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a b s t r a c t

Mitigation of soot emissions from combustion devices is a global concern. For example, recent EURO
6 regulations for vehicles have placed stringent limits on soot emissions. In order to allow design
engineers to achieve the goal of reduced soot emissions, they must have the tools to so. Due to the
complex nature of soot formation, which includes growth and oxidation, detailed numerical models are
required to gain fundamental insights into the mechanisms of soot formation. A detailed description of
the CoFlame FORTRAN code which models sooting laminar coflow diffusion flames is given. The code
solves axial and radial velocity, temperature, species conservation, and soot aggregate and primary
particle number density equations. The sectional particle dynamics model includes nucleation, PAH
condensation and HACA surface growth, surface oxidation, coagulation, fragmentation, particle diffusion,
and thermophoresis. The code utilizes a distributed memory parallelization scheme with strip-domain
decomposition. The public release of the CoFlame code, which has been refined in terms of coding
structure, to the research community accompanies this paper. CoFlame is validated against experimental
data for reattachment length in an axi-symmetric pipe with a sudden expansion, and ethylene–air and
methane–air diffusion flames for multiple soot morphological parameters and gas-phase species. Finally,
the parallel performance and computational costs of the code is investigated.
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Nature of problem:
Soot formation in laminar diffusion flames with detailed description of thermodynamics, kinetic, and
transport data
Solution method:
Finite volume method utilizing the pseudo-transient SIMPLE algorithm and locally coupled chemistry
solver
Additional comments:
The code was specifically developed for modeling soot formation in laminar diffusion flames
Running time:
From hours to a month depending on the complexity of the chemical mechanism and the disparity
between the initial guess and the final solution.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

Reducing soot emissions from combustion processes is impor-
tant due to the negative health and environmental effects of at-
mospheric soot. In order to achieve this goal, there has to be a
fundamental understanding of the mechanisms of soot formation,
including growth and oxidation, to allow for the determination of
economically viable methods of reducing these emissions. Due to
the highly complex nature of soot formation, detailed numerical
models are employed to gain fundamental understanding of the
factors that affect each mechanism of soot evolution. While sig-
nificant progress has been made in this area, there are still many
uncertainties.

1.1. Soot formation processes

There are a significant number of physical processes that oc-
cur during soot formation. These include polycyclic aromatic hy-
drocarbon (PAH) gas-phase growth, particle nucleation, surface
growth via surface reaction and PAH condensation, surface oxida-
tion, particle coalescence, particle coagulation and fragmentation,
gas-phase scrubbing, and radiation [1].

The first step is the formation of PAHs in the gas-phase.
The formation of the first ring, or benzene, is thought to be
the rate limiting step, thus much research has been done on
the formation pathways for benzene. The primary routes involve
C2H2 (acetylene), C4Hi, C3H3 (propargyl), C5H5 (cyclopentadiene),
and CH3 [2–5]. Subsequent growth to larger aromatics has
pre-dominantly been accepted to occur via the hydrogen-
abstraction–carbon-addition (HACA) mechanism [2], where a
hydrogen is abstracted and a small aliphatic is added, primarily
C2H2. However, key reactions involving reactions between PAHs
and PAH radicals [6–8] and C4H2 (diacetylene) [8] have recently
been shown to be important as well.

The next step is nucleation, which is the birth of a soot
primary particle, and is theorized to occur from gas phase PAHs.
The exact mechanism of nucleation is still unclear; however,
there are three main theorized routes. The proposed routes
are growth into curved fullerene-like structures [9], physical
coalescence (dimerization) [10], and chemical reaction into cross-
linked structures [10,11]. The first pathway relies on the HACA
mechanism, which is known to be too slow to account for soot
nucleation rates on its own [11]. The other two pathways may
not necessarily be mutually exclusive, and it is hypothesized that
the relative ratio between the two mechanisms is a function of
temperature and radical populations [10].
After nucleation occurs, soot primary particles undergo multi-
ple concurrent processes. Primary particles grow via surface reac-
tion in a manner similar to the HACA mechanism for gas-phase
PAHs [6,12–14] and PAH condensation (a physical binding of PAHs
to the surface of existing soot particles). Nucleation and condensa-
tion both rely on physical PAH bonds; however, one acts to create
new soot primary particles, while the other one acts to increase the
size of existing soot primary particles. Individual soot primary par-
ticles can collide and form larger primary particles (coalescence) or
form chains of primary particles or soot aggregates (coagulation).
Either of these two events are not 100% efficient due to the thermal
rebound effect [15,16].

Soot primary particles can reduce in size due to surface
oxidation from OH and O2, with OH oxidation dominating in
fuel-rich regions and under O2 fuel-lean conditions. Finally, soot
aggregates may undergo oxidation-driven fragmentation to form
smaller aggregates containing fewer primary particles [17,18]. In
premixed flames, oxidation is concurrent with growth processes,
which is not true in diffusion flames.

