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Abstract 
 

Observations of the Economic Production Quantity Model with Imperfect Quality Items 
with/without Inspection  
 
Author: Yu Wei 
 
 
Master of Engineering in the Program of Mechanical and Industrial Engineering, Ryerson 
University, 2016 

 

Three observations of the economic production quantity model with imperfect 

quality items with/without inspection are presented in this report.  

Salameh and Jaber (2000) and Maddah and Jaber (2008) models do not meet their 

expected objective functions. The first observation tries to clarify the relationships among 

their expected objective functions and the actual ones through the derivation, the numerical 

simulation and statistical comparison. This report concludes s that both models are not very 

accurate, but capable. 

Khan et al. (2011) and Khan et al. (2014) ignored the independent condition of 

properties of the expectation of random variables, which resulted in minor errors in both 

papers. The second and the third observations are the corrections of the models of two 

papers, respectively. Numerical comparisons show the differences between the original 

models and the revisions are minor, but significant. An example of a multi-factor sensitivity 

analysis is shown in this report.  
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Chapter 1 Introduction 
 

The assumptions of the traditional EPQ/EOQ model are rigorous. Salameh 

and Jaber (2000) extend the traditional EPQ/EOQ model by taking imperfect quality 

items into account. Maddah and Jaber (2008) mention that there is a flaw in the 

method of evaluating the expected profit per unit of time, 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇], in Salameh and 

Jaber (2000). Maddah and Jaber (2008) argue that the approach in modelling of the 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] in Salameh and Jaber (2000) is not accurate since they did not use the 

renewal reward theory in determining 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]. 

The work of Salameh and Jaber (2000) and Maddah and Jaber (2008) 

received considerable attention by several researchers, such as Vörös (2013), Khan 

et al. (2011), Khan et al. (2014), Zhou et al. (2016), and Rezaei (2016), to name 

some. This report shows that the two models are not the exact expression of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇], 

but rather approximate the expressions of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]. The definition of the total profit 

per unit of time, 𝑇𝑇𝑇𝑇𝑇𝑇, needs to be classified, and it is meaningful to discuss how the 

objective functions of the two models relate.  

 Khan et al. (2011) extend the EOQ model by considering items of imperfect 

quality and inspection errors. Khan et al. (2014) established a model for an 

integrated supply chain taking quality inspection and learning in production into 

consideration. Both studies apply the same method provided in Maddah and Jaber 

(2008). A wide attention has been given to both papers by Khan et al. (e.g., Chang 

et al. (2016), Azadeh et al. (2016), and Hou et al. (2015)).  

Khan et al. (2011, 2014) neglect the independence of random variables, (for 

example, the cycle length 𝑇𝑇 = 𝑦𝑦(1−𝑇𝑇)(1−𝑚𝑚1)
𝐷𝐷

 is relevant to the percentage of defective 
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items 𝑇𝑇) when the properties of the expectation of random variables are applied, 

which results in minor errors. So, the two models need to be revised. 

There are three observations in this report. In Chapter 2, a comparison of the 

models, Salameh and Jaber (2000) and Maddah and Jaber (2008), is presented. The 

definition of the total profit per unit time, 𝑇𝑇𝑇𝑇𝑇𝑇, the relationship among expected 

profit per unit time, 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇],the real objective functions of the two models are 

discussed, and a numerical comparison is provided. In Chapter 3, the model of Khan 

et al. (2011) is reviewed and the error is highlighted. Revised model and numerical 

comparison are given in this chapter. Examples of a multi-factor sensitivity analysis 

are also provided. In Chapter 4, the model of Khan et al. (2014) is reviewed and 

corrected. The results of the revised model are compared with those of Khan et al. 

(2014). A conclusion is given in Chapter 5.  
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Chapter 2 Observation 1-- Comparison of the Models Between 
Salameh and Jaber (2000) and Maddah and Jaber (2008) 
 
2.1 Introduction 
 

This section provides a brief review of the models of Salameh and Jaber 

(2000) and Maddah and Jaber (2008), then defines the total profit per unit time, 

𝑇𝑇𝑇𝑇𝑇𝑇. This chapter concludes with a remark on the two models. 

 

2.1.1 Review of Salameh and Jaber (2000) and Maddah and Jaber (2008) 
 

The following notation are used in both Salameh and Jaber (2000) and 

Maddah and Jaber (2008).  

𝐷𝐷 demand rate 

𝑦𝑦 order size 

𝑐𝑐 unit variable cost 

𝐾𝐾 fixed cost of placing an order 

𝑇𝑇 percentage of defective items in 𝑦𝑦  (probability that an item is 

defective), a random variable 

      𝑓𝑓(𝑝𝑝)     probability density function of 𝑇𝑇 

𝑠𝑠 unit selling price of items of  good quality 

𝑣𝑣 unit selling price of defective items,  𝑣𝑣 < 𝑐𝑐 

𝑥𝑥 screening rate 

𝑑𝑑 unit screening cost 

ℎ unit holding cost 

𝑇𝑇 cycle length( 𝑇𝑇 = (1−𝑇𝑇)𝑦𝑦
𝐷𝐷

)    
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𝑀𝑀 expected value of 1/(1 − 𝑇𝑇) 

 The following notation are also used. 

𝑖𝑖 index of cycle 

𝑀𝑀(𝑡𝑡) the number of renewals (cycles) for a finite time 𝑡𝑡 

𝑇𝑇𝑇𝑇𝑖𝑖 total profit of ith  cycle 

𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 total profit per unit time of ith  cycle 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)    total profit per unit time in a finite time 𝑡𝑡 

 

Salameh and Jaber (2000) assume that: (1) defective items are sold as a 

single batch at a discounted price; (2) a 100% percent screening process of the lot is 

conducted at a rate of 𝑥𝑥 units per unit of time; and  (3) items of poor quality are kept 

in stock and sold prior to receiving the next shipment (by the end of the screening 

period) as a single batch at a discounted price of 𝑣𝑣 per unit. The profit per cycle is 

given by Salameh and Jaber (2000) as                                                                                                                            

𝑇𝑇𝑇𝑇(𝑦𝑦) = 𝑠𝑠𝑦𝑦(1 − 𝑇𝑇) + 𝑣𝑣𝑦𝑦𝑇𝑇 − 𝐾𝐾 − 𝑐𝑐𝑦𝑦 − 𝑑𝑑𝑦𝑦 − ℎ �
[𝑦𝑦(1 − 𝑇𝑇]2

2𝐷𝐷
+
𝑇𝑇𝑦𝑦2

𝑥𝑥
� 

 
(2.1) 

the cycle length is  

𝑇𝑇 =
(1 − 𝑇𝑇)𝑦𝑦

𝐷𝐷
 

 
(2.2) 

From Eq. (2.1) and Eq. (2.2), the profit per unit of time is given as  

𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦) = 𝑇𝑇𝑇𝑇(𝑦𝑦)/𝑇𝑇  
(2.3) 

Eq. (2.3) can be written as 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦) = 𝐷𝐷 �𝑠𝑠 − 𝑣𝑣 + ℎ
𝑦𝑦
𝑥𝑥
� + 𝐷𝐷 �𝑣𝑣 −

ℎ𝑦𝑦
𝑥𝑥
− 𝑐𝑐 − 𝑑𝑑 −

𝐾𝐾
𝑦𝑦
� ×

1
1 − 𝑇𝑇

−
ℎ𝑦𝑦(1 − 𝑇𝑇)

2
 

 
 
 
(2.4) 
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So, the expected profit per unit of time is derived in Salameh and Jaber (2000) as  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] = 𝐸𝐸[
𝑇𝑇𝑇𝑇(𝑦𝑦)
𝑇𝑇

] 
 
(2.5)    

, which becomes 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] = 𝐷𝐷 �𝑠𝑠 − 𝑣𝑣 + ℎ
𝑦𝑦
𝑥𝑥
� + 𝐷𝐷 �𝑣𝑣 −

ℎ𝑦𝑦
𝑥𝑥
− 𝑐𝑐 − 𝑑𝑑 −

𝐾𝐾
𝑦𝑦
�

× 𝐸𝐸 �
1

1 − 𝑇𝑇
� −

ℎ𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])
2

 

 
 
 
 
(2.6)    

The optimal order quality that maximizes Eq. (2.6) is given in Salameh and Jaber 

(2000) as 

𝑦𝑦𝑆𝑆𝑆𝑆∗ = �
2𝐾𝐾𝐷𝐷𝐸𝐸[1 (1 − 𝑇𝑇)⁄ ]

ℎ[1 − 𝐸𝐸[𝑇𝑇] − 2𝐷𝐷(1 − 𝐸𝐸[1 (1 − 𝑇𝑇)⁄ ]) 𝑥𝑥⁄ ]     
                                                                                                              

(2.7) 

Note: There is a typographical error in the expression of the optimal order 

quality of Salameh and Jaber (2000), which is corrected by Cardenas-Barron (2000). 

The “2” in the denominator is missing in Salameh and Jaber (2000). Cardenas-

Barron (2000) conclud that this error does not affect the behavior of the model nor 

the results.  

Maddah and Jaber (2008) mention that there is a flaw in Eq. (2.5) of Salameh 

and Jaber (2000), which is not accurate (see, for example, Wolff (1989), p. 60). The 

authors derive the expected profit per unit time by applying renewal-reward theorem 

as  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] =
𝐸𝐸[𝑇𝑇𝑇𝑇(𝑦𝑦)]
𝐸𝐸[𝑇𝑇]  

 
(2.8) 

Then, the optimal order quantity is obtained by differentiating the expression of 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] which  
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𝑦𝑦𝑀𝑀𝑆𝑆∗ = �
2𝐾𝐾𝐷𝐷

ℎ[𝐸𝐸[(1 − 𝑇𝑇)2] + 2𝐸𝐸[𝑇𝑇]𝐷𝐷 𝑥𝑥]⁄  
 
(2.9) 

 

2.1.2 The Definition of 𝑻𝑻𝑻𝑻𝑻𝑻 
 

       For a finite time 𝑡𝑡, 𝑡𝑡 = ∑ 𝑇𝑇𝑖𝑖
𝑀𝑀(𝑡𝑡)
𝑖𝑖=1  only when the last cycle is completed. When 

the last cycle is not completed, 𝑡𝑡 ≠ ∑ 𝑇𝑇𝑖𝑖
𝑀𝑀(𝑡𝑡)
𝑖𝑖=1 . So  

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑡𝑡

≠
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑇𝑇

 

Then Eq. (2.5) is not accurate, i.e. 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] ≠ 𝐸𝐸 �
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑇𝑇

� 

when the last cycle is not completed.  

The definition of 𝑇𝑇𝑇𝑇𝑇𝑇 is given below: 

1)  If the reward is collected at the end of each cycle, the total profit per unit 

time in a finite time 𝑡𝑡 ,𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) is given as 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑡𝑡

=
1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑖𝑖 =
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 ∙ 𝑇𝑇𝑖𝑖

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

 
 
(2.10) 

2) If the reward is collected at the beginning of each cycle, then 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑡𝑡

=
1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑖𝑖 =

𝑀𝑀(𝑡𝑡)+1

𝑖𝑖=1

1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 ∙ 𝑇𝑇𝑖𝑖

𝑀𝑀(𝑡𝑡)+1

𝑖𝑖=1

 
 
(2.11) 

3) If the reward is uniformly collected over a cycle, 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑡𝑡

=
1
𝑡𝑡
�� 𝑇𝑇𝑇𝑇𝑖𝑖 + 𝑇𝑇𝑇𝑇𝑀𝑀(𝑡𝑡)+1

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

∙
∑ 𝑇𝑇𝑖𝑖 − 𝑡𝑡𝑀𝑀(𝑡𝑡)+1
𝑖𝑖=1
𝑇𝑇𝑀𝑀(𝑡𝑡)+1

� 
 
(2.12) 
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2.1.3 Remark on the Models of Salameh and Jaber (2000) and Maddah and 
Jaber (2008) 
         

 The renewal-reward theorem is a limit theorem instead of an accurate one 

(please refer to in Ross (1996), P.133 or Wolff (1988), P. 59). Because of this fact, 

and the models of Salameh and Jaber (2000) and Maddah and Jaber (2008) only 

consider one order cycle instead of all cycles, the models of both papers become 

approximations of the true function. So, to be more accurate, the objective function 

of the model of Salameh and Jaber (2000) should be written as  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] =

𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖 𝑇𝑇𝑖𝑖⁄ ] instead of  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇], where 𝑖𝑖  is the index of ith cycle.  Similarly, the 

objective function of Maddah and Jaber (2008) should be written as 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖] 𝐸𝐸[𝑇𝑇𝑖𝑖⁄ ]. 

So, the relations among 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇], 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]  and  𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 are discussed next. 

2.2 The Relations Among 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻], 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻𝒊𝒊]  and  𝑬𝑬[𝑻𝑻𝑻𝑻𝒊𝒊]
𝑬𝑬[𝑻𝑻𝒊𝒊]

 

 
2.2.1 The Relation Between 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻], and 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻𝒊𝒊]   
 

Because  

 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 = 𝑇𝑇𝑇𝑇𝑖𝑖
𝑇𝑇𝑖𝑖

 

𝑇𝑇𝑇𝑇𝑖𝑖=𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 ∗ 𝑇𝑇𝑖𝑖. 

𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 and 𝑇𝑇𝑖𝑖 are i.i.d. with expectations of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] and  𝐸𝐸[𝑇𝑇𝑖𝑖], respectively. Let  

𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 =  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] + 𝜀𝜀𝑖𝑖  (2.13) 

𝑇𝑇𝑖𝑖 =  𝐸𝐸[𝑇𝑇𝑖𝑖] + 𝜂𝜂𝑖𝑖  (2.14) 

where 𝜀𝜀𝑖𝑖  and 𝜂𝜂𝑖𝑖 are i.i.d. respectively, and 𝐸𝐸[𝜀𝜀𝑖𝑖] = 0  , 𝐸𝐸[𝜂𝜂𝑖𝑖] = 0  for 𝑖𝑖 =

1, … ,𝑀𝑀(𝑡𝑡). Without loss of generality, assuming the reward is collected at the end 

and 𝑀𝑀(𝑡𝑡) ≥ 2 
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𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
𝑇𝑇𝑇𝑇(𝑡𝑡)
𝑡𝑡

=
1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑖𝑖 =
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

1
𝑡𝑡
� 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 ∗ 𝑇𝑇𝑖𝑖

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

=
1
𝑡𝑡
� [(𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] + 𝜀𝜀𝑖𝑖)(𝐸𝐸[𝑇𝑇𝑖𝑖] + 𝜂𝜂𝑖𝑖)]
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

 

Because 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖  is i.i.d., 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] are the same for different 𝑖𝑖 , to simplify the 

expression,  let  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] = 𝑎𝑎. Similarly, let  𝐸𝐸[𝑇𝑇𝑖𝑖] = 𝑏𝑏 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) =
1
𝑡𝑡
� [(𝑎𝑎+𝜀𝜀𝑖𝑖)(𝑏𝑏+𝜂𝜂𝑖𝑖)]
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

 

                =
1
𝑡𝑡
� [(𝑎𝑎+𝜀𝜀𝑖𝑖)(𝑏𝑏+𝜂𝜂𝑖𝑖)] =

1
𝑡𝑡
� [𝑎𝑎𝑏𝑏 + 𝑎𝑎𝜂𝜂𝑖𝑖 + 𝑏𝑏𝜀𝜀𝑖𝑖 + 𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖  ]
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

 

                  =
1
𝑡𝑡

(𝑎𝑎𝑏𝑏 ∗ 𝑀𝑀(𝑡𝑡) + 𝑎𝑎 � 𝜂𝜂𝑖𝑖 + 𝑏𝑏 � 𝜂𝜂𝑖𝑖 + � 𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖)
𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

𝑀𝑀(𝑡𝑡)

𝑖𝑖=1

 

Because lim
t→∞

𝐸𝐸[𝑀𝑀(𝑡𝑡)]
𝑡𝑡

= 1
𝐸𝐸[𝑇𝑇𝑖𝑖]

= 1
𝑏𝑏
 (the Elementary Renewal Theorem (Wolff 

(1988), page 59) and Wald’s equation (Wolff (1988), page 98) 

lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] =
1
𝑡𝑡

(𝑎𝑎𝑏𝑏 ∗
𝑡𝑡
𝑏𝑏

+ 0 + 0 + 
𝑡𝑡
𝑏𝑏
𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖]) = 𝑎𝑎 +

1
𝑏𝑏
𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖]  

= 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] +
𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 

 
 
 
(2.15) 

Because Eq. (2.13) and Eq. (2.14), then 

𝜀𝜀𝑖𝑖 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖 − 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] (2.16) 

𝜂𝜂𝑖𝑖 =  𝑇𝑇𝑖𝑖 − 𝐸𝐸[𝑇𝑇𝑖𝑖] (2.17) 

, respectively.   

By substituting Eq. (2.16) and Eq. (2.17), we get 
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lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)]  = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] +
𝐸𝐸[(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖−𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖])(𝑇𝑇𝑖𝑖−𝐸𝐸[𝑇𝑇𝑖𝑖])]

𝐸𝐸[𝑇𝑇𝑖𝑖]

= 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] +
𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 )

𝐸𝐸[𝑇𝑇𝑖𝑖]
 

 

2.2.2 The Relation Between 𝑬𝑬[𝑻𝑻𝑻𝑻𝒊𝒊]
𝑬𝑬[𝑻𝑻𝒊𝒊]

and 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻𝒊𝒊] 

 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖] = 𝐸𝐸[(𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] + 𝜀𝜀𝑖𝑖)(𝐸𝐸[𝑇𝑇𝑖𝑖] + 𝜂𝜂𝑖𝑖)] ] 

              = 𝐸𝐸[𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] ∗ 𝐸𝐸[𝑇𝑇𝑖𝑖]] + 𝐸𝐸[𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] ∗ 𝜂𝜂𝑖𝑖] + 𝐸𝐸[𝐸𝐸[𝑇𝑇𝑖𝑖] ∗ 𝜀𝜀𝑖𝑖] + 𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖] 

             =  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] ∗ 𝐸𝐸[𝑇𝑇𝑖𝑖] +  𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖] 

So,  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

=  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] +  
𝐸𝐸[𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

= 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] +
𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 )

𝐸𝐸[𝑇𝑇𝑖𝑖]
 

According to the renewal-reward theorem 

𝑙𝑙𝑖𝑖𝑚𝑚
𝑡𝑡→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] =
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 

In conclusion, the relation between 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] , and  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] , and 

subsequently  𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 is given as 

 𝑙𝑙𝑖𝑖𝑚𝑚
𝑡𝑡→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] =
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

= E[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] +
𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 )

𝐸𝐸[𝑇𝑇𝑖𝑖]
 

(2.18) 

 So, when 𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 )  is equal to 0,  lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

=

 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] . A special case occurs, when 𝑇𝑇1 = 𝑇𝑇2 = ⋯𝑇𝑇𝑀𝑀(𝑡𝑡) = 𝐸𝐸[𝑇𝑇𝑖𝑖] = 𝑇𝑇 , 

𝐸𝐸[𝑇𝑇𝑖𝑖−𝐸𝐸[𝑇𝑇𝑖𝑖]] = 0, i.e. 𝑇𝑇 is a constant instead of being a random variable, where 

 lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)]  is also equal to 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]. But, if 𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 ) is not equal to 0, 

then lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

≠  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]. The difference between  lim
t→∞

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡)] 
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and  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] is 𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖,𝑇𝑇𝑖𝑖 )
𝐸𝐸[𝑇𝑇𝑖𝑖]

, which is not considered in Salameh and Jaber (2000). 

