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Abstract

Dynamical behaviors of a system consisting of a Saito-450 3-cylinder, 4-stroke engine
and a variable pitch propeller are studied. The kinemtical equations for the planar 8-bar internal
combustion engine are established using a complex number method. The nonlinear dynamical
equation for the engine-propeller system is obtained using the Lagrange equation and solved
numerically using a computer code written in the Matlab language.

Various simulations were performed to study the transient and steady state dynamical
behaviors of the sophisticated multiple rigid body system while taking into account the engine
pressure pulsations and aerodynamic load. The steady-state motions of the propeller shaft for
different engine powers and speeds were obtained and decomposed using the Fast Fourier
Technique (FFT).

Results presented in this thesis provide necessary input for studies of flexible body
dynamics where the torsional vibration of the propeller shaft is of practical interest to design

engineers in the aerospace industry.
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Chapter1 - INTRODUCTION

Internal combustion engines or reciprocating engines have been powering aircraft from
the first flight of the Wright Flyer to modern day general aviation and commercial aircraft. What
all of these aircraft throughout history have in common is that a propeller has been attached to
reciprocating engines to provide power for flight.

What has also been known throughout the history of aviation is that the crankshafts of
internal combustion engines rotate unevenly throughout a cycle, which causes significant
torsional vibration in the system. This vibration is transmitted into the passenger cabin through
the engine mounts and aircraft structure, as well as into the propeller, affecting its performance.
Efforts have been made to determine the effect of mounting a propeller on the dynamics of an
internal combustion engine. However, the methods used to date treat the propeller as an inertial
mass, neglecting the aerodynamic loading variation caused by an uneven rotation of the
crankshaft.

The non-uniform nature of the torque produced by a reciprocating engine is reflected in
the cyclic variation of crankshaft angular speed. The motion of the crankshaft is determined by

combinations of gas torque, inertia torque, and instantaneous aerodynamic torque.

Section 1.1 Background
Aviation is a highly regulated activity intended to ensure the safety of all flying

passengers and individuals on the ground. The Code of Federal Regulations (CFR) is an
evolving set of rules, maturing with the current state of technology, to ensure that catastrophic
events are prevented and never repeated.

When a company develops an engine, that engine must pass a series of tests to be
certified safe for aircraft use. The same series of regulations also applies to propeller
manufacturers, ensuring their propeller is suitable for aircraft use.

Often engine manufacturers attempt to certify their engine with a particular propeller, or a
range of propellers, thereby simplifying the process of of matching a propeller to an engine and
then certifying the system in accordance with 14CFR33.43, Vibration Test.

The Orenda Recip. Company attempted to certify a 94" McCauley propeller with the
Orenda OE600A 8-cylinder liquid cooled reciprocating engine in 2000. The Orenda findings
[Orenda Recip. Inc., 2000] indicated that this particular propeller-engine combination did



conform to 14CFR33.43; however, it was noted that the 1.5 harmonic was the primary cause of
crankshaft torsional displacement, with the harmonic damper installed under aerodynamically
static conditions at take-off power. The 1.5 harmonic is a frequency that is 1.5 times the
operating speed of the Orenda engine.

The McCauley propeller tested by the Orenda Recip. Company was a variable pitch
propeller, which was why the maximum torsional displacements were observed under
aerodynamically static conditions. What was of particular interest to the engineers at Orenda
was the cause of the 1.5 harmonic dominating the crankshaft torsional displacement.

Several efforts dating back to 1932 [Root, 1932], [Den Hartog, 1956], and [Pulkrabek,
2004] have attempted to simulate the dynamical response of internal combustion engines
operating on two and four-stroke cycles; however, each of these analytical efforts has either been
valid only for one-cylinder engine or has not made adequate provisions for the dynamical
behavior of the load, in this case an aerodynamically active propeller.

Lack of results in the area of system dynamical response was seen and a solution was
required to explain why the 1.5 harmonic is predominant in the torsional vibration of the

crankshaft.

Section 1.2 Scope

The scope of the present research was to develop a methodology and a computer model
which can be used with confidence in the aerospace industry to predict the engine dynamical
behaviors and torsional vibrations in the crankshaft and the propeller shaft. A computer program
— SIMPEL - was developed by the author in the Matlab language, which predicts the transient
and steady state responses of a rigid-body multi-cylinder engine coupled with a rigid variable
pitch propeller for a given power setting or throttle opening.

The propeller was modeled with the use of blade element theory to obtain the overall
torque response, in functional form, for a given blade pitch setting. To model the system
response, the Lagrange equation was employed to obtain the nonlinear governing differential
equation for analysis of the motion of the engine crankshaft.

Two test cases were simulated; the first test case neglected the kinematics of the cam
system, and the second case took the cam system into account. The results of these two

simulations were then compared to determine the effect of the cam system on the dynamical

response of the propeller-engine combination.



Section 1.3 Dynamics of a System of Rigid Bodies

One of the two major components of the dynamical system was the 4-stroke internal
combustion engine. A 7 hp four-stroke internal combustion engine (Saito-450) was purchased
and used as the basis for the simulation. The analysis of the engine was performed in two
phases; in the first phase the effects of the cam subsystem, which consists of tappet, push rod,
rocker arm, valve and spring (called the accessory drive system), were neglected, and in the
second phase the cam shaft subsystem was included.

During the first phase of the analysis, the valve timing was required to establish the
duration of the various thermodynamic strokes for each of the three cylinders.

The first step in the engine simulation was to perform a kinematic analysis of the
reciprocating mechanism. This mechanism has 8 links and one degree of freedom. The position
and velocity of each link was first calculated over a period of 21 and the kinetic energy of each
member was then found and normalized with respect to the angular position of the crankshatft.

The cylinder pressure of the Otto cycle was modeled as a function of the crankshaft
angular position by assuming the compression and expansion were polytropic processes
[Eriksson et al., 2002]. A detailed analysis of combustion processes is beyond the scope of this
thesis so the cylinder pressure during the burning phase was approximated with a clamped cubic
spline [Kuo, 1996]. The cylinder pressure for each of the three cylinders was generated using the
same procedure; however, due to the unique internal mechanism kinematics, the pressure within
each cylinder as a function of the crankshaft angular position was unique to that cylinder. The
phase shift required for the correct engine firing sequence was obtained from the kinematical

analysis.

Section 1.4 Propeller and Aerodynamics
The propellers used on large aircraft have the ability to change the blade pitch while the

propeller is in operation. These variable pitch propellers ensure that the propeller-engine system
is operating at the most efficient design point possible for each phase of flight.

Orenda Recip. Company found that for the OE600A 8-cylinder liquid cooled engine
coupled with a 93” Hartzell, 94” or 106” McCauley propeller, the highest crankshaft stresses
were experienced in take-off configuration. This finding is a result of the variable pitch

propeller. If a propeller is fixed-pitch, the same conclusion may not be drawn.



To mimic the testing performed at Orenda on a smaller, more economical scale, a
variable pitch propeller was procured that was a suitable match for the Saito-450 engine.

To model the propeller, the modified blade element theory was used taking into account
the downwash induced by the blade sections. The propeller blade was first divided into 20
sections, which are each treated as 2-D airfoils. The blade element theory was then used to
determine the lift and drag forces acting on each blade section. Once the forces acting on each
blade section were calculated, the respective forces were summed over the entire blade to
determine the total resulting thrust and torque.

Since the propeller is a rotating body, each blade section experienced an ever-increasing
free stream velocity as the distance from the axis of rotation increases. The propeller was also
geometrically twisted such that both the chord and cross sectional blade profile varied with the
radial distance from the axis of rotation.

The propeller blade was aerodynamically twisted at each blade station as the distance
from the axis of rotation increases. This means that the 2-D airfoils at different blade stations
have different angles of attack for a given blade pitch setting.

To conduct the blade element analysis for the variable pitch propeller employed, the
airfoil cross section at each station was approximated using a NACA 4-digit airfoil; the
geometric and aerodynamic twist was then derived as a function of the blade pitch setting. All of
these quantities were passed in batch mode to the MIT developed X-Foil airfoil code, made
accessible via the Internet.

The results obtained from the propeller blade element analysis provide the torque of the

propeller as a second order polynomial, which is desirable for inclusion into the equation of

motion.

Section 1.5 Engine and Dynamics of a System of Rigid Bodies

This 4.25 cubic inch radial engine weighs 6.5 pounds, including the short manifold
exhaust pipes. It turns a 22x10 propeller at 8000 RPM on 15% 2-stroke fuel producing over 40
Ibs of static thrust. It delivers this power with very little vibration-about 1/10th the vibration
levels of comparable single cylinder 2-stroke engines. The crank drives one crank pin with a
master rod, while two slave rods are pinned to the master rod, giving a 1-3-2 firing order. A

single rear-mounted two-needle carburetor feeds intake manifolds. Exhaust tubes are included to

direct exhaust gasses away from the aircraft.



The propeller-engine system has one degree of freedom, and the Lagrange equation was
used to establish the single nonlinear differential equation. This is a second-order differential
equation, which can be converted to two first-order differential equations and then solved using a
fixed-step Euler method. Of interest to the author was the system response for any given throttle
setting.

This thesis will outline the modeling of the variable pitch propeller, the simulation of the

Saito-450 internal combustion engine, and present the results obtained from two simulation test

cases.



Chapter 2 ENGINE

A multi-cylinder internal combustion was purchased to conduct the simulation and
research required to determine the transient and steady state response of the system when
coupled with an aerodynamic load. In this section, the thermodynamic and internal pressure

characteristics were modeled.

Section 2.1 Engine Specifications

The information shown in Figure 2.1 is taken from the web site of the North American

distributor of Saito engines, Horizon Hobby.

450 3-Cylinder Radial Dual Plug: HH
by SAITO ENGINES

Product Number: SAIE450R3D
Specifications:

Type: 4-stroke

Displacement: 4.25 cu in

Bore: 1.33 in

Stroke: 1.08 in

Cylinders: AAC

Total Weight: 99 oz

Crankshaft Threads: M10 x 1.25
Prop Range: 21x10 - 24x10
RPM Range: 1,200 - 8,000

Figure 2.1: Saito-450 manufacturer specifications.

Based on the information available in Figure 2.1, it was determined that this would be a
suitable engine with which to conduct the required research. The criterion of multi-cylinder
engine was met, and the engine was capable of mating with a propeller of such size as to produce

significant torque and thrust.

Section 2.2 Pressure-Volume Curve

Consider a radial engine as one in which several cylinders are fixed in the frame and
arranged in a vertical circle about the shaft axis at equal angular intervals. In radial engines there
is usually one master connecting rod on each crankshaft, the other connecting rods being

articulated to it [Root, 1932].



Section 2.2.1  Otto Cycle

The Otto cycle is an ideal air-cooled cycle consisting of four distinct processes taking
place over two complete crankshaft rotations. In an ideal engine, the intake stroke begins when
the piston is at the Top Dead Centre (TDC) and last_s from the TDC to the Bottom Dead Center
(BDC). The isentropic compression stroke occurs immediately after the intake stroke and lasts
from the BDC to the TDC. At the end of the compression stroke, heat is added to the system
from an external ignition source (constant volume process) and occurs while the piston is at the
TDC. The next process is an isentropic expansion, taking place from the TDC to the BDC. This
process is followed by the exhaust stroke where heat is rejected from the cylinder and lasts from
the BDC to the TDC. The area enclosed under the pressure-volume (P-V) curve can be
interpreted as the work done by the cylinder in one cycle (720 degrees of crankshaft rotation).

The Otto cycle is characterized by the P-V curve shown in Figure 2.2.
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Figure 2.2: The Otto cycle P-V curve.

When developing the engine portion of the SIMPEL computer model, there are many
parameters that must be measured. These parameters are the piston diameter, cylinder bore,
lengths of the connecting rods and the crank throw. The measurements were taken with a pair
of digital calipers, and the swept volume of the cylinder was calculated based on the kinematical

analysis of the linkage.



Section 2.2.2  Clearance Volume

The clearance volume was measured experimentally and used in the calculation of the
work done by the gas pressure, and the compression ratio. The entire assembly was weighed
when it was dry to obtain a baseline weight of the assembly. Water was then introduced into the
cylinder through one valve as the crankshaft was positioned at the BDC. The entire assembly
was weighed again on a triple beam balance and this weight was recorded. The crankshaft was
then rotated such that the piston was at the TDC, the extra water being allowed to evacuate the
cylinder through one of the valves. Once all of the excess water had been expunged from the
cylinder the entire assembly was again weighed and this weight was recorded.

Since the density of water at room temperature is known and the mass of water contained
within the cylinder was measured, the clearance volume of the cylinder was calculated. There is
a slight discrepancy in the stroke lengths between cylinder #1 and cylinders #2 & #3, which
would affect the clearance volume; however, this variation is small and was neglected. The
clearance volume was found to be 3.0x10® m3, the cylinder volume at BDC was found to be

2.7x10° m® and the swept volume was found to be 2.4x10° m’.

Section 2.2.3  Compression Ratio

The compression ratio was calculated based on experimental data to be 9 by Eq. (2.1).

V.+V,
r,=———
VC

where 1. is the compression ratio, V, is the clearance volume and V; is the swept volume.

=9 2.1)

A compression ratio of 9 compares well with accepted compression ratios for standard

air-cooled Otto cycle engines in production today [Moran & Shapiro, 1996].

Section 2.2.4  Pressure vs. Crank Angle

Construction of the pressure vs. crankshaft position (P-8) curve was approached in a
modular fashion by considering in sequence cylinders #1, #2, and #3, and finally superimposing
all curves with the appropriate phase shift to account for the firing sequence.

To determine the angular intervals of crankshaft rotation over which all of the processes

involved with the 4-stroke cycle action, the cam assembly of the Saito-450 engine was inspected.



The cam profiles were modeled, and by using the cam timing combined with the cylinder
position information, the pressure vs. crankshaft angular position was modeled.

The tappet axis, passing through the cam shaft axis of rotation for each intake and
exhaust tappet, was measured to be +15° and -15° away from the global vertical, respectively.
The peak of the intake cam was found to be 40.5° (clockwise) away from the same vertical
reference and the peak of the exhaust cam was found to be 36° (counter clockwise) away from
the vertical centre line. Figure 2.3 shows the front view of the cam assembly from the Saito-450

engine. The two cams are fixed to the cam gear creating one piece; and the three cam assemblies

are identical.

\ !

/ Intake Tappet

Exhaust Tappet \
Timing Dot

Exhaust Cam

Axis of Rotation

Figure 2.3: Front view of the Saito-450 cam assembly.

Each cam assembly was mounted to the crank case such that the timing dot of each cam
assembly was placed radially inward toward the crankshaft axis of rotation. The crankshaft was
oriented such that the respective piston was at the TDC opposite to the combustion stroke. With
each cam assembly assembled using the timing dot as a reference; the 4-stroke cycle intervals
were determined over a period of 4w and found in Table 2.1.

Table 2.1: Crankshaft degree intervals for each of the 4 stroke processes.

Intake Compression | Burning Expansion Exhaust
Piston #1 1°-194° 195°—-350° | 351°—399° | 400°—499° | 500°—720°
Piston #2 | 485°—678° | 679°—114° | 115°—163° | 164° —263° | 264°—484°
Piston #3 | 233°-426° | 427°-582° | 583°-631° | 632°-11° 12°-232°
Interval 193° 155° 48° 99° 220°

One approximation was made while determining the length of the expansion and exhaust

strokes. This approximation was that during the exhaust and intake strokes significant valve




overlap occurred and since analytical methods were unable to thermodynamically take this valve
overlap into account, the processes were truncated thereby eliminating the overlap.

Since the exhaust stroke was truncated to accommodate the intake stroke, the length of
the expansion stroke also had to be altered for all engine cycles to fit within a 47 interval. An
expansion length of 99° was chosen, and an exhaust stroke of 220° allowed for exhaust valve
opening and adequate gas volume elimination [Pulkrabek, 2004].

The intake valve closing determines how much air-fuel mixture is contained within the
cylinder and available for the rest of the 4-stroke cycle. The intake stroke was assumed to occur
at standard atmospheric conditions, 101.325 kPa and 15 °C, neglecting heat transfer effects and
was determined to take place over 193° instead of the theoretical 180° due to the realities of the
practical engine. As the piston moved from the TDC to the BDC, a partial vacuum is created
within the cylinder dropping the pressure below atmospheric. It is this pressure differential that
draws the air-fuel mixture into the cylinder through the intake valve. As the air flows past the
intake valve opening there is a constriction and the air speed increases past this constriction.

This additional reduction in pressure aids in drawing more air-fuel mixture into the
cylinder. A pressure differential still exists within the cylinder as the piston reaches the BDC;
therefore, air will continue to enter the cylinder as the piston begins to move back towards the
TDC. At some point after the BDC, the pressure within the cylinder will equalize with ambient
and it is at this point of pressure equilibrium when the intake valve would ideally close.

If the intake valve were to close too early, air is prevented from entering the cylinder that
would otherwise be drawn in resulting in a reduction in volumetric efficiency. If the intake valve
were to close after the point of pressure equilibrium, air is being forced back out through the
intake valve that could have been used for combustion again resulting in a reduction in
volumetric efficiency.

Once the intake valve closes the polytropic compression process begins based on ideal
gas theory. The exponent for the polytropic compression process (k) was taken to be 1.25

[Eriksson et al., 2002]. For the compression process, the pressure was calculated by using Eq.

(2.2).

k

V. ‘
=P ive 22
Pc(92) ch(v(ez)] ( )
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where V,_ is the volume of the cylinder at the point when the intake valve closes, Py is the

pressure in the cylinder when the intake valve closes, and P.(6) is the cylinder pressure during
the compression phase as a function of the crank shaft angular position, €. The volume as a
function of crank angle V(@) was calculated using Eq. (2.3) and through appropriate substitutions
generated Eq. (2.4) based on the positions of the pistons as determined through the kinematic

analysis.

V(6,)=A.-Dy, +V, (2.3)

V(6,) = Aclr 1 ()], (24)
where A. is the piston area, Dj, is the distance through which the piston moved, V_ is the
clearance volume, r.q, is the distance from the crank shaft center of rotation to the piston pin
while the piston is at the TDC, and r, is the distance from the crank shaft center of rotation to
the piston pin at any crank shaft angular position, 6.

The Saito-450 engine is not a typical 4-stroke engine in that it does not use a spark plug
and alternator system to initiate combustion within the cylinders. This engine uses two glow
plugs per cylinder to initiate combustion of the air-fuel mixture with a compression ratio found
to be 9, indicating an Otto cycle [Moran & Shapiro, 1996].

Ignition of the air fuel mixture is initiated by the two glow plugs located at the top of the
cylinder and was assumed to begin 9° before TDC and ending 39° after TDC. This provides a
total burn angle of 48° for all cylinders [Eriksson, 2002 & Kuo, 1996]. The combustion process
is not completely understood but a general model assumes a spherical flame front initiated at, in
this case, each glow plug and the flame front propagates outward into the combustion chamber.
Initially, the flame front moves relatively slowly due to its small size and does not generate
enough energy to quickly heat the surrounding gasses. As a result, the cylinder pressure does not
raise the cylinder temperature very quickly resulting in very little compression heating. Only
after the first 5% to 10% of the air-fuel mass is burned does the flame velocity reach higher
values with the corresponding fast rise in pressure [Pulkrabek, 2004].

For a given engine, combustion occurs faster at higher engine speed. The real time for
the combustion process is therefore less, but the real time for the engine cycle is also less, and

the burn angle is only slightly changed [Pulkrabek, 2004].
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To simulate the pressure distribution throughout the combustion process, a cubic spline
was used to join the end of the compression process with the beginning of the expansion process.
The clamped cubic spline was selected for the combustion modeling because there is a
requirement for position continuity and slope control at the end of the compression stroke and
both slope and positional continuity at the beginning of the expansion processes. '

The general form of the cubic spline equation may be written as

A,
A
p.=[l 6, 6 & A 2.5)

2
A3

where p, is the pressure during the compression stroke; A, ,k=0,,2,3, are unknown
coefficients, which can be determined by enforcing the boundary conditions at the end of
compression and the beginning of expansion. The boundary conditions include values of
pressure and its rate of change with respect to the crank angle.  The cubic spline coefficients
will change with the throttle setting since the throttle setting controls the peak cylinder pressure
thereby controlling the engine power output.

Once the spline coefficients have been determined, the cubic spline equation can be
generated from the following equation

¥, (0)= Ay + A6, + A0} + A6, (2.6)

To change the peak pressure while using the cubic spine approach, a discontinuity in the
slope at the end of the compression stroke was introduced through a slope magnification factor.
The purpose of this variable is to change the peak pressure and work produced by the
compressed gas to achieve various power outputs. See Section 2.2.7 for a more thorough
discussion regarding the slope magnification factor.

The expansion pressure as a function of crankshaft angular position was modeled through

Eq. (2.7). The variable P; is the maximum pressure in the cylinder,V, is assumed to be at the
TDC since the position for 50% mass fraction burned is assumed to be at the optimal value

[Eriksson et al., 2002].

kl
P,(ﬁz)=P{ £ ) 2.7
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where V(0,) is the cylinder volume as a function of crankshaft angular position during the
expansion interval and k, is the polytropic exponent for the expansion phase and was taken to be
1.3 [Eriksson et al., 2002].

The polytropic exponent for the expansion process (k) is not equal to 1.4, which is the
ratio of specific heats for air at standard atmospheric conditions for two main reasons. First, air-
fuel mixture is not purely air and second, the post-combustion cylinder gas is very hot. The ratio
of specific heats of any real gas decreases with increasing temperature and a polytropic index of
1.3 indicates heat loss from the cylinder during expansion [Blair, 1999].

The exhaust stroke begins at 40° before the BDC for cylinder #1 and 23° before the BDC
for cylinder #2 and 63° before BDC for cylinder #3. Typically the exhaust stroke is initiated
between 20° and 60° before BDC so that the pressure in the cylinder has been fully reduced by
the BDC when the exhaust stroke begins.

During blowdown, the exhaust gasses initially escape at sonic velocity under choked flow
conditions, which results in a finite time required for the cylinder pressure to decrease to nearly
atmospheric conditions [Pulkrabek, 2004].

One disadvantage of having the exhaust valve open before the piston reaches the BDC is
that some useful work is lost during the last portion of the expansion stroke. Similar to the case
of the intake valve, the timing of the exhaust valve is critical to maximizing the volumetric
efficiency. If the exhaust valve opens too early, more than the necessary amount of work is lost
during the end of the expansion stroke. If the valve opens late, there is an excess amount of gas
pressure in the cylinder and this resists the piston movement from the BDC towards the TDC and
increases the negative pumping work of the engine cycle. The ideal time to open the exhaust
valve is dependant on engine speed and is optimized for only one operating condition resulting in
a loss of volumetric efficiency when operated at off-design conditions [Pulkrabek, 2004].

The burned air-fuel mixture is ejected from the cylinder during the 220° exhaust stroke
interval. The pressure during this interval is assumed to decrease linearly from the end of the
expansion process to the beginning of the intake process. The temperature and pressure at the
end of the expansion stroke vary with the engine operating condition but the temperature and
pressure at the beginning of the exhaust stroke are the same as the conditions at the end of the
expansion stroke. Generally the exhaust gas temperature and pressure at not the same as the

intake air-fuel mixture conditions, so with no valve overlap there will be a discontinuity in the P-
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0 curve. In reality there is valve overlap resulting in mixing the intake with exhaust air thereby
eliminating any discontinuities in the P-0, curve.

It is very difficult to directly measure the mass flow and the air-fuel ratio so it is assumed
that an ideal air-fuel ratio is maintained at all times, that there is optimal mixing between the air
and the fuel being introduced into the cylinders, and that the 50% mass fraction burned is at the

optimal value at all times.