1.2. Soot formation models

Soot models can be divided into three general categories;
empirical, semi-empirical, and detailed [19]. Empirical soot
models are developed on the basis of experimentally derived
phenomenological correlations of soot formation rates with
combustion condition such as pressure, equivalence ratio, and
temperature. Such models are easy to understand, easy to
implement, and do not require heavy computational load. This
is why most of the empirical modeling of soot formation can
be found in literature that is related to gas turbine and diesel
engines that are otherwise computationally intensive to simulate.
The disadvantages of this type of soot model are the loss of
detailed insights into the soot formation processes and lack of
broad applicability. The next level of soot modeling with semi-
empirical soot models attempts to incorporate some aspects of
the physics and chemistry of the phenomenon, as opposed to a
correlation of experimental data. The widely used two-equation
soot model of Fairweather et al. [20] is an example of the semi-
empirical sootmodels. Although some insights into soot formation
mechanisms can be obtained from this type of model, it cannot
provide detailed soot properties such as soot aggregate structure
and size distribution, due to the neglect of the aggregate structure
and polydispersity of soot particles.

As computational resources have improved and the use of
parallel computing has increased, modeling of soot formation for
academic purposes has shifted towards using detailed models.
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Problems that were not previously computational tractable are
now feasible. Detailed chemical kinetic mechanisms describing
the pyrolysis of hydrocarbon fuels and the formation of soot
nucleating PAH species have originally beenproposed by Frenklach
and coworkers [6,12,13], with subsequent works by Marinov
et al. [21] and Slavinskaya and Frank [7,22]. In addition, different
approaches for modeling soot particle evolution under concurrent
nucleation, coagulation, surface growth and oxidation processes
have also been developed. Representative approaches are the
moment method [13,23], the stochastic method [24–26] and the
sectional method [27–31]. Sectional aerosol dynamics models
can provide the mean properties and the size distribution of
soot particles. Conventional sectional models solve for only one
variable per section such as soot mass fraction [27], which is
not adequate for modeling soot aggregate structure. To model
the formation and coagulation of the fractal-like soot aggregates,
Park et al. [28] developed an advanced sectional model which
solves two equations (number densities of aggregates and
primary particles) per section. This advanced model has been
implemented into a laminar coflow flame code, CoFlame [32–35].
The CoFlame code has undergone multiple improvements since
it was originally developed [22,36–44]. Development has focused
on bringing fundamental understanding into the sub-models to
the greatest extend possible. The CoFlame code, which has been
refined in terms of coding structure, can be downloaded from
http://combustion.mie.utoronto.ca/?page_id=1005.

1.3. Agenda

In the present study, the updated and architecturally refined
CoFlame code is described in detail. The code is validated on atmo-
spheric pressure ethylene–air and methane–air coflow diffusion
flames and the computational performance is investigated.

2. Numerical model

2.1. Governing equations

For the gaseous phase, the fully coupled elliptical conservation
equations for mass, momentum, energy, and species mass fraction
are solved. CoFlame utilizes the axi-symmetrical nature of the
flame, and equations are solved in the two-dimensional (z and r)
cylindrical co-ordinate system. The equations are the same as in
previous studies [22,32,34,36–45].

Conservation of mass:
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Conservation of species mass fractions:
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Conservation of energy:
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In the preceding equations, u is the axial velocity, v is the radial
velocity, ρ is the mixture density, µ is the viscosity, gz is the
acceleration due to gravity, Yk is the kth species mass fraction, Vk,r
and Vk,z are the kth species radial and axial diffusion velocities,Wk
is the molecular weight of the kth species, ω̇k is the production
rate of the kth species due to gas phase chemical reaction and
interactions with the solid soot phase, Cp is the mixture specific
heat capacity at constant pressure, T is the temperature, λ is the
mixture thermal conductivity, hk is the specific enthalpy of the
kth species, Cp,k is the specific heat capacity of the kth species
at constant pressure, Cp,s is the specific heat capacity of soot at
constant pressure (assumed to be the same as graphite), Ys is
the soot mass fraction, Vs,r and Vs,z are the soot radial and axial
diffusion velocities, hs is the specific enthalpy of soot (assumed to
be the same as graphite),Ws is the molecular weight of soot (same
as carbon), and Qr is the radiative heat transfer by soot, H2O, CO2,
and CO.

Soot particle dynamics are described using a fixed sectional
method, in which soot particle mass ranges are divided logarith-
mically into thirty-five discrete sections. Thirty-five sections are
sufficient to ensure the results for average soot morphological
parameters no longer change when increasing the number of
sections, as variations in the results are no longer seen when the
number of sections is increased beyond thirty-five. Soot aggregates
are assumed to be composed of spherical primary particles of equal
size with a constant fractal dimension of 1.8 [46,47]. Two trans-
port equations are solved for each section; those being aggregate
number density (Na

i ) and soot primary particle number density
(Np

i ), where i = 1, 2, . . . , 35. The soot sectional model includes
several processes, those being nucleation (nu), PAH condensation
and HACA surface growth (sg), surface oxidation (ox), coagulation
(co), fragmentation (fr), particle diffusion (Da

i ), and thermophoresis
(VTs). Below are the governing soot particle dynamics equations:

Conservation of soot aggregate number density:
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Conservation of soot primary particle number density:
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2.2. Soot formation model

In order to close the system of equations, a number of models
are required for the terms in Eqs. (6) and (7). The utilized models
are discussed below.

2.2.1. Gas phase chemistry
The mechanism in Chemkin format that is used with the

CoFlame code is the one originally presented in [7], with
modifications described in [36] and [22]. This mechanism [22]
is chosen due to its ability to accurately predict soot volume
fraction levels in all regions of an atmospheric C2 fuel (ethylene)
flame [36] and enhance performance for methane flames [22].
Thismechanismaims to accurately describe C2/methane oxidation,
with PAH growth up to five aromatic rings, and has been validated
for high pressures [7,37]. It should be noted that this mechanism
is a reduced mechanism which employs lumping of some PAH
growth routes, such as diacetylene addition. The CoFlame code is
compatible with other chemical mechanisms and has been tested
on the mechanisms of Appel et al. [6], Marinov et al. [21], Raj
et al. [48], and Wang et al. [49].