It is worth mentioning that 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 is only equal to the limit of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] instead of 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] itself.  

 

2.3 Numerical Comparison 
 

 In this section, three numerical comparisons are provided. The first 

compares 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� and 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]   in Salameh and Jaber (2000); the second 

compares 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� and  𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

  in Maddah and Jaber (2008); and the third 

compares 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� of Salameh and Jaber (2000) and 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� of Maddah 

and Jaber (2008), respectively. 

 

2.3.1 Comparison of 𝑬𝑬�𝑻𝑻𝑻𝑻𝑻𝑻(𝒚𝒚𝑺𝑺𝑺𝑺∗ )� and 𝑬𝑬[𝑻𝑻𝑻𝑻𝑻𝑻𝒊𝒊]  in Salameh and Jaber (2000) 
 

The expected objective function of  Salameh and Jaber (2000)’s model is 

𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )�. And the actual objective function of Salameh and Jaber (2000)’s 

model is 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]. To compare them, the following hypothesis is tested by using the 

same parameter values from Salameh and Jaber (2000) and Maddah and Jaber 

(2008). 

𝐻𝐻01:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]  

𝐻𝐻𝑎𝑎1:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� ≠ 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]  

The parameters and their values are: 𝐷𝐷=50,000 units/year, 𝑐𝑐 =$25/unit, 𝐾𝐾 

=$100/cycle, 𝑠𝑠 =$50/unit, 𝑑𝑑  =$0.5/unit, 𝑥𝑥 =1unit/min=175,200units/year, ℎ 

=$5/unit/year, 𝑣𝑣 =$20/unit. The fraction of imperfect quality items, 𝑇𝑇, is uniformly 
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distributed on (𝑎𝑎, 𝑏𝑏), 0 < 𝑎𝑎 < 𝑏𝑏 < 1, i.e., 𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏) and 𝑎𝑎 = 0. 

A Matlab code (please see Appendix 1) is programed to simulate the 

comparison with the steps given below:          

Step 1: Calculate the optimal order size 𝑦𝑦𝑆𝑆𝑆𝑆∗  by using Eq. (2.7). 

Step 2: Calculate the expected total profit per unit time of 𝑖𝑖th cycle 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] 

by using Eq. (2.6). 

Step 3: Randomly generate the fraction of imperfect quality items 

 𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏).  Calculate the annual total profit, i.e. total profit per unit of time (one 

year) 𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ ) by using Eq. (2.1)and Eq.(2.10). 

Step 4: Repeat step 3 for 𝑛𝑛 = 1000  times. 

Step 5: Test 𝐻𝐻01:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖] by using t-test. 

In step 5, one sample t-test is chosen because it is a one mean test for a large 

sample size (Thank to the central limit theorem (CLM)) with an unknown variance. 

The approach of the t-test is introduced below: 

1) If a random sample of size 𝑛𝑛:𝑋𝑋1,𝑋𝑋2,⋯ ,𝑋𝑋𝑎𝑎 

2) 𝐻𝐻0:𝐸𝐸[𝑋𝑋] = 𝜇𝜇 = 𝜇𝜇0  

     𝐻𝐻𝑎𝑎:𝐸𝐸[𝑋𝑋] = 𝜇𝜇 ≠ 𝜇𝜇0  

3) Level of significance is α , 

4) Test statistic is  

𝑡𝑡 =
𝑋𝑋� − 𝜇𝜇0
𝑆𝑆/√𝑛𝑛

, 

where 

𝑆𝑆 = �∑ (𝑋𝑋𝑖𝑖 − 𝑋𝑋�)2𝑎𝑎
𝑖𝑖=1
𝑛𝑛 − 1
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5) Rejection region is = �𝑡𝑡 < −𝑡𝑡𝛼𝛼
2�
� ∪ �𝑡𝑡 > 𝑡𝑡𝛼𝛼

2�
�  , where 𝑡𝑡𝛼𝛼

2�
is the 

percentile of t-student random variable. The degree of freedom used is 𝑛𝑛 − 1. It can 

also be judged by the P-value of the output of software. The P-value is less than α, 

which means that the null hypothesis can be rejected at α level. 

When  𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏), then  𝐸𝐸[𝑇𝑇] = 𝑏𝑏−𝑎𝑎
2

.  In reality, the percentage of defective 

items 𝑇𝑇 is very small, so 𝑏𝑏 is chosen to be less than or equal to 0.50 (although this 

number is very high). For different 𝑏𝑏 , the comparison is shown in Table 1, 

where 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  is an estimator of 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� calculated by using the model of 

Salameh and Jaber (2000) and 

∆1=  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] − 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �   

∆1(%) =
𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] − 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  

𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  
× 100% 

Table 1 Comparison of  𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� and 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇𝑖𝑖]  in Salameh and Jaber 

(2000) 

 
𝑏𝑏 

 
𝐸𝐸[𝑇𝑇] 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �   

 
𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖] 

95% CI of  
𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑆𝑆𝑆𝑆∗ � 

 
∆1 

 
∆1(%) 

 
P-value 

0.01 0.005 1206074 1216534 (1206030, 1206119) 10460 0.87 0 
0.04 0.020 1196611 1212235 (1196432, 1196791) 15624 1.31 0 
0.07 0.035 1187067 1207752 (1186711,1187424) 20685 1.74 0 
0.10 0.050 1186785 1203071 (1186102, 1187467) 16287 1.37 2.15E-254 
0.15 0.075 1184595 1194790 (1183987, 1185202) 10195 0.86 1.13E-161 
0.20 0.100 1174394 1185837 (1173750, 1175039) 11442 0.97 1.41E-174 
0.25 0.125 1166081 1176114 (1165439, 1166724) 10032 0.86 5.86E-146 
0.30 0.150 1156270 1165502 (1155586, 1156954) 9232 0.80 1.39E-117 
0.40 0.200 1136121 1140986 (1135388, 1136853) 4865 0.43 5.35E-36 
0.50 0.250 1112792 1110567 (1111855, 1113729) -2224 -0.20 3.62E-06 

 

It can be seen from Table 1 that the differences between 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  and 
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𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇 𝑖𝑖]  are very small. But all differences are significant, which means the 

differences are systematic. 

 

2.3.2 Comparison of 𝑬𝑬�𝑻𝑻𝑻𝑻𝑻𝑻�𝒚𝒚𝑴𝑴𝑺𝑺∗ �� and  𝑬𝑬[𝑻𝑻𝑻𝑻𝒊𝒊]
𝑬𝑬[𝑻𝑻𝒊𝒊]

 in Maddah and Jaber (2008) 

 
 Similar to Section 2.3.1, the expected objective function of  Maddah and 

Jaber (2008)’s model is 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ ��, and the actual objective function in Maddah 

and Jaber (2008) is 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

.  

To compare the difference of them, the following hypothesis is tested by 

using the same parameters from Maddah and Jaber (2008). 

𝐻𝐻02:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� =
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 

𝐻𝐻𝑎𝑎2:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� ≠
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 

Matlab program is also in Appendix 1 and the steps are given below:          

Step 1: Calculate the optimal order size 𝑦𝑦𝑀𝑀𝑆𝑆∗  by using Eq. (2.9). 

Step 2: Calculate 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 by using Eq. (2.8). 

Step 3: Randomly generate the fraction of imperfect quality items. 

 𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏).  Calculate the annual total profit i.e. total profit per unit time (one year) 

𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ � by using Eq. (2.1)and Eq.(2.10). 

Step 4: Repeat step 3 for 𝑛𝑛 = 1000  times. 

Step 5: Test 𝐻𝐻02:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� = 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 by using t-test. 

 The results are shown in Table 2. 
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Table 2 Comparison of  𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� and 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]

𝐸𝐸[𝑇𝑇𝑖𝑖]
  in Maddah and Jaber (2008) 

 
𝑏𝑏 

 
𝐸𝐸[𝑇𝑇] 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ � 

 
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 
95% CI of  
𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ � ∆2 

 
∆2(%) 

 
P-value 

0.01 0.005 1207460 1216537 (1207415, 1207505) 9077 0.75 0 
0.04 0.020 1202172 1212274 (1201992, 1202352) 10102 0.84 0 
0.07 0.035 1196146 1207878 (1195815, 1196476) 11732 0.98 0 
0.10 0.050 1190449 1203341 (1189988, 1190910) 12892 1.08 1.04E-303 
0.15 0.075 1180633 1195448 (1180033, 1181232) 14815 1.25 8.00E-265 
0.20 0.100 1173571 1187112 (1172928, 1174214) 13541 1.15 1.86E-218 
0.25 0.125 1165548 1178294 (1164889, 1166207) 12745 1.09 6.77E-196 
0.30 0.150 1156580 1168950 (1155907, 1157253) 12371 1.07 4.04E-183 
0.40 0.200 1135668 1148491 (1134876, 1136461) 12823 1.13 1.57E-153 
0.50 0.250 1112660 1125271 (1111675, 1113645) 12611 1.13 2.46E-108 

 
 

 
where 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ �is an estimator of 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� calculated by using the model of 

Maddah and Jaber (2008) and 

∆2=  
𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

− 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ � 

∆2(%) =

𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

− 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ �

𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ �
∗ 100% 

It can be seen from Table 2 that the differences between 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ �and 

 𝐸𝐸[𝑇𝑇𝑇𝑇𝑖𝑖]
𝐸𝐸[𝑇𝑇𝑖𝑖]

 are very small too. And all differences are significant which means the 

differences are systematic. 

 

2.3.3 Comparison of 𝑬𝑬�𝑻𝑻𝑻𝑻𝑻𝑻(𝒚𝒚𝑺𝑺𝑺𝑺∗ )� of Salameh and Jaber (2000) and 
𝑬𝑬�𝑻𝑻𝑻𝑻𝑻𝑻�𝒚𝒚𝑴𝑴𝑺𝑺∗ ��of Maddah and Jaber (2008)  
 

The expected objective function in Salameh and Jaber (2000) is 
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𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )�, and the expected objective function of  Maddah and Jaber (2008)’s 

model is 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ ��. To compare 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� of Salameh and Jaber (2000) and 

𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� of Maddah and Jaber (2008), the following hypothesis is tested by 

using the same parameters from Salameh and Jaber (2000) and Maddah and Jaber 

(2008).  

𝐻𝐻03:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑆𝑆𝑆𝑆∗ �� = 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� 

𝐻𝐻𝑎𝑎3:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑆𝑆𝑆𝑆∗ �� ≠ 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� 

Matlab program is also in Appendix 1 and the steps are given below:          

Step 1: Calculate the optimal order size 𝑦𝑦𝑆𝑆𝑆𝑆∗  by using Eq. (2.7).   

Step 2: Calculate the optimal order size 𝑦𝑦𝑀𝑀𝑆𝑆∗  by using Eq. (2.9). 

Step 3: Generate the random number of the fraction of imperfect quality 

items 𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏). Calculate the annual total profit i.e. total profit per unit time (one 

year) 𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑆𝑆𝑆𝑆∗  � by using Eq. (2.1)and Eq.(2.10). 

 Step 4: Use the same random number of 𝑇𝑇 generated in step 3 and calculate 

the annual total profit i.e. total profit per unit time (one year) 𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ � by using 

Eq. (2.1)and Eq.(2.10). 

 Step 5: Repeat step 3 and step 4for 𝑛𝑛 = 1000  times. 

 Step 6: Test 𝐻𝐻03:𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� = 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� by using paired sample t-

test. 

 In step 6, paired sample t-test is chosen because there are two samples that 

have been matched or "paired". The approach is introduced below: 

1) If two matched random samples of size 𝑛𝑛:𝑋𝑋1,𝑋𝑋2,⋯ ,𝑋𝑋𝑎𝑎  and 𝑌𝑌1,𝑌𝑌2,⋯ ,𝑌𝑌𝑎𝑎   

2) 𝐻𝐻0:𝐸𝐸[𝑋𝑋𝐷𝐷] = 𝐸𝐸[𝑋𝑋 − 𝑌𝑌] = 𝜇𝜇0 
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   𝐻𝐻𝑎𝑎:𝐸𝐸[𝑋𝑋𝐷𝐷] = 𝐸𝐸[𝑋𝑋 − 𝑌𝑌] ≠ 𝜇𝜇0  

3) Level of significance is α , 

4) Test statistic is  

𝑡𝑡 =
𝑋𝑋�𝐷𝐷 − 𝜇𝜇0
𝑆𝑆𝐷𝐷
√𝑛𝑛

 

where the average 𝑋𝑋�𝐷𝐷 and the standard deviation 𝑆𝑆𝐷𝐷 of those differences are used in 

the equation. 

5) Rejection region is = �𝑡𝑡 < −𝑡𝑡𝛼𝛼
2�
� ∪ �𝑡𝑡 > 𝑡𝑡𝛼𝛼

2�
�  , where 𝑡𝑡𝛼𝛼

2�
is the 

percentile of t-student random variable. The degree of freedom used is 𝑛𝑛 − 1 , 

where  𝑛𝑛 represents the number of pairs. It can also be judged by the P-value of the 

output of software. The P-value is less than α, which means that the null hypothesis 

can be rejected at α level.  

Table 3 shows typical results of the first definition of 𝑇𝑇𝑇𝑇𝑇𝑇 (the reward is 

collected at the end of each cycle) and the difference of optimal lot size of the two 

models is shown in Table 4.  

where 

∆3=  𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ � − 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ � 

  

∆3(%) =
𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ � − 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  

𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �  
× 100% 

And  

∆4= 𝑦𝑦𝑀𝑀𝑆𝑆∗ − 𝑦𝑦𝑆𝑆𝑆𝑆∗  

∆4(%) =
𝑦𝑦𝑀𝑀𝑆𝑆∗ − 𝑦𝑦𝑆𝑆𝑆𝑆∗

𝑦𝑦𝑆𝑆𝑆𝑆∗
× 100% 
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It can be seen from Table 4 that the differences in the values of  𝑦𝑦𝑆𝑆𝑆𝑆∗  and  

 𝑦𝑦𝑀𝑀𝑆𝑆∗ , i.e. the optimal lot sizes for Salameh and Jaber (2000) and Maddah and Jaber 

(2008), increase when  𝑏𝑏 increases, which accords with the Proposition 8 of Vörös 

(2013). It is interesting to note in Table 3 that the differences between 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ � 

and 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ �   are very small; ( max{|∆3(%) |} = 0.78% ).  𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ ��  is 

significantly more than  𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )�  when 𝑏𝑏  is small. 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ ��  is more 

likely to be less than   𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )�  when 𝑏𝑏  is lager, where the values of the 

significance become unstable.  

In conclusion, the two models are not very accurate, but capable. When the 

volatility of the percentage of defective items 𝑇𝑇 is small, which is the case in reality, 

the model of Maddah and Jaber (2008) is more accurate than that of Salameh and 

Jaber (2000). 
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Table 3 Comparison of 𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦𝑆𝑆𝑆𝑆∗ )� of Salameh and Jaber (2000) and 
𝐸𝐸�𝑇𝑇𝑇𝑇𝑇𝑇�𝑦𝑦𝑀𝑀𝑆𝑆∗ �� of Maddah and Jaber (2008) 

 
𝑏𝑏 𝐸𝐸[𝑇𝑇] 𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑆𝑆𝑆𝑆∗ �   𝑇𝑇𝑇𝑇𝑇𝑇�������𝑦𝑦𝑀𝑀𝑆𝑆∗ � ∆3 ∆3 (%) P_value t_statistic 
0.01 0.005 1206067 1207453 1386 0.11 0 5.40E+04 
0.04 0.020 1196415 1201975 5560 0.46 0 1.32E+04 
0.07 0.035 1187101 1196392 9291 0.78 0 74.58022544 
0.10 0.050 1186713 1190150 3437 0.29 5.75E-12 6.970012336 
0.15 0.075 1184576 1180541 -4035 -0.34 4.63E-18 -8.829574034 

0.20(1) 0.100 1174309 1172970 -1339 -0.11 1.75E-05 -4.315513023 
 0.20(2)   1173981 1173624 -357 -0.03 0.3023346 -1.03197274 
0.20(3)   1173638 1173712 74 0.01 0.8352869 0.207980007 
0.25(1) 0.125 1166014 1165029 -986 -0.08 0.0046124 -2.839337166 
0.25(2)   1165031 1165220 189 0.02 0.5455244 0.604686704 
0.25(3)   1165176 1165037 -139 -0.01 0.6774509 -0.416066103 
0.30(1) 0.150 1156819 1156637 -182 -0.02 0.7052240 -0.378386256 
0.30(2)   1157030 1155880 -1151 -0.10 0.0183785 -2.361778159 
0.40(1) 0.200 1135451 1135129 -322 -0.03 0.4046786 -0.83364792 
0.40(2)   1136654 1135265 -1388 -0.12 3.21E-04 -3.610033883 
0.50(1) 0.250 1113329 1112965 -363 -0.03 0.4265102 -0.795502409 
0.50(2)  1113023 1111772 -1250 -0.11 0.0065816 -2.723013753 

 
Table 4 Comparison of 𝒚𝒚𝑺𝑺𝑺𝑺∗  of Salameh and Jaber (2000) and 𝒚𝒚𝑴𝑴𝑺𝑺∗  of Maddah and 
Jaber (2008)  

 
𝑏𝑏 

 
𝐸𝐸[𝑇𝑇] 𝑦𝑦𝑆𝑆𝑆𝑆∗  𝑦𝑦𝑀𝑀𝑆𝑆∗  ∆4 ∆4 (%) 

0.01 0.005 1419.28 1420.90 1.63 0.11 
0.04 0.020 1434.62 1441.26 6.65 0.46 
0.07 0.035 1450.16 1462.05 11.89 0.82 
0.10 0.050 1465.91 1483.28 17.37 1.18 
0.15 0.075 1492.61 1519.64 27.03 1.81 
0.20 0.100 1519.82 1557.23 37.41 2.46 
0.25 0.125 1547.51 1596.07 48.56 3.14 
0.30 0.150 1575.60 1636.13 60.53 3.84 
0.40 0.200 1632.70 1719.84 87.14 5.34 
0.50 0.250 1690.24 1807.94 117.71 6.96 
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Chapter 3 Observation 2-- A Note on Khan et al. (2011) 
 

In this chapter, a minor error in Khan et al. (2011) is identified. A revised 

model is presented and numerically compared to the model of Khan et al. (2011). A 

multi-factor sensitivity analysis is also provided. The different parts of the two 

models are labeled in boldfaced characters. 