Section 2.2.5  Firing Sequence

The Saito-450 radial engine has three cylinders and the firing sequence is cylinders 2-1-3
as provided by the manufacturer. If a 0° reference is selected at the beginning of the intake
stroke of cylinder *1, then cylinder *2 will fire first at a crank angle of 127°, cylinder *1 will fire
at a crank angle of 360° and cylinder *3 will fire at 595°. Figure 2.4 is an illustration taken from
the Saito-450 Instruction Manual showing the direction of propeller rotation in addition to the

firing sequence.

Direction of Propeller Rotation

Explosion Order (1,3,2)
Cylinder #'s as Viewed from
the Rear

Figure 2.4: Firing sequence and
direction of propeller rotation

The degree offset between cylinders *2 & *1 is 233° and the degree offset of cylinders *3
& *1 are 235°. The reason the degree offsets are not equidistant at 240° is that the internal
mechanism of this engine is an 8-bar link that can be broken down into three sub-mechanisms;

one conventional 4-bar crank slider with zero offset and two 5-bar links connecting to the master
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connecting rod, both with zero offset. It is the presence of the 5™ link connecting pistons " &*3
to the connecting rod of piston *1 that accounts for the shifting of the cylinder timing. See
Section 3.14 for more details.

The combined pressure versus crank angle diagram taking into account the valve timings
can be seen in Figure 2.5. This diagram illustrates the subtle effect of the fifth link on the
pressure versus crankshaft angle profile as well as the change in peak pressures. These
differences are very small but are taken into account in order to model the test engine more

accurately.
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Figure 2.5: Pressure vs. 6, curve for all three cylinders.

The cylinder pressure has been calculated as a function of crankshaft angular
displacement in discrete form. To verify that the peak pressure increases with increasing throttle
setting, an experiment was devised that measured the exhaust gas temperature at various

operating speeds; the results of which can be seen in Section 2.2.6.

Section 2.2.6  Saito-450 EGT Experiment

Internal combustion engines operate on the principle of harnessing the chemical power of

fuel to produce useful work. A method of harnessing work is to introduce a quantity of fuel
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mixed with an oxygen-containing gas into a closed cylinder then igniting this gaseous mixture.
The resulting pressure increase acts on a piston, which is connected to a rotating shaft and
produces the desired speed/torque/power. After the gas has burned in the cylinder it is exhausted
through an orifice into a pipe that directs the gas away from the engine to a convenient point in
space.

The purpose of the exhaust gas experiment was to measure the temperature of the exhaust
gasses produced by the Saito-450 engine at various operating conditions so that the combustion
pressure can be found providing a complete temperature and pressure picture of the Otto cycle.

A k-type thermocouple was constructed and fixed to the exterior of the muffler as close
to the cylinder #1 as possible without touching any other structure. The engine was then run at a
constant measured RPM long enough for the thermocouple temperature reading to stabilize and
this value was then recorded in Table 2.2 with the ambient temperature measured at the time of
the test being 23 °C.

Table 2.2: RPM vs EGT results.

RPM T4 [°Cl or EGT [°C]
3000 63

3500 70

4000 100

Since each process takes a finite amount of time to complete, the mass flow and
temperature fluctuation within the exhaust pipe are continuously changing as a function of time
or crankshaft angular position. If a thermocouple is used to measure the exhaust temperature by
placing it in direct contact with the outer muffler surface, it is not reading the exhaust gas
temperature (corrected for heat transfer effects to obtain the actual gas temperature) because
thermocouples typically have time constants that are much longer than the time taken to
complete one engine cycle. The time taken to exhaust the hot combusted cylinder gasses is in
the order of milliseconds and this is not enough time for the muffler to reach thermodynamic
equilibrium with the surroundings.

If the thermocouple is used with a time constant much longer than the time taken for the
engine to complete one cycle, then the thermocouple reading will give a pseudo-steady-state
temperature of the flow. In this case, the thermocouple temperature will actually be an

approximate enthalpy average temperature, shown in Eq. (2.8), and not necessarily a true time

average [Pulkrabek, 2004].
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B JmcpT,dt
th le — .
ermocouple J‘mcp dt

where, s is the mass flow rate of exhaust, ¢ is time, ¢, is the specific heat of the working fluid,

(2.8)

and T, is temperature.

The data in Table 2.2 shows that with higher operating speeds (RPM), a higher exhaust
gas temperature is produced. This would indicate an elevation of internal combustion pressure
indicating more work is being produced by the engine and absorbed by the propeller.

Further testing was not completed due to a faulty engine exhaust system.

Section 2.2.7  Throttling

Throttling is a means to control the speed of an engine through regulation of the air
ingested into the engine. The Saito-450 is equipped with a carburetor to control the mass flow of
air and fuel drawn into the each cylinder during the intake strokes. By rotating the carburetor
barrel the mass flow of air is directly controlled and by controlling the air flow, the fuel drawn
into the engine is controlled as well.

As the piston travels downward in the cylinder with the intake valve opened, there is a
direct path for air to be drawn into the cylinder caused by a pressure gradient formed through the
motion of the piston. The physical shape of the carburetor being similar to that of a converging
nozzle and as the air is being drawn sub sonically through the carburetor, the velocity of the air
increases with decreasing cross sectional carburetor (nozzle) area.

The fuel system of the Saito-450 is a suction-feed design where a suction pressure draws
the fuel from the fuel tank into the carburetor where the mixing of the air and fuel takes place.
The fuel tank is mounted such that the fuel output is at the same vertical elevation as the
carburetor so no hydraulic pressure head develops.

Fuel is drawn out of the bottom of the tank so the pressure at the fuel pick-up point is a
function of fuel depth, the chamber pressure inside the tank and the specific gravity of the fuel
itself. Since the specific gravity of the fuel does not change as a function of time, the pressure at
the clunker is a function of the fuel depth and the fuel tank chamber pressure.

The fuel tank is pressurized by the exhaust gas for the purpose of preventing the air-fuel

mixture from becoming lean and engine power output becoming erratic as the fuel tank nears the

empty.
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The fuel flow to the engine remains constant throughout the time required to consume the
contents of the fuel tank. The amount of fuel entering the cylinder is controlled by the air speed
entering the carburetor due to the pressure gradient caused by the downward motion of the
piston. Since the carburetor is shaped as a converging nozzle and the incoming air is subsonic,
as the air enters the converging nozzle it speeds up according to the Bernoulli Principle. The fuel
is introduced into the air flow through a combination of the positive pressure within the fuel tank
and the negative pressure caused by the accelerating air flow. Since the fuel is fed into the
engine through suction, the air-fuel ratio remains essentially constant for any throttle setting.

All throttle settings are of interest; therefore, a method must be developed to theoretically
change the steady state engine operating speed in a predictable manner.

In Section 2.2.4, the slope magnification factor was introduced into the cylinder pressure
calculation to control the amount of cylinder pressure and ultimately the power output of the
engine. What is to be determined is how to change the slope magnification factor to achieve a
desired power output or operating speed.

The method employed involved changing the slope magnification factor in increments of
5 from 5 until the maximum operating speed of the engine is reached and Table 2.3 shows the
results of the operating speed survey for each of the three considered blade pitch values.

Table 2.3: Slope magnification factor, resulting steady state operating speed and the
corresponding throttle setting [%].

Slope Steady State Steady State Steady State Throttle
Magnification | Operating Speed | Operating Speed | Operating Speed Setting [ %]
Factor for 4” Pitch for 6" Pitch for 8” Pitch
[RPM] [RPM] [RPM]

5 3491 3013 2645 33

10 4290 3759 3179 40

15 4964 4375 3650 46

20 5557 4911 4103 51

25 6093 5393 4531 57

30 6586 5833 4938 62

35 7045 6242 5326 67

40 7476 6625 5698 71

45 7884 6986 6056 76

50 8271 7330 6401 80

55 8642 7657 6735 84

60 8997 7971 7058 89

65 9339 8272 7372 92

70 9669 8563 7677 96

75 9988 8844 7974 100
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Before proceeding with the throttling method, truncation of the data in Table 2.3 is
required to take into account the actual maximum operating speed of the engine as found in the
engine operating manual. The maximum rated operating speed is 8000 RPM; therefore, a
reference point of 100% throttle is set at a slope magnification factor of 75. Examining the
operating speed columns corresponding to blade pitch values of 4” and 6” it can be seen that the

operating speeds exceed the maximum value of 8000 RPM for slope magnification factors of 50

and 65, respectively. ‘
The fifth column of Table 2.3 was calculated by comparing the steady state RPM with a

blade pitch of 8” and dividing the local speed value by the maximum value to determine what
percentage of the maximum operating speed corresponds to which slope magnification factor. It
was found that the throttle setting percentage was nearly the same for all three blade pitch values

so one approximation is required for any load condition.

Figure 2.7 shows the valid slope magnification factors for a blade pitch value of 4 and
corresponding engine throttle settings fit with a second order polynomial generating minimal

€ITor.

Throttle % vs. Slope Setting and Polynomial Approximation
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Figure 2.6: Slope magnification vs. throttle setting.
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Figure 2.7 shows the second order polynomial correlation between throttle setting and

steady-state engine operating speed.
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Figure 2.7: Throttle setting vs. engine operating speed in RPM at 4" pitch.

For the case of the propeller set to a 4" blade pitch, the first 11 rows of Table 2.3 contain
valid operating speed data and a second order polynomial can be fit to these 11 data pairs with a
minimal error. Figure 2.8 shows the original RPM data for a 6” blade pitch setting plotted

against the throttle setting with the second order approximation.

Throttle % vs. RPM and Polynomial Approximation
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Figure 2.8: Throttle setting vs. engine operating speed in RPM at 6” pitch.
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For the case of the propeller set to 8” pitch, all 14 rows of Table 2.3 contain valid
operating speed data and a second order polynomial can be fit to these 14 data pairs with
minimal error. Figure 2.9 shows the original RPM data plotted against the throttle setting with

the second order approximation.

Throttle % vs. RPM and Polynomial Approximation
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Figure 2.9: Throttle setting vs. engine operating speed in RPM at 8" pitch.

The propeller-engine simulation can now be controlled by setting a throttle percentage,
which is a realistic method of controlling the system. High accuracy was achieved when using
the slope magnification factor to control the cylinder pressure, which ultimately dictates the

power output of the engine.
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Chapter 3 PROPELLER

The focus of the research is the simulation of an engine with a propeller attached as the
load. Since the original problem posed by Orenda involved a variable pitch propeller, a variable

pitch propeller was purchased that is matched to the Saito-450.

Section 3.1 Moment of Inertia Calculation for the SOLO Propeller

To conduct dynamic analysis of the Saito-450 engine, all moving components must be
catalogued to determine their mass, volume, density, mass center and moment of inertia. The
moment of inertia is required for the SOLO propeller to determine the rotational inertia of the
body, which is one component the propeller contributes to the overall dynamical behavior of the
system.

The propeller was the only item requiring the use of the experimental physical pendulum
method to determine the moment of inertia. It was suspended from a location within the
perimeter of the body and made to oscillate with small amplitude such that the small angle
approximation (sin(6,)= 6,) was valid. The second order differential equation describing this

physical pendulum system is described by Eq. (3.1).

2

0“0 .
I = < =-mpgdpsm(c9x) 3.1

t2

where —m gd, sin(@, ) is the magnitude of the driving torque causing the pendulum to oscillate.

Making use of the small angle approximation, the second order differential Eq. (3.1)

becomes Eq. (3.2).

(129x m_gd

Eq. (3.2) can also be written as Eq. (3.3).

S+’ =0 (3.3)

W =L (3.4)
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And the period of oscillation is related to the frequency through Eq (3.5).

2
T,= o, (3.5)
Substituting Eq. (3.4) into Eq. (3.5) gives Eq. (3.6).
T, =2r ! 3.6)
’ m,gd, e

Therefore, by measuring the period of oscillation and averaging this time over several
trials and solving for I from Eq. (3.6), the polar moment of inertia was determined through Eq.

(3.7) [Serway, 1996].

T 2
I=m,gd, (j} 3.7)

The parallel axis theorem shown in Eq. (3.8) can be used to determine the moment of
inertia about the mass centre.

Ioy =1-m,d; (3.8)

Substituting Eq. (3.7) into Eq. (3.8) results in Eq. (3.9).

2
I., =m gd —T—"— -m. d? (3.9)
CcM — pg p 27[ p“p .

Simplifying Eq. (3.9) produces the final equation for the moment of inertia about the

mass centre as a function of the period of oscillation, Eq. (3.10).

%
Iy, =m,d | g £ 1 -d (3.10)
PP 27[ P

where m, is the mass of the propeller, g is the gravitational constant, d, is the distance between
fulcrum and the body center of gravity, and T}, is the measured period.

To increase the accuracy of this method, a data acquisition system running the software
Visual Designer was used in conjunction with an accelerometer that was fixed to the propeller at
the mass centre. The acceleration was sampled and recorded by the data acquisition system. The

Visual Designer software integrated the acceleration readings twice to produce a position history
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of the physical pendulum as well as performing a Fast Fourier Transform (FFT) to produce the
constituent frequencies of the pendulum oscillation. The fundamental frequency produced by the
FFT corresponds to the natural frequency of the pendulum since the accelerometer was placed at
the centre of gravity, which is also the axis of rotation of the propeller.

It is this fundamental frequency that is used in Eq. (3.4) to calculate the corresponding
period of oscillation, which is used in Eq. (3.10) to generate the moment of inertia of the
propeller about the propeller axis of rotation. 4

The moment of inertia of the propeller as calculated through the use of the data

acquisition system is I = 3.39x107 kgm?.

Section 3.2 Propeller

A propeller is a device that imparts a small velocity increment to a large mass of fluid
and is a means of converting the rotational motion of the engine output shaft into useful thrust,
which in turn propels the aircraft through the air. A by-product of the production of thrust is the
simultaneous production of drag, or torque resisting the rotation of the propeller blade.

The analysis of a propeller can be performed in a manner similar to that employed in
wing theory. An assumption is that the local flow over any blade section at a distance r from the
axis of rotation, shown in Figure 3.1, is two-dimensional, or alternatively, the local flow lies
entirely in the plane normal to the local radius of the blade section. Thus, for a given local
inflow velocity vector, the aerodynamic reaction at each propeller element is solely determined
by the local section geometry acting independently of any other section. The blade element
theory assumes isolated airfoil behavior.

This two-dimensional or isolated airfoil assumption is found to be substantially correct

for two and three bladed propellers, except near the hub [Ribner and Foster, 1990], where the

aerodynamic loads fall to zero.
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Figure 3.1: Illustration of a blade element at radius r from the axis of rotation.

Several steps are required should an investigator wish to perform a detailed analysis of a
propeller that has been manufactured with no manufacturing data available to assist in the
analysis. The detail design of a propeller blade will entail selections, originally made by the
designer, of local blade section shape, chord length, and twist at each radial station. Therefore an
overall cataloging of propeller design features must be performed.

The investigator will need the two-dimensional aerodynamic characteristics of the airfoil
used at each radial blade station, such as section lift and drag variation with local angle of attack.
Such characteristics may then be used to assess local forces on a typical blade element, located
between radius r and r + Ar shown in Figure 3.1. Then by summing all of the like local forces
across the blade radius from hub to tip, the total thrust and torque developed by the propeller can
be found. _

The propeller used in this simulation was a wooden variable pitch two-bladed propeller
made by the Solo Propeller Company. The blade pitch can only be changed while the engine is
not operating and the aircraft is on the ground.

A variable pitch propeller is shown in Figure 3.2 at four different blade pitch settings.
The SOLO propeller is adjustable from the fine to coarse settings shown in Figure 3.2, the

feathered and reverse adjustment points are beyond the range of adjustability of this propeller.
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Figure 3.2: Variable pitch propeller shown at various pitch settings.

If the propeller were to be sliced at various radial positions along the blade and the blade
cross section examined one would notice the cross sectional blade profile would change as the
radial blade position is changed. This is called aerodynamic twist.

A second property that can be observed when inspecting the cross sectional shape of the
propeller blade at various radial positions is that local angle of attack of each blade section is
different from each other blade section for one blade pitch setting. This is called geometric twist.
For the SOLO propeller, the local angle of attack decreases as the radial position is increased
away from the axis of rotation and this decrease in local angle of attack is called washout.

The definition of blade pitch is: "the pitch of a body rotating about an axis and
simultaneously traveling along that axis is the distance traveled forward during the time taken for
one revolution. According to this definition, the pitch of a propeller would be the distance
traveled by the aircraft during the time taken for one revolution of the propeller [Watts, 1920].”

In an effort to maximize accuracy, a request was made of the manufacturer of the SOLO
propeller to provide geometric and aerodynamic data; however, no geometric or aecrodynamic
information was made available. As a result, the blade was manually divided into 20 sections at
15” increments from the hub to the blade tip and several geometric blade properties were
measured at each blade station.

The distribution of local angle of attack for each blade section of the SOLO propeller was
determined by adjusting the blade pitch dial to the 0” pitch position and placing the propeller on

a flat, rigid surface. The heights of the leading edge and trailing edges were measured to an
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accuracy of /64" and the height was recorded for this. baseline setting. The pitch was then
increased to a 12" pitch setting and a second set of measurements was taken and recorded.
From these two data sets, it was possible to determine the geometric pitch at each local

blade station for any user defined pitch setting shown in Figure 3.3.

Propeller Pitch Angles vs Spanwise Station
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Figure 3.3: Blade pitch vs. span-wise station.

Other measured properties were the local blade chord, local blade thickness and chord
wise location of maximum blade thickness. In addition to the measured quantities, a straight
edge was placed against the lower local airfoil surface to visually observe the profile of the lower
surface. The straight edge was also placed on the upper surface overhanging the trailing edge so
any reflex could be visually identified.

The geometric properties of the SOLO propeller have been defined at each blade station
and this information allowed the author to proceed with the determination of the drag of the

inboard blade element sections and then downwash blade element analysis.
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Section 3.3 Inboard Station Drag Coefficient Analysis

The modified blade element theory was selected to model the propeller because it allows
a very good balance between simplicity and accuracy while taking into account the downwash
produced by the propeller. The local blade section properties have been measured and the
foundation has been set to determine the airfoil sections that will be used to simulate the actual
blade cross sections of the SOLO propeller.

Four assumptions were made to simplify the analysis and they were:

e No rotational inflow;
e No rotational slipstream;
¢ No blockage effects; and
e No tip vortex losses.

Challenges in identifying cross sectional airfoil profile of the SOLO propeller at each
blade station were overcome without the need for destructive testing by using the NACA 4-digit
airfoil sections. This method of airfoil classification was selected because it incorporates all of
the experimentally measured physical airfoil section data and reliable lift and drag data is readily
available.

The four-digit airfoil geometry is defined, as the name implies, by four digits; the first
gives the maximum camber in percent chord; the second the location of the maximum camber in
tenths of chord; and the last two the maximum thickness in percent chord [McCormick, 1995].

To determine the first digit of the NACA 4-digit airfoil, the other three digits were
measured first and the first digit was visually selected.

To determine the second digit of the NACA 4-digit airfoil, the chord-wise location of the
maximum camber was estimated by using digital calipers to determine the numerical value of the
maximum camber, and then the location the maximum camber measurement was obtained by
measuring from the leading edge of the blade section.

The last two digits of the NACA 4-digit airfoil were measured by dividing the local blade

section thickness by the local chord length.
The procedure for determining the NACA 4-digit airfoil was repeated for every blade

station along the length of the propeller.
Figure 3.4 is a photograph of the SOLO propeller with black stripe markings on one

blade indicating the blade stations used in the modified blade element analysis. Blade stations
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closer to the root were not approximated with this method since the thickness of the blade
profiles was such that the NACA 4-digit airfoil sections were unsuccessful in adequately
approximating the actual blade profile. This combined with the relatively low Reynolds numbers
experienced at these airfoil sections indicated that very little thrust would be produced by the
inner section of the propeller blade and-the torque would be approximated through other

methods.

Figure 3.4: The SOLO propeller.

The drag coefficients for the inboard stations were obtained from Streeter (1998), using
circular and elliptical cylinders to approximate the local blade profile. The drag coefficients are
shown in Table 3.1 for the blade stations contained within the ellipse shown in Figure 3.4.

Table 3.1: Drag Coefficient per Inboard Blade Station.
Inboard Station: 1 2 3| 4 5 6 7 8

Actual t/c 0.928 | 0.631 | 0.503 | 0.384 | 0.309 [ 0.260 | 0.234 | 0.214

Cd 1.20 | 0.6 0.6 | 032 | 032 | 032 | 0.32 | 0.32

The drag coefficient for station 1 corresponds to that of a circular cylinder, which is 1.20
for a Reynolds number range of 10* to 1.5x10° since the t/c ratio is close to 1. The actual range
of Reynolds numbers at station I ranges from 6.7x10* to 1.8x10*. Even though the actual range
of Reynolds numbers is slightly lower than the range quoted by Streeter (1998), the
approximation is still considered to be valid since the contribution to the overall torque and

thrust of the propeller blade is small.

29



The drag coefficient of 0.6 at station 2 corresponds to an elliptical cylinder with a
theoretical t/c ratio of 0.5 at zero angle of attack. This theoretical c4 value is valid for a Reynolds
number of 4x10* and the actual range of Reynolds numbers at station 2 ranges from 1.6x10" to
4.4x10* making the theoretical approximation valid for thc range of Reynolds numbers
experienced. The actual t/c ratio was 0.631, which is higher than 0.5; however, the use of the
elliptical cylinder more closely approximates the actual propeller than the circular cylinder
approximations.

The drag coefficient of 0.6 at station 3 corresponds to an elliptical cylinder with a
theoretical t/c ratio of 0.5, at zero angle of attack and a theoretical Reynolds number of 10°. The
actual range of Reynolds numbers at station 3 was 2.7x10* to 7.2x10%, which makes the drag
coefficient approximation valid for the Reynolds numbers experienced at station 3.

The drag coefficient of 0.32 at station 4 corresponds to an elliptical cylinder at zero angle
of attack, a theoretical t/c ratio of 0.25 and a theoretical Reynolds number range of 2.5x10* to
10°. The actual t/c ratio was 0.384, which is closer to the t/c = 0.25 elliptical cylinder than it is to
the t/c = 0.5 elliptical cylinder. The actual Reynolds numbers at station 4 ranges from 4.2x10* to
1.1x10°, which falls within the range of the theoretical elliptical cylinder with t/c = 0.25.

The drag coefficient of 0.32 at stations 5, 6, 7, and 8 correspond to an elliptical cylinder
at zero angle of attack, a theoretical t/c ratio of 0.25 and a theoretical Reynolds number range of
2.5x10* to 10°. The actual t/c ratios were 0.309, 0.26, 0.234, and 0.214 for stations 5, 6, 7, and 8,
respectively, which is close to the theoretical t/c ratio of 0.25 than it is to the theoretical t/c ratio
of 0.5, which is why the elliptical cylinder of t/c = 0.25 was used to approximate this station.

The actual range of Reynolds numbers at stations 5, 6, 7, and 8 can be found in Table 3.2.

Table 3.2: Reynolds’ number range for inboard blade stations S, 6, 7, and 8.

Inboard Station: 5 6 7 8
Reynolds 5.8x10° 7.6x10° 9.2x10° 1.1x10°
Number to to to to
Range: 1.6x10° 2.0x10° 2.5x10° 2.9x10°

The actual range of Reynolds’ numbers experienced at blade stations 5, 6, 7, and 8 fall

into the range of theoretical Reynolds numbers valid for the t/c = 0.25 elliptical cylinder.
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Section 3.4 NACA Blade Profiles

Propellers are cantilever structures with a distributed load across the span of each blade.
The highest stresses occur at the root of a cantilever beam so in the case of a propeller, the blade
must be thick at the root to ensure failure will not occur. The stresses in the blade will decrease
with increasing radial distance from the hub hence; the blade thickness can be reduced without
changing the primary mode of failure.

