result of the free model
assumptions [27]. They correspond to interpenetration of
the beams, as illustrated in Figure 6, and would not be
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Figure 7: The first opening mode for a delaminated beam with top
beam thickness equal to 40% of the height of the intact beam; 60%
of span, off-midplane delamination.

present in a constrained mode analysis. Similar inadmissible
partial and complete interpenetration modes have also been
reported in the literature [37]. In addition, as also reported
in the literature (see, e.g., [27–31]), under small vibration
amplitudes a split layered beam may exhibit a mode at a
frequency corresponding to a delamination-opening mode.
The first opening mode for a delaminated beam with top
beam thickness equal to 40% of the height of the intact beam,
60% of span, off-midplane delamination, obtained using a 17-
element FEMmodel, is depicted in Figure 7.
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Table 3: The first and second nondimensional frequency parameter (𝜆) for model 1.

𝑎/𝐿
2-node
FEM

3-node
FEM Analytical (CM) [31] Ref. [31] DSM [27]

0.2 4.725 4.725 4.725 4.7 4.725

Mode 10.3 4.691 4.695 4.695 4.7 4.695
0.4 4.574 4.572 4.575 4.6 4.575
0.5 4.318 4.315 4.315 4.3 4.315
0.2 7.054 7.046 7.045 7.1 7.045

Mode 20.3 6.337 6.334 6.335 6.3 6.335
0.4 5.965 5.960 5.965 6.0 5.965
0.5 5.860 5.846 5.845 5.9 5.845

H1

0.3H1

0.3H1

a/L

(a)

H1 H1/3
H1/3
H1/3

a/L

(b)

Figure 8: The first (a) and second (b) double-delamination models tested.

1 2

3 6 9

1074

5 8 11

12 13

Figure 9: Mesh discretization for double-delaminated configura-
tions.

In order to further assess the accuracy of the proposed
FEM method, in what follows two different 3-layer beam
configurations with central dual delaminations are analyzed
(refer to Figure 8).

The FEM frequency results, obtained using both 2- and
3-node elements for both models above, are validated against
various analytical solutions obtained from a MATLAB code
written based on the “exact/analytical” (CM) method [31],
those extracted by interpolation from a graph by Della and
Shu [31], and the frequency data obtained from a DSM code
(see an earlier work by the authors [27]), as well as those
gathered from the literature. For the relatively simple models
presented in this section, the discretization (Figure 9) was
used to mesh the domains.

In the first delamination model tested (see Figure 8) the
top and centre delaminated beams each have a height of
30% of the intact beam height. In addition, the delamination
length, a, was varied as a percentage of the total beam length
from 20% to 50%. The delamination is central, meaning that
the left and right intact segments have equal lengths. The
frequency results for these delaminated clamped-clamped
beam configurations are presented in Table 3.

As it can be observed from Table 3, both 2- and 3-
node beam elements perform well with respect to both the
analytical solution and those taken from the literature. As

expected, light deviations (0.26% for 2-node mode 2, with
respect to the exact/analytical solution) are present for larger
delamination sizes and for higher modes of vibration. For
higher modes, the 3-node beam tends to perform slightly
better than the 2-node beam. This difference is expected to
increase with an increase in mode number. However, for the
firstmode and for small delamination sizes, the 2- and 3-node
beam elements perform similarly and differences between the
results for each element were negligible.This could be used to
justify the use of a 2-node beam element in such situations to
save on processor requirements and solution times.

Since identifying nonphysical or physically inadmissible
behaviour can be essential in improving a given model, the
system’s natural modes are also an important consideration
in free vibration modeling. Therefore, the first two mode
shapes were compiled in Figure 10, generated from the
system’s eigenvectors results, the shape functions derived and
presented earlier. Since the variance between mode shapes
for the 2- and 3-node beam elements was minimal, only
the mode shape for the 3-node beam will be plotted. Note
that, in Figure 10, the element end nodes are represented by
circular markers, and the midpoint nodes are represented by
×markers.

In the second delamination model tested (see Figure 8),
the total thickness is the same as in Model 1; however, each
beam segment’s thickness is assumed to be one-third (1/3)
of the total thickness. As before, the results reported from
[31] were converted from chart to numerical form. The final
results of this second analysis are detailed in Table 4.

As it can be observed from Table 4, for smaller delamina-
tion sizes, the 2-node and 3-node beam elements performed
with similar accuracy, and both converged to a reasonable
accuracy (largest deviation approximately 0.16% from the
exact solution). However, for highermodes and larger delam-
ination sizes, the 3-node beam exhibits higher accuracy and
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Table 4: The first and second nondimensional frequency parameter (𝜆) for model 2.