 
3.1 Introduction 
 

3.1.1 Review of Khan et al. (2011) 
 

Khan et al. (2011) extended the model of Salameh and Jaber (2000) by 

considering inspection errors.  A mathematical model with closed form solution is 

developed. Numerical examples were also provided to illustrate the solution 

procedure. A similar modelling approach to Maddah and Jaber (2008) was used, i.e. 

renewal-reward theorem. Apart from the same notation in Salameh and Jaber (2000), 

the other notations in this paper are presented below: 

 

𝑚𝑚1 probability of Type  I error (classifying a non-defective item as                         

defective), a random variable 

𝑚𝑚2 probability of Type  II error (classifying a defective item as  non-

defective), a random variable 

𝑓𝑓(𝑚𝑚1) probability density function of  𝑚𝑚1 

𝑓𝑓(𝑚𝑚2) probability density function of  𝑚𝑚2 

𝑡𝑡1 inspection time in a cycle 

𝑡𝑡2 the remaining time in a cycle, after the defective items are screened 
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out 

𝐵𝐵1 number of items that are classified as defective in one cycle ), a 

random variable 

𝐵𝐵2 number of defective items that are returned from the market in one 

cycle), a random variable 

𝑐𝑐𝑎𝑎 cost of accepting a defective item 

𝑐𝑐𝑟𝑟 cost of rejecting a non-defective item 

𝑇𝑇 cycle length( 𝑇𝑇 = 𝑦𝑦(1−𝑇𝑇)(1−𝑚𝑚1)
𝐷𝐷

), a random variable 

𝐴𝐴 a parameter used for simplifying the holding cost, a random variable, 

where  𝐴𝐴 = 1 − 𝐷𝐷 𝑥𝑥 − (𝑚𝑚1⁄ + 𝑇𝑇) + 𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)  

 

There are three assumptions in the paper:  

1) The probability of misclassification errors is known.  

2) The items that are returned from the market are stored with those that are 

classified as defective by the inspector. They are all sold as a single batch at 

the end of each cycle at a discounted price. 

 3) The number of non-defective items is at least equal to the adjusted demand. 

The authors established the model as follows: 

Total profit per cycle 𝑇𝑇𝑇𝑇(𝑦𝑦)= total revenue per cycle – total cost per cycle 

= (the revenue from selling the good items + the salvage of items that are 

classified as defective items + the salvage of defective items that are returned from 

the market) – (the procurement cost + the screening cost, which is the sum of the 

costs of (a) inspection and (b) misclassification + the holding cost, which include 

the costs of (a) non-defective lot, (b) defective lot and (c) returned lot) 
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= 𝑠𝑠𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1) + 𝒔𝒔𝒚𝒚𝑻𝑻𝒎𝒎𝟐𝟐 + 𝑣𝑣𝑦𝑦(1 − 𝑇𝑇)𝑚𝑚1 + 𝑣𝑣𝑦𝑦𝑇𝑇

− �𝐾𝐾 + 𝑐𝑐𝑦𝑦 + 𝑑𝑑𝑦𝑦 + 𝑐𝑐𝑟𝑟(1− 𝑇𝑇)𝑦𝑦𝑚𝑚1 + 𝑐𝑐𝑎𝑎𝑇𝑇𝑦𝑦𝑚𝑚2

+
ℎ
2
��

2
𝑥𝑥
−
𝐷𝐷
𝑥𝑥2

+
𝐴𝐴2

𝐷𝐷
�𝑦𝑦2 + 𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇�� 

 
 
 
 
 
 
(3.1)    

where the cycle length is   

𝑇𝑇 =
𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1)

𝐷𝐷
 

 
(3.2) 

Then Khan et al. (2011) derived the expected total profit per cycle as:  

𝐸𝐸[𝑇𝑇𝑇𝑇(𝑦𝑦)] = 𝑠𝑠𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])(1 − 𝐸𝐸[𝑚𝑚1]) + 𝒔𝒔𝒚𝒚𝑬𝑬[𝑻𝑻]𝑬𝑬[𝒎𝒎𝟐𝟐]

+ 𝑣𝑣𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])𝐸𝐸[𝑚𝑚1] + 𝑣𝑣𝑦𝑦𝐸𝐸[𝑇𝑇] − 𝐾𝐾 − 𝑐𝑐𝑦𝑦 − 𝑑𝑑𝑦𝑦

− 𝑐𝑐𝑟𝑟𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])𝐸𝐸[𝑚𝑚1] − 𝑐𝑐𝑎𝑎𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]

−
ℎ
2
��

2
𝑥𝑥
−
𝐷𝐷
𝑥𝑥2

+
𝐸𝐸[𝐴𝐴2]
𝐷𝐷

�𝑦𝑦2 + 𝒚𝒚𝑬𝑬[𝑻𝑻]𝑬𝑬[𝒎𝒎𝟐𝟐]𝑬𝑬[𝑻𝑻]� 

 
 
 
 
 
 
 
(3.3) 

Expected cycle length  

𝐸𝐸[𝑇𝑇] =
𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])

𝐷𝐷
 

 
(3.4) 

The expected annual profit was obtained by using the same approach in Maddah and 

Jaber (2008) (renewal-reward theorem) as  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] =
𝐸𝐸[𝑇𝑇𝑇𝑇(𝑦𝑦)]
𝐸𝐸[𝑇𝑇]  

 
(3.5) 

Then the optimal order size is 

𝑦𝑦 ∗= �
2𝐾𝐾𝐷𝐷

ℎ𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2](1 − 𝐸𝐸[𝑇𝑇])(1 − 𝐸𝐸[𝑚𝑚1]) + ℎ𝐷𝐷 �2
𝑥𝑥 −

𝐷𝐷
𝑥𝑥2 + 𝐸𝐸[𝐴𝐴2]

𝐷𝐷 �
 

 
 
(3.6) 
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3.1.2 Remarks on Khan et al. (2011) 
 

In Eq. (3.1), 𝑇𝑇,𝑚𝑚1,𝑚𝑚2, and 𝑇𝑇 are random variables. All other parameters are 

constant.  𝑇𝑇,𝑚𝑚1  , and 𝑚𝑚2  are independent while 𝑇𝑇  is a function of 𝑇𝑇  and  𝑚𝑚1 . 

According to the Proposition 2.3*, in Ross (2009), P.49, there is an error in the last 

term of Eq. (3.3) because 𝑇𝑇 = 𝑦𝑦(1−𝑇𝑇)(1−𝑚𝑚1)
𝐷𝐷

 is relevant to 𝑇𝑇.  

∵ 𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]𝐸𝐸[𝑇𝑇] = 𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]
𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])(1 − 𝐸𝐸[𝑚𝑚1])

𝐷𝐷

=
𝑦𝑦2

𝐷𝐷
𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2] 

 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇] = 𝐸𝐸 �𝑦𝑦𝑇𝑇𝑚𝑚2
𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1)

𝐷𝐷
�

=
𝑦𝑦2

𝐷𝐷
𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)](1 − 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2] 

According to Ross (2009) (P.46-47) 

 𝐶𝐶𝑎𝑎𝑉𝑉(𝑋𝑋) = 𝐸𝐸[(𝑋𝑋 − 𝐸𝐸[𝑥𝑥])2] = 𝐸𝐸[𝑋𝑋2] − (𝐸𝐸[𝑋𝑋])2 

 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] = 𝐸𝐸[𝑇𝑇 − 𝑇𝑇2] = 𝐸𝐸[𝑇𝑇] − 𝐸𝐸[𝑇𝑇2] = 𝐸𝐸[𝑇𝑇] − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] − (𝐸𝐸[𝑇𝑇])2 

= 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇]  

∴ 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] = 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] ≠ 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) 

∴ 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇] ≠ 𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]𝐸𝐸[𝑇𝑇] 

___________________________ 

*Proposition 2.3, in Ross (2009), P.49 If 𝑋𝑋 and 𝑌𝑌 are independent, then for any 

function ℎ and𝑔𝑔,𝐸𝐸[𝑔𝑔(𝑥𝑥) ∙ ℎ(𝑦𝑦)] = 𝐸𝐸[𝑔𝑔(𝑥𝑥)]𝐸𝐸[ℎ(𝑦𝑦)].   
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∴ 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇] =
𝑦𝑦2

𝐷𝐷
𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)]](1 − 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2]

=
𝑦𝑦2

𝐷𝐷
(𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇])](1 − 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2] 

 
 
 
 
(3.7) 

There is a need to pay attention to the calculation of 𝐸𝐸[𝐴𝐴2] for the same reason 

indicated above. 

The items returned from the market that are defective items sell for a unit for 

a price of 𝑣𝑣 , including those wrongly classified as non-defective. Teng et al. (2013) 

suggested that the revenue from items returned from market that are defective items 

but classified as non-defective should be 𝑣𝑣𝑦𝑦𝑇𝑇𝑚𝑚2 instead of 𝑠𝑠𝑦𝑦𝑇𝑇𝑚𝑚2. When it comes 

to the derivation of the expected total profit, Teng et al. (2013) made the same 

mistake. 𝑇𝑇 = 𝑦𝑦(1−𝑇𝑇)(1−𝑚𝑚1)
𝐷𝐷

 is relevant to 𝑇𝑇 , which violates the condition of 

Proposition 2.3, in Ross (2009), P.49. So, the expressions of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] and 𝑦𝑦∗ in 

Khan et al., (2011) need to be re-derived. 

 

3.2 Revised Model 
          

According to Teng et al. (2013) the total revenue should be rewritten as  

𝑅𝑅 = 𝑠𝑠𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1) + 𝑣𝑣𝑦𝑦(1 − 𝑇𝑇)𝑚𝑚1 + 𝑣𝑣𝑦𝑦𝑇𝑇𝑚𝑚2 + 𝑣𝑣𝑦𝑦𝑇𝑇(1 −𝑚𝑚2) 

    = 𝑠𝑠𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1) + 𝑣𝑣𝑦𝑦(1 − 𝑇𝑇)𝑚𝑚1 +  𝑣𝑣𝑦𝑦𝑇𝑇. 

So, the total profit per cycle should be rewritten as  

𝑇𝑇𝑇𝑇(𝑦𝑦) = 𝑠𝑠𝑦𝑦(1 − 𝑇𝑇)(1 −𝑚𝑚1) + 𝑣𝑣𝑦𝑦(1 − 𝑇𝑇)𝑚𝑚1 + 𝑣𝑣𝑦𝑦𝑇𝑇 

−[𝐾𝐾 + 𝑐𝑐𝑦𝑦 + 𝑑𝑑𝑦𝑦 + 𝑐𝑐𝑟𝑟(1 − 𝑇𝑇)𝑦𝑦𝑚𝑚1 + 𝑐𝑐𝑎𝑎𝑇𝑇𝑦𝑦𝑚𝑚2

+
ℎ
2
��

2
𝑥𝑥
−
𝐷𝐷
𝑥𝑥2

+
𝐴𝐴2

𝐷𝐷
�𝑦𝑦2 + 𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇� 

 
 
 
 
 
(3.8) 
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∵ 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇] =
𝑦𝑦2

𝐷𝐷
𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)]](1 − 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2]

=
𝑦𝑦2

𝐷𝐷
(𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇])](1 − 𝐸𝐸[𝑚𝑚1])𝐸𝐸[𝑚𝑚2] 

The expected total profit is  

𝐸𝐸[𝑇𝑇𝑇𝑇(𝑦𝑦)]

= 𝑠𝑠𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])(1 − 𝐸𝐸[𝑚𝑚1]) + 𝑣𝑣𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])𝐸𝐸[𝑚𝑚1] + 𝑣𝑣𝑦𝑦𝐸𝐸[𝑇𝑇]

− �𝐾𝐾 + 𝑐𝑐𝑦𝑦 + 𝑑𝑑𝑦𝑦 + 𝑐𝑐𝑟𝑟(1− 𝐸𝐸[𝑇𝑇])𝑦𝑦𝐸𝐸[𝑚𝑚1] + 𝑐𝑐𝑎𝑎𝐸𝐸[𝑇𝑇]𝑦𝑦𝐸𝐸[𝑚𝑚2]

+
ℎ
2
��

2
𝑥𝑥
−
𝐷𝐷
𝑥𝑥2

+
𝐸𝐸[𝐴𝐴2]
𝐷𝐷

�𝑦𝑦2

+
𝒚𝒚𝟐𝟐(𝑬𝑬[𝑻𝑻](𝟏𝟏 − 𝑬𝑬[𝑻𝑻]) − 𝑽𝑽𝑽𝑽𝑽𝑽[𝑻𝑻])](𝟏𝟏 − 𝑬𝑬[𝒎𝒎𝟏𝟏])𝑬𝑬[𝒎𝒎𝟐𝟐]

𝑫𝑫
�� 

 
 
 
 
 
 
 
 
 
 
 
(3.9) 

The expected cycle length is  

𝐸𝐸[𝑇𝑇] =
𝑦𝑦(1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])

𝐷𝐷
 

So the expected annual profit or the expected profit per unit time would be  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] =
𝐸𝐸[𝑇𝑇𝑇𝑇(𝑦𝑦)]
𝐸𝐸[𝑇𝑇]  

or 
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𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)]

= 𝑠𝑠𝐷𝐷 +
𝑣𝑣𝐷𝐷𝐸𝐸[𝑚𝑚1]

(1 − 𝐸𝐸[𝑚𝑚1]) +
𝑣𝑣𝐷𝐷𝐸𝐸[𝑇𝑇]

(1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])

−
𝐷𝐷 �𝐾𝐾𝑦𝑦 + 𝑐𝑐 + 𝑑𝑑 + 𝑐𝑐𝑟𝑟(1 − 𝐸𝐸[𝑇𝑇])𝐸𝐸[𝑚𝑚1] + 𝑐𝑐𝑎𝑎𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2] + ℎ

2 ��
2
𝑥𝑥 −

𝐷𝐷
𝑥𝑥2 + 𝐸𝐸[𝐴𝐴2]

𝐷𝐷 �𝑦𝑦��

(1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])  

−
ℎ𝑦𝑦(𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇])]𝐸𝐸[𝑚𝑚2]

2(1 − 𝐸𝐸[𝑇𝑇])  
(3.10) 
 

The first derivative of equation (3.10) is  

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇′(𝑦𝑦)] = −
𝐷𝐷 �− 𝐾𝐾

𝑦𝑦2 + ℎ
2 �

2
𝑥𝑥 −

𝐷𝐷
𝑥𝑥2 + 𝐸𝐸[𝐴𝐴2]

𝐷𝐷 ��

(1 − 𝐸𝐸[𝑇𝑇])(1− 𝐸𝐸[𝑚𝑚1])

−
ℎ(𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇])]𝐸𝐸[𝑚𝑚2]

2(1 − 𝐸𝐸[𝑇𝑇])  

The second derivative of equation (3.10)   is the same as in Khan et al. (2011): 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇′′(𝑦𝑦)] = −
2𝐷𝐷𝐾𝐾

𝑦𝑦3(1 − 𝐸𝐸[𝑇𝑇])(1 − 𝐸𝐸[𝑚𝑚1])
 

By setting the first derivative equal to zero and solving for 𝑦𝑦, the new optimal order 

size is 

𝑦𝑦∗ =
√2𝐷𝐷𝐾𝐾

�ℎ𝐷𝐷 �2
𝑥𝑥 −

𝐷𝐷
𝑥𝑥2 + 𝐸𝐸[𝐴𝐴2]

𝐷𝐷 � + ℎ(𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝑽𝑽𝑽𝑽𝑽𝑽[𝑻𝑻])𝐸𝐸[𝑚𝑚2](1 − 𝐸𝐸[𝑚𝑚1])
 

 (3.11) 

Here  

𝐴𝐴 = 1 − 𝐷𝐷 𝑥𝑥⁄ − (𝑚𝑚1 + 𝑇𝑇) + 𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2) 
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𝐴𝐴2 = 1 − 2𝑇𝑇 + 𝑇𝑇2 +
𝐷𝐷2

𝑥𝑥2
−

2𝐷𝐷
𝑥𝑥

+
2𝐷𝐷𝑇𝑇
𝑥𝑥

− 2𝑚𝑚1 + 4𝑇𝑇𝑚𝑚1 − 2𝑇𝑇2𝑚𝑚1 +
2𝐷𝐷𝑚𝑚1

𝑥𝑥

−
2𝐷𝐷𝑇𝑇𝑚𝑚1

𝑥𝑥
+ 𝑚𝑚1

2 − 2𝑇𝑇𝑚𝑚1
2 + 𝑇𝑇2𝑚𝑚1

2 + 2𝑇𝑇𝑚𝑚2 − 2𝑇𝑇2𝑚𝑚2 −
2𝐷𝐷𝑇𝑇𝑚𝑚2

𝑥𝑥

− 2𝑇𝑇𝑚𝑚1𝑚𝑚2 + 2𝑇𝑇2𝑚𝑚1𝑚𝑚2 + 𝑇𝑇2𝑚𝑚2
2 

𝐸𝐸[𝐴𝐴2] = 1 − 2𝐸𝐸[𝑇𝑇] + 𝐸𝐸[𝑇𝑇2] +
𝐷𝐷2

𝑥𝑥2
−

2𝐷𝐷
𝑥𝑥

+
2𝐷𝐷𝐸𝐸[𝑇𝑇]

𝑥𝑥
− 2𝐸𝐸[𝑚𝑚1] + 4𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚1]

− 2𝐸𝐸[𝑇𝑇2]𝐸𝐸[𝑚𝑚1] +
2𝐷𝐷𝐸𝐸[𝑚𝑚1]

𝑥𝑥
−

2𝐷𝐷𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚1]
𝑥𝑥

+ 𝐸𝐸[𝑚𝑚1
2]

− 2𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚1
2] + 𝐸𝐸[𝑇𝑇2]𝐸𝐸[𝑚𝑚1

2] + 2𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2] − 2𝐸𝐸[𝑇𝑇2]𝐸𝐸[𝑚𝑚2]

−
2𝐷𝐷𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]

𝑥𝑥
− 2𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚1]𝐸𝐸[𝑚𝑚2] + 2𝐸𝐸[𝑇𝑇2]𝐸𝐸[𝑚𝑚1]𝐸𝐸[𝑚𝑚2]

+ 𝐸𝐸[𝑇𝑇2]𝐸𝐸[𝑚𝑚2
2] 

If 

𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏) 

𝐸𝐸[𝑇𝑇] =
𝑎𝑎 + 𝑏𝑏

2
 

𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] =
(𝑏𝑏 − 𝑎𝑎)2

12
 

𝐸𝐸[𝑇𝑇2] = ∫ 𝑥𝑥2𝑏𝑏
𝑎𝑎

1
𝑏𝑏−𝑎𝑎

d𝑥𝑥=1
3

(𝑎𝑎2 + 𝑎𝑎𝑏𝑏 + 𝑏𝑏2) 

𝐸𝐸[𝑚𝑚1
2] and 𝐸𝐸[𝑚𝑚2

2] can be calculated similarly.  