The outer portion of the propeller blade was divided into 12 stations, shown numbered in

Figure 3.5.

Figure 3.5: Propeller geometry.

Table 3.3 contains the 4-digit NACA designation of the airfoils used to approximate the

actual propeller blade cross sectional shape.

Table 3.3: NACA airfoil designation for outboard blade stations.
Station 1 2 3 4 5 6 7 8 9 10 11 12
NACA | 6319 | 5318 | 5317 | 5316 | 5316 | 5315 | 5314 | 5314 | 4313 | 4313 | 4313 | 4312

Table 3.3 shows the thickness of the 4-digit NACA airfoil cross section decreases with
increasing radial distance form the propeller hub and identifies which NACA 4-digit airfoil was

selected for each blade station.

Section 3.5 Advance Ratio

The advance ratio (J) is a non-dimensional number relating the forward flight speed to
the rotational speed of the propeller. At an advance ratio of zero the propeller is said to be
operating in the static condition and an advance ratio of 1 is the maximum speed the aircraft can

fly in a straight and level flight path since at this J the propeller does not generate any thrust.
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The advance ratio is defined by Eq. (3.11).

\%
J=—= 3.11)
nDP

where V_ is the forward flight speed, n is the rotational speed of the propeller and D, is the

diameter of the propeller.
The SOLO propeller is operating at J = 0since there is no forward flight speed but there

is a small inflow velocity component of the incoming air, as will be discussed in Section 3.6.

Section 3.6 Downwash Blade Element Theory

The vector diagram of an arbitrary blade element can be seen in Figure 3.6 [McCormick,
1995], where dL is the differential lift force, dD is the differential drag force, dT is the
differential thrust force, and dFy is the differential torque vector. The quantity T" is the
circulation about the blade element, 3 is the user defined blade pitch angle, o is the resultant
angle of attack, and o is the induced angle of attack. The quantity «; is the angular velocity of
the propeller, V is the inflow air velocity, Vg is the resultant velocity (along which lie the trailing
edge vortices) or relative velocity, and Vg is the geometric velocity. The quantity w is the
velocity induced by the trailing edge vortex system, w, and w, are the axial and tangential

components, respectively, of the downwash velocity w. The downwash angle is ;.

Axis of rotation

dFg

<

Plane of rotation

Figure 3.6: Velocities and forces acting on a propeller blade.
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To determine the lift and drag coefficients of the SOLO propeller through X-Foil in
conjunction with the SIMPEL program, there are several quantities that must be determined
before the solution can be obtained. The angle of attack at each blade station is a function of
geometric pitch angle, the rotational speed of the propeller and the inflow air velocity. For the
purposes of this thesis, all testing is to be done under static conditions; therefore, the inflow
velocity will be only that which is induced by the propeller itself. This induced inflow was
assumed to be 0.1 m/s and constant for all test cases. In reality this is not the case, the induced
inflow velocity will change with changing rotational speed and blade pitch. |

To determine the angle of attack (0. = — a; — ¢) of the blade station, the 3 value is
known and set by the operator, o and ¢ are found by using Eqn’s (3.12) and (3.13). Eqn’s (3.14)
through (3.18) are used to supplement Eq. (3.12).

2
2, :l B i_*_ aoz'VR + i_*_ aOZVR +Cla?VR (,B—¢) (3.12)
2 x 8xV, x 8xV; 2x°Vy

where @ is the local induced angle of attack, ¢y is the local lift curve slope and S is the
local blade pitch. The other variables are defined below.

¢ =tan™ (11-) (3.13)

X

where ¢ is an induced angle of attack resulting from the forward speed of the propeller,
A is the non-dimensional ratio of forward flight speed to the local speed of the blade
station and x is the local blade radius normalized with respect to the total blade radius.

V.
A=—=
R, (3.14)
where, V is the freestream (or flight) velocity, wis the rotational speed of the propeller,
R, is the radius of the propeller blade, and
Bc,,,
=— (3.15)

p
where B is the number of propeller blades, ¢y, is the local chord (length of blade

section), and o'is local propeller solidity.
Vi =R (3.16)
where Vris the propeller tip speed.
Ve =V,Jx?+ 2 (3.17)
where V is the resulting air speed impinging on the propeller section taking into account
the forward speed of the aircraft

x=R_ (3.18)

14
where r is the local blade radius measured from the hub.
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After making the appropriate substitutions, Vg from Figure 3.6 was derived as Eq. (3.19).

Ve = V2 +|axr, [ cos(e,) (3.19)

where V is the resulting air speed impinging on the propeller section taking into account the

blade section downwash.
The Reynolds number is defined as Eq. (3.20).
V.d
Re = PVES (3.20)

Y7,
where p is the ambient density, d is the characteristic length of the body and g is the viscosity of

the fluid.

Making appropriate substitutions, the Reynolds number (Re) was re-written as Eq. (3.21).

2
pCIOC\/VE?+|i4{%)Rp:| cos(ai) (3.2l)

U

The propeller, by definition and design, rotates about the propeller hub at an angular velocity

Re =

(). This produces a local tangential velocity profile as shown in Figure 3.7 (a) [Hurt, 1965].
The typical blade loading can be seen in Figure 3.7 (b) [Hurt, 1965], where the maximum
thrust is developed at approximately 75% of the blade radius measured from the hub, shown in

Figure 3.7 (c) [Archer, 1996].

¢ g P
—~0.75 R+
— [ —*

- """ &
C

- p " loc

(a) (b) (©
Figure 3.7: Tangential velocity profile (a), approximate blade thrust/torque
distribution (b), and approximate location of maximum thrust/torque (c).

The ‘rule of thumb’ results, shown in Figure 3.7 (b), and (c), will be used to compare

with the SIMPEL and X-Foil results to determine if the computationally generated results match

with historical trends.

34



Section 3.7 Airfoil Stall

When the lift coefficient is plotted against the angle of attack (o) the following general
trends shown in Figure 3.8 (a) [Lennon, 1999] can be observed. If an observer were to look at
the top view of a wing during an increase in angle of attack, as shown in Figure 3.8 (a), the stall

patterns shown in Figure 3.8 (b) [Lennon, 1999] could be observed.

ElP’TIC&L RECTANGULAR L« Y8

MODERATE TAPER 2 « 0L HIGH TAPER 5. . 628

Sharp Sudden Lift Gentle ¢ .
Loss

POINTED TiF 3 <

SWEPTHACY

(a) (b)

Figure 3.8: Generic ¢, vs o curves representing various types of airfoil stall (a), and
trailing edge stall patterns for various wing planforms (b).

Airfoil stall is a term meaning the separation of the air flow from the surface of the
airfoil. There is typically a range of angles through which an airfoil can be inclined to the
incoming flow before the air flow separates from the airfoil surface. During the range where the
air remains attached to the surface of the airfoil, the slope of the ¢; vs o curve remains essentially
constant and positive. This trend of increasing ¢; with increasing o cannot continue indefinitely;
therefore, at some angle of attack the air flow will separate from the airfoil surface.

When examining Figure 3.8 (a), stalling is indicated by the departure of each curve from
a constant and positive slope. For a small range of o after the departure from linearly increasing

slope the lift coefficient is still increasing but at a decreased rate. The slope will continue to
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decrease until becoming zero and with a further increase of angle of attack, the lift coefficient
will begin to decrease.

Of particular relevance to this thesis is the leading edge stall, when the airflow suddenly
separates from the leading edge of the airfoil. This results in a ¢; vs o curve so labeled in Figure
3.8 (a). The lift coefficient steadily increases with an increase in angle of attack until the critical
a is reached when the air flow separates and a sudden, discontinuous, drop in c; is observed.

Figure 3.8 (b) is useful in visualizing how the propeller blade experiences air flow
separation and how that separation would propagate across the blade. The Elliptical and
Moderate Taper planforms (A and C in Figure 3.8 (b), respectively) most closely approximate

the planform of the propeller blade being analyzed.

Section 3.8 Outboard Blade Sections Results

The drag coefficient has been approximated for the inboard blade sections where the
NACA 4-digit airfoil profiles failed to adequately approximate the actual blade profile. The lift
and drag coefficients for the 12 outboard blade sections needed to be generated in order to
calculate the overall torque and thrust generated by the propeller for use as a load in the overall

propeller-engine simulation.

Section 3.9 Lift and Drag Coefficients

Two very important aerodynamic quantities are used in the propeller analysis and they
are the coefficient of lift and coefficient of drag. These two cocfficients arise when an airfoil is
inclined at an angle to the incoming flow creating a lift and drag force that is located at the
aerodynamic centre of the airfoil. When these lift and drag forces are non-dimensionalized with
respect to the dynamic pressure of the incoming flow and to the surface area of the airfoil
section, a coefficient of lift and coefficient of drag can be calculated. Eq. (3.22) describes the

coefficient of lift and Eq. (3.23) describes the drag coefficient.

L
Cc,= 3.22
S vEs G-22)
D
Cc, = 3.23
4 qv2s (.23)
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Another essential quantity to include in the propeller simulation is the Mach number.
This is a non-dimensional quantity that is used to determine if compressibility effects are present

and is also used to correct the lift coefficient should it be required.

Section 3.9.1  Mach Number

When analyzing the propeller, a range of blade rotational speeds was considered and any
compressibility corrections must be taken into account, should they be required. The Mach
number by definition is the ratio of the freestream velocity to the local speed of sound and is
described by Eq. (3.24). Compressibility becomes a concern at Mach numbers greater than 0.4
[Anderson, 1991].

M, =—F—— (3.24)
}RTamb

where the denominator is the local speed of sound and is a function of the ambient temperature,
Tamb, the universal gas constant R = 287 J/kgK, and the specific heat for air y=1.4.

The maximum operating speed of 8000 RPM corresponds to a Mach number of 0.75 at
the propeller tip and this indicates that at or near the maximum operating speed, air can no longer

be treated as incompressible.

Section 3.10 Propeller Simulation Program (SIMPEL)

The SOLO propeller is variable pitch so an investigation was conducted to determine
which propeller pitch settings would generate the maximum thrust and torque.

The aerodynamic performance of the propeller was obtained through a combination of
the SIMPEL and X-Foil programs. The local atmospheric and operating conditions were input to
the SIMPEL program and it would generate a batch file for X-Foil to process. The results from
X-Foil were then read back into SIMPEL to complete the analysis.

During the simulation of the propeller in X-Foil, there were certain blade stations, pitch
angles and operating speeds that prevented the vortex panel method used by X-Foil from
converging, resulting in X-Foil returning an empty result file.

This empty result file indicated either a stalled condition or a compressibility problem

requiring alternative methods for the determination of lift and drag coefficients. To approximate

37



the lift coefficient post stall, McCormick (1995) shows the lift coefficient dropping to
approximately the same value as found at zero angle of attack.

To approximate the drag coefficient during stalled conditions, the stalled airfoil was
treated as an inclined flat plate. The drag coefficient of a rectangular flat plate was found as a
function of the base/height (b/h) ratio at Reynolds numbers greater than 10* [Streeter, 1998]. For
specific application to the SOLO propeller, the base is the distance between blade stations (Ar; =
1,y and the height was the projected area normal to the flow. Eq. (3.25) relates the

approximated stalled drag coefficient to the section b/h ratio.

Ar;
¢, = o.oz(q ol 2 —¢.~))+ 1.1 (3.25)

When a blade station was found to stall at low angles of attack, the denominator of Eq.
(3.25) became small and the resulting cq value was impractically large; therefore, the drag

coefficient was limited to 2.0.

Section 3.10.1 Drag Coefficient Results

Since the aerodynamic response of the propeller is being analyzed within X-Foil, it was
initially unclear as to how it compensates for the effects of compressibility or even if the it
compensates for compressibility at all. Examination of the X-Foil source code revealed a
compressibility correction is in fact performed automatically when required according to the
Pradtl-Glauert rule [NACA Report no. 646], shown in eq. (3.26).

<

¢ =" 3.26
| m (3.26)

The SOLO propeller was intended to be tested and operated under static conditions and it
was essential to know which blade stations stall under which operating conditions to determine
any operating limitations. Some blade stations could stall due to Reynolds numbers being too
low combined with an angle of attack that was too high, or the blade stations near the tip of the

propeller could experience compressibility effects when operated at high rotational speeds.
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To determine the drag coefficient at each blade station under all possible operating

conditions, SIMPEL and X-Foil were used in combination. The results for three representative

blade pitch values of 4”, 10” and 24" are shown in Figure 3.9 to Figure 3.17.
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Figure 3.9
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cd @ 4" pitch vs. omega for station 6
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cd @ 4" pitch vs. omega for station 11

cd @ 4" pitch vs. omega for station 12

0.024

T T T
1 L} .
’ . .
. L] L]
) L] .
llll.llll-llll-
H H e
L . L
) . )
1] . .
. . L
eeccbdboccebiccchaccalecns
1 L] .
L} L} 1
) ) L
. . .
L} . .
eeoepmmcsprenopansomnse
L . .
L L) L]
L} . L]
] . )
eeceleccet. ",
! eeaaal
) ) L
1 . L
) ) ]
) . )
R R L
L} ) L
L] L L
L} Al L]
) . L]
] L] )
ceespeceeprecepaces
) L] 1]
L} L] L) L
1] . . 1]
L . L] L
S R - J
] 7 . y ! !
. L L} ) )
® L} ) ] )
L} + L] L}
. L} L L} L
N D © —
g 3 @ 2 T o 37
o o o o o P
o o o o o
po
T T T T T
Ll L} . ) '
1 L} L] ) )
Ll ) . ) 1}
Ll L} , ) L}
...... S I | !
. ! deeeeateann leepeed
L} ) L] ] L}
L} Ll 1] ) ,
. , ] L} ’

L} , L} 1 '
lllll Leweoelececcdennnctbecocalafbaned
L} L L} ] L}

L} Ll L] ) L}

L L . ] '

L . L 1
. L L] L
...... A S U SN S
. L . ) L}
. L . L} )
. Ll . ) L}
. L L} ) 1]
...... [ S [ '
: teeeeedenann ooty
1] . . 1 L}
) ] . ] '
) L . ) L}

) L} . ) L}
llllll btecoveleconndocennbconalenceed
) L] . .

. L] . L}

. L . L}

. L) . L}

. L) . L}
...... A S S S R ——
. . L] L}

L L L}

) L " ]

1] L 1] L}

..... [ -GN DR § !
p J [ teee e o
L . L} .
L L . L} .
\ ) . ) )
. L] . L} .
w [ee) [(e} ~r (Y] —
— ~— -~ — =)
; o o o o q
o 4 g g 4 o
o o o o
po

9000

2000 3000 4000 5000 6000 7000 8000

omega [rpm]

(b)

RPM for stations 11 to 12 at a 4” blade pitch.

omega [rpm]
(a)

Drag coeffic

tvs.

en

Figure 3.11

1f--}--

—ewewd

1.4

cd @ 10" pitch vs. omega for station 1

1.2f-----

0.8}----

0.4 }----k

cecccdomccchoeoo

mmefeqeccccpcacan

||||||||

0.2}----
0

1.4

1.2 f----

{f-----

0.8

po

0.6}----

04 }-----

0.2 }-----
0

000 8000 9000

2000 3000 4000 &000 6000 7

000 9000

2000 3000 4000 §000 6000 7000 8

omega [rpm]

(b)

omega [rpm]

(a)

B il et S

deceewl T oTwdeceaad

0.025¢}

0.015 f-----

Nemecedecccebomnnnlrenccada o=

1 f-nu--

~eeeeqeeccepree==

|||||||||||

8000 9000

14

1.2}----

04}-t--

0.2}-4--
0

2000 3000 4000 5000 6000 7000

omega [rpm]

(d)

omega [rpm]

(©

Drag coefficient vs. RPM for stations 1 to 4 at a 10" blade pitch.

41

Figure 3.12



cd @ 10" pitch vs. omega for station 6

0.04

0.035

h=]
(&)

0.02}----

0.018

cd @ 10" pitch vs. omega for station 5

cmeecqecc .-,

0.045

0.4

0.035}-3--

0.03f----

=
(&)

2000 3000 4000 5000 6000 7000 8000 9000

omega [rpm]

(b)
cd @ 10" pitch vs. omega for station 8

omega [rpm]

be =

2000 3000 4000 5000 6000 7000 8000 9000

h
L} L ) ]
’ . L] L
’ ' '
1] L . 1
w [} w
3 83 8 § § @
o ot o 4 o o
o o o
po
T T T T
L} 1 1 L
' L} 1 L}
H ' H ' o
....... e b=
n : : “ S
' v ' .
1] L L} 1
o
' ' ' '
....... 3
' ' ' [l [=1]
' H . . o
' ' ' '
- o
uuuuuu Fecc-cepemccenree ey S
: : , . ~
H ' H ' o
....... [ DRI SNIIDIRINS SN SER e
: H 1 3
" ] " 6
....... N SR SRR O b =
' ' o
' ' w
L} L}
[ ] (@)
....... R A p=2
L} L} 0
' ' ~
L} L}
' o
....... R SN’ SN SO -
' ! H H @
7 L s
w a2} w
S g 8 g 8 2
o S o 4 o o’
o o o
po

omega [rpm]

(d)
cd @ 10" pitch vs. omega for station 10

omega [rpm]

(c)
cd @ 10" pitch vs. omega for station 9

be = <

S

0.035

0.03

po

2000 3000 4000 5000 6000 7000 8000 9000

00

0.035

0.03 po----

0.025 }--\-

R
[&]

0.02}----

0.015}-----

2000 3000 4000 5000 6000 7000 8000 90

omega [rpm]

Q)

Drag coefficient vs. RPM for stations 5 to 10 at a 10" blade pitch.

omega [rpm]

(e)

Figure 3.13

PROpEATY NS

42

SYSeiTY LIBRARY

[y
- U

il

“,

oMM
DM

RYE



cd @ 10" pitch vs. omega for station 11
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cd @ 24" pitch vs. omega for station 11

1.1241

1.1241

1.1241

cd

1.1241

1.1241

1.1241

ceeecbocccabceccadacaas

a

ccccepefecaqeccccpecccapanasqemnee
beedecpecacaqececepecccapacanqenans

Fecedabcceadecccctoccacbacacdeceanna

cemacboaa

1241 L .
2000 3000 4000 5000 6000 7000 8000 9000

omega [rpm]

(a)

1.1267

1.1267

1.1267

1.1267

1.1267

1.1267

cd @ 24" pitch vs. omega for station 12

................................

ceepececcqecnccpenccapanceqn-==ad

Fooceapfaccayecccapacacapoaacqenana
heodeabacacdacceatonnaabacccdancaa

[

1.1267 . .
2000 3000 4000 5000 6000 7000 8000 9000

omega [rpm]

(b)

Figure 3.17: Drag coefficient vs. RPM for stations 11 to 12 at a 24" blade pitch.

The stall pattern observed during the propeller simulations is summarized in Table 3.4

and these results conform to case B from Figure 3.8 (b). The stall pattern of the propeller blade

begins at the inboard stations and with an increase in blade pitch the stall line moving outward

toward the tip. Many variables influence the propeller analysis and angle of attack alone cannot

fully explain the stalling of the blade. Rotational velocity, local angle of attack and in reality,

each blade station is coupled with each other adjacent blade station so a disturbance at one

station is transmitted to every other blade station at the local sonic velocity.

Table 3.4: Analysis of stalled blade stations for a given combination of blade pitch and
operating speed.

RPM/Pitch | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000 | 5500 | 6000 | 6500 | 7000 | 7500 | 8000 | 8500 [ 9000
0" none none | none | none | none | none | none | none | none | none | none | none | none | none | none
4" 1 none | none | none | none | none | none | none | none | none | none | none | none | none | none
6" 1 1 none | none | none | none | none | none | none | none | none | none | none | none | none
8" 1-3 1 1 none | none | none | none | none | none | none | none | none | none | non¢ | none

’” 1-3 1-3 1 1
10 12 12 12 12 12 12 12 12 12 12 12
12 12 12 12
" 1-6 1-3 1 1
12 912 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12 | 9-12
9-12 9-12 | 9-12 | 9-12
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The results from Table 3.4 indicate that under static operating conditions such as those
found in the laboratory, it is inadvisable to increase the blade pitch to a value greater than 10" for
testing purposes. In this case the limit of 10” at operating speeds greater than 4000 RPM is
acceptable; however, a blade pitch setting of 8" at operating speeds greater than 3000 RPM
allows a greater operating range as compared to the 10” setting.

Since the idle speed of the Saito-450 engine, without glow heating, has a lower limit at
3000 RPM, the pitch setting of 8" allows for the propeller to remain flying throughout the entire

practical operating speed range.

The operational manual supplied by the manufacturer of the propeller strongly
recommends avoiding operation of the engine with a propeller setting of 0” pitch. This warning

was heeded resulting in an acceptable range of blade pitch values of 4”, 6”, and 8”.

Section 3.11 Overall Torque and Thrust

Once the SIMPEL airfoil simulation was run in conjunction with X-Foil, the lift
coefficient (c;) and drag coefficient (c4) were obtained for a given operating speed and blade

pitch. The ¢; and cq4 values for each blade station were stored in SIMPEL for obtaining the

overall propeller thrust and torque values for one operating speed.

The torque (dQ,) and thrust (d7}) for one blade element is represented by Eqn’s (3.27)

and (3.28) respectively.
dQ, = rldLsin(¢+a, )+ dDcos(p+ ;)] (3.27)

dT, = dLcos(¢+a,)—dDsin(¢+ ;) (3.28)

Making appropriate substitutions to convert the torque and thrust Eqn’s (3.27) and (3.28)

into a form more convenient for analysis results in Eqn’s (3.29) and (3.30).

dQ, = g pV2er|e, sin(g + ;) + ¢, cos(p+ e, )ldr (3.29)

dT, = E cpVic cos(p+a;)+ %chE?'c, sin(p+ ¢, )]dr (3.30)
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Since the propeller was divided into discrete segments, differential Eqn’s (3.29) and

(3.30) can be discretely solved by conversion to Eqn’s (3.31) and (3.32), respectively.

g, = _g_plzjlzvsz Cili [Cz,. Si“(¢i ta, )"‘ Cq, COS(¢:’ +a; )]A" (33D
T, = g pi V2cie, coslg, +a, )+ Viee, sin(g, +a, ]Ar (3.32)

Eqn’s (3.31) and (3.32) provide the overall torque and thrust, respectively, generated by
both blades of the SOLO propeller for one operating condition.

The analysis conducted on the SOLO propeller produced overall torque and thrust per
blade station shown in Figure 3.18, and Figure 3.19, respectively. The sharp drop in torque and
thrust apparent at station 9 is most likely due to the NACA airfoil section chosen to represent
that blade station is not optimal.

The maximum torque and thrust were located at 81% and 76% blade span, respectively,
measured radially outward from the axis of rotation. The discrepancy between the typical blade
loading and the calculated blade loading is due to the fact that this propeller is not ideal and the

75% span rule of thumb is a generalization where the calculation is specific to this propeller.

Local Torque vs Blade Station
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o o
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)
8
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Figure 3.18: Actual local torque vs. local blade station.
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Local Thrust vs Blade Station
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Through a regression analysis, the best-fit curve in the form of a second order polynomial

provides the torque and thrust data from Figure 3.18, and Figure 3.19, respectively, in functional

form, and smoothes the raw data as shown in Figure 3.20, and Figure 3.21.
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Local Thrust vs Blade Station
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Figure 3.21: Local thrust smoothed by a 2" order polynomial.