2.2.2. Nucleation
Soot particle nucleation is modeled by assuming soot nucleates

through the collision and sticking of PAH species. The rate of
nucleation is calculated according to kinetic theory as:
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where β is the nucleation efficiency, kB is the Boltzmann constant,
Av is Avogadro’s number,µAB is the collisional reducedmass for the
two colliding PAHs, rA and rB are the radii of the two colliding PAHs,
and [A] and [B] are the concentrations of the two colliding PAHs. In
this current work, nucleation is modeled to result from collisions
of benzo[a]pyrene (BAPYR), secondary benzo[a]pyrenyl (BAPYR*S),
and benzo(ghi)fluoranthene (BGHIF) [43]. The parameterβ is set to
0.0001 [43].

2.2.3. Coagulation
The coagulation terms are calculated based on the collision

kernel of soot aggregates in the entire Knudsennumber regime [28,
50–52]. The source terms for aggregates and primary particles in
the ith section are calculated as:
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where mi is the representative mass of the ith section aggregate,
δ is the Kronecker delta function, βj,k is the collision kernel of two
aggregates in the jth and kth sections, ηp,i is the number of primary
particles per aggregate in the ith section, and ξj,k is the coagulation
efficiency of two aggregates in the jth and kth sections and is set to
0.20 in this work [35]. The parameter η weights the newly formed
mass into two adjacent sections such that the number and themass
of aggregates are conserved and is calculated as:
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The factor ηp assigns primary particles to two adjacent sections
so that primary particle size and number are conserved and is
calculated as:

ηp =
mi

mj + mk
(np,j + np,i). (12)

The collision kernel, βj,k, is given by [53].

βj,k = 4πRabs(Dj + Dk)fD (13)

where Rabs is the absorbing sphere cluster radius, Dj and Dk are the
diffusion coefficients for soot particles in the jth and kth sections,
and fD is the transition regime correction factor. The expression
for the absorbing cluster radius is the same as that suggested
by Zurita-Gotor and Rosner [54].

The diffusion coefficient, D, is calculated for both the free
molecular and continuum regimes. The total diffusion coefficient
utilized in Eq. (13) is the summation of these two values. The
diffusion coefficient, D, is given by

D =
kBTCc(Kn)
3πµdm

(14)

where kB is the Boltzmann constant, T is the gas temperature,
µ is the gas viscosity, dm is the mobility diameter, Cc(Kn) is the
Cunningham slip correction factor as a function of the Knudsen
number Kn and is calculated as [55]

Cc(Kn) = 1 + 1.612Kn. (15)

The Knudsen number is defined as

Kn =
2λmfp
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where λmfp is the mean free path of the gas, which is taken as the
mean free path of air.

The transition regime correction factor fD is obtained from a
simple approximation of flux-matching theory and is calculated as

fD =
1 + KnD

1 + 2KnD(1 + KnD)
(17)

where KnD is the diffusion Knudsen number which characterizes
the transition between continuum and free molecular diffusion
and is defined as

KnD =
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where λmfp,12 is the diffusionmean free path which is calculated as
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where mj and mk is the mass of soot aggregates in the jth and kth
sections.

The mobility diameter of the soot aggregate is calculated by
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where rp is the primary particle radius, np is the number of primary
particles in the aggregate,Df is the fractal dimension, and the outer
radius of an aggregate Rf is defined by

Rf = rp(fnp)
1/Df (21)

where f is the volume filling factor and is set to 1.43 [56].

2.2.4. PAH condensation, HACA surface growth, oxidation
The PAH condensation model utilized is based on transition

and continuum regime collision theory between soot aggregates
and PAHs, with a prescribed collision efficiency, γ , of 1.0 [35]. The
mobility diameter of the PAH is taken to be the Lennard-Jones
diameter.

The HACA surface growth and oxidationmodel utilized is based
on theHACAandoxidation soot surface reaction schemedeveloped
by Frenklach and coworkers [6,14]. Table 1 displays the six surface
reactions that are considered. Except for the reaction of soot
with OH radicals (S6) which is modeled based on free molecular
regime collision theory between OH and soot with a OH collision
efficiency, γOH, of 0.13 [57], the kinetics of the other surface
reactions are described using the concept of soot surface sites,
which can either be saturated (Csoot−H) or dehydrogenated (Csoot·).
In order to calculate the reaction rates, the concentrations of these
two sites are required for each soot section. The concentration of
total surface sites for soot section i, [Csoot − T]i, is calculated by

[Csoot − T]i =
χcsoot−HAs,iNi

Av

(22)

where χcsoot−H is the number of sites per unit soot surface area
and is set to a constant value of 2.3 × 1015 sites/cm2 [14], As,i is
the surface area of soot particles in section i, and Ni is the number
of soot particles in section i. The concentration of dehydrogenated
sites for soot section i, [Csoot·]i, is calculated from a steady state
approximation by