                      
3.3 Numerical Comparison of the Model and Sensitivity Analysis 
 
3.3.1 The Difference of 𝑬𝑬[𝑻𝑻(𝟏𝟏 − 𝑻𝑻)] and 𝑬𝑬[𝑻𝑻](𝟏𝟏 − 𝑬𝑬[𝑻𝑻]) 
            

 There is a minor error in the model of Khan et al. (2011) because the last 

term in the expression of the expected total profit Eq. (3.3) is  𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]𝐸𝐸[𝑇𝑇], 

which is not equal to 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇]. The reason for 𝐸𝐸[𝑦𝑦𝑇𝑇𝑚𝑚2𝑇𝑇] ≠ 𝑦𝑦𝐸𝐸[𝑇𝑇]𝐸𝐸[𝑚𝑚2]𝐸𝐸[𝑇𝑇] is 
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because 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] = 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] ≠ 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) . Table 5 

shows the difference between 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)]  and 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇])  for different 

values of  𝑏𝑏. 

Here  

∆5= 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] 

     = 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − (𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) − 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇]) = 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] 

It can be seen from Table 5 that the difference of 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] and 𝐸𝐸[𝑇𝑇](1 −

𝐸𝐸[𝑇𝑇])  is very minor but systematic. And the difference is increased when the 

volatility of 𝑇𝑇 is increased. 

Table 5 The difference of 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] and 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) 

𝑏𝑏 𝐸𝐸[𝑇𝑇] 𝐸𝐸[𝑇𝑇](1 − 𝐸𝐸[𝑇𝑇]) 𝐸𝐸[𝑇𝑇(1 − 𝑇𝑇)] ∆5= 𝐶𝐶𝑎𝑎𝑉𝑉[𝑇𝑇] 
0.01 0.005 0.047500 0.047492 0.000008 
0.04 0.020 0.019600 0.019467 0.000133 
0.07 0.035 0.033775 0.033367 0.000408 
0.10 0.050 0.047500 0.046667 0.000833 
0.15 0.075 0.069375 0.067500 0.001875 
0.20 0.100 0.090000 0.086667 0.003333 
0.25 0.125 0.109375 0.104167 0.005208 
0.30 0.150 0.127500 0.120000 0.007500 
0.40 0.200 0.160000 0.146667 0.013333 
0.50 0.250 0.187500 0.166667 0.020833 

 
 

3.3.2 Numerical Comparison of Khan et al. (2011) to the Revised Model 
 

To compare the model of Khan et al. (2011) to the revised model, a 

numerical example is presented in this section. The values of the parameters are 

taken from Khan et al. (2011), which are shown below: 

Let 𝐷𝐷 =50,000 units/year, 𝑐𝑐  =$25/unit,  𝐾𝐾  =$100/cycle, 𝑠𝑠 =$50/unit, 𝑑𝑑 

=$0.5/unit, 𝑥𝑥 =1unit/min=175,200units/year, ℎ  =$5/unit/year,  𝑣𝑣  =$20/unit, 
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𝑐𝑐𝑎𝑎 =$500/unit, 𝑐𝑐𝑟𝑟 =$100/unit, 𝐸𝐸[𝑚𝑚1] =0.02, 𝐸𝐸[𝑚𝑚2] =0.02. And the fraction of 

imperfect quality items,  𝑇𝑇 , uniformly distributed on (𝑎𝑎, 𝑏𝑏), 0 < 𝑎𝑎 < 𝑏𝑏 < 1,  i.e., 

𝑇𝑇~𝑇𝑇(𝑎𝑎, 𝑏𝑏). 𝑎𝑎 = 0. Table 6 shows the differences in the values of the optimal lot 

size 𝑦𝑦∗ and the expected total profit per unit of time 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] for different values 

of 𝑏𝑏 for the two models. (Matlab code is shown in Appendix 2). 

 

Table 6 Comparison of the optimal lot size 𝑦𝑦∗ and the expected total profit 
per unit time 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] between Khan et al. (2011) and revised model 

 

𝑏𝑏 𝐸𝐸[𝑇𝑇] 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011
∗  𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗  ∆6(%) 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011) 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟  ∆7(%) 

0.01 0.005 1439.33 1439.33 0.0000 1106504.27 1106247.88 -0.0232 
0.04 0.020 1453.90 1453.91 0.0001 1095087.44 1094046.21 -0.0951 
0.07 0.035 1468.50 1468.51 0.0004 1083314.34 1081463.86 -0.1708 
0.10 0.050 1483.10 1483.12 0.0009 1071168.04 1068482.76 -0.2507 
0.15 0.075 1507.40 1507.44 0.0021 1050045.47 1045908.68 -0.3940 
0.20 0.100 1531.58 1531.64 0.0038 1027744.94 1022076.01 -0.5516 
0.25 0.125 1555.53 1555.63 0.0062 1004165.27 996876.64 -0.7258 
0.30 0.150 1579.15 1579.30 0.0092 979193.35 970189.75 -0.9195 
0.40 0.200 1624.92 1625.20 0.0173 924549.66 911794.55 -1.3796 
0.50 0.250 1667.87 1668.34 0.0284 862593.22 845586.41 -1.9716 

 
Here  

∆6(%) =
𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ − 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)

∗

𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ × 100% 

and  

∆7(%) =
𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟 − 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
× 100% 

It is clear that the optimal lot size of 𝑦𝑦∗ in the revised model is larger than 

that of Khan et al (2011), and the gaps increase when 𝑏𝑏 increases. The expected total 

profit per unit of time 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] of the revised model is less than that of Khan et al 
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(2011). The reason for it is that  the expression of the total profit 𝑇𝑇𝑇𝑇 of the revised 

model has not the term of  𝑠𝑠𝑦𝑦𝑇𝑇𝑚𝑚2. And the gaps of the expected total profit per unit 

of time 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] of two models are increase with the increase of 𝑏𝑏.  

3.3.3 Numerical Comparison of 𝑻𝑻𝑻𝑻𝑻𝑻𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)( 𝒚𝒚𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)
∗ ) and 

𝑻𝑻𝑻𝑻𝑻𝑻𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)( 𝒚𝒚𝑽𝑽𝒓𝒓𝒓𝒓𝒊𝒊𝒔𝒔𝒓𝒓𝒓𝒓∗ ) 
 

To show the difference between the model of Khan et al (2011) and the 

revised model clearly, the following hypothesis is tested by using the same 

parameters from Khan et al (2011).  

𝐻𝐻04:𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ ) = 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) 

 𝐻𝐻𝑎𝑎4:𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ )  ≠ 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ )  

To be comparable, the total profit expression used in Khan et al (2011) is chosen, 

i.e. Eq. (3.1). 

A Matlab program, which is provided in Appendix 3, has the following steps:          

Step 1: Calculate the optimal order size 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗  by using Eq. (3.6).   

Step 2: Calculate the optimal order size 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗  by using Eq. (3.11). 

Step 3: Generate the random numbers 𝑇𝑇~𝑇𝑇(0, 𝑏𝑏) ,  𝑚𝑚1~𝑇𝑇(0,0.04) , 

and 𝑚𝑚2~𝑇𝑇(0,0.04). Calculate the annual total profit 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 

𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ ) by using Eq. (3.1) and Eq. (2.10). 

 Step 4: Use the same random numbers of 𝑇𝑇, 𝑚𝑚1, and 𝑚𝑚2generated in step 3 and 

calculate the annual total profit 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) by using Eq. 

(3.1)and Eq.(2.10). 

 Step 5: Repeat step 3 and step 4 for 𝑛𝑛 = 1000  times. 

 Step 6: Test 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ ) = 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) by using 
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paired sample t-test. 

 In step 6, paired sample t-test is the same method described in section 2.3.3. The 

results are shown in Table 7. 

Table 7 Numerical Comparison of 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)(𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ )  and 

𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) 

 

𝑏𝑏 

 

𝐸𝐸[𝑇𝑇] 

 𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011) 

(𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ ) 

𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011  

(𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) 

 

∆8 

 

∆9(%) 

 

P_value 

0.01  0.050  1051483.86  1051484.32  0.47  0.0000  7.84E-01 

0.04  0.020  1059131.20  1059133.17  1.97  0.0002  2.65E-01 

0.07  0.035  1044288.33  1044291.24  2.90  0.0003  9.64E-02 

0.10  0.050  1054189.46  1054199.95  10.49  0.0010  1.14E-08 

0.15  0.075  1041889.24  1041908.10  18.86  0.0018  3.40E-24 

0.20  0.100  1057991.03  1058033.22  42.19  0.0040  1.12E-93 

0.25  0.125  1044636.49  1044699.20  62.70  0.0060  1.83E-168 

0.30  0.150  1059576.62  1059671.80  95.18  0.0090  9.58E-261 

0.40  0.200  1058484.93  1058668.29  183.36  0.0173  0.00E+00 

0.50  0.250  1053495.26  1053793.32  298.06  0.0283  0.00E+00 

 

Here  

∆8= 𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ ) − 𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ ) 

∆9(%) =
𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)

∗ ) − 𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ )
𝑇𝑇𝑇𝑇𝑇𝑇������𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)( 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)

∗ )
× 100% 

 

It can be seen from Table 7 that the differences between 

𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)(𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗ )  and 𝑇𝑇𝑇𝑇𝑇𝑇𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)(𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗ )  are minor but 

significant. And the differences  increase when 𝑏𝑏 increases.  

In reality, 𝑇𝑇, 𝑚𝑚1, 𝑚𝑚2 may not necessarily follow the uniform distribution, as 

assumed in the work of Khan et al., they may follow the normal distribution or some 
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unknown distribution. Fortunately, the expected total profit per unit of time 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦)] and the optimal lot size 𝑦𝑦∗  are only relevant to the first and second 

moments of  𝑇𝑇, 𝑚𝑚1, 𝑚𝑚2, which can be estimated by samples. For example, if there 

is a sample 𝑇𝑇1,𝑇𝑇2, …𝑇𝑇𝑎𝑎, 

𝐸𝐸[𝑇𝑇]� = 𝑇𝑇� =
∑ 𝑇𝑇𝑖𝑖𝑎𝑎
𝑖𝑖=1

𝑛𝑛
 

𝐸𝐸[𝑇𝑇2]� = 𝑇𝑇2��� =
∑ 𝑇𝑇𝑖𝑖2𝑎𝑎
𝑖𝑖=1

𝑛𝑛
 

 
 
3.3.4 Sensitivity Analysis 
 

Since the difference between the revised model and the model of Khan et al 

(2011) is very small, there is no need to redo a one-factor sensitivity analysis since 

it has been done by Khan et al (2011). However, if there are several factors that 

change simultaneously, then performing one-factor sensitivity analysis may not be 

accurate because of possible interaction effect between/among the factors.  

Khan et al (2011) have analyzed the relationship between the expected 

annual profit and the fraction of defectives  𝐸𝐸[𝑇𝑇]  by fixing the order size per cycle 

𝑦𝑦 at 1439. Since the expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] is not a linear function of 𝐸𝐸[𝑇𝑇]  

, 𝑦𝑦, 𝐷𝐷, 𝑚𝑚1, 𝑚𝑚2 ,etc., but a complicated function including multiple terms, interaction 

of factors on the expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]   may occur. What would happen if 

the order size per cycle 𝑦𝑦 is adjusted at the same time?   

An example of two factors changing at the same time is shown in Figure 1. 

The relationship between the expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]  and the expected 

fraction of defectives  𝐸𝐸[𝑇𝑇]  is explained in two cases: 

Case 1: The expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] is calculated by fixing the order 
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size per cycle 𝑦𝑦 at 1454, which is the optimal order size per cycle 𝑦𝑦* of 𝐸𝐸[𝑇𝑇] = 0.02 

with the other parameters as given in Section 3.3.2. For this case, only one factor, 

the fraction of defectives  𝐸𝐸[𝑇𝑇], is changed. 

Case 2: The expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]  is calculated by using the 

optimal order size per cycle 𝑦𝑦∗ . The other parameters are the same as given in 

Section 3.3.2. For this case, two factors, the fraction of defectives  𝐸𝐸[𝑇𝑇] and the 

order size per cycle 𝑦𝑦, are changed simultaneously. 

 

 
 

Figure 1 Comparison of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦 = 1454)] and 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦∗)] for different 

𝐸𝐸[𝑇𝑇] 

 
It can be seen from Figure 1 that the differences are insignificant such that 

one cannot distinguish between the two lines. Figure 2 shows the differences in the 

expected annual profit  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦 = 1454)]−  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦∗)] for different values of  

𝐸𝐸[𝑇𝑇]. 
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Figure 2 The difference of expected annual profits  𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦 = 1454)]  and 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇(𝑦𝑦∗)] for different 𝐸𝐸[𝑇𝑇] 

Figure 2 shows that the fraction of defectives  𝐸𝐸[𝑇𝑇] and the order size per 

cycle 𝑦𝑦  have interaction effect on the expected annual profit 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] . For this 

example, the interaction is not very noticeable, but it might be in other scenarios. 

Table 8 shows the effects of changing one factor, while keeping the others 

unchanged and changing three factors simultaneously. A base comparison is 

provided where 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] =  1094046.21 , 𝐸𝐸[𝑇𝑇] = 0.02 , 𝐷𝐷 = 50,000 ,and 𝑦𝑦 =

1454. The other parameters are as given in Section 3.3.2. 

The difference of the cumulative effects of changing one factor at a time and 

jointly changing three factors at the same time is 

91204.72 − [−16864.79 + 109754.23 + (−32.55)] 

= 91204.72 − 92856.89 = −1652.17 
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Table 8     The effects of only changing one factor at a time and the effect of 

changing three factors simultaneously. 

𝐸𝐸[𝑇𝑇] 𝐷𝐷 𝑦𝑦 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] ∆𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] 
+50% 0 0 1077181.42 -16864.79 

0 +10% 0 1203800.44 109754.23 
0 0 +10% 1094013.66 -32.55 

+50% +10% +10% 1185250.93 91204.72 
 

The results in Table 8 show that it is more meaningful to perform a multi-

factor sensitivity analysis.  

For the example in Table 8, the expression of 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] is known. So, the 

interaction effect can be judged by its expression. If the exact expression is not 

known, a uniform experimental design and a regression model of the experimental 

results might be helpful (please refer to Li (2000) on this point). 
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Chapter 4 Observation 3-- A Note on Khan et al. (2014) 
                    

Khan et al. (2014) contains similar errors as those found in Khan et al. 

(2011). In this chapter, the revised models are numerically compared to the model 

of Khan et al. (2014). For clarity, corrected/modified mathematical terms of the 

models are labeled in boldfaced characters. 

 
4.1 Review of Khan et al. (2014) 
   

Khan et al. (2014) constructed a model for an integrated supply chain taking 

into consideration quality inspection and learning in production. The notations used 

in Khan et al. (2014) are adopt here. 