The local torque values for each blade station shown in Figure 3.20 were summed over
the blade span, doubled and recorded for each pitch setting and operating speed. The raw data
were then fit with a second order polynomial shown in Figure 3.22, Figure 3.23, and Figure 3.24
for blade pitch settings of 4”, 6" and 8”, respectively.

Torque vs. RPM @ 4" Pitch
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Figure 3.22: Overall torque at a blade pitch of 4”.
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Torque vs. RPM @ 6" Pitch
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Figure 3.23: Overall torque at a blade pitch of 6”.

Torque vs. RPM @ 8" Pitch
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Figure 3.24: Overall torque at a blade pitch of 8”.
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The propeller torque has been found in functional form throughout the entire range of
engine operating speeds. To correct the simulation so that it is as realistic as possible, the
propeller load must be correlated to the actual maximum engine power output. The operating
speed must be determined where this maximum power output is achieved.

If the engine operating speed corresponding to the maximum power output of 7 hp occurs
at a speed greater than that recommended by the manufacturer, then an operating speed limit
must be included in the simulation.

If the operating speed corresponding to the maximum engine power output occurs at a
speed less than the maximum recommended by the manufacturer, then the engine is said to be

torque limited and this torque limit must be included in the simulation.

Section 3.12  Maximum Operating Speed

Of interest was the maximum RPM the engine would be expected to achieve for a given
propeller torque value with a maximum engine output of 7 hp. Figure 3.25, Figure 3.26, and
Figure 3.27, shows the maximum engine power output (Q max) superimposed on the 4”, 6”, and
8” torque curves, respectively, generated from the X-Foil results taking into account the inner
blade section drag approximation.

Figure 3.25 shows the maximum operating speed at a blade pitch of 4” is an RPM value
greater than 9000 RPM. Since the engine is rated at a maximum operating speed of 8000 RPM,
at a blade pitch of 4” the engine is speed limited. Figure 3.26 shows the maximum operating
speed at a blade pitch setting of 6” is 8800 RPM. Since the maximum operating speed
recommended by the manufacturer is 8000 RPM, the engine is speed limited when the propeller
is set to a 6” blade pitch. Figure 3.27 shows the maximum operating speed at a blade pitch
setting of 8" is 8200 RPM, which is close to the maximum rated operating speed of the engine

and therefore engine was considered to be torque limited at this blade pitch setting.
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Torque vs. RPM @ 4" Pitch
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Figure 3.25: Maximum torque vs. RPM at 4” pitch.

Torque vs. RPM @ 6" Pitch
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Figure 3.26: Maximum torque vs. RPM at 6” pitch.
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Figure 3.27: Maximum torque vs. RPM at 8” pitch.

The aerodynamic properties and characteristics of the SOLO propeller have been

determined and the results generally agree with published data regarding general span wise lift

and drag profiles as well as span wise torque and thrust profiles.
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Section 3.13  System Dynamics
The propeller-engine system is analyzed and simulated by using the Lagrange equation to

obtain the equation of motion. In the previous Chapters, the cylinder pressure has been obtained
as a function of crankshaft angular position; and the propeller load has been found as a function
of operating speed. In this Chapter, the kinematical analysis and the kinetic energy of the engine

mechanism are presented.

Section 3.14  Rigid Body Kinematics

The Saito-450 engine was chosen to study for this research. To avoid disassembling the
engine and risking forfeiting the warranty, a second engine was purchased for the sole purpose of
disassembly to obtain the required physical mechanism properties and the functional
relationships between each member of the internal mechanism.

For each component making up the engine mechanism, all linear dimensions were
measured using a digital caliper, accurate to 0.001” and each part was weighed with a digital
balance, accurate to 0.1 gram. Through the course of the analysis, 3D computer models were
created for the connecting rods and counterweight in order to precisely determine the centroid

and moment of inertia values.

Section 3.14.1 Position Analysis

Once all of the internal components were catalogued, an analytical rigid-body model of
the engine was created. A scaled skeleton drawing of the internal component (crank shaft, crank
pin, connecting rods, wrist pins and piston) positions including motion constraints is shown in
Figure 3.28. The axis of rotation of the crankshaft shown in Figure 3.28 is the intersection point
of the three cylinder axes. The direction of crankshaft rotation is taken to be positive when it is

Counter Clock Wise (CCW) from the positive x-axis, which is also the centre line of cylinder *1.
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\ Cylinder #2 axis

_,/;———Cylinder #3 axis

Figure 3.28: 2-D sketch of the internal engine component positions.

To begin the position analysis, cylinder #1 was taken to be the primary cylinder; and the
other two cylinders were taken to be secondary cylinders. This distinction was helpful in
providing a reference to begin the analysis and this particular arrangement of primary and
secondary cylinders was chosen mainly because of the physical configuration of the engine
mechanism. The crankpin, OA, is constrained to rotate about point O, each piston is constrained
to linear motion alone the respective cylinder axes and all joints are full pin joints with the
exception of the piston-cylinder joints, which are translating full slider joints [Norton, 2004].

To determine the position of piston #1, the following vector loop equation (3.33) is
used.

R =R, +R, (3.33)
where R, is the vector from the crankshaft center to the piston pin; R, is the vector from the

crankshaft center to the crankpin; R, is the vector from the crankpin to the piston pin.

With the help of complex number notations, Eq. (3.33) may be written as Eq. (3.34).
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ne' = r,e’® + re' (3.34)
where r,and 6,, k =1, 2, 3, are lengths and phase angles of the three moving links of the
primary cylinder, respectively.

Substituting the Euler equivalents into each term in the vector loop Eq. (3.34),
separating into real and imaginary components allows for the solution of 03 and' r;, one obtains

Eq (3.35) and Eq. (3.36).

6, = n’—sin"'(— M) (3.35)
!
r, = r,cos(8,)+r,cos(m - 6,) (3.36)

Eq. (3.35) provides the angle that the primary connecting rod makes with the positive x-
axis determined as a function of the angular position of the crankshaft, 8,. Eq. (3.36) provides
the linear position of the primary piston as a function of 6,, measured from the crankshaft axis of
rotation.

Figure 3.29 shows one cycle of motion spanning a 27 rotation of the crankshaft (6,) and
the motion of the piston #1 is periodic, as predicted by Eq. (3.36). The stroke of piston #1 was

found to be 0.0315 m.

08— T T T T
0.075

0.07

i i } 1 i i i
0 45 90 135 180 225 270 315 360
6, [deg]
Figure 3.29: Linear position of piston #1.
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The variation of 05 with 8, is shows in Figure 3.30 and this motion is also periodic in

accordance with Eq. (3.35).

L e A A S
105

190

6, [deg]
2

170
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i i ; i
45 90 135 180 225 270 315 36
6, [deg]

Figure 3.30: Angular position of link #3.
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Eq. (3.37) shows the position of piston #2 found by the vector loop method.
R, =R, +R, +R, (3.37)

Expressing the plane vectors with the complex polar notation, Eq. (3.37) may be written
as Eq. (3.38).

i0,

i0 i0
r, =re"? +re™ +re™ (3.38)

Substituting the Euler equivalents into each term in the vector loop Eq. (3.38),
separating into real and imaginary components allows for the solution of 66 (Eq. (3.39)) and 1y,
the linear position of piston #2 (Eq. (3.40)).

8, =0, +sin“(— r,sin(@, - 8,)—r,sin(6, — 07)] (3.39)

Ts

! cos(8, )+ r, cos(6,) + r; cos(6;)
! cos(6,)

(3.40)

where,
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0,=6,-= (3.41)
6, =" (3.42)

The angle that the connecting rod, link #6, makes with the positive x-axis (8¢) has been
found as a function of 6,; however, this value is not as useful as an angular position referenced to
the local right hand coordinate system oriented at the centre of rotation of the crankshaft with the
positive local x-axis oriented in the direction of the cylinder #2.

The variable 8;; was the quantity used throughout the rest of the simulation rendering 65
an intermediate variable used only in the determination of 6,;. The relationship between these
two angles is given in Eq. (3.43). Eq. (3.43) indicates that 0;, is merely a phase shifted O;
however, this phase shifting is crucial in allowing a more intuitive and simpler mechanism

model.
6, =0, +§ (3.43)

Figure 3.31 and Figure 3.32 shows the plot of r; and 8y, respectively, as a function of 6,.
Since r7 is a function of 05, 04, 05 and 07, the resulting plot is expected to be periodic to preserve
continuity, constrained by the cyclic nature of the reciprocating engine components.
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Figure 3.31: Linear position of piston #2.
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Figure 3.32: Angular position of link #6

The value 04 is limited to the second quadrant, the 6 value spans both the first and
second quadrants and 6y, is limited to the second and third quadrants. The stroke of piston #2
was found to be 0.0319m. The 0.004m difference between the stroke of piston #1 and piston #2
can be accounted for by the presence of the fixed link #4.

Eq. (3.44) shows the position of piston #3 found by the vector loop method.
R, =R +R +F, (3.44)

Eq. (3.45) substitutes the complex polar notation for the position vectors in Eq. (3.44).

i6,

6, _ if i6
re™ =re' +re'® +re (3.45)

Substituting the Euler equivalents into each term in the vector loop Eq. (3.45),
separating into real and imaginary components allows for the solution of 83 (Eq. (3.46)) and ro,
the linear position of piston #3 (Eq. (3.47)).

i

L b cos(8, )+ r, cos(6;) + 1, cos(8,)
’ cos(8,)

(3.47)
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where,

6, =6, +§ (3.48)
6= (3.49)

The angle that the connecting rod, link #8, makes with the positive x-axis (8g) has been
found as a function of 8,; however, this value is not as useful as an angular position reference to
the local right hand coordinate system oriented at the centre of rotation of the crankshaft with the
positive local x-axis oriented in the direction of the cylinder #3.

The variable 0,9 was the quantity used throughout the rest of the simulation rendering 0g
an intermediate variable used only in the determination of 8;o. The relationship between these
two angles is shown in Eq. (3.50). Eq. (3.50) indicates that 8;9 is merely a phase shifted Og;

however, this phase shifting allows a more intuitive and simpler mechanism model.

V4
o =64 -3 (3.50)

When referring to Figure 3.33, the stroke of piston #3 was found to be 0.0319m, which is

the same as for the stroke of cylinder #2.
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Figure 3.33: Position of piston #3.
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When referring to Figure 3.34, 6y is periodic and bound within the second and third

quadrants.

210 i T y T : T
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Figure 3.34: Angular position of link #8.

It is useful to superimpose similar plots to better visualize the interaction and relative
scale of the various components under consideration. Figure 3.35 shows the superimposed
piston position plots. Pistons #2 and #3 are approximately +"/3 and /3 rad out of phase with
piston #1.
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Figure 3.35: Linear positions of the three pistons.

Figure 3.36 shows the superimposed angular position plots of the three connecting rods,
03, 011, 810. The difference in magnitudes of 03 to 0,; and 8¢ is a result of links #4 and #5
creating a 5-bar linkage to cylinders 3 and 2 respectively as compared with a conventional four-
bar crank slider mechanism with zero offset, 0.
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Figure 3.36: Angular positions of the three connecting rods.
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The position analysis is complete and the next step in developing the kinematic model

of the engine mechanism was to find the velocities of all joints and member center of gravities.

Section 3.14.2  Velocity Analysis

To proceed with the velocity analysis a free body diagram was constructed of the engine
mechanism with the desired velocity vectors appropriately labeled. Figure 3.37 is the free body
diagram constructed for the velocity analysis. The normalized linear velocities of the three
pistons, vy, vy, Vo for pistons #1, #2, and #3, respectively, were found by taking a three point

central numerical derivative of each position vector.
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@ = C.G. location

Piston #1

Piston*3

Figure 3.37: Internal engine component velocity free body diagram.

Figure 3.38 shows the linear velocities of pistons #1, #2 and #3 vs. the crankshaft angular
position. Each of the velocity plots is periodic. Figure 3.38 shows that the velocities of piston
#2 and #3 appear to be the same shape, only the mirror image of each other. This is a reasonable
conclusion to reach when considering the effect of the firing sequence and the effect of links #4
and #5 included in the mechanism sub-system for those pistons. Figure 3.38 also shows that the
velocities of all pistons are relatively closely matched to each other, which is beneficial from an

overall engine balance point of view.
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Figure 3.38: Velocity vs. 0, of the three pistons.
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The linear velocity of each piston was found as a function of crankshaft angular position
through a period of 27, the velocity of the mechanism component mass centers was also needed
through the same period of 2m. The velocity of the mass center of each connecting rod was
found using the relative velocity method with the mass center of each connecting rod is located

along the centerline of the part.

The velocity of the master connecting rod (link #3) was found by Eq. (3.51).

‘7cg, = i;l + i)‘cg,lPixlon. (3'5 l)
Expanding the relative velocity term of Eq. (3.51) gives Eq. (3.52).
{0+3) (3.52)

Ve, =V H1,005e

Substituting the Euler equivalents into Eq. (3.52) and separating into real and imaginary

components result in Eq. (3.53) and Eq. (3.54).

Re:v, + n,am 005(93 + %) (3.53)
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Im: 7,0, sin(@ +§J (3.54)

The magnitude of velocity of the master connecting rod mass center is found by using the

results of Eq. (3.53) and Eq. (3.54) in Eq. (3.55).

vcgg = '\/Re(vcg, )2 + Irn(vcgJ )2 (355)
where,
26, (96,

=) = | =0 5= (3.56)

)y a)z(agz) 2(892]
===|5 15 |7%|355 (3.57)

LY (892] ot 2 96,

s =1~ lo (3.58)

The velocity of the secondary connecting rod (link #6) connected to piston #2 was

found by Eq. (3.59).

vcge = i;7 + i;cgal}’i.rwn, (3.59)
Expanding the relative velocity term of Eq. (3.59) gives Eq. (3.60).
{e+543) (3.60)

vc36 =V + rlSa)Ge

Substituting the Euler equivalents into‘Eq. (3.60) and separating into real and imaginary

components results in Eq. (3.61) and Eq. (3.62).

Re:v, + 1,0 cos(é’,l +12r_) (3.61)
i z 3.62
Im : 150 sin| 6, *5 (3.62)

The magnitude of velocity of link #6 connecting rod mass center is found by using the

results of Eq. (3.61) and Eq. (3.62) in Eq. (3.63).

Vege = \/Re(v% )2 + Im(vcgé )2 (3.63)
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where,

(29,

v, = 02[50_«:) (3.64)
6, =g6+§ | (3.65)
v, = 9{%] (3.66)

2

The velocity of the secondary connecting rod (link #8) connected to piston #3 was

found by Eq. (3.67).

vcg cgq ! Piston,

U, =Py 7, 3.67)

Expanding the relative velocity term of Eq. (3.67) gives Eq. (3.68).

{(a+543) (3.68)

vcga = v9 + rlﬁa)de

Substituting the Euler equivalents into Eq. (3.68) and separating into real and imaginary

components results in Eq. (3.69) and Eq. (3.70).

Re:v, + 1y, cos(ﬁ,o + %) (3.69)
. T
Im: gy Sl“(@m +'2‘J (3.70)

The magnitude of velocity of link #8 connecting rod mass center is found by using the

results of Eq. (3.69) and Eq. (3.70) in Eq. 3.70).

Vo = y[Relvg,, f +Im{y,,, f 3.71)
where,
NET)
=6 = 72
8, =6, +_;‘_ (3.73)
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v, = 49'{%’—) (3.74)
2

The equations describing the velocities of the mass centers of each member of the engine
mechanism have been derived; Figure 3.39 shows the velocities of the connecting rod mass
center against the crankshaft angular position.

Figure 3.39 shows that for link #3 there are two velocity minima corresponding to
crankshaft positions of 0° and 180°. These two crankshaft positions corresponding to the TDC,
0° and the BDC, 180°. With the four-bar sub-mechanism oriented in these two positions a
velocity minimum is expected since positions correspond to a change in direction of the piston,
with the connecting rod becoming collinear with the global horizontal axis. When the piston
changes direction the velocity reduces to zero before moving in the opposite direction.

Figure 3.39 shows the velocity of the mass centers of link #6 and #8, which are
connected to pistons #2, and #3, respectively. The local minima of link #6, located at 123° and
284° correspond to the TDC and the BDC of piston #2, respectively. The local minima of link
#38, located at 77° and 237° correspond to the BDC the TDC of piston #3, respectively.

The angular velocities of the three connecting rods (s, 0, ®g) were found by taking
the central 3-point numerical derivative of the angular positions of the respective connecting rod
arrays. Figure 3.40 shows the angular velocities as a function of crankshaft angular position.
The magnitudes of the secondary connecting rods angular velocities are greater than that of the
master connecting rod. The angular velocity is periodic and twice passes through zero during a
period of 2m. At each zero, the crankshaft is at an angular position of 90° or 270°, which
corresponds to the maximum linear velocity of the piston #1.

Figure 3.40 shows that link #6 is the mirror image in the y-axis of link #8, due to link #5.
Links #6 and #8 have two zeros corresponding to the inflection points in the position plot of

piston #3.
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Figure 3.39: Velocity vs. 8, for the primary and
secondary connecting rod mass centers.
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Figure 3.40: ® vs. 6, for the primary and secondary
connecting rod mass centers.

The rigid body kinematic model of the engine components has been created and both

the position and velocity data generated are essential to the subsequent analyses.
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Section 3.15  Numerical Analysis

The engine components velocities were found by using a three-point central

differentiation scheme shown in Eq. (3.75).

f'(xo)=51;[f(xo+h)—f(xo —h)]—%z-f‘”(e,) (3.75)

For an arbitrary array, the central differentiation scheme can be hampered by boundary
conditions, that is, how to handle the first point and the last point of the array since the first point
would require knowledge of the (-1) point, and the (i + 1) point, which might or might not exist.

To calculate the component velocities, the position array was wrapped such that the (-1)
point became the last point of the position array and at the (i+1) point became the first position
data point since the motion of the components was known to be periodic in 2.

The position array was a function of crankshaft angular position (6,) so the increment (h)
in Eq. (3.75) is an angular value, resulting in a normalized velocity, which can be described by
Eq. (3.76).

_on

vl(62) Y
2

(3.76)
Velocity by definition is the time rate of change of position but for application to the

propeller-engine system, this quantity cannot be directly calculated. By expanding the time rate

of change of position with respect to the crankshaft angular displacement, Eq. (3.77) can be

written.

l()_ﬁ@

=36, ar 3-77)

The three point central numerical differentiation scheme was successfully employed in
finding the linear and angular velocities of the internal engine components, as well as finding the

derivative of the kinetic energy with respect to the angular crank angular position.

Section 3.16  Fourier Series Representations

Discrete values of periodic quantities such as gas pressure, gas torque, kinetic energy and

the derivative of kinetic energy with respect to crankshaft position may be determined for a
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given crank position in one cycle of motion. However, the Euler solver in Matlab requires
analytical functions be provided in order to obtain a solution to the nonlinear ordinary
differential equation. Since the kinetic energy and derivative of kinetic energy taken with respect
to the position of the crankshaft are 2m-periodic while the gas pressures and torques are 47w-
periodic, they can be represented analytically by Fourier series. If F(¢) is a periodic function, it
can be expressed using a Fourier series as Eq. (3.78).
N
F(t)=a—2"+Za,. cos(i6,)+b, sin(i6,) (3.78)

i=1

where N is the highest order of harmonics retained in an analysis.
To obtain the normalized velocity of any periodic function that describes the position of a

member of the internal engine mechanism, the first derivative of Eq. (3.78) is performed with

respect to 68, shown in Eq. (3.79).
oOF(t) &[ ia, . iaj ib, (iﬁ)
el —Liginl 21+ =2L e )
26, ;:1[ 5 m(z 5 cos 5 (3.79)

The procedure employed within the SIMPEL simulation was to resample the original
array of length 720 data points (kinematical analysis performed every one degree of crank
position) to a length of 1024 points and then a 1024 point Fast Fourier Transform (FFT) was
performed on the array to obtain the spectral coefficients. The use of 1024 sampling points in a
FFT produces a credible order of harmonics up to 128, which is considered sufficient in a

dynamical analysis of an engine-propeller system.

Section 3.17 Kinetic Energy

This Section deals with the formulation of kinetic energy of each moving body in the
engine-propeller system. For each moving member whose mass is deemed significant, the
kinetic energy is first determined. The kinetic energy is subsequently normalized with respect to
the crank angular velocity squared. In the rigid body dynamics, the crank angular position is
chosen as the generalized coordinate of the one DOF system. In the following analysis of the

internal combustion engine mechanism, the normalized Kinetic energy of each member may be

calculated by Eq. (3.80)
T =T6? (3.80)
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For the case of rectilinear motion the T variable from Eq. (3.80) can be expended as Eq.

(3.81) by knowing the linear and angular velocity of the center of gravity of each member.

1 (arY
~ r

where m is the mass; r is the position coordinate.

Should the motion of the member be purely rotational as is the case of the counterweight,

cam and propeller, T takes the following form
~ 1

T =—17. 3.82
i Ty ( )

where J; is the moment of inertia of the /™ member exhibiting pure rotational motion.
The motion of each connecting rod is general plane motion; therefore, T takes the form

of Eq. (3.83) for the i"™ member exhibiting this combined motion.
2 2
~ ) or,
Foly (90 L, Ve (3.83)
2 '\ d6, 2 a6,

When conducting the kinematic analysis shown in Section 3.14, the velocity of a mass

center was found in complex form; the velocity magnitude may be determined using the real and

imaginary parts shown by Eq. (3.84).

~ 1 (36) 1 or. Y  (or. Y
T=—J il 8 —_m. C8i Cgi )
72 '(aezJ +2m’{[aez L,Jr 3, ), (5.84)

The kinetic energy of the mechanical system under consideration is 2m-periodic and the

thermodynamic cycle is 4m-periodic; therefore, extending the kinetic energy of the system to a
period of 47 such that all quantities are of the same length, entails simply including two periods

of kinetic energy equaling 41t.
To determine the total kinetic energy of the mechanism, the kinetic energy of each

component is first found over a period of 2r and then each kinetic energy term is summed for

each discrete crankshaft angle.
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Section 3.17.1 Kinetic Energy without Accessories

The engine simulation was conducted in two phases, the first phase excluding the kinetic
and potential energies associated with the cam mechanisms and the second phase complimented
the first phase by including the effect of the accessory system.

The normalized kinetic energy of the three pistons (Figure 3.41), connecting rods (Figure
3.42), and crank arm, counterweight, torque plate, bearing race, crank pin and prop nut are

shown in Figure 3.43, as functions of the crankshaft angular position.
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Figure 3.41: Normalized kinetic energy of the three pistons vs 0,.
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Figure 3.42: Normalized kinetic energy of the three connecting rods vs. 0,.
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Figure 3.43: Normalized kinetic energy of the rotating components vs. 0,.

The normalized kinetic energy was calculated over a period of 2 for all the components
of the 8-bar internal engine mechanism. The next step was to sum each of the plots shown in
Figure 3.41, Figure 3.42, and Figure 3.43 at each value of crankshaft angular position (0,) to
obtain the total Kinetic energy of the components common to both phases of the system analysis.
Figure 3.44 shows the total kinetic energy of the common internal engine components over a

period of 2.
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Figure 3.44: Total normalized Kinetic energy vs. 0,.
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Section 3.17.2  Derivative of Kinetic Energy without Accessories

With the total kinetic energy completely defined over a period of 2w, the first derivative
with respect to 6, can be found by using a three-point forward numerical method. Figure 3.45
shows the first derivative of the total kinetic energy with respect to 6, thereby completely
defining the second term on the right hand side of Lagrange’s equation, Eq. (3.89). Figure 3.45
shows that there is position and slope continuity at the beginning and the end of the 21 period.
Now the second term on the left hand side of Lagrange’s equation (Eq. (3.89)) has been

completely defined in discrete form.
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Figure 3.45: Derivative of the total kinetic energy vs. 0,.