[Csoot·]i = [Csoot − H]i

×
(k1χH + k2χOH)

k−1χH2 + k−2χH2O + k4χC2H2 + k5χO2 + k1χH + k2χOH
(23)

where χH, χOH, χH2 , χH2O, χC2H2 , and χO2 are mole fractions.
The fractional term represents the portion of saturated sites
that have been dehydrogenated and arises from a steady state
approximation for [Csoot·]i. The equation for [Csoot·]i is modified
from the original form presented in [6,14] to ensure that
the fractional term cannot exceed unity. The concentration of
saturated sites is then simply the number of total sites minus the
number of dehydrogenated sites.
The source terms due to growth for aggregates and primary
particles in the ith section are calculated using the 2-point method
[58] as:

∂Na
i

∂t


sg

=



−
Ig,i

mi+1 − mi
if i = 1

Ig,i−1

mi − mi−1
−

Ig,i
mi+1 − mi

if i = 2, . . . , SN − 1

Ig,i−1

mi − mi−1
if i = SN

(24)
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
sg

=



−
Ig,i

mi+1 − mi
np,i if i = 1

Ig,i−1

mi − mi−1
np,i−1

−
Ig,i

mi+1 − mi
np,i if i = 2, . . . , SN − 1

Ig,i−1

mi − mi−1
np,i−1 if i = SN

(25)

where Ig,i is the total of PAH condensation and HACA surface
growth rates for the ith section in units of g/cc/sec and is always
positive.

The source terms due to oxidation for aggregates and primary
particles in the ith section are calculated using the 2-point
method [58] as:

∂Na
i

∂t


ox

=



−
Iox,i+1

mi+1 − mi
+

Iox,i
mi

if i = 1

Iox,i
mi − mi−1

−
Iox,i+1

mi+1 − mi
if i = 2, . . . , SN − 1

Iox,i
mi − mi−1

if i = SN

(26)
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−
Iox,i

mi+1 − mi
np,i+1 +

Iox,i
mi

np,i if i = 1

Iox,i
mi − mi−1

np,i

−
Iox,i+1

mi+1 − mi
np,i+1 if i = 2, . . . , SN − 1

Iox,i
mi − mi−1

np,i if i = SN

(27)

where Iox,i is the oxidation rate for the ith section in units of g/cc/sec
and is always negative.

2.2.5. Fragmentation
The oxidation-driven fragmentation model utilized assumes

a 1:1 fragmentation pattern [35,45]. The source terms due to
fragmentation for aggregates and primary particles in the ith
section are calculated as:

∂Na
i

∂t


fr

=



Γi,i+1Si+1Na
i+1 if i = 1

(Γi,i − 1)SiNa
i

+ Γi,i+1Si+1Na
i+1 if i = 2, . . . , SN − 1

(Γi,i − 1)SiNa
i if i = SN

(28)
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Table 1
HACA-based soot surface growth and oxidation reactions [6].

No. Reaction A b Ea
(cm3 mol−1 s−1) (kcal/mol)

S1 Csoot − H + H 
 Csoot · +H2 4.2 × 1013 0.0 13.0
S2 Csoot − H + OH 
 Csoot · +H2O 1.0 × 1010 0.73 1.43
S3 Csoot · +H → Csoot − H 2.0 × 1013 0.0 0.0
S4 Csoot · +C2H2 → Csoot − H + H 8.0 × 107 1.56 3.8
S5 Csoot · +O2 → 2CO + product 2.2 × 1012 0.0 7.5
S6 Csoot − H + OH → CO + product γOH = 0.13
∂Np
i

∂t


fr

=



Γi,i+1Si+1Na
i+1npah,i+1

fs
if i = 1

(Γi,i − 1)SiNa
i npah,i

+
Γi,i+1Si+1Na

i+1np,i+1

fs
if i = 2, . . . , SN − 1

(Γi,i − 1)SiNa
i npah,i if i = SN

(29)

where Γi,i and Γi,i+1 are breakage distribution functions and are
calculated as:

Γi,i =
fs − 2
fs − 1

Γi,i+1 =
fs

fs − 1
.

(30)

The distribution functions weight the newly formed mass into
two adjacent sections such that the number andmass of aggregates
are conserved, and that the number and size of primary particles
are also conserved.

The fragmentation rate for aggregates in the ith section is taken
from [59]:

Si = A(np,i)
1/Df (31)

where A is a coefficient that governs the overall fragmentation rate.
As a first approximation, A is taken to be a first order function of
the specific soot oxidation rate (the rate of removal of soot mass
per unit soot surface area) rox,s,

A = Crox,s (32)

where C is a constant and set to 1.0 × 105 [35,45].

2.2.6. Thermophoresis and diffusion
The thermophoretic velocities VTs,z and VTs,r are calculated

according to Gomez and Rosner [60].

VTs,xi = −0.55
µ

ρT
∂T
∂xi

(xi = r, z). (33)

The aggregate diffusion coefficients are calculated in the same
manner as for coagulation in the transition and continuum
regimes.