 

𝑛𝑛 number of shipments from the vendor to the buyer in a production 

cycle (a decision variable) 

𝑄𝑄 size of a shipment from the vendor to the buyer (a decision variable) 

𝑇𝑇 time between successive shipments(year), random variable 

𝑑𝑑 buyer’s unit screening cost ($) 

𝑥𝑥 buyer’s screening rate (units/year) 

𝑚𝑚1 random variable (percentage) representing Type  I error 

𝑚𝑚2 random variable (percentage) representing Type  II error 

𝛾𝛾 percentage of defective items supplied by the vendor, random 

variable 

𝛾𝛾𝑟𝑟 percentage of defective items observed by the buyer through 

screening 𝛾𝛾𝑟𝑟 = (1 − 𝛾𝛾)𝑚𝑚1 + 𝛾𝛾(1 −𝑚𝑚2), random variable 
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𝑓𝑓(𝑚𝑚1) probability density function of  𝑚𝑚1 

𝑓𝑓(𝑚𝑚2) probability density function of  𝑚𝑚2   

𝑓𝑓(𝛾𝛾) probability density function of  𝛾𝛾 

𝐷𝐷 demand for the vendor (units/year) 

𝑇𝑇 vendor’s production rate (units/year) 

𝑐𝑐 vendor’s production cost per unit time ($/year) 

𝑏𝑏 vendor’s learning exponent in the production process 

𝑖𝑖 an index that represents vendors cycle of learning 

𝐹𝐹 buyer’s fixed transportation cost per shipment ($) 

𝑣𝑣 buyer’s transportation cost per unit of the product shipped ($) 

𝐴𝐴𝑟𝑟 vendor’s fixed ordering or setup cost 

𝐴𝐴𝑏𝑏 buy’s setup cost 

ℎ𝑟𝑟 vendor’s unit holding cost for the product 

ℎ𝑏𝑏 buy’s unit holding cost for the product 

𝑐𝑐𝑎𝑎 cost of falsely accepting a defective product 

𝑐𝑐𝑟𝑟 cost of falsely rejecting a non-defective product 

𝑀𝑀1 a parameter used for simplifying the expected annual cost, a random 

variable, where  𝑀𝑀1 =  𝐸𝐸[𝛾𝛾]  

𝑀𝑀2 a parameter used for simplifying the expected annual cost, a random 

variable, where  𝑀𝑀2 =  1/(1 − 𝐸𝐸[𝛾𝛾]) 

𝑀𝑀1𝑟𝑟 a parameter used for simplifying the expected annual cost, a random 

variable, where  𝑀𝑀1𝑟𝑟 =  𝐸𝐸[𝛾𝛾𝑟𝑟] 

𝑀𝑀2𝑟𝑟 a parameter used for simplifying the expected annual cost, a random 
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variable, where  𝑀𝑀2𝑟𝑟 =  1/(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) 

 

The following notation are also used in the revised models. 

𝑀𝑀3 a parameter used for simplifying the expected annual cost, a random 

variable, where 𝑀𝑀3 =  𝐸𝐸[(1 − 𝛾𝛾)2] 

𝑀𝑀3𝑟𝑟 a parameter used for simplifying the expected annual cost, a random 

variable, where  𝑀𝑀3𝑟𝑟 =  𝐸𝐸[(1 − 𝛾𝛾𝑟𝑟)2]  

 

4.1.1 The Base Model 
           

The total cost of the two-level (vendor-buyer) supply chain in a cycle of 

Khan et al. (2014) is  

𝑇𝑇𝐶𝐶 = 𝐴𝐴𝑟𝑟 +
ℎ𝑟𝑟𝑛𝑛𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+ 𝐴𝐴𝑏𝑏

+ 𝑛𝑛ℎ𝑏𝑏 �
𝑄𝑄(1 − 𝛾𝛾)𝑇𝑇

2
+
𝛾𝛾𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 

 
 
 
 
(4.1) 

Time between successive shipments (year) is  

𝑇𝑇 =
(1 − 𝛾𝛾)𝑄𝑄

𝐷𝐷
 

 
(4.2) 

After rearranging the terms, the expected total cost of the supply chain per cycle 

𝐸𝐸[𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)] = 𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏 + 𝑛𝑛𝐹𝐹

+
𝑛𝑛𝑄𝑄2

2𝐷𝐷
��ℎ𝑟𝑟(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

2ℎ𝑏𝑏𝐷𝐷𝐸𝐸[𝛾𝛾]
𝑥𝑥

� +
𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+
𝑲𝑲𝑲𝑲𝒃𝒃𝑸𝑸(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])𝑬𝑬[𝑻𝑻]

𝟐𝟐
+ 𝑛𝑛𝑄𝑄(𝑑𝑑 + 𝑣𝑣) 

 
 
 
 
 
 
(4.3) 

  

and 
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𝐸𝐸[𝑇𝑇] =
(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄

𝐷𝐷
 

 
(4.4) 

Using 𝑛𝑛𝐸𝐸[𝑇𝑇] as the total cycle time, the expected annual cost, by using the renewal-

reward theory as in Maddah and Jaber (2008), is 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐸𝐸𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)
𝑛𝑛𝐸𝐸[𝑇𝑇]

=
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

(𝑑𝑑 + 𝑣𝑣)𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾])

+
𝑄𝑄

2(1 − 𝐸𝐸[𝛾𝛾]) �ℎ𝑟𝑟 �
(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

2ℎ𝑏𝑏𝐷𝐷𝐸𝐸[𝛾𝛾]
𝑥𝑥

�  

+
𝑐𝑐𝐷𝐷

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾]) +
𝑲𝑲𝒃𝒃𝑸𝑸(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])

𝟐𝟐
 

or 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾]) �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�

ℎ𝑟𝑟
(1 − 𝐸𝐸[𝛾𝛾]) �

(𝑛𝑛 − 1) − (𝑛𝑛 − 2)
𝐷𝐷
𝑇𝑇
�

+ 𝑲𝑲𝒃𝒃 �(𝟏𝟏 − 𝑬𝑬[𝜸𝜸]) +
2𝐷𝐷𝐸𝐸[𝛾𝛾]

𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾])�� 

Let 𝑀𝑀1 =  𝐸𝐸[𝛾𝛾] and 𝑀𝑀2 =  1/(1 − 𝐸𝐸[𝛾𝛾]) 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷𝑀𝑀2

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + 𝐷𝐷𝑀𝑀2 �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�ℎ𝑟𝑟𝑀𝑀2 �(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �(𝟏𝟏 −𝑴𝑴𝟏𝟏) +
2𝐷𝐷𝑀𝑀1𝑀𝑀2

𝑥𝑥
�� 

 
 
 
 
 
 
 
(4.5) 
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4.1.2 The Model with Inspection Errors 
 

If taking inspection errors into consideration, the fraction of defective item 

and its expected value as a result of imperfect inspection is given by Khan et al. 

(2014) as  

𝛾𝛾𝑟𝑟 = (1 − 𝛾𝛾)𝑚𝑚1 + 𝛾𝛾(1 −𝑚𝑚2) 

and 

 𝐸𝐸[𝛾𝛾𝑟𝑟] = (1 − 𝐸𝐸[𝛾𝛾])𝐸𝐸[𝑚𝑚1] + 𝐸𝐸[𝛾𝛾](1− 𝐸𝐸[𝑚𝑚2]) 

The expected time interval between successive shipments is  

𝐸𝐸[𝑇𝑇] =
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])𝑄𝑄

𝐷𝐷
=

{𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚1] + (1 − 𝐸𝐸[𝛾𝛾])(1 − 𝐸𝐸[𝑚𝑚2])}𝑄𝑄
𝐷𝐷

 

The expected total annual cost is written as 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�

ℎ𝑟𝑟
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) �

(𝑛𝑛 − 1) − (𝑛𝑛 − 2)
𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �(𝟏𝟏 − 𝑬𝑬[𝜸𝜸𝒓𝒓]) +
2𝐷𝐷𝐸𝐸[𝛾𝛾𝑟𝑟]

𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])�� +
𝑐𝑐𝑎𝑎 𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚2]𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])

+
𝑐𝑐𝑟𝑟 (1− 𝐸𝐸[𝛾𝛾])𝐸𝐸[𝑚𝑚1]𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])
 

Similarly, 𝑀𝑀1𝑟𝑟 =  𝐸𝐸[𝛾𝛾𝑟𝑟] and 𝑀𝑀2𝑟𝑟 =  1/(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) 
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𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷𝑀𝑀2𝑟𝑟

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + 𝐷𝐷𝑀𝑀2𝑟𝑟 �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�ℎ𝑟𝑟𝑀𝑀2𝑟𝑟 �(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �(𝟏𝟏 −𝑴𝑴𝟏𝟏𝒓𝒓) +
2𝐷𝐷𝑀𝑀1𝑟𝑟𝑀𝑀2𝑟𝑟

𝑥𝑥
�� + 𝐷𝐷𝑀𝑀2𝑟𝑟{𝑐𝑐𝑎𝑎𝑀𝑀1𝐸𝐸[𝑚𝑚2]

+ 𝑐𝑐𝑟𝑟(1−𝑀𝑀1)𝐸𝐸[𝑚𝑚1]} 

 
 
 
 
 
 
 
 
 
(4.6) 

 
4.1.3 The Model with Learning in Production 
 

When taking learning in production into consideration, the total cost of the 

two-level supply chain in Khan et al. (2014) is  

𝑇𝑇𝐶𝐶𝑖𝑖(𝑄𝑄,𝑛𝑛) = 𝐴𝐴𝑟𝑟

+
ℎ𝑟𝑟𝑄𝑄2−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟𝑛𝑛(𝑛𝑛 − 1)𝑄𝑄2

2𝐷𝐷

+
𝑐𝑐(𝑛𝑛𝑄𝑄)1−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) + 𝐴𝐴𝑏𝑏

+ 𝑛𝑛ℎ𝑏𝑏 �
𝑄𝑄(1 − 𝛾𝛾)𝑇𝑇

2
+
𝛾𝛾𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 

 
 
 
 
 
 
 
 
 
 
 
 
 
(4.7) 

The expected total cost of Khan et al. (2014) is 



41 
 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑖𝑖(𝑄𝑄,𝑛𝑛)] = 𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏 + 𝑛𝑛𝐹𝐹

+
ℎ𝑟𝑟𝑄𝑄2−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟𝑛𝑛(𝑛𝑛 − 1)𝑄𝑄2

2𝐷𝐷

+
𝑐𝑐(𝑛𝑛𝑄𝑄)1−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏)

+  𝑛𝑛ℎ𝑏𝑏 �
𝑸𝑸(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])𝑬𝑬[𝑻𝑻]

𝟐𝟐
+
𝐸𝐸[𝛾𝛾]𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑄𝑄(𝑑𝑑 + 𝑣𝑣) 

where 

𝑛𝑛𝐸𝐸[𝑇𝑇] =
𝑛𝑛(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄

𝐷𝐷
 

The expected annual cost is then given as 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

(𝑑𝑑 + 𝑣𝑣)𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾])

+
ℎ𝑟𝑟𝐷𝐷𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾])(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄
2(1 − 𝐸𝐸[𝛾𝛾])

+
𝑐𝑐(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾])(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])

𝟐𝟐
+

ℎ𝑏𝑏𝐸𝐸[𝛾𝛾]𝑄𝑄𝐷𝐷
𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾]) 

Replacing 𝑀𝑀1 =  𝐸𝐸[𝛾𝛾] and 𝑀𝑀2 =  1/(1 − 𝐸𝐸[𝛾𝛾]) 
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𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷𝑀𝑀2

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + (𝑑𝑑 + 𝑣𝑣)𝐷𝐷𝑀𝑀2 +

ℎ𝑏𝑏𝑄𝑄𝐷𝐷𝑀𝑀1𝑀𝑀2

𝑥𝑥

+
ℎ𝑟𝑟𝐷𝐷𝑀𝑀2𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄𝑀𝑀2

2

+
𝑐𝑐𝑀𝑀2(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸(𝟏𝟏 −𝑴𝑴𝟏𝟏)

𝟐𝟐
 

 
 
 
 
 
 
 
 
 
 
(4.8) 

 

4.2 Revised Model 
 
4.2.1 The Revised Base Model 
 

For the same reason described in Section 3.1, i.e. 𝑇𝑇 is relevant to  𝛾𝛾 , the 

expression of the expected total cost 𝐸𝐸[𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)] and the expected annual total cost 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] need to be re-derived. 

By substituting  𝑇𝑇 = (1−𝛾𝛾)𝑄𝑄
𝐷𝐷

  into Eq. (4.1), we get    

𝑇𝑇𝐶𝐶 = 𝐴𝐴𝑟𝑟 +
ℎ𝑟𝑟𝑛𝑛𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+ 𝐴𝐴𝑏𝑏

+ 𝑛𝑛ℎ𝑏𝑏 �
𝑄𝑄(1 − 𝛾𝛾)𝑇𝑇

2
+
𝛾𝛾𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 

Then,  

𝑇𝑇𝐶𝐶 = 𝐴𝐴𝑟𝑟 +
ℎ𝑟𝑟𝑛𝑛𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+ 𝐴𝐴𝑏𝑏

+ 𝑛𝑛ℎ𝑏𝑏 �
𝑸𝑸𝟐𝟐(𝟏𝟏 − 𝜸𝜸)𝟐𝟐

𝟐𝟐𝑫𝑫
+
𝛾𝛾𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 

 
 
 
 
(4. 9) 
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and  

𝐸𝐸[𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)] = 𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏 + 𝑛𝑛𝐹𝐹

+
𝑛𝑛𝑄𝑄2

2𝐷𝐷
��ℎ𝑟𝑟(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

2ℎ𝑏𝑏𝐷𝐷𝐸𝐸[𝛾𝛾]
𝑥𝑥

� +
𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+
𝑲𝑲𝑲𝑲𝒃𝒃𝑸𝑸𝟐𝟐𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]

𝟐𝟐𝑫𝑫
+ 𝑛𝑛𝑄𝑄(𝑑𝑑 + 𝑣𝑣) 

 
 
 
 
 
 
(4.10) 

and the expected cycle time is  

𝐸𝐸[𝑇𝑇] =
(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄

𝐷𝐷
 

Using 𝑛𝑛𝐸𝐸[𝑇𝑇] as the total cycle time, the expected annual cost, by using the renewal-

reward theory as in Maddah and Jaber (2008), would be  

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐸𝐸𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)
𝑛𝑛𝐸𝐸[𝑇𝑇]

=
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

(𝑑𝑑 + 𝑣𝑣)𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾])

+
𝑄𝑄

2(1 − 𝐸𝐸[𝛾𝛾]) �ℎ𝑟𝑟 �
(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

2ℎ𝑏𝑏𝐷𝐷𝐸𝐸[𝛾𝛾]
𝑥𝑥

�  

+
𝑐𝑐𝐷𝐷

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾]) +
𝑲𝑲𝒃𝒃𝑸𝑸𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]
𝟐𝟐(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])  

The difference between the revised model and Khan et al. (2014) is  

𝐸𝐸[(1 − 𝛾𝛾)2]
(1 − 𝐸𝐸[𝛾𝛾]) ≠ (1 − 𝐸𝐸[𝛾𝛾]) 

The expected annual cost can also be rewritten as 
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𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾]) �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�

ℎ𝑟𝑟
(1 − 𝐸𝐸[𝛾𝛾]) �

(𝑛𝑛 − 1) − (𝑛𝑛 − 2)
𝐷𝐷
𝑇𝑇
� +

𝑲𝑲𝒃𝒃𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]
(𝟏𝟏 − 𝑬𝑬[𝜸𝜸])

+
2𝐷𝐷𝐸𝐸[𝛾𝛾]

𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾])}� 

Let 𝑀𝑀2 =  1/(1 − 𝐸𝐸[𝛾𝛾])and 𝑴𝑴𝟑𝟑 =  𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]  

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷𝑀𝑀2

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + 𝐷𝐷𝑀𝑀2 �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�ℎ𝑟𝑟𝑀𝑀2 �(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �𝑴𝑴𝟐𝟐𝑴𝑴𝟑𝟑 +
2𝐷𝐷𝑀𝑀1𝑀𝑀2

𝑥𝑥
�� 

 
 
 
 
 
 
 
(4.11) 

where 

𝑀𝑀3 = 𝐸𝐸[(1 − 𝛾𝛾)2] =
1

𝑏𝑏 − 𝑎𝑎
� (1 − 𝛾𝛾)2𝑑𝑑𝛾𝛾
𝑏𝑏

𝑎𝑎
=

1
3

(𝑎𝑎2 + 𝑎𝑎𝑏𝑏 + 𝑏𝑏2) + 1 − 𝑎𝑎 − 𝑏𝑏 

The second derivative of Eq.  (4.11) is the same as Khan et al. (2014). So, the optimal 

size of a shipment from the vendor to buyer 𝑄𝑄∗ and the number of shipments per 

cycle 𝑛𝑛∗  can be obtained by using the same method described in Khan et al. (2014). 

 

4.2.2 The Revised Model with Inspection Errors 
 

The variable 𝑇𝑇 is also relevant to 𝛾𝛾𝑟𝑟 for the expressions of expected total cost 

𝐸𝐸[𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)] and the expected annual total cost 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)], which accounts for 

inspection errors,  need to be re-derived. 