. .= aT
To solve Lagrange’s equation neglecting the accessory drive system requires T and —

20,
in functional form over a period of 4. Converting the 47-period array from discrete form into

functional form was achieved through the use of a ten-term Fourier series.

Section 3.17.3 Kinetic Energy with Accessories

The second phase of the analysis includes all kinetic energy terms found during the first
phase, and takes into account the accessory drive system by finding the normalized kinetic

energy of each cam assembly, tappet, push rod, rocker arm and valve.

74



A summary of the accessory component mass and moment of inertia used to generate the

kinetic energy of the accessory components can be found in Table 3.5.

Table 3.5: Mass and moment of inertia
for each member of the accessory drive

Moment of
Part Name Mass [kg] Inertia
[kg/m’]
Intake Tappet 0.00268 -
Intake Push Rod 0.00150 -
Exhaust Rocker Arm - 7.804x10”
Intake Valve 0.00363 -
Intake Cam - 9.171x10°
Exhaust Cam - 6.9286x10°
Cam Gear - 1.5084x10°
Cam Assembly - 1.5245x10°

The kinetic energy of the spring was neglected since the mass of the spring is extremely
small and the kinetic energy of spring elements is typically neglected in dynamic analysis;

however, the potential energy contributed by the spring will be considered.

Section 3.17.4 Kinetic Energy of the Intake and Exhaust Cam Assemblies

The geometry of the cam gear and cams is such that each cam gear simultaneously drives
one intake cam and one exhaust cam. These three pieces are fixed together into one unit such
that they rotate with one speed. When calculating the kinetic energy of the cams, the cam unit

was treated as one rotating body described by Eq (3.89).

(3.85)

cam.gear )

T= (Jinl cam + Jexh.cam + ‘]

00 | /=

The kinetic energy of the cam gear assemblies is a constant value of 1.9056x10~ kgm3
since the motion of the cam assembly is purely rotational about a fixed axis.
With the kinetic energy of the intake and exhaust cam assemblies determined the next

member of the accessory drive to be considered were the intake and exhaust tappets.
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Section 3.17.5 Kinetic Energy of the Intake and Exhaust Tappets

The intake and exhaust tappets are acted upon by the intake and exhaust cams,
respectively, with rectilinear motion.

The normalized kinetic energy of the intake and exhaust tappets can be seen in Figure
3.46, and Figure 3.47, respectively. The duplicated labels in Figure 3.46, and Figure 3.47 are for
clarity and each label refers to the cylinder on which the cam is acting. The two peaks
corresponding to the intake tappet of each cylinder are a result of the tappet velocity increasing
as the tappet is displaced from the reference position to the maximum deflection and once at the
maximum deflection, the valley between the two peaks of each plot is reached. The second peak
corresponds to the velocity of the tappet as it returns to the reference undeflected position. The
two peaks are of equal magnitude due to the symmetry between the rise and fall faces of the
intake cam.

The two peaks corresponding to the exhaust tappet from Figure 3.47 per cylinder are a
result of the tappet velocity increasing as the tappet is being displaced from the reference
position to the maximum deflection and once at the maximum deflection, the valley between the
two peaks of each plot is reached. The second peak corresponds to the velocity of the tappet as it
returns to the reference undeflected position. The two peaks are not of equal magnitude due to

the asymmetry between the rise and fall faces of the exhaust cam.

Normalized K.E. of Intake Tappels vs. 6,
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Figure 3.46: Normalized Kinetic energy of the intake tappets vs. 0,.

76



| i /

i

ANV
0() 45 90 135 180 225 270 315 360 405 450 495 540 585 630 675 720
6, [deg]
2

Normalized K.E
N X

Figure 3.47: Normalized kinetic energy of the exhaust tappets vs. 0,.

The angular velocity of the intake and exhaust tappets was determined in discrete form
and converted to functional form through the use of a ten-term Fourier approximation. The next
members making up the accessory system to be considered were the intake and exhaust push

rods.

Section 3.17.6 Kinetic Energy of the Intake and Exhaust Push Rods

The next members of the accessory drive system to be considered were the intake and
exhaust push rods. The kinetic energy of each pushrod can be found by Eq. (3.81).

The normalized kinetic energy of the intake and exhaust pushrods is shown in Figure
3.48, and Figure 3.49, respectively, with the horizontal axis being the angular position of the
crankshaft in degrees. The return of the intake kinetic energy pushrod plots to zero at values of
46°, 534°, and 282° to zero for cylinders #1, #2, and #3, respectively, indicate the pushrods are at
their most deflected position and has zero velocity due to the reversal in direction experienced at
this maximum deflection. There is no variation between peak amplitudes of the rise and fall
portions of the intake pushrod motion due to the symmetry between the rise and fall faces of the

intake cam.
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Figure 3.48: The kinetic energy of the intake pushrods.

The kinetic energy of the exhaust pushrods is shown in Figure 3.49. The return of the
exhaust kinetic energy pushrod plots to zero at values of 677°, 445°, and 193° for cylinders #1,
#2, and #3, respectively, indicate the pushrods are at their most deflected position and has zero
velocity due to the reversal in direction experienced at maximum deflection. In this case the
variation in peak amplitude is a result of the asymmetry of the rise and fall faces exhaust cam.

9 Normalized K.E. of Exhaust Push Rods vs. 6,
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Figure 3.49: The kinetic energy of the exhaust pushrods.
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The angular velocity of the push rods was determined in discrete form and represented in
functional form through the use of a ten-term Fourier approximation. The next members making

up the accessory system to be considered were the rocker arms.

Section 3.17.7 Kinetic Energy of the Rocker Arms

The rocker arms are acted upon by the push rods and the rocker arms produce purely

rotational motion about a fulcrum fixed in space. The kinetic energy of the rocker arms was

found by using Eq. (3.86).

2
where, the moment of inertia of each rocker arm was analytically found to be 7.804x107 kgm?,

1 oo ’
iOC er.arm == J!OL‘ er.arm S A (3'86)
k k (aez)

and «is the angular position of the rocker arm referenced to the horizontal.

The kinetic energy of the intake and exhaust rocker arms is shown in Figure 3.50 and
Figure 3.51, respectively. The double peaks of the intake rocker arm kinetic energy plot seen in
Figure 3.50 indicate that the angular velocity has two regions, one peak corresponding to the
rocker arm being deflected upward by the pushrod and the second peak corresponding to the
rocker arm returning to the dwell position. For cylinder #1 the first peak spanning 600° to 50°
corresponds to the rocker arm being deflected upward by the pushrod and the second peak
spanning 50° to 200° corresponds to the rocker arm returning to the dwell position. The
symmetry of the two peaks is due to the symmetry between the rise and fall faces of the intake

cam.
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Figure 3.50: Kinetic energy of the intake rocker arms.
The kinetic energy of the exhaust rocker arms is shown in Figure 3.51 and the first peak

spanning 495° to 675° corresponds to upward motion of the pushrod and the second peak
spanning 675° to 110° corresponds to a return to the dwell position. The asymmetry between the

rocker arm kinetic energy peaks is due to the exhaust cam asymmetry.
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Figure 3.51: Kinetic energy of the exhaust rocker arms.
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The position of the rocker arms was found in discreet form for each of the intake and
exhaust mechanisms and phased according to the firing sequence of the engine. The motion of
the rocker arm was found for a period of 2r and extended to a period of 4% by adding a 2x period
of dwell. The discrete array describing the position of the rocker arms was converted into

functional form through a ten-term Fourier approximation.

Section 3.17.8 Kinetic Energy of the Intake and Exhaust Valves

The fulcrum of the rocker arm was determined through the graphical analysis and the
position of the push rod connection end of the rocker arm is known, the motion of the valves can
be determined while preserving the phase shift caused by the firing sequence of the engine. The
motion of the valves was rectilinear, the kinetic energy was found according to Eq. (3.81).

The kinetic energy of the intake and exhaust valves is shown in Figure 3.52, and Figure
3.53, respectively. The double peaks of the intake valve kinetic energy plots indicate that the
velocity of the intake valves has two distinct regions, one peak corresponding to the rocker arm
being deflected upward by the pushrod and the second peak corresponding to the rocker arm
returning to the dwell position. For cylinder #1 the first peak spanning 600° to 45° corresponds
to the rocker arm being deflected upward by the pushrod and the second peak spanning 45° to
200° corresponds to the rocker arm returning to the dwell position. The symmetry of the intake
valve kinetic energy peaks is due to the symmetry of the intake cam.
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Figure 3.52: The kinetic energy of the intake valves vs. 0.
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The kinetic energy of the exhaust valves is shown in Figure 3.53. The two peaks indicate
that the velocity of the exhaust valves has two distinct regions. With the prior knowledge of the
angular position of the rocker arms, the kinetic energy plot for cylinder #1 the first peak
spanning 495° to 675° corresponds to the exhaust valve being deflected downward by the rocker
arm and the second peak beginning at 675° to 115° corresponding to the exhaust valve returning
to the dwell position. The asymmetry between the two peaks of the exhaust valve kinetic energy
is due to the asymmetry between the rise and fall faces of the exhaust cam.
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Figure 3.53: The kinetic energy of the exhaust valves vs. 0,.

The velocity of the valves was found by taking the derivative of the ten-term Fourier
series approximation of the valve position. Since the valves have been phased during the

position analysis, the derivative of the position preserves the phase shift.

Section 3.17.9 Total Kinetic Energy with Accessories

To obtain the total kinetic energy of the system, the individual kinetic energy terms of the
internal engine mechanism are summed at each discrete value of 8,, shown in Figure 3.54. This
resulted in a total kinetic energy array in discrete form with a period of 2. Extending the array
from 27 to 47 involved wrapping the array once. Converting the discrete 4m-period array into

functional form was achieved through the use of a ten-term Fourier series.
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3 Total Normalized Kinetic Energy with Accessories vs. 6,
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Figure 3.54: Total kinetic energy with accessories as a function of crank angle.

Section 3.17.10 Derivative of Total Kinetic Energy with Accessories

The derivative of the total kinetic energy was also required; this was accomplished by
using a three-point central numerical method, which produced the derivative of the total kinetic
energy with respect to @,. A ten-term Fourier approximation was used to generate a functional
representation suitable for use in the governing equation of motion. Figure 3.55 shows that
position and slope continuity is preserved at the beginning and the end of the 2m-periodic

derivative of kinetic energy array.
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Figure 3.55: Derivative of total kinetic energy with respect to 0,.
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To solve the equation of motion including the accessory drive system requires 7 and —

20,
in functional form over a period of 4. Extending the two arrays from 2w to 47 requires

wrapping the array once. Converting the 47-period array from discrete into functional form was

achieved through a ten-term Fourier series.

Section 3.18  Lagrange Equation

To generate the equation(s) of motion for a dynamical system, it is essential to first
determine the degrees of freedom of the system in question. The internal 8-bar mechanism
proprietary to the Saito-450 engine has one degree of freedom when all components are
considered rigid. The procedure for applying the Lagrange equation is to select one independent
coordinate system that will uniquely define the position of any member of the mechanism at any
instant in time. The space-fixed inertial coordinate system selected was centered at the
crankshaft axis of rotation with a counter-clockwise direction of shaft rotation taken as positive.
The coordinate, 05, is the angular position of the crankshaft and is the one coordinate required to
uniquely define the position of all other members of the 8-bar mechanism.

For a one DOF dynamical system with 0, as the generalized coordinate, the Lagrange
equation can be written as [Inmann, 2001].

%(%J—%+%=Qi -W, (3.87)

where T is the kinetic energy; U is the potential energy; Q is the generalized force accounting for

the gas pressures in all cylinders; W is the generalized force accounting for the aerodynamic load

of the propeller. Since the crank angular displacement is chosen as the generalized coordinate,

the generalized forces are actually torques.

Eq. (3.87) represents one equation corresponding to one generalized coordinate.

Section 3.18.1 ODE Formulation

In the first phase of research, the potential energy of springs used in the accessory

system, is neglected (U = 0). With the help of normalized kinetic energy, the Lagrange equation

may be written as
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d(afe:))_aFe:)_
dt[ 06, ] 96, =e-v -89

It can be shown that Eq. (3.88) can be reduced to

~

276+ g2 —o-w (3.89)
20,

The above equation is the final form of the equation of motion for the engine-propeller
drive system. Its solution will be performed numerically using a fixed step Euler solver in
Matlab. To implement the numerical solution, the nonlinear second order ordinary differential
equation must be converted to a system of two first-order differential equations through the
following transformation

=0
n=r (3.90)
Y =y=0
The equivalent first order differential equations to be solved in Matlab are shown in

matrix form as Eq. (3.91).

P
Y a ,
=30 -———y,—-W 391
{yz} aez 2 ( )
2T

where y is the time response of the system, Q in is an algebraic sum of the gas work done on or

by each cylinder for each & shown in Eq. (3.92) and W is the work done by the propeller.

3
0= ZQi (3.92)

The initial conditions are the angular position and angular velocity of the crankshaft. The

numeric values of these initial conditions were chosen to be & =0 rad and 8, = 210rad/s.

This concludes the formulation of the equation of motion when neglecting the accessory

system. The equation of motion when including the accessory system is derived in Section

3.18.2.
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Section 3.18.2  Equation of Motion Including Potential Energy

A schematic representation of the cam system can be seen in Figure 3.56 (a). This figure
shows the cam revolving about a fixed axis vertically deflecting the tappet as a function of
angular cam position. The tappet and pushrod are connected by a revolute joint, as is the
pushrod and rocker arm. The rocker arm rotates about a fixed fulcrum when acted upon by the
pushrod, causing the vertically downward constrained motion of the spring and valve.

A cutaway view of a Saito 4-stroke engine and the mechanism can be seen in Figure 3.56

(b).

valve
spring

tappet

(a) (b)
Figure 3.56: Schematic of the cam system (a) and cut-away view of a Saito cam
system, showing the push rod, rocker arm, spring, valve, cooling fins, inner cylinder
wall, piston cross section, wrist pin and connecting rod (b).

To determine the system dynamics while including the effect of the cam mechanism, the

potential energy term must now be accounted for.

Let the potential energy of the springs be described by Eq. (3.93).
1
2
where k is the spring constant and x is the deflection of the spring as a function of the crank shaft

U =—kx* (3.93)

angular position, &.
The equation of motion requires the derivative of the potential energy with respect to the

generalized coordinate (62), shown in Eq. (3.94).
oU ox
—— =k 3.94
%8, 00, (3.94)
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The total potential energy is the sum of the potential energies of the six individual
springs, for each discreet angular position, 8, shown in Eq. (3.95).

U 6 ox;
= kx, —
2 30, . (3.95)

aez total i=l

where x; is the deflection of the i spring as a function of the crank shaft angular position, 6,.

With the potential energy defined for all six springs, the equation of motion can be

modified from Eq.(3.89) to become Eq. (3.89).
~ . oT -2 oU
2T0, |+| —0, [+| —

The second order differential Eq. (3.96) must be reduced to a system of two first order

total

J =0-W (3.96)

equations such that Matlab is able to generate a solution for any value of 6,.
To reduce the order of Eq. (3.96), implement the substitutions shown in Eq. (3.90)
resulting in Eq. (3.97).

of ., oU

2Ty, +— 32 +— =0-W
V2 20, Y 20, o (3.97)

total

The final form of the equation of motion is shown in Eq. (3.98) as a system of two first

order differential equations.

6,
).)l af .2 aU
= -W-— —_
{y'z} Q 28, )2 2, (3.98)
2T

The addition of the accessory drive system results in additional general plane motion
kinetic energy terms that must be included in equation of motion, such as the kinetic energy of
all six tappets, six connecting rods, six rocker arms, six valves, the rotational of the six cams and
three cam gears. The potential energy term in Eq. (3.98) contains the energy stored and released

by each of the six springs.
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Chapter 4 NUMERICAL RESULTS

The equation of motion of the propeller-engine system has been derived based on the
Lagrange equation by first neglecting the accessory system, then later including the accessory
system. The following sections outline the work done by the engine and the time and frequency

domain numerical results obtained by the fixed-step Euler solver.

Section 4.1 Work Done by Gas Pressure

To solve the differential equation of motion governing the propeller-engine system, the

generalized forces needed to be quantified. One of the two generalized force terms is the work

done by the gas pressure on the pistons,ZQ,. , and the second term is the work absorbed by the

propeller ZWi , previously determined in functional form.

The work done by the gas pressure can be determined using the definition of Work, with
appropriate substitutions. The definition of gas work is simply a force multiplied by a distance,
shown in Eq. (4.1).

Q,=Fd, (4.1)

[}

The force a fluid imparts on a surface can be calculated by knowing the fluid pressure
multiplied by the surface area over which the pressure is acting. Substituting into Eq. (4.1)
results in Eq. (4.2).

W, =FA,d, 4.2)
where the distance d; is the change in piston position with respect to time.

Eq. (4.2) can be re-written to represent the rate of change of the piston with respect to 6,
resulting in Eq. (4.3).

W, =FA,d, (4.3)

|502 =1

Eq. (4.3) can be expanded by using the chain rule to obtain the change in piston position

with respect to crankshaft angular position.

or,
W, = BAp(a—e:)&!w,ﬂ (4.4)
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Finally, the work done by the gas pressure on the pistons is shown in Eq. (4.5)
normalized with respect to crankshaft angular position, 0, resulting in the gas work quantity that

is in an appropriate form to be used in the equation of motion.

W, =PA, ['a%] @.5)

where the subscript i indicates the particular cylinder being considered; r; is the position of the i**
wrist pin measured from the axis of rotation of the crankshaft.

Figure 4.1, and Figure 4.2 shows the gas work done within each cylinder is 47t—15eriodic
and is plotted against the crankshaft angular position. The three plots from Figure 4.1, and
Figure 4.2 appear similar in shape; however, the most notable feature is the phase shift between
each cylinder accounting for the firing sequence of the engine. Another feature observed in
Figure 4.1, and Figure 4.2, is that the plots are not identical; the centre plot corresponds to
cylinder #1, and the work done by cylinders #2 and #3 is different due to the presence of links #4
and #5, respectively.

Following the centre reference plot corresponding to cylinder #1, the intake stroke spans
an angular position interval from 1° to 194°, and the average work during this interval is zero.

The next phase in the Otto cycle is the compression stroke and this spans an angular
interval of 195° to 350°. The average work during this portion of the stroke is negative,
indicating that work is input to the system, or the system requires work to move through this
angular crankshaft displacement.

After the compression stroke the compressed air-fuel mixture is ignited and the burning
of this gas mixture creates a very large pressure differential across the piston. The burning phase
takes place through an angular displacement of 48°, from 351° to 399°. The average work during
this angular interval is positive indicating that during the burning of the air-fuel mixture, work is
being produced by the engine.

The power stroke is assumed to take place through an angular position of 400° to 499°
and the average work during this stroke is positive indicating work is being produced by the
engine during this angular range.

The last phase of the Otto cycle is the exhaust stroke and this is assumed to take place
through an angular position interval of 500° to 720°. The work during this phase is both positive

and negative throughout the 220° range. The cylinder pressure during this interval was assumed
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to be decreasing linearly from the end of the expansion stroke to the beginning of the intake
stroke. This negative pressure gradient and the velocity of the piston through this same angular
interval are responsible for the cylinder work becoming negative. During this interval Figure 4.1
is reasonable and matches well with previously published data.

There is position continuity during the transition from the compression to the burning
phases; however, slope continuity is not preserved at this juncture. The reason for the lack of
slope continuity is a result of the slope magnification factor used in scaling the pressure vs. crank
angle plot (Section 2.2.7) to account for the effects of throttling.

When transitioning from the burning phase to the expansion phase there is both position
and slope continuity resulting from the initial conditions used when constructing the spline

approximating the pressure resulting from the burning of the ingested air-fuel mixture.
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Figure 4.1: Work done by gas pressure on all three pistons at 35% throttle.

Figure 4.2 shows the gas work at 100% throttle. At this throttle setting the slope
magnification factor used in the construction of the pressure vs. crankshaft angular position
curve is 75 and this is to achieve a power output from the engine equal to the manufacturers

published value of 7 hp. This sudden change in pressure gradient causes the sudden drop seen on

Figure 4.2.
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Figure 4.2: Work done by gas pressure on all three pistons at 100% throttle.

The work done by the engine for an arbitrary throttle setting has been calculated in
discrete form for any crankshaft angular position. This information is required to solve the
equation of motion; however, the discrete data was converted into functional form by a Fourier

series approximation.

Section 4.2 Cam Modeling

The kinetic energy of each component making up the accessory drive system depends on
the mass of that component and its normalized velocity. The velocity of the tappets was
obtained by finding the position of the tappets as a function of the crankshaft angular position.
Since the cams and tappets experience both edge and face contact, the desired position
information was not available from analytical methods, so a graphical method employed using
AutoCAD.

Through direct observation the intake and exhaust cams were determined to have
different cross-sectional profiles. As a result, the intake and exhaust cams were treated
independently when conducting the kinematic analysis.

The intake and exhaust cam profiles were considered to have four distinct regions, each

of which could be approximated with a circle of appropriate radius as shown in Figure 4.3 (a),

and (b), respectively.
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Figure 4.3: Radius approximation of intake (a) and exhaust
(b) cam profile.

The intake and exhaust cam profiles were drawn in AutoCAD along with the respective
tappets in the orientation found in the assembled engine, shown in Figure 4.4, (a) and (b),
respectively. The intake and exhaust tappets were angled 40.5° clockwise 36° counter clock
wise, respectively, away from the vertical centre line of the respective cylinder. The canting of

the tappets away from the global vertical was done to align the tappet with the rocker arm.

44

(b)
Figure 4.4: The orientation of the intake cam and tappet (a), and
exhaust cam and tappet (b) with respect to the global coordinate

system.

Figure 4.4 (a) shows the initial orientation of the CAD models and it is from this point
that the cams were rotated by 0.5° counter clock wise increments. After the 0.5° cam rotation,

each tappet was then moved outward or inward along the inclined tappet axis of motion,
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depending on the cam phase of motion. The resulting displacements were measured within
AutoCAD and recorded for the specified cam angle. This procedure was repeated for 180° of
cam rotation with the knowledge that the tappet is not displaced by the cam during the remaining
180° cam rotation. The results of this intake cam displacement analysis can be found in Figure
4.5, and Figure 4.6 with the repeated data removed from the beginning and end of the tappet
motion.

The tappet profiles have been determined over a range of m; however, the cams are
rotating elements and therefore are periodic on 21. To make up the 7 difference, the tappet
profiles were extended by T at a constant elevation equal to the radius of the cam base circle.
The base circle radius was then subtracted from the intake cam profile since the distance the cam
moves the tappet is referenced to the base circle.

The three cylinders of the Saito-450 fire at different angular crankshaft positions, and
therefore each cam profile must be phase shifted to account for the firing sequence.

Combining the intake and exhaust cam profiles with the appropriate phase shifting can be

seen in Figure 4.5, and Figure 4.6, respectively.
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Figure 4.5: Phased intake tappet positions vs. 0,.
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Figure 4.6: Phased exhaust tappet positions vs. 0,.

The intake and exhaust tappet positions have been found for each cylinder and this
displacement information will form the basis for the subsequent accessory drive analysis. To
make the most use of this position information, a ten-term Fourier approximation was made for
each of the six tappet profiles with negligible error.