2.3. Radiation model

The radiation is modeled utilizing the discrete-ordinates
method
(DOM) and a statistical narrow-band correlated-k-basedmodel de-
veloped in [61] and benchmarked in [62]. The DOM integrates the
radiative transfer equation (RTE) along a prescribed number of dis-
crete ordinates defined by a polar and azimuthal angle,which eases
obtaining numerical solutions to the RTE. Below is the discrete or-
dinates form of the RTE in cylindrical co-ordinates:

− κ Im,l + κ Ib =
µm,l

r
∂rIm,l

∂r
+ ξm,l

∂ Im,l

∂z

−
1
r


αm,l+1/2Im,l+1/2 − αm,l−1/2Im,l−1/2

ωm,l


(34)
where m is the polar angle index from 1 to M , l is the azimuthal
angle index from 1 to L(m), µ and ξ are directional cosines, κ is
the spectral absorption coefficient, I is the spectral intensity, Ib is
the spectral black-body intensity, α is a geometric constant [63],
ω is a weighting function associated with the direction defined by
(m, l), r is the radial direction, and z is the axial direction. The set
of discrete ordinates is defined using the T3 quadrature [64]. The
validation of the original implementation of the DOM is available
in [65,66].

2.4. Discretization techniques

As in previous works [22,32,34,36–45,67], the finite volume
method is used to discretize the governing equations. A staggered
mesh is used with a semi-implicit scheme to handle the pressure
and velocity coupling and to solve the discretized equations
at each discrete pseudo-time interval. The diffusive terms are
discretized using a second-order central difference scheme
while the convective terms are discretized using a power law
scheme [68]. Due to using the power law scheme, care must be
taken to ensure false diffusion is negligible by using sufficiently
small grid spacings [68]. In this present work, numerical diffusion
is estimated to be at least one order of magnitude lower than the
real diffusion for the grids employed. The thermal properties of
the gaseous species and chemical reaction rates are obtained by
using CHEMKIN subroutines [69,70]. Based on sensitivity studies
performed in [71], transport properties which include mixture-
averaged quantities for viscosities, conductivities, and diffusion
coefficients, as well as thermal diffusion coefficients for H and H2,
are evaluated using TPLIB [72,73].

2.5. Computational domain

A generic schematic of a co-flow burner, flame, and compu-
tation domain along with boundary conditions utilized by the
CoFlame code is depicted in Fig. 1. The boundary conditions are
as described in [22,32,34,36–45], using free-slip conditions on the
outer radial boundary, zero-gradient conditions on the outflow,
and a symmetry boundary on the central axis. The inlet velocity is
set as a top-hat profile as results are insensitive to the utilized pro-
file type (top-hat or parabolic) as in previous studies [36]. There
are two regions of interest for soot formation in the flame, those
being the wing region (depicted on the schematic) and the center-
line region, which runs along the central axis of the flame. Conju-
gate heat transfer between the fuel and air streams and the solid
fuel tube ismodeled by the harmonicmeanmethod [38,68,74]. The
harmonic meanmethod works by setting a very high value for vis-
cosity for the control volumes in the solid fuel tube region when
solving the momentum equations. The high viscosity allows a zero
velocity inlet boundary condition to propagate and prevail in this
region, consistent with it being a solid. To model the heat transfer
in the fuel tube, values of specific heat capacity and conductivity for
steel are assigned for the fuel tube region when solving the energy
equation. This harmonic mean method alleviates the need to have
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Fig. 1. Schematic representation of the burner and flame, with coordinate axes
and computational domain boundaries for the CoFlame code (image is not drawn
to scale.)

separate solid and fluid domains with different discretizations and
a heat transfer interface condition. Finally, to account for radiative
heat transfer to and from the burner, the adsorption coefficient of
control volumes within the solid fuel tube is set to a large number
such that the fuel tube is optically nontransparent.

2.6. Parallelization strategy

Due to the computational intensity of the problem, solutions
would be intractablewith serial processing. Therefore, distributed-
memory parallelization with strip-domain decomposition is em-
ployed as described in [75]. The computational domain is divided
uniformly into NPROC subdomains with the boundaries of each
subdomain perpendicular to the z-axis, where NPROC is normally
equal to the number of grid lines in the axial direction. The algo-
rithm uses the Message Passing Interface [76] library to distribute
theworkload. The computations are performedon theGeneral Pur-
pose Cluster (GPC) and Sandy Bridge Cluster of the SciNet Comput-
ing Consortium, on 100 4-core Intel Xeon E5540s with 2.53 GHz
chip speeds (GPC) or 50 8-core Intel Xeon E5-2650 2.0 GHz chip
speeds (Sandy Bridge) and InfiniBand network interconnect. The
algorithm requires a MPI Intel FORTRAN compiler for compatibil-
ity with other clusters.

2.7. Solution algorithm

Pseudo-transient continuation is used to aid convergence from
an arbitrary starting estimate [35]. At each pseudo-time step,
after the momentum and pressure correction equations are solved
globally [68] by the tri-diagonal matrix algorithm (TDMA) for
penta-diagonal matrices, the gaseous species equations are solved
in a coupledmanner at each control volume to effectively dealwith
the stiffness of the system and speedup the convergence process.
After iteration of the species equations, the sectional transport
equations are also solved simultaneously in a similar fashion. The
energy equation is then solved using TDMA to generate an updated
global temperature field and a convergence check is performed.
The algorithm is determined to be converged when the global rate
of change of each variable (or residual) is less than 0.001.

3. CoFlame code performance

In this section, the performance of the CoFlame code is
investigated by performing validation against experimental data
for an ethylene and amethane co-flow flame, parallel scaling tests,
and discussing computational costs.

3.1. Validation

The CoFlame code’s flow solver is validated against experimen-
tal data for an axi-symmetric pipe with a sudden expansion. Sub-
sequently, the code’s species, energy, and soot dynamics solvers
are validated against data for an ethylene and a methane co-flow
flame.