Here 

 𝛾𝛾𝑟𝑟 = (1 − 𝛾𝛾)𝑚𝑚1 + 𝛾𝛾(1 −𝑚𝑚2) 
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𝑇𝑇𝐶𝐶 = 𝐴𝐴𝑟𝑟 + ℎ𝑣𝑣𝑎𝑎𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2) 𝐷𝐷

𝑇𝑇
� + 𝑎𝑎𝑛𝑛𝑄𝑄

𝑇𝑇
+ 𝐴𝐴𝑏𝑏 + 𝑛𝑛ℎ𝑏𝑏 �

𝑄𝑄(1−𝛾𝛾𝑒𝑒)𝑇𝑇
2

+

𝛾𝛾𝑒𝑒𝑄𝑄2

𝑥𝑥
�+ 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄)+ 𝑛𝑛𝑄𝑄(1 − 𝛾𝛾)𝐶𝐶𝑟𝑟𝑚𝑚1 +  𝑛𝑛𝑄𝑄𝛾𝛾𝐶𝐶𝑎𝑎𝑚𝑚2 

 
 
 
(4.12) 

by substituting the expression of  𝑇𝑇  below into Eq. (4.12)  

𝑇𝑇 =
(1 − 𝛾𝛾𝑟𝑟)𝑄𝑄

𝐷𝐷
 

makes Eq. (4.12) to: 

𝑇𝑇𝐶𝐶 = 𝐴𝐴𝑟𝑟 + ℎ𝑣𝑣𝑎𝑎𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2) 𝐷𝐷

𝑇𝑇
� + 𝑎𝑎𝑛𝑛𝑄𝑄

𝑇𝑇
+ 𝐴𝐴𝑏𝑏 + 𝑛𝑛ℎ𝑏𝑏 �

𝑸𝑸𝟐𝟐(𝟏𝟏−𝜸𝜸𝒓𝒓)𝟐𝟐

𝟐𝟐𝑫𝑫
+ 𝛾𝛾𝑒𝑒𝑄𝑄2

𝑥𝑥
� +

𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄)+ 𝑛𝑛𝑄𝑄(1 − 𝛾𝛾)𝐶𝐶𝑟𝑟𝑚𝑚1 +  𝑛𝑛𝑄𝑄𝛾𝛾𝐶𝐶𝑎𝑎𝑚𝑚2 

So, the expected total cost should be 

𝐸𝐸[𝑇𝑇𝐶𝐶(𝑄𝑄,𝑛𝑛)] = 𝐴𝐴𝑟𝑟 +
ℎ𝑟𝑟𝑛𝑛𝑄𝑄2

2𝐷𝐷
�(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
� +

𝑛𝑛𝑐𝑐𝑄𝑄
𝑇𝑇

+ 𝐴𝐴𝑏𝑏

+ 𝑛𝑛ℎ𝑏𝑏 �
𝑸𝑸𝟐𝟐𝑬𝑬[(𝟏𝟏 − 𝜸𝜸𝒓𝒓)𝟐𝟐]

𝟐𝟐𝑫𝑫
+
𝐸𝐸[𝛾𝛾𝑟𝑟]𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑑𝑑𝑄𝑄

+ 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 

                        + 𝑛𝑛𝑄𝑄(1 − 𝐸𝐸[𝛾𝛾])𝐶𝐶𝑟𝑟𝐸𝐸[𝑚𝑚1] +  𝑛𝑛𝑄𝑄𝐸𝐸[𝛾𝛾]𝐶𝐶𝑎𝑎𝐸𝐸[𝑚𝑚2] 

 
 
 
 
 
 
 
 
(4.13) 

and 

𝐸𝐸[𝑇𝑇] =
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])𝑄𝑄

𝐷𝐷
 

Then, the expected annual cost is 
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𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�

ℎ𝑟𝑟
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) �

(𝑛𝑛 − 1) − (𝑛𝑛 − 2)
𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �
𝑬𝑬[(𝟏𝟏 − 𝜸𝜸𝒓𝒓)𝟐𝟐]
(𝟏𝟏 − 𝑬𝑬[𝜸𝜸𝒓𝒓]) +

2𝐷𝐷𝐸𝐸[𝛾𝛾𝑟𝑟]
𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])��+

𝑐𝑐𝑎𝑎 𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚2]𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])

+
𝑐𝑐𝑟𝑟 (1− 𝐸𝐸[𝛾𝛾])𝐸𝐸[𝑚𝑚1]𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟])
 

where 

 𝐸𝐸[𝛾𝛾𝑟𝑟] = (1 − 𝐸𝐸[𝛾𝛾])𝐸𝐸[𝑚𝑚1] + 𝐸𝐸[𝛾𝛾](1− 𝐸𝐸[𝑚𝑚2]) 

Similarly,  

𝐸𝐸[(1 − 𝛾𝛾𝑟𝑟)2]
(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) ≠ (1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]) 

So, the revised model is different from the model of Khan et al. (2014). 

Let  𝑀𝑀1𝑟𝑟 =  𝐸𝐸[𝛾𝛾𝑟𝑟] , 𝑀𝑀2𝑟𝑟 =  1/(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]), and 𝑴𝑴𝟑𝟑𝒓𝒓 =  𝑬𝑬[(𝟏𝟏 − 𝜸𝜸𝒓𝒓)𝟐𝟐], then 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] =
𝐷𝐷𝑀𝑀2𝑟𝑟

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + 𝐷𝐷𝑀𝑀2𝑟𝑟 �𝑑𝑑 + 𝑣𝑣 +

𝑐𝑐
𝑇𝑇
�

+
𝑄𝑄
2
�ℎ𝑟𝑟𝑀𝑀2𝑟𝑟 �(𝑛𝑛 − 1) − (𝑛𝑛 − 2)

𝐷𝐷
𝑇𝑇
�

+ ℎ𝑏𝑏 �𝑴𝑴𝟐𝟐𝒓𝒓𝑴𝑴𝟑𝟑𝒓𝒓 +
2𝐷𝐷𝑀𝑀1𝑟𝑟𝑀𝑀2𝑟𝑟

𝑥𝑥
�� + 𝐷𝐷𝑀𝑀2𝑟𝑟{𝑐𝑐𝑎𝑎𝑀𝑀1𝐸𝐸[𝑚𝑚2]

+ 𝑐𝑐𝑟𝑟(1−𝑀𝑀1)𝐸𝐸[𝑚𝑚1] 

 
 
 
 
 
 
 
 
 
(4.14) 

Since 

(1 − 𝛾𝛾𝑟𝑟)2 = (1 − (1 − 𝛾𝛾)𝑚𝑚1 − 𝛾𝛾(1 −𝑚𝑚2))2

= 1 − 2𝛾𝛾 + 𝛾𝛾2 − 2𝑚𝑚1 + 4𝛾𝛾𝑚𝑚1 − 2𝛾𝛾2𝑚𝑚1 + 𝑚𝑚1
2 − 2𝛾𝛾𝑚𝑚1

2 + 𝛾𝛾2𝑚𝑚1
2

+ 2𝛾𝛾𝑚𝑚2 − 2𝛾𝛾2𝑚𝑚2 − 2𝛾𝛾𝑚𝑚1𝑚𝑚2 + 2𝛾𝛾2𝑚𝑚1𝑚𝑚2 + 𝛾𝛾2𝑚𝑚2
2 



47 
 

𝑀𝑀3𝑟𝑟 = 𝐸𝐸[(1 − 𝛾𝛾𝑟𝑟)2] = 𝐸𝐸[�1 − (1 − 𝛾𝛾)𝑚𝑚1 − 𝛾𝛾(1 −𝑚𝑚2)�
2

]

= 1 − 2𝐸𝐸[𝛾𝛾] + 𝐸𝐸[𝛾𝛾2]− 2𝐸𝐸[𝑚𝑚1] + 4𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚1] − 2𝐸𝐸[𝛾𝛾2]𝐸𝐸[𝑚𝑚1]

+ 𝐸𝐸[𝑚𝑚1
2] − 2𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚1

2] + 𝐸𝐸[𝛾𝛾2]𝐸𝐸[𝑚𝑚1
2] + 2𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚2]

− 2𝐸𝐸[𝛾𝛾2]𝐸𝐸[𝑚𝑚2] − 2𝐸𝐸[𝛾𝛾]𝐸𝐸[𝑚𝑚1]𝐸𝐸[𝑚𝑚2] + 2𝐸𝐸[𝛾𝛾2]𝐸𝐸[𝑚𝑚1]𝐸𝐸[𝑚𝑚2]

+ 𝐸𝐸[𝛾𝛾2]𝐸𝐸[𝑚𝑚2
2] 

If 𝛾𝛾~𝑇𝑇(𝑎𝑎, 𝑏𝑏) 

𝐸𝐸[𝛾𝛾] =
𝑎𝑎 + 𝑏𝑏

2
 

𝐸𝐸[𝛾𝛾2] = ∫ 𝑥𝑥2𝑏𝑏
𝑎𝑎

1
𝑏𝑏−𝑎𝑎

d𝑥𝑥=1
3

(𝑎𝑎2 + 𝑎𝑎𝑏𝑏 + 𝑏𝑏2)  

𝐸𝐸[𝑚𝑚1], 𝐸𝐸[𝑚𝑚2],𝐸𝐸[𝑚𝑚1
2] and 𝐸𝐸[𝑚𝑚2

2] can be calculated similarly. 

The second derivative of Eq. (4.14) is the same as in Khan et al. (2014). So, the 

optimal size of a shipment from the vendor to buyer 𝑄𝑄∗ and the number of shipments 

per cycle  𝑛𝑛∗can be obtained by using the same method described in Khan et al. 

(2014). 

 
4.2.3 The Revised Model with Learning in Production 

 

Similar to Section 4.2.1, substituting 𝑇𝑇 = (1−𝛾𝛾)𝑄𝑄
𝐷𝐷

  into Eq. (4.7) to get 

𝑇𝑇𝐶𝐶𝑖𝑖(𝑄𝑄,𝑛𝑛) = 𝐴𝐴𝑟𝑟

+
ℎ𝑟𝑟𝑄𝑄2−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟𝑛𝑛(𝑛𝑛 − 1)𝑄𝑄2

2𝐷𝐷

+
𝑐𝑐(𝑛𝑛𝑄𝑄)1−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) + 𝐴𝐴𝑏𝑏 + 𝑛𝑛ℎ𝑏𝑏 �
𝑸𝑸𝟐𝟐(𝟏𝟏 − 𝜸𝜸)𝟐𝟐

𝟐𝟐𝟐𝟐
+
𝛾𝛾𝑄𝑄2

𝑥𝑥
�

+ 𝑛𝑛𝑑𝑑𝑄𝑄 + 𝑛𝑛(𝐹𝐹 + 𝑣𝑣𝑄𝑄) 
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Then the expected total cost is written as: 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑖𝑖(𝑄𝑄,𝑛𝑛)] = 𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏 + 𝑛𝑛𝐹𝐹

+
ℎ𝑟𝑟𝑄𝑄2−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟𝑛𝑛(𝑛𝑛 − 1)𝑄𝑄2

2𝐷𝐷

+
𝑐𝑐(𝑛𝑛𝑄𝑄)1−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏)

+  𝑛𝑛ℎ𝑏𝑏 �
𝑲𝑲𝑸𝑸𝟐𝟐𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]

𝟐𝟐𝑫𝑫
+
𝐸𝐸[𝛾𝛾]𝑄𝑄2

𝑥𝑥
� + 𝑛𝑛𝑄𝑄(𝑑𝑑 + 𝑣𝑣) 

 
 
 
 
 
 
 
 
 
 
 
 
 
(4.15) 

and 

𝑛𝑛𝐸𝐸[𝑇𝑇] =
𝑛𝑛(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄

𝐷𝐷
 

So the expected annual cost  

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷

(1 − 𝐸𝐸[𝛾𝛾])𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� +

(𝑑𝑑 + 𝑣𝑣)𝐷𝐷
(1 − 𝐸𝐸[𝛾𝛾])

+
ℎ𝑟𝑟𝐷𝐷𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾])(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄
2(1 − 𝐸𝐸[𝛾𝛾])

+
𝑐𝑐(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝐸𝐸[𝛾𝛾])(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]
𝟐𝟐(𝟏𝟏 − 𝑬𝑬[𝜸𝜸]) +

ℎ𝑏𝑏𝐸𝐸[𝛾𝛾]𝑄𝑄𝐷𝐷
𝑥𝑥(1 − 𝐸𝐸[𝛾𝛾]) 

 

Let 𝑀𝑀1 =  𝐸𝐸[𝛾𝛾], 𝑀𝑀2 =  1/(1 − 𝐸𝐸[𝛾𝛾])and 𝑴𝑴𝟑𝟑 =  𝑬𝑬[(𝟏𝟏 − 𝜸𝜸)𝟐𝟐]  



49 
 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷𝑀𝑀2

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + (𝑑𝑑 + 𝑣𝑣)𝐷𝐷𝑀𝑀2 +

ℎ𝑏𝑏𝑄𝑄𝐷𝐷𝑀𝑀1𝑀𝑀2

𝑥𝑥

+
ℎ𝑟𝑟𝐷𝐷𝑀𝑀2𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄𝑀𝑀2

2

+
𝑐𝑐𝑀𝑀2(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸𝑴𝑴𝟐𝟐𝑴𝑴𝟑𝟑

𝟐𝟐
 

 
 
 
 
 
 
 
 
 
 
(4.16) 

The optimal size of a shipment from the vendor to buyer 𝑄𝑄∗ and the number 

of shipments per cycle  𝑛𝑛∗can be obtained by using the same method described in 

Khan et al. (2014). 

 

4.3 Numerical Example (Comparison) 
 

Numerical comparisons between the models of Khan et al. (2014) and the 

revised models of this chapter are given by using the same values of the parameters 

of Khan et al. (2014), which are shown below: 

𝐷𝐷 =1000 units/year, 𝑇𝑇 =3200 units/year, 𝑐𝑐  =$100,000/year,  𝑥𝑥 = 1unit/

min = 175,200units/year ,  𝐴𝐴𝑟𝑟 = $400/cycle, 𝐴𝐴𝑏𝑏 = $25/cycle, 𝑐𝑐𝑎𝑎 =$200/unit, 

𝑐𝑐𝑟𝑟=$50/unit, ℎ𝑟𝑟= $5/unit/year, ℎ𝑏𝑏= $5/unit/year,  𝑑𝑑 =$0.5/unit, 𝐹𝐹 =$25/shipment, 𝑣𝑣 

=$2/unit, 𝑏𝑏=0.32.  Matlab codes for the numerical example can be seen in Appendix 

4. 

Table 9 shows the following results: 𝐸𝐸[𝛾𝛾] = 0.02,𝐸𝐸[𝑚𝑚1] =0.02, and 

𝐸𝐸[𝑚𝑚2]=0.02  .Table 10 shows the following results:𝐸𝐸[𝛾𝛾] = 0.2,𝐸𝐸[𝑚𝑚1]=0.2, and 

𝐸𝐸[𝑚𝑚2] =0.2, and when 𝐸𝐸[𝛾𝛾] = 0.5,𝐸𝐸[𝑚𝑚1] =0.5, and 𝐸𝐸[𝑚𝑚2] =0.5   the results are 

shown in Table 11. Here scenario 1, 2, 3, and 4 are the same as described in Khan 
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et al. (2014), which are summarized below: 

Scenario 1: a base model where there are no inspection errors and learning 

in production. 

Scenario 2: the errors in inspection are involved, whereas there is no learning 

in production. 

Scenario 3: learning in production is considered while inspection errors are 

assumed to be negligible. 

Scenario 4: both inspection errors and learning in production are considered. 

 
Table 9 Numerical comparison of Khan et al. (2014) and revised model 
(𝐸𝐸[𝛾𝛾] = 0.02,𝐸𝐸[𝑚𝑚1]=0.02, and 𝐸𝐸[𝑚𝑚2]=0.02 ) 

Scenario Results of Model of Khan et 
al.(2014) 

Results of Revised Model 

𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄,𝑛𝑛)] 𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] 
1  5 113.58 36415.23 5 113.58 36415.27 
2  4 136.36 38233.85 4 136.35 38233.94 
3 2 232.65 4636.62 2 232.64 4636.70 
4 2 233.89 5821.24 2 235.12 5810.13 

 

Table 10 Numerical comparison of Khan et al. (2014) and revised model 
(𝐸𝐸[𝛾𝛾] = 0.2,𝐸𝐸[𝑚𝑚1]=0. 2, and 𝐸𝐸[𝑚𝑚2]=0. 2 ) 

Scenario Results of Model of Khan et 
al.(2014)  

Results of Revised Model  

𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄,𝑛𝑛)] 𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] 
1 3 182.93 44465.27 3 182.32 44472.88 
2 2 273.93 75711.82 2 272.40 75726.10 
3 2 257.10 5436.86 2 255.92 5447.55 
4 2 266.00 29834.75 2 272.93 29768.01 

 
 
It can be seen that the differences of the two models are not that significant, 

but they are increased when the volatility is increased. 
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Table 11 Numerical comparison of Khan et al. (2014) and revised model 
(𝐸𝐸[𝛾𝛾] = 0.5,𝐸𝐸[𝑚𝑚1]=0.5, and 𝐸𝐸[𝑚𝑚2]=0.5 ) 

Scenario Results of Model of Khan et 
al.(2014)  

Results of Revised Model  

𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄,𝑛𝑛)] 𝑛𝑛 𝑄𝑄 𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇(𝑄𝑄, 𝑛𝑛)] 
1 1 596.60 70517.07 1 552.79 70756.18 
2 1 596.60 195517.07 1 566.31 195678.48 
3 2 266.00 8163.23 2 289.40 8286.12 
4 2 300.65 133163.23 2 293.01 133245.67 

  

It is worth mentioning that the costs of misclassification errors are not 

included in the Eq. (4.8). If both inspection errors and learning in production are 

considered, i.e. Scenario 4 in Khan et al. (2014), the expected annual cost is 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷𝑀𝑀2

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + (𝑑𝑑 + 𝑣𝑣)𝐷𝐷𝑀𝑀2 +

ℎ𝑏𝑏𝑄𝑄𝐷𝐷𝑀𝑀1𝑀𝑀2

𝑥𝑥

+
ℎ𝑟𝑟𝐷𝐷𝑀𝑀2𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄𝑀𝑀2

2

+
𝑐𝑐𝑀𝑀2(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸(𝟏𝟏 −𝑴𝑴𝟏𝟏)

𝟐𝟐

+ 𝐷𝐷𝑀𝑀2𝑟𝑟{𝑐𝑐𝑎𝑎𝑀𝑀1𝐸𝐸[𝑚𝑚2] + 𝑐𝑐𝑟𝑟(1 −𝑀𝑀1)𝐸𝐸[𝑚𝑚1]} 

 
 
 
 
 
 
 
 
 
 
 
 
 
(4.17) 

Eq. (4.17) is not indicated in Khan et al. (2014). And the expected annual cost for 

Scenario 4 in the revised model is  
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𝐸𝐸[𝑇𝑇𝐶𝐶𝑇𝑇𝑖𝑖(𝑄𝑄,𝑛𝑛)] =
𝐷𝐷𝑀𝑀2𝑟𝑟

𝑄𝑄
�
(𝐴𝐴𝑟𝑟 + 𝐴𝐴𝑏𝑏)

𝑛𝑛
+ 𝐹𝐹� + (𝑑𝑑 + 𝑣𝑣)𝐷𝐷𝑀𝑀2𝑟𝑟

+
ℎ𝑏𝑏𝑄𝑄𝐷𝐷𝑀𝑀1𝑟𝑟𝑀𝑀2𝑟𝑟

𝑥𝑥

+
ℎ𝑟𝑟𝐷𝐷𝑀𝑀2𝑟𝑟𝑄𝑄1−𝑏𝑏

𝑇𝑇(1 − 𝑏𝑏) �𝑛𝑛[{1 + (𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏 − {(𝑖𝑖 − 1)𝑛𝑛}1−𝑏𝑏]

−
𝑛𝑛2−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

2 − 𝑏𝑏
�+

ℎ𝑟𝑟(𝑛𝑛 − 1)𝑄𝑄𝑀𝑀2𝑟𝑟

2

+
𝑐𝑐𝑀𝑀2𝑟𝑟(𝑛𝑛𝑄𝑄)−𝑏𝑏{𝑖𝑖1−𝑏𝑏 − (𝑖𝑖 − 1)1−𝑏𝑏}

𝑇𝑇(1 − 𝑏𝑏) +
𝑲𝑲𝒃𝒃𝑸𝑸𝑴𝑴𝟐𝟐𝒓𝒓𝑴𝑴𝟑𝟑𝒓𝒓

𝟐𝟐

+ 𝐷𝐷𝑀𝑀2𝑟𝑟{𝑐𝑐𝑎𝑎𝑀𝑀1𝐸𝐸[𝑚𝑚2] + 𝑐𝑐𝑟𝑟(1 −𝑀𝑀1)𝐸𝐸[𝑚𝑚1]} 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(4.18) 

 

Here,  𝑀𝑀2𝑟𝑟 =  1/(1 − 𝐸𝐸[𝛾𝛾𝑟𝑟]), and 𝑴𝑴𝟑𝟑𝒓𝒓 =  𝑬𝑬[(𝟏𝟏 − 𝜸𝜸𝒓𝒓)𝟐𝟐].                                                                                                               
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Chapter 5 Conclusion 
 
 

In conclusion, this report presents three observations of the economic 

production quantity model with imperfect quality items with/without inspection. 