Figure 4.7, and Figure 4.8 shows the Fourier approximation superimposed on the

original data for the intake and exhaust tappets, respectively.
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Figure 4.7: Actual and Fourier approximation of intake tappets vs. 0,.
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.3 Actual and Fourier Approx. of Exhaust Tappet Positions vs. 6,
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Figure 4.8: Actual and Fourier approximation of exhaust tappets vs. 6,.

The kinetic energy of a component is proportional to the velocity of that part; so, in order

to find the kinetic energy of the tappets, the velocity of the tappets must be found.
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The velocity of the tappets is the rate of change of the tappet position with respect to
time. The velocity can also be represented by the derivative of the Fourier series representing
the tappet positions with respect to 6,. The Fourier representation of the tappet positons was
found by using Eq. (4.6) with the appropriate number of terms included in the summation to

reduce the error to an acceptable low amount.
lo . .
S=a,+ Z[ai cos(l—zz—j +b, sin(%)] (4.6)
i=l

The velocity of the tappets was found by taking the first derivative of Eq. (4.6) with

respect to 0, shown in Eq. (4.7).

10 . . . .
V= ; [— i;—"sin(%) + %cos(ig—z” 4.7

The next members of the accessory drive system considered were the pushrods, which
link the tappets to the rocker arms by ball and socket joints. The motion of the push rods was
determined by the graphical method generated in AutoCAD.

The mechanism was drawn to scale and the tappets moved from the reference dwell
position to maximum deflection in increments of 25% of the maximum deflection. Figure 4.9,

(a) and (b), shows the graphical model of the intake and exhaust push rods, respectively.
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Figure 4.9: Graphical representation of the intake (a) and exhaust (b) cam systems.

The angular measurements seen at the top of Figure 4.9, (a) and (b) are the angular
positions of the rocker arms as the tappets are moved throughout their range of motion. The
intake and exhaust rocker arms travel from 186.96° at the reference position to 154.50° and from
184.31° at the reference position to 150.91° at the fully deflected position, respectively.

The angular position of the intake and exhaust push rods varies from 82.10° to 81.04° and
88.91° to 87.49°, respectively, in the undeflected position and fully deflected position.

The extreme values for the angular positions are valuable; however, of particular interest
is how the push rods travel their respective ranges of motion. To this end, the perpendicular
height of the centre of gravity of the pushrods was measured within AutoCAD with respect to the
reference tappet height for each of the five deflections considered, shown in Table 4.1.

Table 4.1: Pushrod positions [m].

Intake Exhaust
X [m] Y [m] FormulaY | Error [%] Y [m] FormulaY | Error [%]
0.00000 0.0337 0.0340 0.950 0.0340 0.0339 -0.294
0.00194 0.0356 0.0350 -1.850 0.0359 0.0361 0.574
0.00389 0.0359 0.0363 1.121 0.0379 0.0380 0.342
0.00583 0.0379 0.0381 0.625 0.0398 0.0395 -0.829
0.00777 0.0404 0.0403 -0.318 0.0404 0.0406 0.415
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Figure 4.10 shows the data from Table 4.1 plotted against the tappet elevation.
Superimposed on the raw data shown in Figure 4.10 is a second order polynomial used to
approximate the pushrod elevation data. The percent error resulting from this quadratic
polynomial approximétion can be found in the right hand column of Table 4.1 for the intake and
exhaust pushrods.

Height of Push Rods vs. Cam Elevation
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Figure 4.10: Height of pushrods vs. cam elevation.

The quadratics approximating the height of the intake and exhaust pushrods are shown in

Eqn’s (4.8) and (4.9), respectively.

yin( = (53’ l6)hu21! tappet + (03963)1231( tappet + 0034 (48)
Your = (=50.701)1 2 10pper + (1.2545)h2 , 1apper +0.0339 (4.9)

It should be noted that the cam rotates at half the rotational speed of the crankshaft;
therefore, the cam profile found for a period of 7 corresponds to a crankshaft angular
displacement of 21t. Since the analysis is normalized with respect to the angular displacement of
the crankshaft, the tappet height must be found for a period of 47. During the 47t-period there is
a dwell of 2m.

The tappet height was approximated by a second order polynomial valid over a period of
21, however, it is desirable to have one function that is valid throughout the entire 41 period and

polynomials are poor methods of approximating signals with significant flat regions. For this
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reason, a ten-term Fourier series was used to approximate the position of the push rods, in
functional form, in terms of 6, for the entire 47 crankshaft period.

Figure 4.11, and Figure 4.12, shows the ten-term Fourier approximation superimposed on
the original pushrod deflection for each of the intake and exhaust pushrods, respectively. These

figures show that the error generated through the use of the Fourier approximation is negligible.
Aclual and Fourier Approx. of Intake Pushrod Positions vs. 6,
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Figure 4.11: Actual data and Fourier approximation of the intake pushrod positions
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The position information of the pushrods is essential for a kinematic analysis of the
mechanism, and system as a whole; however, the equation of motion was derived on an energy
basis through the use of the Lagrange equation. Neglecting the potential energy of the pushrod,
the kinetic energy of the push rod must be determined. The velocity of the pushrod mass centers
must be determined to evaluate the kinetic energy of each push rod member.

The position of each pushrod has been determined by a ten-term Fourier approximation
and it is possible to take the first derivative of the series with respect to the crankshaft angle (6,)
to obtain the normalized velocity according to Eq. (4.7).

The velocity of the intake and exhaust pushrods can be seen in Figure 4.13, and Figure
4.14, respectively. The magnitude of the oscillations seen in Figure 4.13, and Figure 4.14, are in

the order of 10”° m/s, which is negligible for this application.

3 Intake Pushrod Velocities vs. 8,
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Figure 4.13: The velocity of the intake pushrod mass centers vs. 6,.
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3 Exhaust Pushrod Velocilies vs. 6,

Velocity [m/s]
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Figure 4.14: The velocity of the exhaust pushrod mass centers vs. 0,.

The velocity of the mass centers of each pushrod have been found in functional form over
a period of 4, taking into account the phase shift caused by the firing sequence.

With the velocity of the intake and exhaust pushrods determined, focus was then turned
to determining the angular position of the rocker arms.

A graphical method was implemented in AutoCAD to determine the angular position of
each rocker arm as a function of the deflection of the corresponding tappet, sampled at five
equally spaced intervals spanning 0%-100% of the maximum tappet deflection. Figure 4.9, (a)
and (b), shows the graphical model of the intake and exhaust rocker arm deflections,
respectively, and Table 4.2 shows the results of Figure 4.9, (a) and (b), in tabular form.

Table 4.2: Angular deflection of the exhaust rocker arm with percent error.

Intake Exhaust
X [m] Y [rad] | FormulaY | Error[%] | Y [rad] | FormulaY | Error [%]
0.00000 | 3.2625 3.2619 -0.017 3.2162 3.2156 -0.019
0.00194 | 3.1199 3.1209 0.033 3.0747 3.0760 0.041
0.00389 | 2.9798 2.9797 -0.002 2.9325 2.9325 0.001
0.00583 | 2.8393 2.8382 -0.037 2.7864 2.7852 -0.044
0.00777 | 2.6960 2.6965 0.018 2.6334 2.6340 0.025
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Figure 4.15 shows the results of column 1 from Table 4.2 plotted against column 2 for the
intake rocker arm. Superimposed on this data is a second order polynomial used to represent the
discrete data in functional form. From the fourth column of Table 4.2, and visually from Figure

4.15, the error is negligible for this application.

Rocker Arm Deflection vs. Intake Cam Elevation
34
33

32 I~
3.1 T~

3.0 ~3
29

2«8 \\
27 [~

2.6

25
0.000 0001 0002 0003 0004 0005 0.006 0007 0.008

Intake Cam Elevation [m]

Rocker Arm Deflection [rad]

Figure 4.15: Intake rocker arm angular displacement vs. intake
tappet displacement.

Yraine =—33.012x7

int

—~72.485x,, +3.2619 (4.10)
where, yrain is the deflection of the rocker arm and x;, is the deflection of the intake cam.

The data from the first and fifth column from Table 4.2 are shown in Figure 4.16
superimposed with a second order polynomial approximation. From the seventh column of

Table 4.2 and visually from Figure 4.16, the error is negligible for this application.

Rocker Arm Deflection vs. Exhaust Cam Elevation
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Figure 4.16: Exhaust rocker arm angular displacement vs. intake

tappet displacement.
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Yraen = —508.39x2, —70.874x,,, +3.2156 @.11)
where Yrae is the deflection of the exhaust rocker arm and Xy is the deflection of the exhaust

tappet.
The angular position of the intake and exhaust rocker arms were found and approximated

with second order polynomials. The second order polynomials are very good approximations of
the rocker arm deflections during the 27-period when the rocker arm is moving. During the
other period of 21 when the rocker arm is motionless, the second order polynomial is a very poor
method of approximation of the rocker arm deflection; therefore, a Fourier approximation was
made of the second order polynomial and dwell portions of the rocker arm deflections.

Figure 4.17, and Figure 4.18, shows the ten-term Fourier approximation fit to the intake
and exhaust rocker arm position data, respectively, over a 4m-period and the error generated by

this approximation is shown to be negligible.

Actual and Fourier Approx. of Intake Rocker Arm Positions vs. 6,
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Figure 4.17: Actual and Fourier approximation of the angular
displacement of the intake rocker arms vs. 0.
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Actual and Fourier Approx. of Exhaust Rocker Arm Posilions vs. 6,
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Figure 4.18: Actual and Fourier approximation of the angular
displacement of the exhaust rocker arms vs. 0,.

To incorporate the effect of the rocker arms into the equation of motion, the kinetic
energy of the rocker arms must be found. The position of the rocker arms was found and
approximated with a Fourier series, and the first derivative of the Fourier approximation was
taken with respect to the angular position of the crankshaft, which provides the angular velocity
of the rocker arms, normalized to the crankshaft angle.

The velocity of the intake and exhaust rocker arms can be seen in Figure 4.19, and Figure
4.20, respectively. The angular velocity of the rocker arms is both positive and negative
indicating a reversal of the angular position, which is exactly what happens during the motion of

the member. The oscillations seen during the dwell period are in the order of 10 rad/s, which

are negligible for this application.
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Intake Rocker Arm Angular Velocities vs. 6,
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Figure 4.19: Angular velocity of the intake rocker arms.
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Figure 4.20: Angular velocity of the exhaust rocker arms.

The kinetic of the rocker arms can now be completed since the mass of the rocker arms is
known as well as the normalized velocity of the rocker arms in functional form.
The next members to be analyzed were the valves, which are constrained to translational

motion by bushings. The valves are acted upon by the ends of the rocker arms that are not
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attached to the push rods. See Figure 3.56, (a) and (b), for an illustration of the rocker arm-valve
contact arrangement.

The linear position of the valves is proportional to the angular position of the rocker arms
multiplied by the length of the rocker arm as measured from the fulcrum to the point of contact.
Eq. (4.12) elucidates this arrangement.

hvalve = rRA Sin(_ ar) (4' 12)
where g4 is the length of the rocker arm from the flcrum to the valve contact point (rga = 1.384),

and o, is the angular position of the rocker arm and the negative sign is to account for the
direction of the angular displacement in this context.

The deflection of the intake valves was found using Eq. (4.12) and was approximated
with a ten-term Fourier series to accurately approximate the dwell period. The position of the
intake and exhaust valves can be seen in Figure 4.21, and Figure 4.22, respectively,

superimposed with the ten-term Fourier approximation with negligible error.

Actual and Fourier Approx. of Intake Valve Positions vs. 6,
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Figure 4.21: Actual and Fourier representation of the intake valve

positions vs. 0.
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o Actual and Fourier Approx. of Exhaust Valve Positions vs. 8,
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Figure 4.22: Actual and Fourier representation of the exhaust valve
positions vs. 0,.

The position of each valve was found in functional form for the entire 4m-period, the first
derivative of the Fourier approximation of each valve can be taken to obtain the velocity of that
valve while preserving the phase shift created by the firing sequence of the engine. The velocity
information will be used to obtain the kinetic energy of each valve as a function of the crankshaft
position.

Figure 4.23, and Figure 4.24, each show that the velocity of the intake and exhaust
valves, respectively, have regions of essentially zero velocity, the dwell, followed by negative
velocities indicating the valves are moving toward the axis of rotation of the crankshaft. During
this period the valves are being opened by the cam. The velocity of the valves then changes sign,
indicating the valves are slowing down as they approach the fully opened position. The
velocities then reach zero and it is at this point that the valves are fully opened. The velocities
then continue with positive slopes as the valve is closing and moving radially outward, away
from the axis of rotation of the crankshaft. The velocities of the valves then slow down as they
approach a zero value and durihg this portion of the valve motion; they are also slowing down as
the valves reach the fully closed position. When the velocities are zero during the dwell phase,

they are fully closed and remain in this position until the cycle repeats.
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4 Inlake Valve Velocities vs. 62
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Figure 4.23: Intake valve velocities vs. 0,.

. Exhaust Valve Velocities vs. 82
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Figure 4.24: Exhaust valve velocities vs. 6,.

The velocity of each valve has been found in functional form preserving the phase shift

caused by the firing sequence of the engine.

108



The last component of the accessory mechanism is the spring that provides the restoring
force to return the mechanism to the undeflected position once the cam has passed through the
point of maximum deflection.

The kinetic energy of the spring was be neglected since it has a minimal effect on the
equation of motion. The potential energy contained within a deflected spring is described by Eq.

(4.13)

—Lk{arx, ) 4.13)

spring 2

U

In Eq. (4.13), k is the spring constant, A is the position of static equilibrium and xg, is the
displacement from the static equilibrium position. To make use of Eq. (4.13), each of these three
variables must be quantified.

The spring constant, k, was experimentally determined as being 833.3 N/m. The
procedure for finding this value was to measure the length of the undeflected spring, and then
place a known mass on the spring to compress it and measure the resulting deflection. During
this test, four masses were placed on the spring and the resulting deflections were recorded in

Table 4.3.
Table 4.3: Spring deflection data.

Mass [kg] | Position [m] Approx. [m] | Error [%]
0411 0.01787 0.01783 -0.22
0.821 0.01736 0.01731 -0.30
1.230 0.01685 0.01679 -0.37
1.634 0.01641 0.01628 -0.80

There are two major types of springs available for use and they are characterized by their
response to deflection. These two categories are linear and non-linear. To determine which type
of spring is being used in this engine, the first two columns of Table 4.3 were plotted and shown
in Figure 4.25. If the resulting curve is linear then the spring is of the linear category; if the
response is non-linear then the spring falls into that category, and the analysis becomes more
complicated.

Figure 4.25 shows the raw data superimposed with a linear approximation. Equation
(4.14) is the equation for the linear approximation.

Y, =-0.0012x,, +0.0184 (4.14)
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The deflection generated by the approximating function can be seen in the third column
of Table 4.3, and the percent error between the original deflection and the approximate deflection

can be seen in the fourth column of Table 4.3.

Added Compressive Mass vs. Spring Deflection
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Figure 4.25: Compressive mass vs. spring deflection.

The maximum absolute percent error generated by the linear approximation is 0.8%,
which corresponds to a maximum error in position of 1.313x10“*m, or 0.131mm. This very
small error in position can be considered negligible for this application.

The spring constant can be obtained from the linear approximation of the deflection data
found in Figure 4.25. Since the spring was shown to be linear, the spring constant is the
reciprocal of the slope of the mass vs. deflection line. In this case, the spring is a compression
spring so the slope of the line is negative, but in order to obtain the spring constant, the positive
slope value is required. From Figure 4.25, the slope of the line is -0.0012, the negative
reciprocal being 833.3, so the spring constant used was 833.3 N/m.

From Eq. (4.12), the position of the valves is known as a function of the crankshaft
angular position, and from direct observation of the spring-valve portion of the mechanism, it is
known that the motion of the springs follow the motion of the valves in a I:1 ratio. Therefore,
the motion of the springs has already been described by the motion of the valves.

Since the kinetic energy of the springs was neglected, the potential energy of the springs

. ... dU
is described by Eq. (4.13). The potential energy term in the Lagrange equation 15_5)9 , SO the
2

potential energy of the spring is described by Eq. (4. 15).
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aU. 1 0 2
L= —k—/|x,(0
26~ 2538, x(6,7] (4.15)

where k is the spring constant, and x;(85) is the deflection of the i™ valve being considered.

The last detail of the spring to take into account before proceeding is the fact that the
spring is preloaded when installed in the engine. The preload has the effect of offsetting the
reference position of the spring deflection from zero to, in this case a positive value. Figure

426, (a) and (b), shows the spring force vs. deflection response without and with preload,

respectively.
F,
FSA 4
> S S » O
X a>0 X
A=0
(a) (b)

Figure 4.26: Spring force (F;) vs. deflection response (3) without (a) and with preload (b).

The preload of the spring was determined through direct measurement to be 3.683x10"m.
This preload value was subtracted from the position of the respective valve to obtain the proper
spring response, which includes the preload, for a given angular position of the crankshaft.

The position of the springs was found through the use of the respective valve position,
minus the preload value; then this position information was squared and approximated with a
ten-term Fourier approximation to represent the discrete data in functional form with a period of

4w. The first derivative with respect to the crankshaft angular position 8, was taken of the

squared spring position function to obtain the —a—ae—[x,._l(é’2 )2] portion of the spring potential energy
2
found in Eq. (4.15).

i [xi.l (92 )2]

The potential energy of each spring was calculated by multiplying the 3
2

portion of the potential energy equation previously found with the remaining — %k .
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The potential energy of the intake and exhaust springs can be seen in Figure 4.27, and
Figure 4.28, respectively. The potential energy shown in Figure 4.27, and Figure 4.28, indicates

that there is a dwell period of 21 when the spring is not moving, and a period of 21 when the

spring is in motion. These two distinct regions of motion correspond to the same regions of

valve motion for each respective spring-valve combination.
Potential Energy of the Intake Springs vs. 62
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Figure 4.27: Potential energy of the intake springs vs. 0,.
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Figure 4.28: Potential energy of the exhaust springs vs. 0,.

Figure 4.29 is the potential energy from all contributing members of the accessory drive

system summed at each angular crankshaft position.
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s Total Potential Energy vs. 6,
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Figure 4.29: Total potential energy vs. 0,.

The equation of motion has been derived for the Saito-450 internal combustion engine,
first neglecting the accessory system, then including the effects of the accessory system. The
engine kinematics has been derived and all quantities have been found, which allows all required

variables to be calculated and converted into functional form.

Section 4.3 Fourier Series Representations

Any general periodic function can be represented as an infinite series of sines and cosines
[Inmann, 2001]. Since the sine and cosine functions are continuous, a Fourier series is a method
to represent a discrete signal in functional form. An infinite number of terms is impractical to
implement, the number of Fourier coefficients required to represent the various discrete
quantities varied depending on the complexity of the array; however, in all cases negligible error

was observed.

Section 4.3.1  Kinetic Energy

The kinetic energy for the engine system without and with the accessory drive is shown
in Figure 4.30, and Figure 4.31, respectively. Superimposed on Figure 4.30 is the Fourier
representation (without accessories) generated with ten harmonic terms, and superimposed on
Figure 4.31 is the Fourier representation (with accessories) generated with fifteen harmonic

terms. The error resulting from the Fourier series representations is negligible.
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3 Aclual and Fourier Approx. of Total K E. without Accessories vs. 6,
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Figure 4.30: Actual and Fourier representation of the
total kinetic energy neglecting accessories vs. 0,.

3 Aclual and Fourier Approx. of Total K.E. with Accessories vs. 6
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Figure 4.31: Actual and Fourier representation of the
total kinetic energy with including vs. 0.

The difference between Figure 4.30 and Figure 4.31 is that Figure 4.31 has been shifted

vertically upward due to addition of the camshaft subsystem.

The kinetic energy has been found in functional form through the use of ten- and fifteen-
term Fourier series. The derivative of the kinetic energies taken with respect to 6, is also

required to complete the equation of motion.
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The plot of the derivative of the kinetic energy is the same for both test cases, and can be

seen in Figure 4.32. Superimposed on the original data is the ten-term Fourier approximation

with minimal error.
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Figure 4.32: Actual and Fourier representation of the derivative of
the kinetic energy w.r.t 0, vs. 0,.

The derivative of the kinetic energy has been successfully represented in functional form,
thereby fully defining the left hand side of the equation of motion. The one remaining quantity

to approximate with a Fourier series representation is the gas work done on the pistons.

Section 4.3.2  Gas Work

A plot of the gas work per cylinder at 100% throttle is superimposed with a ten-term
Fourier series representation can be seen in Figure 4.33. The gas work is independent of the
accessory system; therefore, only one set of curves is shown. Qualitatively the approximation is

a good fit to the original data and the error is considered to be negligible.
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Normalized Gas Work vs. 82
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Figure 4.33 : Actual and Fourier approximation of the gas work as a function
of the crankshaft angular position.

All of the engine related terms appearing in the equation of motion have now been

represented in functional form, suitable for calculation by the Euler differential equation solver.

Section 4.4 Results — No Accessories

The engine simulation including the propeller was first performed without the accessory
drive system included to ensure that the baseline methodology and implementation was sound.
The cylinder firing sequence and the P-8, curve are unchanged with respect to the cam system

but the energy associated with the accessory system was not included.
Through the use of a fixed step Euler ODE solver over a time span of seven seconds (to
ensure that the engine has reached a steady state condition while minimizing the required

solution time), the resulting steady state RPM was in good agreement with what was expected

from power balance hand calculations.
The solution strategy was to start the engine at O degrees for the crankshaft corresponding

to cylinder #1 being at top dead centre and to provide an initial angular velocity of 210 rad/s.
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This was arbitrarily chosen to correspond to the very low end of the propeller load curves and to
approximate actual starting conditions with reasonable accuracy.

The FFT of the angular velocity data revealed that the strongest harmonic was the 1.5
harmonic, followed by the 3.0, and 1.0. This is consistent with the expected result, which was
that the strongest harmonic would be the 1.5 due to the combination of 21 and 4m-periodic

functions that exist simultaneously within the engine system.

Section 4.5 Results at 47, 6”7 and 8 ”Blade Pitch Values — No Accessories
The results of the simulation performed without the accessory system are found in Figure

4.35 to Figure 4.40 for throttle settings ranging from 35% to 100%. The analysis for the 4" and
6” blade pitch ends at 75% and 85% throttle, respectively, because the system becomes speed
limited. Only four throttle settings were selected to show since all results figures are very
similar.

Plot (a) of Figure 4.34 shows the angular position of the crankshaft as a function of time,
which is nearly linear and monotonically increasing.

Plot (b) of Figure 4.34 is the plot of the crankshaft angular velocity as a function of time.
The plot of omega vs. time shows that after starting with initial conditions of angular position
and velocity, the operating speed of the engine increases to reach a steady state value after a
short period of time. There is some oscillation in this plot throughout the operating range and
this is due to the rotational (periodic) nature of the kinetic energy, potential energy, the firing
sequence and the 4m-periodic pressure vs. crank angle characteristic. Superimposed on the
angular velocity plot is a flat line, which is the expected steady state operating speed as
calculated by a power balance between engine and propeller.

Plot (c) of Figure 4.34 is the FFT representation of the angular velocity vs. time, taken at
steady state conditions. Plot (c) shows a dominating harmonic of 1.5, followed by 3.0, and 1.0.
The dominating harmonic of 1.5 is a result of the system components having both 27 and 4m-
periodic components. The 3.0 harmonic is the first integer multiple of the 1.5 harmonic and the

1.0 harmonic is the operating speed of the engine.
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Figure 4.34: Complete results obtained at a 4” blade pitch and 35% throttle
setting.