𝑎/𝐿
FEM
2-node

FEM
3-node Analytical (CM) [31] Ref. [31] DSM [27]

0.2 4.726 4.725 4.725 4.7 4.725

Mode 10.3 4.692 4.695 4.695 4.7 4.695
0.4 4.580 4.578 4.575 4.6 4.575
0.5 4.342 4.338 4.335 4.3 4.335
0.2 7.010 7.002 7.005 7.0 7.005

Mode 20.3 6.284 6.281 6.285 6.3 6.285
0.4 5.922 5.917 5.915 5.9 5.915
0.5 5.833 5.820 5.815 5.8 5.815

Figure 10:The first two natural modes for a 2-layered beamwith centrally located delamination, obtained fromModel 1; top: 1st mode shapes.
Bottom: 2nd mode shapes; left: 30%, middle: 40%, and right 50% delaminations.

better convergence characteristics. It is also worth noting
that the FEM results presented in this section were obtained
with only slight modifications to the single delamination
technique presented earlier, whereas the analytical solution
had to be completely modified.This lends further credence to
the advantages of presented FEM-based formulations, since
good correlation with analytical results can be achieved with
less development overhead.

The system’s first two natural modes evaluated in the
same manner as in Model 1 are presented in Figure 11.
Furthermore, some mode shapes emerged from the analysis,
which involved physically inadmissible mode shapes. In this
case, the inadmissibility comes from the interpenetration
of different beam layers with each other (see Figure 12).
That is, one beam segment would vibrate laterally in one
direction and another beam segment, occupying the same
axial domain, would vibrate laterally in the opposite direc-
tion. In the present study, the physically inadmissible mode

shapes were found to occur when the difference in flexural
stiffness of the beams is nonzero and worsens with increasing
difference, seen for both exact and FEM solutions. It was
observed that if the difference in beam stiffness between the
three delaminated beams was sufficiently large, these modes
would appear to be slight interpenetrations.

Delaminations not centrally located along the beam (i.e.,
𝐿
1

̸= 𝐿
5
) were observed to generate mode shapes deviating

from standard beam mode shapes, and opening of the beam
segments can be seen (see Figure 13). The delaminated beam
segment with the smallest bending stiffness deforms the
largest and will thus be forced into the other, stiffer beam
segments. Although not physically admissible, there is no
provision within the free model to prevent this behaviour.
This phenomenon was observed for all doubly delaminated
beammodels with disparate delaminated beamheights (𝐻

2
̸=

𝐻
3

̸= 𝐻
4
), as well as for any noncentral delamination (𝐿

1
̸=

𝐿
5
).
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Figure 11:The first two natural modes for a 2-layered beamwith centrally located delamination, obtained fromModel 2; top: 1st mode shapes.
Bottom: 2nd mode shapes; left: 30%, middle: 40%, and right 50% delaminations.

(a) (b)

Figure 12: Examples of physically inadmissible mode shapes for a 3-layer delaminated beam obtained using 3-node elements (double-
delamination model 1); 𝐻

2
= 0.3𝐻

1
, 𝐻
3
= 0.5𝐻

1
, and 𝑎/𝐿 = 0.5. (a) off-delamination level partial pole 2nd mode (i.e., no vibrations at

the intact segments), 𝜆 = 4.67. (b) interpenetration due to natural vibration 4th mode, 𝜆 = 5.96.

Finally, it is also worth mentioning that, by proving
the existence of the parametric excitation in delaminated
beams [4], it was recently shown and experimentally ver-
ified that the opening is amplitude dependent; that is, the
delamination opening takes place only at a certain critical
amplitude. In reality, the mode shapes are asymmetric and
can be approximated by the superposition of the global shape
of the entire beam and the local buckling eigenshape of
the delaminated part based on a dynamic stability analysis
[8]. Furthermore, the experimentally observed delamination
opening was reported to be significantly less than those

calculated by the free model, which would rather justify the
use of the constrained model for further analysis [8].

4. Conclusion

Based on the conventional Finite Element Method (FEM)
formulation and employing Boolean vectors, a novel assem-
bly scheme for the free vibration modelling and analysis
of a delaminated layered beams was developed. Based on
the free mode delamination model, 2- and 3-node beam
elements equipped with cubic and quartic shape functions,
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(a) (b)

Figure 13: The 1st (a) and the 2nd mode (b) for a noncentrally delaminated beam.

respectively, were used to extract the flexural natural fre-
quencies of single- and double-delaminated beam configu-
rations. While the results showed very good agreement with
those obtained from analytical and Dynamic Stiffness Matrix
(DSM) models presented in the literature, the use of 3-node
beam elements with quartic shape functions, as opposed to
the more common Hermite cubic shape functions found in
2-node beams, did not produce significantly better results
for the same mesh size. System’s natural modes and opening
modes for both midplane and off-midplane delaminations
were also examined and illustrated. The constrained model
can be applied to prevent the interpenetration modes, at the
expense of increased system stiffness [7, 31].
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