3.2. Fluid dynamics solver

To validate the fluid dynamics solver utilized by the CoFlame
code, simulations for an axi-symmetric pipe with a sudden
expansion are performed for a range of Reynolds Numbers and
compared with experimental data available from Macagno and
Hung [77]. Fig. 2 displays a diagram of the flow problem. The value
of DO is 2.1 cm, D is 4.2 cm, and h is 1.05 cm. xr represents the re-
attachment length and varies with the flow Reynolds number, for
which experimental data is available for Reynolds numbers from
10 to 140. The computational domain begins 2.0 cm below the
expansion and extends a total of 35.2 cm in the axial direction, and
is divided into 704(z)×84(r) uniform control volumes. The results
are verified to not be sensitive to increased length of the domain
below the expansion, extent in the axial direction, and number of
control volumes. For the inlet, a parabolic velocity profile for fully-
developed laminar pipe flow is utilized as sensitivity to the inlet
profile is observed for these flow cases.

Fig. 2 displays a comparison between the numerical results
from the CoFlame code with the experimental values obtained by
Macagno and Hung [77] for re-attachment length for a range of
Reynolds numbers. Overall, the trend with reattachment length is
very well captured by the CoFlame code. It can be seen that the
CoFlame results are in excellent agreement with the experimental
values at lower Reynolds numbers, and at high Reynolds numbers
the reattachment length is slightly over-predicted. As can be seen
in the following section, the CoFlame code accurately predicts
the axial velocity profiles in an ethylene–air diffusion flame, thus
the employed fluid dynamics solver is suitable for the intended
purpose of the CoFlame code.

3.2.1. Ethylene flame
The flame chosen is the co-flow laminar diffusion ethylene–air

flame originally investigated in [78], and has been exhaustively
studied by multiple groups [36,41,46,78–83]. This flame is the
only co-flow C2-fuel diffusion flame with published experimental
data for soot aggregate and primary particle size and number
densities. These characteristics make it an excellent choice for
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Fig. 2. Computational domain for an axi-symmetric, suddenly expanding pipe,
including co-ordinate systems.

preliminary soot model validation. The inner diameter of the fuel
tube is 1.11 cm and of the co-flowing air tube is 10.20 cm. The
fuel and air velocities are 3.98 cm/s and 8.90 cm/s respectively. The
computational domain extends to 19.46 cm in the axial direction
and 4.16 cm in the radial direction, and is divided into 400(z) ×

238(r) non-uniform control volumes. The spacing in the z starts
at 0.03 cm, and stretches beyond z = 9.8 with a stretching factor
of 1.0335. The spacing in the r starts at 0.0125 cm, and stretches
beyond control volume189 (r = 1.175 cm)with a stretching factor
of 1.05. It should be noted that the grid is refined in the radial
direction from r = 0.1 to 0.5 to have a spacing of 0.003125 cm. This
refinement is required to achieve a mesh independent solution.
When performing a further halving of the spacing in both co-
ordinate directions, all soot parameters change by less than 10%.
The first 1.0 cm in the z direction are below the fuel tube exit plane.
This distance is sufficient to ensure the temperature gradients at
z = 0.0 (the bottom of the computational domain) are negligible,
thus ensuring accurate boundary conditions. The outer radial
boundary iswithin the radius of the oxidizer tube, thus the oxidizer
tube is not included in the computational domain. The sensitivity
of the results to the location of the outer radial boundary is tested
by extending the outer radial boundary to 5.0 cm and negligible
changes to the solution is observed.

Fig. 3 displays a comparison between the experimental values
and those computed with the CoFlame code for soot volume
fraction along (a) the pathline of maximum soot along the wings,
and (b) the centerline. Experimental data are those measured
by Santoro et al. [79] using laser extinction, McEnally et al.
[83] using thermocouple particle deposition (TPD), and Köylü
et al. [82] by thermophoretic sampling particle diagnostic (TSPD)
and transmission electronmicroscope (TEM) images. Experimental
uncertainties for the Santoro et al. data are derived by accounting
for the variation in plausible values of E(m), the refractive index of
soot [84], which has been done in previous studies [37,44], while
uncertainties for the other two data sets are taken directly from the
source publications. Along the wings, the CoFlame code predicted
soot profile is broader than the experimental profile; however,
the computed data are qualitatively correct and within the
experimental uncertainty in the growth region and slightly shifted
in the oxidation region. A similar trend is observed along the
centerline, with the numerically predicted profile being broader.
The peak predicted soot volume fraction along the centerline is
within experimental uncertainty; however, it is on the lower end of
the range. The under-prediction of centerline soot volume fraction
Fig. 3. Comparison of experimental values and those computed with the CoFlame
code for soot volume fraction along (a) the pathline of maximum soot on the wings
and (b) the centerline for the ethylene–air Santoro Flame [79,82,83].

at atmospheric pressure is prevalent in the literature [27,32,35–
37,43] and has been observed for many different soot formation
models. The cause of the observed under-predictionmay be due to
missing physics or formation pathways leading to increased soot
growth rates along the centerline of diffusion flames.