For all test cases, Figure 4.34 (a) was monotonically increasing. As such, the author
focused on the omega vs. time and FFT of omega vs. time results, which provided the most
useful information. Figure 4.35 to Figure 4.37 shows the omega vs. time results for four selected
throttle settings at each of the three blade pitch values considered. In each test case, the engine

operating speed increased from the initial speed condition to reach a predicted steady-state value

after a short period of time.
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Omega vs. Time

r ~
'
= ST
Zs "
. .Sa B ©
LI 1}
Lyl FR— w
g8 oo
|58 A
Lol Jeeeeeeed w
H <
L I M 2
. 0 Na)
I F U J w Y <
[y Qu.e (~) —
' £ W s
e oacdaceanas R ™ - =) >
d
.
LN A w 0 <
d o -
: o
LN S N Z.
L. Jeaend w
R -~
'
'
feetocee dewvoowadd R
d
'
S SR PO Jeeeaeadd it
H o
.

T T 1 T
AN - 4
- = al ' !
 REEIS : 4
o 1] S [ . .
A ! :
I e wh--t + 3
H R4 :
3 L1 E E1--¢ ¢
1| O O " N
- @ & _ s
gL E : ! :
’ ) it N R iy
B CREEY Rrp @ 4] '
S > q
£ N & '
- R RIS . .
- n P be...
W1 T g
(@]

dacaboocd

005 1 15 2 25 3 35

400
350 ¢--

(] N
[s7pel] ebowg

- without

ings

85% or 100 %

119

4 4.5
Time [s]

75 %
o vs. time for 4” blade pitch at 35%, 50%, and 75% throttle sett

Figure 4.35
accessories.



Omegavs. Time

Omega vs. Time

2 26 3 36 4 45 6 65 6 65 7

1.5

0.6

- .
H H
3 | HE |
Lo | S gfed ~ 2 4al .
3 gl o T
. o » 3
v
© bo--R-] B .
N N3 © &I
Q Q@ : : . A m € o
L. § §--i----t © s
H v w3 H
cebeeet 0 o b1 |
_ _ ' 1 S _ _ H
L..- --v ' - = F--- —--t
P M2 4 P
b oecoe b cccdocna dacaat i
----t Qo \Q B> puccfpocci-e--d
H w £ e m m
v o @ Ft--- meeedeeest
: o n ¢ . !
! O LeeBecaianans
' w H H
. g H H
H N R P P
. d '
h N ' .
: - ' .
. - == Nhiadi
'
w FecepPooacdoas .
(=) ' '
° i H
o o
3 8 B 8 8
2 g 2 § § 8 §

©

g
o
)

/

eecrecor

Time [s]

Omegavs. Time

T
.
.
'
.
.
.
.
.
.
i i sh Tt R REp I AU AP

PR,

005115652265 3354455556¢657

350
300 }---
250}--
200f---
150
800
700[--
600 |--

W <
[sypeJ] ebawig [s/pes] ebowQ

ings -

throttle sett

Time [s]
85%

 vs. time for 6” blade pitch at 35%, 50%, 75%, and 100%

without accessories.

1

0

120

ime [s]

T
75%

Figure 4.36



—— omega - solved ]
] — omega - exp.

Omega vs. Time

[s/peJ) ebaw

O 2

Time [s]

50%

— o«:neg;\ - s.olve‘d

Omega vs. Time

Feeepecepeccpeccpeccpecapeccpeccpecepecepmacapranar-e]

..
“«
T
o

g 8 8 ¢
N N N

s/pel) ebow

—_—

Time [s]

35%

T
'
- H
Q '
2al |
1
L. .o -u«
< © '
o o N
- Q Qt--4
EE|
- © Ol..,
:
o l. _ _ i
£ :
= F- .
@ \
> - H
(11 ]
,
DEF- .
£ H
0 =3 w ttttttttttttt
)
- H
g :
beccege M "f ”
H
T e
.--f-4 @ L ©
£ H
----f-1° 3 o
! . w
:
m ..-0- _ m. w
= 2 w0
9 : M
> - ~
? I
£ : ©
[e] - ™
H w
(A 4
' N
PEEREES o~
O 0
T -
H
oo u. uuuuuu -~
llllllllll “-001015
) v o
: R o
g 8 g 8 g 3
~ 2] ~r N had
[s/pel] ebowp

i’ime [s]

100 %
75%, and 100% throttle sett

Time [s]

75%
® vs. time for 8”

without accessories.

ings -

blade pitch at 35%, 50%,

Figure 4.37

Figure 4.38 to Figure 4.40 shows the FFT results from each corresponding to the results

In each test case the 1.5 harmonic was found to

presented in Figure 4.35 to Figure 4.37.

dominate, followed by the 3.0 and then the 1.0.
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and 75% throttle settings - without accessories.
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Figure 4.42 shows a comparison of the 0.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each of the plots shown follows a similar trend
of decreasing from a throttle setting of 35% to a throttle setting of 55% and then increasing once
again from a throttle setting of 55% to the maximum throttle setting permissible for each blade
pitch.

For blade pitch settings of 4”, 6”, and 8" the harmonic magnitudes at 35% throttle are at
a maximum value of 0.526 rad/s, 0.584 rad/s and 0.674 rad/s, respectively. Each plot then
decreases in magnitude to 0.240 rad/s, 0.298 rad/s and 0.358 rad/s at 55% throttle, respectively,
before increasing to a final value of 0.433 rad/s at 75% throttle, 0.616 rad/s at 85%, and 0.880
rad/s at 100% throttle, respectively.

Magnitude of the 0.5 Harmonic vs. Throttle - no Accessories
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Figure 4.41: Comparison of FFT results for the 0.5
harmonic for each blade pitch value without accessories.

Figure 4.42 shows a comparison of the 1.0 harmonic peaks as functions of throttle setting
for each of the three blade pitch values considered. The plots corresponding to blade pitch
settings of 4” and 6” follow a similar trend in that they first decreasc to a minimum and then
increase in magnitude as the throttle position is increased. The plot of the 1.0 harmonic

corresponding to a blade pitch setting of 8” continually increases as the throttle setting is

increased.

125



With the propeller set to blade pitch values of 4” and 6”, the magnitude of the 1.0
harmonic at 35% throttle is 0.341 rad/s and 0.443 rad/s, respectively. The magnitude then
decreases to a minimum of 0.320 rad/s and 0.431 rad/s at 40% throttle, respectively and then
continuously increases to a maximum value of 0.731 rad/s at 75% and 0.900 rad/s at 85%
throttle.

When the blade pitch was set to 8”, the amplitude of the 1.0 harmonic was 0.418 rad/s at
35% throttle and continually increased to a maximum of 1.159 rad/s at a maximum throttle

setting of 100%.

Magnitude of the 1.0 Harmonic vs. Throttle - no Accessories
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Figure 4.42: Comparison of FFT results for the 1.0
harmonic for each blade pitch value without accessories.

Figure 4.43 shows each of the plots for the 1.5 harmonic follow a similar pattern of first
decreasing to a minimum amplitude and then increasing harmonic amplitude with increasing
throttle position until a respective maximum throttle position is achieved. Examining the 1.5
harmonic with the propeller set to 4”, 6”, and 8" blade pitch settings, the harmonic amplitude is
2.940 rad/s, 3.333 rad/s, and 3.867 rad/s at a throttle setting of 35%, respectively. The harmonic
amplitude then decreases to a minimum value of 2.791 rad/s, 3.169 rad/s, and 3.750 rad’s,
respectively, at a throttle setting of 45%. As the throttle is increased beyond 45% the amplitude
of the 1.5 harmonic also increases to a maximum value of 3.281 rad/s, 3.982 rad/s and 4.880

rad/s at throttle settings of 75%, 85%, and 100%, respectively.
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Magnitude of the 1.5 Harmonic vs. Throttle - no Accessories

[

y.
o0
H
H
'
'
.
H
H
H
'
J
:
'
H
H
H
H
H
H
1
1
H
H
H
H
H
H
H
H
H
eeeadannn
]
H
H
H
H
H
f
H
H
2
+
H
H
H
H
H
H
H
H
¥
4
H
H
h
R
:
:
18-
'
H
:
.
H
H
H
H
1

S

Magnitude [rad/s)
N w
o W ¢

%)

1.5

30 40 50 60 70 80 90 100
Throttle Pasition [%]

Figure 4.43: Comparison of FFT results for the 1.5
harmonic for each blade pitch value without accessories.

Figure 4.44 shows a comparison of the 2.0 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each of the 2.0 harmonic plots follows a similar
trend and that is a decrease in harmonic amplitude with increasing throttle position.

When the blade pitch set to 4”, the maximum harmonic amplitude is found to be 0.197
rad/s at a throttle setting of 35%. The amplitude corresponding to the 4" blade pitch then
decreases to a minimum value of 0.110 rad/s at 65% throttle and increases to 0.135 rad/s as the
throttle is increased to 75%.

For the case of the blade pitch set to 6" and 8”, the maximum harmonic amplitude was
found to be 0.233 rad/s and 0.302 rad/s, respectively, at a throttle setting of 35% and decrecases to

a minimum value of 0.097 rad/s and 0.106 rad/s, respectively, at a maximum throttle position of

85% and 100%, respectively.
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Magnitude of the 2.0 Harmonic vs. Throttle - no Accessories
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Figure 4.44: Comparison of FFT results for the 2.0
harmonic for each blade pitch value without accessories.

When considering Figure 4.45, the 2.5 harmonic is constantly increasing as the throttle
position is increased at blade pitch settings of 4”, 6”, and 8”. The minimum harmonic amplitude
is found to be 0.290 rad/s, 0.317 rad/s, and 0.369 rad/s, respectively, at 35% throttle and
increases to a maximum value of 0.473 rad/s, 0.561 rad/s, and 0.691 rad/s at maximum throttle
settings of 75%, 85%, and 100%, respectively.

Magnitude of the 2.5 Harmonic vs. Throttle - no Accessories
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Figure 4.45: Comparison of FFT results for the 2.5
harmonic for each blade pitch value without accessories.
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Figure 4.46 shows a comparison of the 3.0 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each of the plots in Figure 4.46 follows the same
general trend and that is constantly increasing as the throttle position is increased.

For the cases when the propeller was set to blade pitch values of 4”, 6”, and 8”, the
harmonic amplitude is 0.801 rad/s, 0.944 rad/s and 1.095 rad/s, respectively, at 35% throttle and

increases to maximum values of 1.019 rad/s, 1.353 rad/s, and 1.740 rad/s at 75% throttle,

respectively.

Magnitude of the 3.0 Harmonic vs. Throttle - no Accessories
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Figure 4.46: Comparison of FFT results for the 3.0
harmonic for each blade pitch value without accessories.

Figure 4.47 shows a comparison of the 3.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. The plot shows very little change in harmonic
amplitude with an increase in throttle setting; however, the magnitude of the 3.5 harmonic does
increase with increasing throttle setting.

When examining the 3.5 harmonic with the propeller set to blade pitch values of 47, 67,
and 8”, the harmonic amplitude are 0.135 rad/s, 0.146 rad/s, and 0.197 rad/s at 35% throttle and
increases to a value of 0.212 rad/s, 0.226 rad/s, and 0.268 rad/s at 75%, 85% and 100% throttle,

respectively.
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Magnitude of the 3.5 Harmonic vs. Throttle - no Accessories
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Figure 4.47: Comparison of FFT results for the 3.5
harmonic for each blade pitch value without accessories.

Figure 4.48 shows a comparison of the 4.0 harmonic peaks as a function of throttle
setting for each of the three blade pitch values and the plot shows very little change in harmonic
amplitude with an increase in throttle setting. When the blade pitch was set to 4”, 6”, and 8”, the
harmonic amplitude increased from a minimum value of 0.147 rad/s, 0.154 rad/s, and 0.165
rad/s, respectively, at 35% throttle to a value of 0.270 rad/s, 0.324 rad/s, and 0.400 rad/s,
respectively, at 75%, 85%, and 100% throttle, respectively.
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Figure 4.48: Comparison of FFT results for the 4.0
harmonic for each blade pitch value without accessories.
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Figure 4.49 shows the 4.5 harmonic follows a trend of increasing harmonic amplitude
with increasing throttle position at 4”, 6”, and 8” blade pitch settings. The minimum amplitude
of 0.375 rad/s, 0.386 rad/s, and 0.395 rad/s, respectively, corresponds to 35% throttle. The
harmonic amplitude increases to the maximum value of 0.745 rad/s, 0.939 rad/s and 1.139 rad/s,

respectively at a maximum throttle position of 75%, 85%, and 100%, respectively.

Magnitude of the 4.5 Harmonio vs. Throttle - no Accessories
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Figure 4.49: Comparison of FFT results for the 4.5
harmonic for each blade pitch value without accessories.

Figure 4.50 shows the 5.0 harmonic peaks as a function of throttle setting for each of the
three blade pitch values follows a trend of increasing harmonic amplitude with increasing throttle
position. Figure 4.50 also shows that the minimum value of 0.077 rad/s, 0.081 rad/s and 0.107
rad/s, respectively, occurs at a throttle setting of 35%, and increases to a value of 0.216 rad/s,

0.226 rad/s, and 0.264 rad/s at throttle settings of 75%, 85%, and 100%, respectively.
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Magnitude of the 5.0 Harmonic vs. Throttle - no Accessories
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Figure 4.50: Comparison of FFT results for the 5.0
harmonic for each blade pitch value without accessories.

The system dynamic results obtained for the case of the propeller-engine combination
without the cam system included show a dominant 1.5 harmonic, which reflects historical
findings. This corroboration of previously published results provides reassurance to the
investigator that the solution thus far is promising but not complete. To complete the rigid body

simulation the effect of the cam accessory mechanism must be taken into account.

Section 4.6 Results at 47, 6 “; 8 ”Blade Pitch Values — With Accessories

The analysis of this propeller-engine combination was first performed without the
accessory system taken into consideration, and then conducted again with the accessory system
taken into consideration. The evolution of the analysis was performed in this manner to first
validate the method with as few terms as possible, and then to add in the accessory system to
complete the simulation. The results shown in Figure 4.52 though Figure 4.54 are representative
of the entire system with the accessory system taken into consideration. Table 4.4 shows the
variation of steady state operating speed for each throttle setting analyzed for the three blade
pitch values taken into considefation, 4”,6", and 8", respectively.

Plot (a) of Figure 4.51 shows the angular position of the crankshaft as a function of time,

which is nearly linear and monotonically increasing.
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Plot (b) of Figure 4.51 is the plot of the crankshaft angular velocity as a function of time.
This is generated by solving the equation of motion with a fixed step Euler solver. The plot of
omega vs. time shows that after starting with initial conditions of angular position and velocity,
the operating speed of the engine increases to reach a steady state value after a short period of
time. There is some oscillation in this plot throughout the operating range and this is due to the
periodic nature of the kinetic energy, potential energy, the firing sequence and the 4m-periodic
pressure vs. crank angle characteristic. Superimposed on the angular velocity plot is a flat line,
which is the expected steady state operating speed as calculated by a power balance between
engine and propeller.

Plot (c) of Figure 4.51 is the FFT representation of the angular velocity vs. time, taken at
steady state conditions. Plot (c) shows a dominating harmonic of 1.5, followed by 3.0, and 1.0.
The dominating harmonic of 1.5 is a result of the system components having both 21t and 47-
periodic components. The 3.0 harmonic is the first integer multiple of the 1.5 harmonic and the

1.0 harmonic is the operating speed of the engine.
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Figure 4.51: Operating history at 35% throttle and 4" blade pitch
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A selection of the simulation results performed with the accessory system for a 4" blade
pitch setting is found in Figure 4.52 for throttle settings of 35%, 50%, and 75%. The analysis for

77

the 4” and 6” blade pitch settings ends at 75% and 85% throttle, respectively, because the system

becomes speed limited.
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A selection of the simulation results performed with the accessory system for a 6" blade

and 85%.

50%,

pitch setting is found in Figure 4.53 for throttle settings of 35%,
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A selection of the simulation results performed with the accessory system for a 4" blade

pitch setting is found in Figure 4.54 for throttle settings of 35%, 50%, and 100%.
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Omega vs. Time
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The FFT results corresponding to the plots shown in Figure 4.52 to Figure 4.54 can be

found in Figure 4.55 to Figure 4.57. In each test case, the 1.5 harmonic was shown to dominate

followed by the 3.0, then 1.0.
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Mag. of Omega FFT vs. Harmonic
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Figure 4.58 shows a comparison of the 0.5 harmonic peaks as a function of throttle

Of interest to the author was to perform a comparison of each harmonic as a function of

setting for each of the three blade pitch values. The three curves of the 0.5 harmonic all follow a
similar trend in that they all decrease from a throttle setting of 35% to a minimum amplitude at a

throttle setting of 55%, then increase in amplitude as the throttle in increased from 55% to 100%,

throttle setting for each blade pitch. The results of this study are found in Section 4.6.1.

or the RPM limited maximum for the corresponding blade pitch.

Figure 4.57
Section 4.6.1



Considering the 0.5 harmonic with the propeller set to 4”, 6, and 8” blade pitch values,
the harmonic amplitude is 0.446 rad/s, 0.528 rad/s and 0.495 rad/s, respectively at 35% throttle.
The amplitude then decreases to a value of 0.245 rad/s, 0.293 rad/s, and 0.351 rad/s, respectively,
at a throttle setting of 55%. The amplitude of the 0.5 harmonic increases to a value of 0.701

rad/s, 0.885 rad/s and 1.147 rad/s at throttle settings of 75%, 85%, and 100%, respectively.

Magnitude of the 0.5 Harmonic vs. Throttle with Accessories
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Figure 4.58: Comparison of FFT results for the 0.5
harmonic for each blade pitch value with accessories.

Figure 4.59 shows the three curves corresponding to the 1.0 harmonic are all increasing
with increasing throttle setting. The magnitude of the 1.0 harmonic peak is expected to increase
with increasing throttle setting since the 1.0 harmonic corresponds to the operating speed of the
engine. The amplitude of the 1.0 harmonic is 0.446 rad/s, 0.528 rad/s, and 0.495 rad/s,
respectively, at a throttle setting of 35% and increase to a value of 0.701 rad/s, 0.885 rad/s, and

1.147 rad/s, respectively at throttle settings of 75%, 85%, and 100%.
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Figure 4.59: Comparison of FFT results for the 1.0
harmonic for each blade pitch value with accessories.

Figure 4.60 shows a comparison of the 1.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values, respectively. This is the dominant harmonic of
the propeller-engine system due to the interaction of the 21t and 4m-periodic functions modeled in
the simulation. Each curve corresponding to the three blade pitch values investigated follows a
similar trend to that found in Figure 4.43.

All blade pitch settings experience a harmonic amplitude of 2.941 rad/s, 3.331 rad/s, and
3.870 rad/s, respectively, at 35% throttle. The amplitude decreases to a minimum value of 2.791
rad/s, 3.169 rad/s, and 3.761 rad/s at 45% throttle. When the throttle was increased beyond 45%,
the amplitude of the 1.5 harmonic increased to the respective absolute maximum values of 3.286
rad/s, 3.979 rad/s, and 4.879 rad/s at throttle settings of 75%, 85%, and 100%, respectively.

It is desirable to operate the engine at such a speed as to minimize the amount of
oscillation of the system in order to prolong the operating life of the system, maximize the time
required before servicing and overhaul, and in the case of a full-size aircraft engine, it is
desirable to operate the system at such a speed as to minimize the degree of oscillation for
passenger and operator comfort. If the operator wished to operate the Saito-450 engine at a

speed such that the 1.5 harmonic is a minimum for any blade pitch setting, Figure 4.43 indicates

that this throttle setting would be 45%.
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Figure 4.60: Comparison of FFT results for the 1.5
harmonic for each blade pitch value with accessories.

Figure 4.61 shows a comparison of the 2.0 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. The three curves all follow a similar trend and
are of such small magnitude as to render the effect of the 2.0 harmonic on the system to an
almost negligible level.

The magnitude of the 2.0 harmonic for blade pitch settings of 4”, 6”, and 8” are at a
maximum value of 0.142 rad/s, 0.187 rad/s, and 0.261 rad/s, respectively, at a throttle setting of
35%. The magnitude of the 2.0 harmonic is at a minimum value of 0.036 rad/s, 0.073 rad/s, and
0.057 rad/s, respectively, at 75%, 85%, and 100% throttle, respectively.

In this case the 2.0 harmonic has such a minimal amplitude for all throttle settings, the

operator and designer can ignore the 2.0 harmonic on the system.
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Figure 4.61: Comparison of FFT results for the 1.5
harmonic for each blade pitch value with accessories.

Figure 4.62 shows a comparison of the 2.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each curve follows a similar trend of increasing
harmonic magnitude with increasing throttle setting.

Considering the 2.5 harmonic at each blade pitch setting of 4”, 6”, and 8”, the minimum
harmonic amplitude is 0.288 rad/s, 0.318 rad/s, and 0.374 rad/s at 35% throttle. The magnitude
increases to a maximum value of 0.476 rad/s, 0.564 rad/s, and 0.679 rad/s, respectively, at a

75%, 85%, and 100% throttle, respectively.
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Figure 4.62: Comparison of FFT results for the 2.5
harmonic for each blade pitch value with accessories.
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Figure 4.63 shows a comparison of the 3.0 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each curve follows a similar trend of increasing
harmonic magnitude with increasing throttle setting.

Considering the 3.0 harmonic at each blade pitch setting of 4”, 6”, and 8”, the minimum
value of harmonic amplitude is 1.028 rad/s, 1.129 rad/s, and 1.25 rad/s corresponds to a throttle
setting of 35%. When the throttle is increased beyond 35%, the harmonic amplitude increases to
a value of 1.457 rad/s, 1.791 rad/s, and 2.187 rad/s, respectively, corresponding to throttle
settings of 75%, 85%, and 100%, respectively. |

The 3.0 harmonic is the first integer multiple of the dominant 1.5 harmonic; therefore, it
is expected that the 3.0 harmonic has the second greatest influence on the system. This
expectation has been confirmed by Figure 4.63. It is also expected that the amplitude of the 3.0
harmonic would increase with increasing throttle setting because the 3.0 harmonic is the first

integer multiple of the 1.5 harmonic and the second integer multiple of the 1.0 harmonic.
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Figure 4.63: Comparison of FFT results for the 3.0
harmonic for each blade pitch value with accessories.

Figure 4.64 shows a comparison of the 3.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values. Each of the three plots in Figure 4.64 follows a

similarly flat trend.

144



When considering the 3.5 harmonic at blade pitch settings of 4”, 6”, and 8”, the
minimum harmonic amplitude is 0.133 rad/s, 0.145 rad/s, and 0.160 rad/s, respectively, at 35%
throttle. The maximum harmonic amplitude is 0.223 rad/s, 0.228 rad/s, and 0.301 rad/s at 75%,
85%, and 100% throttle.
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Figure 4.64: Comparison of FFT results for the 3.5
harmonic for each blade pitch value with accessories.

Figure 4.65 shows the magnitude of the 4.0 harmonic continuously increases with
increasing throttle setting. When the blade pitch is set to 4”, 6”, and 8", the minimum harmonic
amplitude is 0.176 rad/s, 0.174 rad/s, and 0.182 rad/s at 35% throttle. The maximum harmonic
amplitude of 0.333 rad/s, 0.393 rad/s, and 0.469 rad/s corresponds to throttle settings of 75%,
85%, and 100%, respectively.
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Figure 4.65: Comparison of FFT results for the 4.0
harmonic for each blade pitch value with accessories.