The remarks and comparisons of the models of Salameh and Jaber (2000) 

and Maddah and Jaber (2008) are presented in the first observation. In this 

observation, the definition of the total profit per unit time in a finite time 𝑡𝑡, 𝑇𝑇𝑇𝑇𝑇𝑇(𝑡𝑡) 

is emphasized. The relationships of the objective functions of Salameh and Jaber 

(2000) and Maddah and Jaber (2008), and the expected total profit per unit time, 

𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇] are identified. It is concluded that both models are not very accurate, but 

capable through the derivation, the numerical simulation and statistical comparison. 

The results show that the model of Maddah and Jaber (2008) is more accurate when 

the volatility of the percentage of defective items 𝑇𝑇 is small, which is more practical 

in reality. 

In the second observation, a minor error in Khan et al. (2011) is first 

identified. Then, the revised model and numerical comparison are provided. The 

expression of the total profit per cycle is modified according to Teng et al. (2013). 

The condition of the properties of the expectation of random variables, i.e. the 

independence of random variables, is emphasized in the revised model. Numerical 

analysis shows that the difference of the optimal lot size 𝑦𝑦∗ between the models of 

Khan et al. (2011) and revised model increases when the volatility of the percentage 

of defective items 𝑇𝑇 increases. The same pattern is shown on the expected total 

profit per unit of time 𝐸𝐸[𝑇𝑇𝑇𝑇𝑇𝑇]. By substituting 𝑦𝑦𝐾𝐾ℎ𝑎𝑎𝑎𝑎(2011)
∗  and 𝑦𝑦𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟∗  into the total 

profit per unit of time, 𝑇𝑇𝑇𝑇𝑇𝑇 , of Khan et al. (2011) respectively, the numerical 
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comparison shows that the differences are minor but significant, which means that 

the differences are systematic.  

The results of a multi-factor sensitivity analysis have been presented. When 

several factors are changed simultaneously, performing a multi-factor sensitivity 

analysis may be more accurate than performing one-factor sensitivity analysis 

because of possible interaction effect between/among the factors. 

The same errors that were identified in Khan et al. (2011) are found in Khan 

et al. (2014). So, the third observation is the correction of the models of Khan et al. 

(2014). Numerical comparison shows that the differences of the two models are not 

that significant, but they are increased when the volatility is increased. 

  



55 
 

Appendices 
 

Appendix 1 Matlab code for the numerical comparison of the models of  Salameh 
and Jaber (2000) and Maddah and Jaber (2008) 

clc 
clear 
a=0; 
b=0.5;%input b     
    for i=1:1:1000 
    
[y_2000,y_2008,ETPU_2000,ETPU_2008,TP_2000_i,TP_2008_i]=TP_oneyear
_and_ETPU(a,b); 
    TP_2000_one_year(i)=TP_2000_i; 
    TP_2008_one_year(i)=TP_2008_i; 
    end  
    % test for H0:E[TPU]=E[TP]/E[T] 
   
[H_2008,Pr_2008,CI_2008,STATS_2008]=ttest(TP_2008_one_year,ETPU_20
08); 
   mean_TP_2008_one_year=mean(TP_2008_one_year); 
   Var_TP_2008_one_year=var(TP_2008_one_year); 
   ETPU_2008; 
   Delta_2008=mean(TP_2008_one_year)-ETPU_2008; 
   Percentage_2008= Delta_2008./ETPU_2008; 
   H_2008; 
   % test for H0:E[TPU]=E[TP/T] 
   
[H_2000,Pr_2000,CI_2000,STATS_2000]=ttest(TP_2000_one_year,ETPU_20
00); 
   mean_TP_2000_one_year=mean(TP_2000_one_year); 
   Var_TP_2000_one_year=var(TP_2000_one_year); 
   ETPU_2000; 
   Delta_2000=mean(TP_2000_one_year)-ETPU_2000; 
   Percentage_2000= Delta_2000./ETPU_2000; 
   % test for H0:E[TPU_2000]=E[TPU_2008],same P, paired t_test 
   
[H_2000_2008,Pr_2000_2008,CI_2000_2008,STATS_2000_2008]=ttest(TP_2
008_one_year,TP_2000_one_year); 
   % test for H0:E[TPU_2000]=E[TPU_2008],different P, two sample 
t_test 
   
%[H_2000_2008,Pr_2000_2008,CI_2000_2008,STATS_2000_2008]=ttest2(TP
_2008_one_year,TP_2000_one_year) 
   Delta_3=mean_TP_2008_one_year-mean_TP_2000_one_year 
   Pr_2000_2008 
function 
[y_2000,y_2008,ETPU_2000,ETPU_2008,TP_2000_sum,TP_2008_sum]=TP_one
year_and_ETPU(a,b) 
%clc 
%clear 
%a=0.0; 
%b=0.01; 
D=50000.0;x=175200.0; K=100.0; h=5.0;d=0.5;c=25;s=50;v=20; 
E_P=(b+a)/2;%E[p] 
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E_P2=(a^2+a*b+b^2)/3+1-a-b;%E[(1-P)^2] 
E_P3=(log(1-a)-log(1-b))/(b-a);%E[1/(1-P)] 
y_2000=sqrt((2.*K.*D.*E_P3)./(h.*(1-E_P-(2.*D.*(1-E_P3)./x)))); 
ETPU_2000=D.*(s-v+h.*y_2000./x)+D.*(v-h.*y_2000./x-c-d-
K./y_2000).*E_P3-h.*y_2000.*(1-E_P)./2; 
y_2008=sqrt((2.*K.*D)./(h.*E_P2+2.*E_P.*D./x)); 
ETP_2008_1=s.*y_2008.*(1-E_P)+v.*y_2008*E_P-K-c.*y_2008-d.*y_2008; 
ETP_2008_2=-h.*((y_2008^2.*E_P2)./(2.*D)+E_P.*y_2008^2./x); 
ETP_2008=ETP_2008_1+ETP_2008_2; 
ET_2008=(1-E_P).*y_2008./D; 
ETPU_2008=ETP_2008./ET_2008; 
for i=1:1000 
  
P_2000(i)=a+(b-a)*rand; 
   TP_2000(i)=s*y_2000*(1-P_2000(i))+v*y_2000*P_2000(i)-K-
c*y_2000-d*y_2000-h*((y_2000*(1-
P_2000(i))^2)/(2*D)+P_2000(i)*(y_2000^2)/x); 
    T_2000(i)=(1-P_2000(i))*y_2000/D; 
    
    T_2000_sum=sum(T_2000); 
    if T_2000_sum>=1%for 1 year  
    break 
    end    
end 
TP_2000_sum=sum(TP_2000)-TP_2000(i);%the reward is collected at 
the end of each cycle 
%TP_2000_sum=sum(TP_2000);%the reward is collected at the 
beginning of each cycle 
%TP_2000_sum=(sum(TP_2000)+TP_2000(i)*(T_2000_sum-
10)./T_2000(i));%the reward is uniformly obtained in each cycle 
TPU_2000=TP_2000_sum./T_2000_sum; 
for j=1:1000 
%different P 
%P(j)=a+(b-a)*rand; 
%TP_2008(j)=s*y_2008*(1-P(j))+v*y_2008*P(j)-K-c*y_2008-d*y_2008-
h*((y_2008*(1-P(j))^2)/(2*D)+P(j)*(y_2008^2)/x) 
%T_2008(j)=(1-P(j))*y_2008/D 
% same P 
TP_2008(j)=s*y_2008*(1-P_2000(j))+v*y_2008*P_2000(j)-K-c*y_2008-
d*y_2008-h*((y_2008*(1-
P_2000(j))^2)/(2*D)+P_2000(j)*(y_2008^2)/x); 
T_2008(j)=(1-P_2000(j))*y_2008/D; 
    
T_2008_sum=sum(T_2008); 
    if T_2008_sum>=1%for 1 year   
    break 
    end 
end 
TP_2008_sum=sum(TP_2008)-TP_2008(j);%the reward is collected at 
the end of each cycle 
%TP_2008_sum=sum(TP_2000);%the reward is collected at the 
beginning of each cycle 
%TP_2008_sum=(sum(TP_2008)+TP_2008(j)*(T_2008_sum-
10)./T_2008(j));%the reward is uniformly obtained in each cycle 
TPU_2008=TP_2008_sum./T_2008_sum; 
dalta_TPU2008_TPU2000=TPU_2008-TPU_2000; 
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Appendix 2 Matlab code for comparison of the optimal lot size and the expected total 
profit per unit time between Khan et al. (2011) and revised model 

clc 
clear 
a=0.0; 
bp=0.5;%input bp 
bm1=0.04; 
bm2=0.04; 
D=50000.0;x=175200.0; K=100.0; 
h=5.0;d=0.5;c=25.0;s=50.0;v=20.0;ca=500.0;cr=100.0; 
E_P=(bp+a)./2;%E[p] 
E_P_2=(a^2+a*bp+bp^2)./3;%E[P^2] 
V_P=((bp-a)^2)./12;%Var[P] 
E_m1=(bm1+a)./2;%E[m1] 
E_m1_2=(a^2+a*bm1+bm1^2)./3;%E[m1^2] 
E_m2=(bm2+a)./2;%E[m2] 
E_m2_2=(a^2+a*bm2+bm2^2)./3;%E[m2^2] 
E_A_2_line1=1-2.*E_P+E_P_2+(D^2)./(x^2)-2.*D./x+(2.*D.*E_P)./x-
2.*E_m1+4.*E_P.*E_m1-2.*E_P_2.*E_m1; 
E_A_2_line2=(2.*D.*E_m1)./x-(2.*D.*E_P.*E_m1)./x+E_m1_2-
2.*E_P.*E_m1_2+E_P_2.*E_m1_2; 
E_A_2_line3=2.*E_P.*E_m2-2.*E_P_2.*E_m2-(2.*D.*E_P.*E_m2)./x-
2.*E_P.*E_m1.*E_m2; 
E_A_2_line4=2.*E_P_2.*E_m1.*E_m2+E_P_2.*E_m2_2; 
E_A_2=E_A_2_line1+E_A_2_line2+E_A_2_line3+E_A_2_line4;%E[A^2] 
y_star_old=sqrt((2.*K.*D)./(h.*E_P.*E_m2.*(1-E_P).*(1-
E_m1)+h.*D.*(2./x-D./(x^2)+E_A_2./D))) 
%using E[A^2] expresion of Hsu(2012) 
%E_A_2_l1=1-(2.*D)./x.*(1-E_P-E_m1+E_P.*(E_m1+E_m2))+(D^2)./(x^2)-
2.*(E_P+E_m1); 
%E_A_2_l2=4.*E_P.*E_m1+2.*E_P.*E_m2+E_P_2.*(1-2.*E_m1-
2.*E_m2+E_m1_2+2.*E_m1.*E_m2+E_m2_2); 
%E_A_2_l3=E_m1_2.*(1-2.*E_P)-2.*E_P.*E_m1.*E_m2; 
%E_A_2_Hsu=E_A_2_l1+E_A_2_l2+E_A_2_l3  
%y_star_old2=sqrt((2.*K.*D)./(h.*E_P.*E_m2.*(1-E_P).*(1-
E_m1)+h.*D.*(2./x-D./(x^2)+E_A_2_Hsu./D))) 
y_star_new=sqrt((2.*K.*D)./(h.*(E_P.*(1-E_P)-V_P).*E_m2.*(1-
E_m1)+h.*D.*(2./x-D./(x^2)+E_A_2./D))) 
Dalta_y=y_star_new-y_star_old; 
percetage=Dalta_y./y_star_old; 
%E_TP_old 
%E_TPU_new 
%P=a+(bp-a)*rand(); 
%m1=a+(bm1-a)*rand(); 
%m2=a+(bm2-a)*rand(); 
E_A=1-D./x-(E_m1+E_P)+E_P.*(E_m1+E_m2); 
E_TP_old_l1=-K-c.*y_star_old-d.*y_star_old+E_P.*v.*y_star_old+(1-
E_P).*s.*y_star_old.*(1-E_m1)+(1-E_P).*v.*y_star_old.*E_m1; 
E_TP_old_l2=-(1-
E_P).*y_star_old.*cr.*E_m1+E_P.*s.*y_star_old.*E_m2-
E_P.*y_star_old.*ca.*E_m2; 
E_TP_old_l3=-1./2.*h.*((E_A_2./D-
D./(x^2)+2./x).*(y_star_old^2)+((((1-E_P).*E_P-
V_P).*(y_star_old^2).*(1-E_m1).*E_m2)./D)); 
E_TP_old=E_TP_old_l1+E_TP_old_l2+E_TP_old_l3; 
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E_TP_new_l1=-K-c.*y_star_new-d.*y_star_new+E_P.*v.*y_star_new+(1-
E_P).*s.*y_star_new.*(1-E_m1)+(1-E_P).*v.*y_star_new.*E_m1; 
E_TP_new_l2=-(1-E_P).*y_star_new.*cr.*E_m1-
E_P.*y_star_new.*ca.*E_m2; 
E_TP_new_l3=-1./2.*h.*((E_A_2./D-
D./(x^2)+2./x).*(y_star_new^2)+((((1-E_P).*E_P-
V_P).*(y_star_new^2).*(1-E_m1).*E_m2)./D)); 
E_TP_new=E_TP_new_l1+E_TP_new_l2+E_TP_new_l3; 
E_Dalta_TP=E_TP_new-E_TP_old; 
E_T_old=(1-E_P).*y_star_old.*(1-E_m1)./D; 
E_T_new=(1-E_P).*y_star_new.*(1-E_m1)./D; 
E_TPU_old=E_TP_old./E_T_old; 
E_TPU_new=E_TP_new./E_T_new; 
Dalta_E_TPU=E_TPU_new-E_TPU_old; 
Percentage_Dalta_E_TPU=Dalta_E_TPU./E_TPU_old; 
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Appendix 3 Matlab code for Numerical Comparison of 𝑻𝑻𝑻𝑻𝑻𝑻𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)( 𝒚𝒚𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)
∗ ) 

and 𝑻𝑻𝑻𝑻𝑻𝑻𝑲𝑲𝑲𝑲𝑽𝑽𝑲𝑲(𝟐𝟐𝟐𝟐𝟏𝟏𝟏𝟏)( 𝒚𝒚𝑽𝑽𝒓𝒓𝒓𝒓𝒊𝒊𝒔𝒔𝒓𝒓𝒓𝒓∗ ) 
clc 
clear 
a=0; 
bp=0.10;    
    for i=1:1:1000 
    [TPU_old_i,TPU_new_i]=Khan2011_TP_one_year_old_new(a,bp); 
    TPU_old(i)=TPU_old_i; 
    TPU_new(i)=TPU_new_i; 
   end 
    mean_TPU_old=mean(TPU_old) 
    mean_TPU_new=mean(TPU_new) 
   [H,Pr]=ttest(TPU_old,TPU_new); 
   
function 
[TP_old_sum,TP_new_sum]=Khan2011_TP_one_year_old_new(a,bp) 
%clc 
%clear 
%a=0.0; 
%bp=0.04; 
bm1=0.04; 
bm2=0.04; 
D=49900.0;%imput D 
x=175200.0; K=100.0; 
h=5.0;d=0.5;c=25.0;s=50.0;v=20.0;ca=500.0;cr=100.0; 
E_P=(bp+a)./2;%E[p] 
E_P_2=(a^2+a*bp+bp^2)./3;%E[P^2] 
V_P=((bp-a)^2)./12;%Var[P] 
E_m1=(bm1+a)./2;%E[m1] 
E_m1_2=(a^2+a*bm1+bm1^2)./3;%E[m1^2] 
E_m2=(bm2+a)./2;%E[m2] 
E_m2_2=(a^2+a*bm2+bm2^2)./3;%E[m2^2] 
E_A_2_line1=1-2.*E_P+E_P_2+(D^2)./(x^2)-2.*D./x+(2.*D.*E_P)./x-
2.*E_m1+4.*E_P.*E_m1-2.*E_P_2.*E_m1; 
E_A_2_line2=(2.*D.*E_m1)./x-(2.*D.*E_P.*E_m1)./x+E_m1_2-
2.*E_P.*E_m1_2+E_P_2.*E_m1_2; 
E_A_2_line3=2.*E_P.*E_m2-2.*E_P_2.*E_m2-(2.*D.*E_P.*E_m2)./x-
2.*E_P.*E_m1.*E_m2; 
E_A_2_line4=2.*E_P_2.*E_m1.*E_m2+E_P_2.*E_m2_2; 
E_A_2=E_A_2_line1+E_A_2_line2+E_A_2_line3+E_A_2_line4;%E[A^2] 
y_star_old=sqrt((2.*K.*D)./(h.*E_P.*E_m2.*(1-E_P).*(1-
E_m1)+h.*D.*(2./x-D./(x^2)+E_A_2./D))); 
y_star_new=sqrt((2.*K.*D)./(h.*(E_P.*(1-E_P)-V_P).*E_m2.*(1-
E_m1)+h.*D.*(2./x-D./(x^2)+E_A_2./D))); 
Dalta_y=y_star_new-y_star_old; 
percetage=Dalta_y./y_star_old; 
for l=1:1:100 
P(l)=0.055;%imput P 
m1(l)=a+(bm1-a)*rand(); 
m2(l)=a+(bm2-a)*rand(); 
end     
for i=1:1:100 
A=1-D./x-(m1(i)+P(i))+P(i).*(m1(i)+m2(i)); 
TP_old_l1(i)=-K-c.*y_star_old-
d.*y_star_old+P(i).*v.*y_star_old+(1-P(i)).*s.*y_star_old.*(1-
m1(i))+(1-P(i)).*v.*y_star_old.*m1(i); 
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TP_old_l2(i)=-(1-
P(i)).*y_star_old.*cr.*m1(i)+P(i).*s.*y_star_old.*m2(i)-
P(i).*y_star_old.*ca.*m2(i); 
TP_old_l3(i)=-1./2.*h.*((A^2./D-
D./(x^2)+2./x).*(y_star_old^2)+(((1-
P(i)).*P(i).*(y_star_old^2).*(1-m1(i)).*m2(i))./D)); 
TP_old(i)=TP_old_l1(i)+TP_old_l2(i)+TP_old_l3(i); 
T_old(i)=(1-P(i)).*y_star_old.*(1-m1(i))./D; 
T_old_sum=sum(T_old); 
if T_old_sum>=1 
    break 
end     
end 
TP_old_sum=sum(TP_old)-TP_old(i) 
for j=1:1:100 
TP_new_l1(j)=-K-c.*y_star_new-
d.*y_star_new+P(j).*v.*y_star_new+(1-P(j)).*s.*y_star_new.*(1-
m1(j))+(1-P(j)).*v.*y_star_new.*m1(j); 
TP_new_l2(j)=-(1-
P(j)).*y_star_new.*cr.*m1(j)+P(j).*s.*y_star_new.*m2(j)-
P(j).*y_star_new.*ca.*m2(j); 
TP_new_l3(j)=-1./2.*h.*((A^2./D-
D./(x^2)+2./x).*(y_star_new^2)+(((1-
P(j)).*P(j).*(y_star_new^2).*(1-m1(j)).*m2(j))./D)); 
TP_new(j)=TP_new_l1(j)+TP_new_l2(j)+TP_new_l3(j); 
T_new(j)=(1-P(j)).*y_star_new.*(1-m1(j))./D; 
T_new_sum=sum(T_new); 
if T_new_sum>=1 
    break 
end     
end 
TP_new_sum=sum(TP_new)-TP_new(j) 
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Appendix 4 Matlab code for the numerical comparison of Khan et al. (2014) and 
revised model  