Fig. 4 displays a comparison between the experimental values
and those computed with the CoFlame code for primary particle
diameter (dp) along (a) the pathline of maximum soot along
the wings, and (b) the centerline. Experimental data along
the wings is taken from Megaridis and Dobbins [80], and
those along the centerline by Köylü et al. [82]. Experimental
uncertainties are taken directly from the source publications.
Once again, the CoFlame code predicts a broader profile than
the experiment along the wings and centerline; however, peak
values are within experimental uncertainty. Along the centerline
the numerical predictions capturing the overall flat nature of the
experimental profiles but failing to predict the right magnitudes.
Given that centerline soot volume fraction is on the low end
of the experimental uncertainty along the centerline, the under-
prediction of primary particle diameters can be attributed to
an insufficient amount of surface growth, either by the HACA
mechanism or PAH condensation. For a given number density, soot
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Fig. 4. Comparison of experimental values and those computed with the CoFlame
code for primary particle diameter (dp) along (a) the pathline of maximum soot on
the wings and (b) the centerline for the ethylene–air Santoro Flame [80,82].

volume fraction will scale with d3p . Due to low radical pools, the
centerline of a diffusion flame is PAHcondensationdominated [36–
38]; therefore, the under-predictions are attributed to insufficient
PAH condensation.

Fig. 5 displays a comparison of Np (primary particle number
density) along the wings, with experimental data taken from
Megaridis and Dobbins [81], and Puri et al. [46]. The experimental
uncertainties for the Puri et al. data are taken from the source
publication, while for theMegaridis andDobbins data the variation
of E(m) and uncertainty in the dp measurements used to derive the
data are considered. Measurement data for Np along the centerline
are not available. With the exception of very low axial heights, the
CoFlame code predictions are within experimental uncertainty.

Fig. 6 displays a comparison of Na (aggregate number density)
along the (a) wings and (b) centerline, with experimental data
taken from Santoro et al. [79], and Puri et al. [46]. The experimental
uncertainty for Puri et al. is taken from the source publication,
while the variation of E(m) is considered [84] to derive the
uncertainty for the Santoro et al. data. The CoFlame code
predictions are within experimental uncertainty along the wings;
however, along the centerline the predicted profile is shifted
axially, although the shape is well captured. Fig. 7 displays a
comparison of np (average number of primaries per aggregate)
along the (a) wings and (b) centerline, with experimental data
Fig. 5. Comparison of experimental values and those computed with the CoFlame
code for primary particle number density (Np) along the pathline of maximum soot
on the wings for the ethylene–air Santoro Flame [46,81].

taken from Iyer et al. [85], Puri et al. [46], and Köylü et al. [82].
The experimental uncertainties are taken directly from the source
publications; however, no uncertainty is available for the Iyer et al.
data. The CoFlame code predicted profile shapes are similar to the
experimental data; however, the magnitudes are under-predicted,
particularly on the centerline.

Figs. 8–11 display a comparison of radial cuts of OH mole
fraction, C2H2 mole fraction, temperature, and axial velocity, at
various axial heights, with experimental data taken from Santoro
et al. [79], and Kennedy et al. [86]. Experimental uncertainties
are taken from the source publications. The qualitative and
quantitative agreement between the experimental data and
CoFlame results is excellent for all four parameters.

3.2.2. Methane flame
The flame chosen is a co-flow laminar diffusion methane–air

flame [87]. The burner geometry is the same as in [78];
however, the fuel and air velocities are 7.75 cm/s and 7.96 cm/s
respectively. The computational domain and all model parameters
are unchanged from the ethylene flame calculations. However, it
should be noted that the refinement between r = 0.1 to 0.5 cm
required for mesh independence for the ethylene-flame is not
required for the methane–air flame although it is still used for
these presented results. This flame was chosen as there are
measurements for primary particle diameters in addition to soot
volume fraction available.

Fig. 12 displays a comparison between the experimental values
and those computed with the CoFlame code for soot volume
fraction (a) at the location of maximum soot volume fraction at
each axial height, and (b) along the centerline. Experimental data
are those measured by Lee et al. [87] using laser extinction, with
uncertainties determined by considering the range of plausible
values of E(m) [84]. On both thewings and centerline, the CoFlame
code under predicts soot volume fraction, particularly at lower
axial heights. Peak predicted values along the wing and centerline
are within a factor of 3 of the experimental data.

Fig. 13 displays a comparison between the experimental values
and those computed with the CoFlame code for the maximum
dp observed at various axial heights. Experimental data along the
wings is taken from Lee et al. [87], with uncertainties taken from
the publication as well. The numerically predicted profile is shifted
axially and of lower magnitude than the experimental values;
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Fig. 6. Comparison of experimental values and those computed with the CoFlame
code for aggregate number density (Na) along (a) the pathline of maximum soot on
the wings and (b) the centerline for the ethylene–air Santoro Flame [46,79].

however, the shape iswell captured. Similar to the centerline of the
ethylene–air flame, the under prediction of soot volume fraction
can be attributed to insufficient surface growth, particularly PAH
condensation. Given the scaling of soot volume fraction with dp,
an increase in predicted soot volume fractions by approximately a
factor of 2.2 would occur if diameters were predicted accurately.

3.3. Code performance

3.3.1. Computational cost
From an arbitrary initial solution field (air at 1900 K), the

CoFlame code takes a wall-time of approximately 152 h on 400
CPUs to reach a fully converged solution for the ethylene–air
coflow diffusion flame and 134 h on 400 CPUs for the methane–air
diffusion flame. The total computational cost varies significantly
depending on the disparity from the initial solution field and
the final solution. Once an initial converged solution is obtained
for a given flame, re-converging the solution for different model
parameters is significantly faster, by a factor of 2–4.