Appendix 4.1 Matlab code for the calculation of the model of Khan et al. (2014) –
scenario 1 and 2 

clc 
clear 
E_gamma=0.5; 
E_m1=0.5; 
E_m2=0.5; 
 for n=1:1:10 
[x,fval]=ETCU_Khan2014_Base_and_Inspection_model_equation(n,E_gamm
a,E_m1,E_m2); 
 Q(n)=x; 
ETCU_Q(n)=fval; 
 end  
[ETCU,n_star]=min(ETCU_Q) 
Q_star=Q(n_star) 
 

function 
[x,fval]=ETCU_Khan2014_Base_and_Inspection_model_equation(n,E_gamm
a,E_m1,E_m2) 
%clear 
%clc 
D=1000.0; P=3200.0; c=100000.0; x1=175200.0; Av=400.0; Ab=25.0; 
ca=200.0; cr=50.0; hv=4.0;  
hb=5.0; d=0.5; F=25.0; v=2.0;  
%b=0.32;E_gamma=0.02; E_m1=0.02; E_m2=0.02; 
M1=E_gamma; M2=1./(1-E_gamma); 
M1e=(1-E_gamma)*E_m1+E_gamma*(1-E_m2); 
M2e=1./(1-M1e); 
b_gamma=E_gamma*2; 
b_m1=E_m1*2; 
b_m2=E_m2*2; 
a=0; 
M3=1./3*(a^2+a*b_gamma+b_gamma^2)+1-a-b_gamma; 
E_gamma_2=1./3*(a^2+a*b_gamma+b_gamma^2);%E[gamma^2] 
E_m1_2=1./3*(a^2+a*b_m1+b_m1^2);%E[m1^2] 
E_m2_2=1./3*(a^2+a*b_m2+b_m2^2);%E[m2^2] 
M3e_1=1-2*E_gamma+E_gamma_2-2*E_m1+4*E_gamma*E_m1-
2*E_gamma_2*E_m1+E_m1_2; 
M3e_2=-2*E_gamma*E_m1_2+E_gamma_2*E_m1_2+2*E_gamma*E_m2-
2*E_gamma_2*E_m2-2*E_gamma*E_m1*E_m2; 
M3e_3=2*E_gamma_2*E_m1*E_m2+E_gamma_2*E_m2_2; 
M3e=M3e_1+M3e_2+M3e_3; 
% M3 and M3e are calculated by excel when E_gamma=0.02; E_m1=0.02; 
E_m2=0.02 
%M3=0.960533; 
%M3e=0.923388; 
%i=1; n=2; 
%syms Q E_TCU_1 E_TCU_2 E_TCU_3 E_TCU_4 E_TCU 
%ETCU_Diff_Q=diff(ETCU,x,1) 
%Q_Star=solve(ETCU_Diff_Q==0,x) 
E_TCU_1_nc=D*M2e*((Av+Ab)./n+F); 
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E_TCU_2_nc=(d+v+c./P)*D*M2e; 
E_TCU_3_nc=hv*M2e*((n-1)-(n-2)*D./P); 
E_TCU_4_nc=hb*((1-M1e)+2*D*M1e*M2e./x1); 
E_TCU_5_nc=D*M2e*(ca*M1*E_m2+cr*(1-M1)*E_m1); 
syms x; 
ETCU=@(x)(E_TCU_1_nc./x+E_TCU_2_nc+x./2*(E_TCU_3_nc+E_TCU_4_nc)+E_
TCU_5_nc); 
[x,fval]=fminbnd(ETCU,0,10000); 
 

Appendix 4.2 Matlab code for the calculation of the model of Khan et al. (2014) –
scenario 3 and 4 

clc 
clear 
E_gamma=0.5; 
E_m1=0.5; 
E_m2=0.5; 
b=0.32; 
for i=1:1:10 
    for n=1:1:10 
[x,fval]=ETCUKhan2014learning_inspection_equation(i,n,E_gamma,E_m1
,E_m2,b); 
Q(i,n)=x; 
ETCU_Q(i,n)=fval; 
    end 
n=2; 
n=n+1; 
 if ETCU_Q(i,n)<=ETCU_Q(i,n-1) 
 break 
 end 
Q_Star_i(i)=Q(i,n-1); 
n_Star_i(i)=n-1; 
ETCU_Star_i(i)=ETCU_Q(i,n-1); 
end 
Q_Star=mean(Q_Star_i) 
n_Star=mean(n_Star_i) 
ETCU_Star=mean(ETCU_Star_i) 
 
function 
[x,fval]=ETCUKhan2014learning_inspection_equation(i,n,E_gamma,E_m1
,E_m2,b) 
%clear 
%clc 
D=1000.0; P=3200.0; c=100000.0; x1=175200.0; Av=400.0; Ab=25.0; 
ca=200.0; cr=50.0; hv=4.0;  
hb=5.0; d=0.5; F=25.0; v=2.0;  
%b=0.32;E_gamma=0.02; E_m1=0.02; E_m2=0.02; 
M1=E_gamma; M2=1./(1-E_gamma);M1e=(1-E_gamma)*E_m1+E_gamma*(1-
E_m2);M2e=1./(1-M1e); 
b_gamma=E_gamma*2; 
b_m1=E_m1*2; 
b_m2=E_m2*2; 
a=0; 
M3=1./3*(a^2+a*b_gamma+b_gamma^2)+1-a-b_gamma; 
E_gamma_2=1./3*(a^2+a*b_gamma+b_gamma^2);%E[gamma^2] 
E_m1_2=1./3*(a^2+a*b_m1+b_m1^2);%E[m1^2] 
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E_m2_2=1./3*(a^2+a*b_m2+b_m2^2);%E[m2^2] 
M3e_1=1-2*E_gamma+E_gamma_2-2*E_m1+4*E_gamma*E_m1-
2*E_gamma_2*E_m1+E_m1_2; 
M3e_2=-2*E_gamma*E_m1_2+E_gamma_2*E_m1_2+2*E_gamma*E_m2-
2*E_gamma_2*E_m2-2*E_gamma*E_m1*E_m2; 
M3e_3=2*E_gamma_2*E_m1*E_m2+E_gamma_2*E_m2_2; 
M3e=M3e_1+M3e_2+M3e_3; 
% M3 and M3e are calculated by excel when E_gamma=0.02; E_m1=0.02; 
E_m2=0.02 
%M3=0.960533; 
%M3e=0.923388; 
%i=1; n=2; 
%syms Q E_TCU_1 E_TCU_2 E_TCU_3 E_TCU_4 E_TCU 
E_TCU_2_nc=(d+v)*D*M2e; 
E_TCU_5_nc=hv*(n-1)*M2e./2; 
E_TCU_1_nc=D*M2e*((Av+Ab)./n+F); 
  
E_TCU_3_nc=hb*D*M1e*M2e./x1; 
E_TCU_4_nc=hv*D*M2e*((1+(i-1)*n)^(1-b)-((i-1)*n)^(1-b)-(n^(1-
b)*(i^(1-b)-(i-1)^(1-b)))./(2-b))./(P*(1-b)); 
  
E_TCU_6_nc=(c*M2e*(n)^(-b)*(i^(1-b)-(i-1)^(1-b)))./(P*(1-b)); 
E_TCU_7_nc=hb*(1-M1)./2; 
E_TCU_8_nc=D*M2e*(ca*M1*E_m2+cr*(1-M1)*E_m1); 
syms x; 
ETCU=@(x)(E_TCU_1_nc./x+E_TCU_2_nc+E_TCU_3_nc*x+E_TCU_4_nc*x^(1-
b)+E_TCU_5_nc*x+E_TCU_6_nc*(n*x)^(-b)+E_TCU_7_nc*x+E_TCU_8_nc); 
%ETCU_Diff_Q=diff(ETCU,x,1) 
%Q_Star=solve(ETCU_Diff_Q==0,x) 
[x,fval]=fminbnd(ETCU,0,10000); 
 
 

Appendix 4.3 Matlab code for the calculation of the revised model of Khan et al. 
(2014) –scenario 1 and 2 

clc 
clear 
E_gamma=0.5; 
E_m1=0.5; 
E_m2=0.5; 
 for n=1:1:10 
[x,fval]=ETCU_Khan2014_Base_and_Inspection_revised_model_equation(
n,E_gamma,E_m1,E_m2); 
 Q(n)=x; 
ETCU_Q(n)=fval; 
 end  
[ETCU,n_star]=min(ETCU_Q) 
Q_star=Q(n_star) 
 

function 
[x,fval]=ETCU_Khan2014_Base_and_Inspection_revised_model_equation(
n,E_gamma,E_m1,E_m2) 
%clear 
%clc 
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D=1000.0; P=3200.0; c=100000.0; x1=175200.0; Av=400.0; Ab=25.0; 
ca=200.0; cr=50.0; hv=4.0;  
hb=5.0; d=0.5; F=25.0; v=2.0;  
%b=0.32;E_gamma=0.02; E_m1=0.02; E_m2=0.02; 
M1=E_gamma; M2=1./(1-E_gamma); 
M1e=(1-E_gamma)*E_m1+E_gamma*(1-E_m2); 
M2e=1./(1-M1e); 
b_gamma=E_gamma*2; 
b_m1=E_m1*2; 
b_m2=E_m2*2; 
a=0; 
M3=1./3*(a^2+a*b_gamma+b_gamma^2)+1-a-b_gamma; 
E_gamma_2=1./3*(a^2+a*b_gamma+b_gamma^2);%E[gamma^2] 
E_m1_2=1./3*(a^2+a*b_m1+b_m1^2);%E[m1^2] 
E_m2_2=1./3*(a^2+a*b_m2+b_m2^2);%E[m2^2] 
M3e_1=1-2*E_gamma+E_gamma_2-2*E_m1+4*E_gamma*E_m1-
2*E_gamma_2*E_m1+E_m1_2; 
M3e_2=-2*E_gamma*E_m1_2+E_gamma_2*E_m1_2+2*E_gamma*E_m2-
2*E_gamma_2*E_m2-2*E_gamma*E_m1*E_m2; 
M3e_3=2*E_gamma_2*E_m1*E_m2+E_gamma_2*E_m2_2; 
M3e=M3e_1+M3e_2+M3e_3; 
% M3 and M3e are calculated by excel when E_gamma=0.02; E_m1=0.02; 
E_m2=0.02 
%M3=0.960533; 
%M3e=0.923388; 
%i=1; n=2; 
%syms Q E_TCU_1 E_TCU_2 E_TCU_3 E_TCU_4 E_TCU 
%ETCU_Diff_Q=diff(ETCU,x,1) 
%Q_Star=solve(ETCU_Diff_Q==0,x) 
E_TCU_1_nc=D*M2e*((Av+Ab)./n+F); 
E_TCU_2_nc=(d+v+c./P)*D*M2e; 
E_TCU_3_nc=hv*M2e*((n-1)-(n-2)*D./P); 
E_TCU_4_nc=hb*((M2e*M3e)+2*D*M1e*M2e./x1); 
E_TCU_5_nc=D*M2e*(ca*M1*E_m2+cr*(1-M1)*E_m1); 
syms x; 
ETCU=@(x)(E_TCU_1_nc./x+E_TCU_2_nc+x./2*(E_TCU_3_nc+E_TCU_4_nc)+E_
TCU_5_nc); 
[x,fval]=fminbnd(ETCU,0,10000); 
 

Appendix 4.4 Matlab code for the calculation of the revised model of Khan et al. 
(2014) –scenario 3 and 4 

clc 
clear 
E_gamma=0.5; 
E_m1=0.5; 
E_m2=0.5; 
b=0.32; 
for i=1:1:10 
    for n=1:1:10 
[x,fval]=ETCUKhan2014learning_inspection_revised_equation(i,n,E_ga
mma,E_m1,E_m2,b); 
Q(i,n)=x; 
ETCU_Q(i,n)=fval; 
    end 
n=2;n=n+1; 
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 if ETCU_Q(i,n)<=ETCU_Q(i,n-1) 
 break 
 end 
Q_Star_i(i)=Q(i,n-1); 
n_Star_i(i)=n-1; 
ETCU_Star_i(i)=ETCU_Q(i,n-1); 
end 
Q_Star=mean(Q_Star_i) 
n_Star=mean(n_Star_i) 
ETCU_Star=mean(ETCU_Star_i) 
 
function 
[x,fval]=ETCUKhan2014learning_inspection_revised_equation(i,n,E_ga
mma,E_m1,E_m2,b) 
%clear 
%clc 
D=1000.0; P=3200.0; c=100000.0; x1=175200.0; Av=400.0; Ab=25.0; 
ca=200.0; cr=50.0; hv=4.0;  
hb=5.0; d=0.5; F=25.0; v=2.0;  
%b=0.32;E_gamma=0.02; E_m1=0.02; E_m2=0.02; 
M1=E_gamma; M2=1./(1-E_gamma);M1e=(1-E_gamma)*E_m1+E_gamma*(1-
E_m2);M2e=1./(1-M1e); 
b_gamma=E_gamma*2; 
b_m1=E_m1*2; 
b_m2=E_m2*2; 
a=0; 
M3=1./3*(a^2+a*b_gamma+b_gamma^2)+1-a-b_gamma; 
E_gamma_2=1./3*(a^2+a*b_gamma+b_gamma^2);%E[gamma^2] 
E_m1_2=1./3*(a^2+a*b_m1+b_m1^2);%E[m1^2] 
E_m2_2=1./3*(a^2+a*b_m2+b_m2^2);%E[m2^2] 
M3e_1=1-2*E_gamma+E_gamma_2-2*E_m1+4*E_gamma*E_m1-
2*E_gamma_2*E_m1+E_m1_2; 
M3e_2=-2*E_gamma*E_m1_2+E_gamma_2*E_m1_2+2*E_gamma*E_m2-
2*E_gamma_2*E_m2-2*E_gamma*E_m1*E_m2; 
M3e_3=2*E_gamma_2*E_m1*E_m2+E_gamma_2*E_m2_2; 
M3e=M3e_1+M3e_2+M3e_3; 
% M3 and M3e are calculated by excel when E_gamma=0.02; E_m1=0.02; 
E_m2=0.02 
%M3=0.960533; 
%M3e=0.923388; 
%i=1; n=2; 
%syms Q E_TCU_1 E_TCU_2 E_TCU_3 E_TCU_4 E_TCU 
E_TCU_2_nc=(d+v)*D*M2e; 
E_TCU_5_nc=hv*(n-1)*M2e./2; 
E_TCU_1_nc=D*M2e*((Av+Ab)./n+F); 
E_TCU_3_nc=hb*D*M1e*M2e./x1; 
E_TCU_4_nc=hv*D*M2e*((1+(i-1)*n)^(1-b)-((i-1)*n)^(1-b)-(n^(1-
b)*(i^(1-b)-(i-1)^(1-b)))./(2-b))./(P*(1-b)); 
TCU_6_nc=(c*M2e*(n)^(-b)*(i^(1-b)-(i-1)^(1-b)))./(P*(1-b)); 
E_TCU_7_nc=hb*(M2e*M3e)./2; 
E_TCU_8_nc=D*M2e*(ca*M1*E_m2+cr*(1-M1)*E_m1); 
syms x; 
ETCU=@(x)(E_TCU_1_nc./x+E_TCU_2_nc+E_TCU_3_nc*x+E_TCU_4_nc*x^(1-
b)+E_TCU_5_nc*x+E_TCU_6_nc*(n*x)^(-b)+E_TCU_7_nc*x+E_TCU_8_nc); 
%ETCU_Diff_Q=diff(ETCU,x,1) 
%Q_Star=solve(ETCU_Diff_Q==0,x) 
[x,fval]=fminbnd(ETCU,0,10000);  
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