Fig. 14 displays the total CPU-time taken for each of the
sub-models in the CoFlame code during one iteration for the
ethylene–air diffusion flame using the same computational
domain as for the validation testing using 1 CPU processor. It
can be seen that the solution of the species and soot equations
Fig. 7. Comparison of experimental values and those computed with the CoFlame
code for number of primaries per aggregate (np) along (a) the pathline of maximum
soot on the wings and (b) the centerline for the ethylene–air Santoro Flame [46,79].

Fig. 8. Comparison of experimental values and those computed with the CoFlame
code for radial cuts of OH mole fraction at two axial heights above the burner [79].

dominates the computation cost. Solving for the temperature also
takes significant CPU resources. It should be noted that both the
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Fig. 9. Comparison of experimental values and those computed with the CoFlame
code for radial cuts of C2H2 mole fraction at two axial heights above the burner [86].

discrete ordinates method (DOM) and solving of the pressure
correction equation are entirely serial processes in the CoFlame
code, thus parallel scaling is limited by these two subroutines.

3.3.2. Strong scaling
Strong scaling tests are performed on the CoFlame code with

the same domain size and chemical mechanism as utilized for the
ethylene–air diffusion flame validation case. Fig. 15 displays the
parallel efficiency of the CoFlame code for 2–400 CPUs with the
base model, and with one with double the number of sections for
the soot sectionalmodel. For the basemodel, the parallel efficiency
remains above 75% up to 80 CPUs; however, there is a significant
drop in efficiency when adding additional CPUs. The efficiency
at 400 CPUs, which is the maximum parallelization for the strip-
domain scheme utilized by the CoFlame code, is 39%. The reduction
in parallel efficiency is primarily due to the serial nature of the
DOM radiation model and pressure correction equation solution
procedure employed by the CoFlame code (such reductions have
been noted in other codes [88]) and the increase in required
inter-node communication. Due to the solution algorithm utilized
Fig. 10. Comparison of experimental values and those computedwith the CoFlame
code for radial cuts of temperature at two axial heights above the burner [79].

for solving the gas-phase species and soot particle dynamics
equations, the parallel scaling of the CoFlame code will improve
as chemical mechanisms increase in size or the number of soot
sections or equations per section are increased [36]. The increased
scaling is due to the time required for theDOMalgorithmand inter-
process communication becomes smaller compared to the time
required for solution of the species conservation ofmass equations.
Fig. 15 displays thatwhen doubling the number of sections utilized
to 70, the parallel efficiency at 80 CPUs increases from 77% to 91%,
and at 400 CPUs from 39% to 70%. Very similar results for improved
parallel efficiency are obtained when a chemical mechanism is
utilized with 202 species as opposed to 94 in the base model.

3.3.3. Weak scaling
Weak scaling tests are performed on the CoFlame code with a

domain equal to NUMP (z) × 238 (r), where NUMP is the number
of CPUs used. Fig. 16 displays the time per iteration for 4–512 CPUs
with the base model and the model with 70 sections for the soot
dynamics solver. The time per iteration is relatively constant up
to 64 CPUs; however, it increases significantly after that point. As
displayed in the previous section, the scaling of the CoFlame code
Fig. 11. Comparison of experimental values and those computed with the CoFlame code for radial cuts of axial velocity at various axial heights above the burner [79].
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Fig. 12. Comparison of experimental values and those computedwith the CoFlame
code for soot volume fraction along (a) the pathline of maximum soot on the wings
and (b) the centerline for the methane–air [87].

Fig. 13. Comparison of experimental values and those computedwith the CoFlame
code for the maximum primary particle diameter (dp) at a given axial height for the
methane–air [87].
Fig. 14. Distribution of time taken for the various sub-models of the CoFlame code
for the ethylene–air diffusion flame (readers are referred to the online version to
view the image in color).

Fig. 15. Parallel efficiency as a function of the number of cores for the CoFlame
code on the ethylene–air coflow diffusion flame.

improves with increases in the number of sections in the sectional
model or the size of the chemical kinetics mechanism.

4. Conclusions

The details of the CoFlame code have been described in
length, inclusive of modeling techniques, mathematical equations,
and solution algorithm and procedure. The CoFlame code can
model co-flow, laminar, axi-symmetric, sooting diffusion flames.
The code solves axial and radial velocity, temperature, species
conservation, and soot aggregate and primary particle number
density equations. The sectional particle dynamics model includes
nucleation, PAH condensation and HACA surface growth, surface
oxidation, coagulation, fragmentation, particle diffusion, and
thermophoresis. The public release of the CoFlame code, which
has been refined in terms of coding structure, to the research
community accompanies this paper.

The CoFlame code is validated against experimental data for
an axi-symmetric pipe experiencing a sudden expansion and all
data available for ethylene–air and methane–air diffusion flames
without altering any model parameters. The code shows good
parallel scaling up to 80 CPUs and continual significant reduction
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Fig. 16. Time per iteration as a function of the number of cores for the CoFlame
code on the ethylene–air coflow diffusion flame.

in wall-clock time up to 400 CPUs. Future work should be aimed at
removing empirically fitted constantswith fundamental physics or
well-validated functional forms.

Supplemental material

The CoFlame code, documentation, instructions, and the input
files needed for the ethylene–air diffusion flame test case will
be posted on a permanent website at http://combustion.mie.
utoronto.ca/?page_id=1005.
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