Figure 4.66 shows a comparison of the 4.5 harmonic peaks as a function of throttle
setting for each of the three blade pitch values, respectively. Each of the plots in this figure
follow the same general trend in that they increase with increasing throttle setting.

When considering the 4.5 harmonic for 4”, 6”, and 8” blade pitch settings, the minimum
harmonic amplitude is 0.370 rad/s, 0.385%, and 0.388% corresponding to a throttle setting of
35%. The maximum harmonic amplitude of 0.750 rad/s, 0.935 rad/s, and 1.138 rad/s occur at
throttle settings of 75%, 85%, and 100%, respectively.
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Figure 4.66: Comparison of FFT results for the 4.5
harmonic for each blade pitch value with accessories.

Figure 4.67 shows the 5.0 harmonic peaks as a function of throttle setting for each of the
three blade pitch values. Considering the 4”, 6", and 8” blade pitch settings, the minimum
harmonic amplitude value is 0.074 rad/s, 0.081 rad/s, and 0.108 rad/s, respectively, occur at a
throttle setting of 35%. The maximum harmonic amplitude of 0.206 rad/s, 0.221 rad/s, and
0.265 rad/s, respectively, occur at throttle settings of 75%, 85%, and 100%, respectively.
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Figure 4.67: Comparison of FFT results for the 5.0
harmonic for each blade pitch value with accessories.
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The strength of the individual harmonics for each of the three blade pitch values analyzed
has been compared and plotted against the throttle setting.

Thus far, the oscillation in steady state omega value has been observed but not quantified.
Table 4.4 shows that, with the exception of the 4” and 6” blade pitch values and the throttle
setting of 35%, when the accessory drive is included in the analysis, the steady state oscillation

of the crankshaft angular velocity is greater than when the accessory drive system is not included

in the simulation.

Table 4.4: Omega variation [rad/s] at 4”, 6" and 8" pitch settings.
4” Pitch 6" Pitch 8 Pitch
Throttle No With No With No With
Accessories | Accessories | Accessories | Accessories | Accessories | Accessories
35% 7.53 7.50 8.68 8.66 10.19 10.26
40% 6.92 7.01 8.19 8.59 10.21 10.27
45% 6.54 6.52 7.98 8.05 9.67 9.99
50% 7.72 8.20 8.09 9.25 8.90 9.12
55% 7.80 8.59 7.52 7.99 9.16 9.53
60% 6.95 7.26 7.86 8.74 10.52 1091
65% 6.99 8.06 8.05 9.11 11.57 12.42
70% 7.83 8.21 9.99 9.91 11.93 12.90
75% 8.26 8.56 10.49 11.66 11.05 11.24
80% - - 9.96 10.13 12.82 13.86
85% - - 11.54 12.71 10.58 11.33
90% - - - - 13.82 14.80
95% - - - - 11.77 10.95
100% - - - - 14.72 15.80

The effect of the accessory drive systerﬁ has now been determined for all three blade
pitch settings considered during this simulation. The effect of the accessory drive system on the
dynamical behavior of the entire rigid-body propeller-engine system is small but not negligible.
The accessory drive system does not change the steady state operating speed of the engine
because friction and other non conservative forces were neglected; however, the amount of
oscillation the propeller experiences under steady state operating conditions is a useful quantity
to experimentally validate during future work.

Section 4.7 Starting
To start the Saito-450 engine, the operator has to provide enough power to overcome the

compression stroke with enough velocity to initiate combustion. Since this engine operates with
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an Otto cycle, the compression ratio is not high enough to support compression ignition, hence a
glow plug required. The glow plug is operated during starting by having an electric current is
passed through a thin metallic filament that heats to a high temperature, thereby providing an
ignition source for the air-fuel mixture that is drawn into the cylinder by the downward motion of
the piston.

Typically, the glow plus is heated by the burning of the air-fuel mixture within the
cylinder; however, when starting the engine the glow plug has not yet been heated by the gas
mixture. To overcome this problem, the glow plug is heated by an external source until the
internal gas mixture reaches a sufficient temperature to ensure the glow plug remains heated until
the subsequent combustion cycle.

The propeller must be manually rotated through an angular distance with sufficient
angular velocity for the ingested air-fuel mixture to ignite. This rotation is imparted to the
propeller by the operator through one of three methods, the first being the operator using his/her
hand (bare or gloved) to rotate the propeller, the second is the operator using a stick to displace
the propeller and the third method is through the use of an electric starter that the operator
presses to the spinner to rotate the propeller. Of the three methods to start the engine, in the
interest of safety, the second method of using a stick to rotate the propeller was employed. The
operator is also responsible for selecting the throttle setting when starting the engine and it is
customary to set the throttle at idle conditions or approximately 33%.

To start the engine, the power supplied by the operator must be greater than the power
required by the engine to overcome the compression stroke and initiate combustion. The power

required from the operator to overcome the compression stroke for all three cylinders can be

found in Table 4.5.
Table 4.5: Work required to overcome
the compression stroke [Nm].

Cylinder #1 | Cylinder #2 | Cylinder #3
2.7458 2.9417 2.7553

It was found that the power produced by one cylinder is more than adequate to overcome
the power required for the compression stroke for the following cylinder. So as long as the

operator can initiate combustion in one cylinder, the engine is considered started.
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The compression stroke occupies an angular range of 156°, and the operator can be
assumed capable of manually rotating the propeller through an angular range of 135°. It can be
assumed that the end of the compression stroke corresponds to the end limit of the operator range
of motion. This is a justifiable assumption since the operator must locate the compression stroke
by ‘feel’, thereby moving the propeller into the compression stroke by a certain angular distance.
The difference in angular displacement between the length of the compression stroke and the
operator angular range of motion is 21°. This angular difference is a reasonable amount of
distance for the operator to be sure that the propeller is in the proper angular position to
commence rotation with the stick method.

The worst case for starting the engine corresponds to cylinder #2 since that configuration
requires the most power input from the operator. Acting through a range of 135°, it was found
that the operator must rotate the propeller at 60 rad/s in order to supply 173.56 W or 0.23 hp to
overcome the power required the compression stroke.

Through the SIMPEL program, the results for the engine being rotated at 58 rad/s with
the propeller set to 8” pitch and the throttle set to 35% can be seen in Figure 4.68.

Figure 4.68 (a) shows the angular position of the propeller as a function of time. The plot
shows the propeller oscillating about the starting position with logarithmically decreasing
amplitude indicating an over damped system. At this low speed, the propeller is not producing
any significant aerodynamic load. As such, the propeller for this condition is simply an inertial
element. Figure 4.68 (b) shows the variation of the angular operating speed as a function of
time. The angular velocity is oscillating about zero with decreasing amplitude. This is
consistent with observations of the propeller angular velocity decreasing to zero after a period of
time.

A phase plane representation of Figure 4.68 (a) and (b) is shown in Figure 4.68 (c). The
inward spiral of Figure 4.68 (c) indicates the system has not reached a steady state operating

condition and that the system is stable. An unstable system is characterized by a phase plane

spiraling outward.
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Figure 4.68: 0, (a) and o (b) vs. time during unsuccessful start. Phase plane representation
(c) of engine starting at 58 rad/s with the propeller set to 8” pitch and 35% throttle.

A successful starting of the engine can be achieved when the throttle is set to 35%, and

the engine is rotated at 60 rad/s.

It should be noted that the power required to start the engine varies only slightly with
throttle setting, and coupling this slight change with the operator practice of starting the engine at
approximately 35% throttle, any variations caused by imprecise operator throttle setting is

negligible. The power required to start the engine is also independent of propeller blade pitch

setting.

151



It is extremely difficult to predict the required input angular velocity due to the
uncertainty associated with the air-fuel combustion process. The fuel used is a non-standard
blend consisting of methyl alcohol mixed with nitromethane and various oils. To achieve
combustion, the pressure of the air-fuel mixture needs to be increased and this is accomplished
by the motion of the piston within the cylinder. According to the ideal gas law, as the pressure
of a gas is increased the temperature of that gas will also increase. The air-fuel mixture within
the cylinder is not an ideal gas; however, the principle of a pressure-temperature relationship still

holds.

Given that during the starting procedure, the work required to compress the gas is
provided by the operator, and during this process the pressure of the air-fuel mixture is increased
along with the gas temperature. The glow plug is acting as a source for ignition; however, if the
air-fuel mixture is not compressed at a sufficient rate, the glow plug is still not enough of a heat
source to initiate combustion. As a result, the operator must compress the air-fuel mixture by
rotating the propeller with a sufficient angular velocity in order to raise the cylinder pressure and
temperature to a point where ignition will occur.

Identifying this point apriori requires significant advanced knowledge of fuel properties
and combustion mechanics, neither of which was available. As such, the analysis of required

operator input requirements was performed post simulation analysis.

Section 4.8 System Stability

After determining the steady state response of the mechanical system, it is of interest to

determine whether a given operating point is stable or not, and to identify regions of instability.

Section 4.8.1  Equilibrium Operating Point of a System

The torque produced by the rotation of the propeller can be described by a second order
polynomial. The power characteristic of the engine has been assumed to be a linearly increasing
power output until the maximum 7 hp is reached.

With the power generation (engine output) and power consumption (propeller load)
curves described, the two power plots can be superimposed to determine if there is any region of

instability.
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The intersection of the power generation and load (propeller power consumption) curves
can be an equilibrium operating condition, depending on the slopes of each curve at the
intersection point. For an operating point, stable or not, to exist there must be a power balance
between the power generated and the power consumed, described by Eq. (4.16), where H] is the
power output and H; is the power consumed.

H =-H, (4.16)

The operating point of the system defined by the intersection of the output and load
curves may, or may not, be an optimum one. Typically an engine has a load curve similar to that
depicted in Figure 4.69 and is not a linearly increasing quantity; however, for the purpose of
modeling the effect of a propeller on the dynamical response of the propeller-engine system, a
linear engine power output will suffice. The assumption of linear power output will not alter the
engine dynamics but the linear approximation will affect the steady state power output for a
given throttle setting.

Typically, the designer has pre-identified a steady state operating condition at which the
engine will be operated for most of the operating life. The designer will attempt to pair an
engine with a load such that the engine will operate at, or near, the point of highest power output,
thereby allowing the system to operate at maximum efficiency. This is called “matching” a
converter characteristic (engine) to the load characteristic (propeller) [Thorpe, 1989], or in the

case of the system being analyzed, matching the propeller to the engine.

153



" “Torque
A

Load
Characteristic

L 2

Sicziiiyé o

State 4 Equilibrium
Torque < Operating Point

T =1Tal

_ - Canverter
) -Characteristic

o o e et St s Sty

" .. Angular
" Speed .

Figure 4.69: Typical engine power curve superimposed on a linear
load curve.

Section 4.8.2  Stability of an Equilibrium Operating Point

The identification of the steady state operating point does not provide any information
regarding the stability of that operating point. If a disturbance were to slightly alter the load or
power curves violating Eq. (4.16), the operating condition stability prior to the disturbance will
dictate whether the engine will stop or if the engine operating speed will grow until failure, or
some other behavior yet to be determined will occur.

The detailed approach requires knowledge of control theory, of transfer functions, and the
concept of stability in a feedback control system. The approach used in this analysis was to look
at the stability of the operating point in terms of the geometry of the engine power and load
characteristics in the vicinity of their intersection.

This approach has a limitation since the curves under consideration are only valid for
equilibrium conditions. Equilibrium and stability are not the same; a stable system requires the
existence of one or many equilibrium points; however, an unstable system may or may not have

any equilibrium points.
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Applying the concepts of equilibrium and stability to the propeller-engine combination,
consider the engine to be a prime mover and the propeller to be the load in Figure 4.70. Two

possible operating points, A and B, are shown in Figure 4.70.
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Figure 4.70: Prime mover (engine) and load |
characteristic (propeller) curves.

Let a perturbation be a disturbance in engine operating speed, 4@. In order to determine
the stability of the system it is essential to determine if the perturbation decays, or grows, after
the disturbance is removed. Associated with the perturbation in engine operating speed are the
perturbations AH,, and AH,, the change in engine and load torques, respectively. During this
transient period between steady state operating conditions, the perturbations are governed by Eq.
(4.17).

ow
H -H =]— 4.17
m ! at ( )

where H,, refers to the engine as a whole, H; refers to the propeller, and / is the moment of inertia

of the system.
Assuming the disturbances are applied to the operating point A, the torque equation for

the engine is described by Eq. (4.18).
H,=H,, +AH, 4.18)

The torque equation for the propeller is Eq. (4.19).
H,=H,, +AH, 4.19)

The engine operating speed is described by Eq. (4.20).
=0, +Aw (4.20)

155



Substituting Eqn’s (4.18), (4.19), and (4.20) into Eq. (4.17) results in Eq. (4.21).

o, +Aw

H,,,(A)+AH,,,—H,(A)—AH,=I———( Aat ) (4.21)

But the equilibrium relationship at point A is shown in Eqn’s (4.22) and (4.23).
Hq = H iy (4.22)

do,
=0 : 4.23

” (4.23)

Therefore, substituting Eqn’s (4.22) and (4.23) into (4.21) results in Eq. (4.24).
AH_ —AH, =1 d(jt“’) (4.24)

The propeller and engine torques (4H; and 4H,,) resulting from the perturbations can be
estimated from the slopes of the characteristic curves in the vicinity of point A. The estimate for

the engine characteristic curve about point A is shown in Eq. (4.25).

oH
AH = = -A
m ( o )A [0} 4.25)

The estimate for the propeller characteristic curve about point A is shown in Eq. (4.26).

oH .
AH, =| —L| ‘A
p (aa)l @ (4.26)

Substituting Eqn’s (4.25) and (4.26) into Eq. (4.24) gives Eq. (4.27).
(aHm) _(%) Apy< 2D 427
w ), \dw ), dt (427

The constant coefficient of A@ on the left side of Eq. (4.27) involves the slopes of the

characteristic curves through point A. Define this coefficient as C, and rearranging Eq. (4.27)

gives Eq. (4.28).

dAew (C,
— == |dt
Ao ( 7 ) (4.28)
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Eq. (4.28) can be integrated to obtain Eq. (4.29).

()
ro=kd 1] (429)
Eq. (4.29) shows that 4w will either decay or grow depending on the sign of C4. At point
As shown in Figure 4.70, C4 > 0 and the local slope of the engine output torque is larger than the

local slope of the load curve. This slope inequality is shown in Eq. (4.30).
oH oH

( ] >(__f] (430)
w ), \dw),

Once point A is disturbed, the system tends to seek a new (more stable) operating point;

therefore, point A is an unstable operating point because a small disturbance will produce an
exponentially growing perturbation.
Point B shown in Figure 4.71 is a stable operating point because the local slope of the

engine power curve is less than the local slope of the load curve. Eq. (4.31) mathematically

describes this condition with Cp, <0.
oH oH

(o) <(%) @31
ow ), \dw ),

A small perturbation Aw will decay once the disturbance is removed, and the operating

point tends to be restored to point B.

Consider a positive fluctuation 4@ at operating point A. The fluctuations 4H,, and 4H,
corresponding to A are such that the prime mover torque H,, exceeds the load torque H;. The
excess torque will tend to accelerate the load so @ tends to move away from @y in the same
direction as Aw. With a positive fluctuation Aw at point B, the associated torques H,, and H; are
such that H, exceeds H,,. Torque deficit tends to decelerate the load so @ tends to move back
toward the equilibrium speed wg (opposite to 4a).

Specifically relating to the propeller-engine combination investigated in this thesis,
Figure 4.71 shows a zoomed-in view of the linearly approximated engine output power curves
superimposed on the second order propeller torque curve generated for a 6" blade pitch. Figure
471 shows a slope magnification factor of 13 intersecting the 6” load curve, with a

magnification factor of 12 shown below the propeller curve and a slope magnification factor of

14 shown above the propeller torque curve.
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If a steady state operating point is reached at point A on Figure 4.71, and torque
perturbation drops the load to point B, there is a torque imbalance between the engine output and
that generated by the propeller. Since the engine is now able to produce more power due to the
load reduction, the engine operating speed will increase from point C to point D that is a higher
operating speed than the original point A. The cause of the overshoot is the kinetic energy of the
system has been increased by the reduction of torque loading allowing the engine operating
speed to increase. At the engine operating point D, the propeller is absorbing more torque than
the engine is producing, since point E is higher on the y-axis than point D, and this torque
imbalance will cause the engine operating speed to slow down and the system to return towards
point A. This is a case of a stable system returning to an equilibrium position A after a

perturbation.

Prop & Engine Power vs. Rotational Speed
T

T T T T T T T -
. . . . . . s

4150 4175 4200 4225 4250 4275 4300 4225
Rotational Speed [RPM]

Figure 4.71: Zoomed-in view of one propeller & engine
power vs. ) operating condition.

Figure 4.72 shows the linearly approximated engine power superimposed on the second

order propeller torque curves for the three blade pitch values considered.
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Prop & Engine Power vs. Rotational Speed
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Figure 4.72: Propeller and engine power vs. engine operating speed.

Figure 4.72 and Eq. (4.31) show that for any operating condition set by the operator

stable throughout the entire operational envelope.

Chapter 5 CONCLUSION

The dynamical response of the propeller-engine combination at arbitrary throttle settings
was obtained through energy methods leading to the solution of a second order differential
equation of motion by a fixed-step Euler method. Solving Lagrange’s equation of motion proved
to be a convenient method to obtain the dynamical system response when the energy of all
mechanism members was normalized with respect to the generalized coordinate.

Two sets of simulations were conducted - one neglected the effects of the accessory drive
system, and the second simulation included the effects of the accessory drive system on the
dynamical response of the propeller-engine system. The simulations were successful in

generating realistic overall system response results that match well with observational data. The
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simulations also provided the harmonic spectrum of the system response that is consistent with
published data.

When comparing the results obtained from the two sets of simulations, the following
conclusions are drawn:

1. The steady state operating speed is not affected by the accessory drive;

2. The steady state oscillation in the crankshaft rotational speed is slightly higher when the
accessory drive system was taken into account; _

3. The amplitudes of the harmonic peaks truncated at the 5™ harmonic are altered as the
throttle was increased;

4. The harmonic peaks ordered from highest magnitude to lowest were essentially the same
for the two simulations; and

5. The peak amplitude of the individual harmonics increases as a function of throttle
position for each of the two simulations considered independently.

At each test condition consisting of a user set throttle position and blade pitch, the steady
state operating speed was predicted based on a power balance between the engine output and the
propeller power absorption. The simulation accurately converged to this predicted value after
approximately 2 to 5 seconds of transient operation, depending on throttle setting.

The variation of the angular velocity of the propeller will create a time varying thrust and
torque, which feed back into the engine, thereby altering the engine output characteristics. The
time varying torque was taken into account in the Lagrange equation of motion while the time
varying thrust was not. For each test condition, the magnitude of the angular velocity of the
crankshaft was calculated for both simulations. It was shown that for each corresponding test
case with the exception of five test conditions, the amplitude of the angular velocity oscillation
was greater when the accessory drive system was included as compared to when the accessory
system was neglected. Of the five test conditions where the magnitude of the steady state
angular velocity oscillation was greater when the accessory system was neglected, four of the
test points has differences less than or equal to 0.08 rad/s and the fifth test condition, at 95%
throttle and 8” blade pitch, the oscillation in steady state angular velocity was greater by 0.82
rad/s when the accessory system was neglected.

When the equation of motion was solved in the time domain and a steady state operating

speed had been reached, the FFT was used to find the harmonic spectrum of the oscillating
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steady state response for each test condition in both simulations. When comparing the amplitude
of the corresponding harmonic peaks, the predicted result was that there would be a variation in
harmonic peak amplitudes; however, it was not known which harmonic would increase in
magnitude when the accessory drive system was taken into account and which peaks would
decrease in magnitude. The results showed that, as the throttle was increased for a given
harmonic, there was no pattern to indicate which simulation test case would result in higher
harmonic amplitudes. For a given harmonic order and blade pitch, increasing the throttle setting
in some cases produced greater harmonic amplitudes when the accessories were neglected, and
sometimes increasing the throttle setting produced higher harmonic amplitudes when the
accessories were included.

From the outset of this thesis, it was expected that the 1.5 harmonic would dominate all
other harmonic orders due to the interaction of the 2m-periodic motion of the internal engine
components and 4m-periodic Otto cycle gas force. It was found that for both simulations the 1.5
harmonic did in fact dominate all other harmonic orders. The second most influential harmonic
was the 3.0 followed by the 1.0 harmonic for both simulations.

It was expected that the inclusion of the accessory system would alter the harmonic
spectrum when compared with the simplified simulation. It was found that the accessory system
affected the harmonics of order 6 and above; however, since the harmonics of interest were less
than 6, the effect of the accessory system was minimal.

Considering the simulation that neglected the accessory drive system, it was expected
that the amplitude of each harmonic would increase as a function of the throttle setting. It was
found that the less influential harmonics such as 2.0 was essentially independent of throttle
setting, where the highly influential harmonics were non-linear functions of throttle setting,
sometimes decreasing in magnitude with increasing throttle setting.

The simulations generated useful data for the propeller-engine system that takes into
account the aerodynamic characteristics of the propeller. No longer is the propeller merely an
inertial element to be rotated by the engine; now, the feedback from the time varying propeller
torque as the crankshaft completes an uneven revolution of 21 has been taken into account.
These data are useful for the propeller designer since they will have the ability to predict the

nature of the vibration experienced by the propeller from the engine without having to perform

and pay for many expensive lab testing hours.
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Section 5.1 Future Work

Experimental validation and verification of the P-8, curve was attempted; however, due
to a malfunction of either the A/D converter or the signal conditioner prevented any actual data
collection.

The pressure transducer and low-noise connecting wire, purchased for this test, was
verified as functional by attaching the pressure transducer and wire to an oscilloscope and
verifying that a charge was beign produced by the transducer and transmitted to the oscilloscope
by the low-noise wire. The voltage amplifier was working normally within manufacturer’s
specifications and the PC running the Visual Designer software was also operating normally. By
a process of elimination, the malfunction was traced to the A/D converter or the signal
conditioner. The malfunction occurred after the data pertaining to the moment of inertia of the
propeller was gathered; therefore, the moment of inertia calculation is valid.

To improve the propeller model proposed in the thesis work, more blade stations may be
used in the blade element analysis; the shape of airfoil cross section may be measured more
accurately using a digitizer or other coordinate measuring devices. More sophisticated propeller
models may be developed by taking into account the flexibility of the blades and the cross flow
effects of the pressure gradient interacting with the tip vortices. Further refinements to the
propeller model can be made by taking into account the rotational inflow, rotational slip
slipstream, and blockage due to the engine. The propeller model generated, regardless of
sophistication, can be experimentally validated by ‘rotating the propeller with an electric motor.
During the experiment, the measurement of the voltage, current and rotational speed will allow
the calculation of motor output power, corrected for efficiency, which equals the power absorbed
by the propeller.

Simulations obtained using SIMPEL provide the variation in angular velocity of the
crankshaft as a function of time. This may be experimentally validated. Although experimental
results for the crankshaft torsion may not be easily obtainable for this engine due to the physical
size and configuration of the internal members, the total motion of the crankshaft may be
obtainable through the use of a gear mounted between the propeller hub and the torque plate of
the engine, coupled to a proximity sensor attached to a data acquisition system. Given an

adequate number of teeth on the rotating gear and a high enough sample rate, the total motion of

the crankshaft as it completes one rotation of 27 can be captured.
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Lastly, the rigid body model may be improved by considering flexibility of some or all
“weak” components in the engine-propeller system. These components include crankshaft,

connecting rods, propeller blades, etc.
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Appendix A.  Relevant Code of Federal Regulation (CFR)

The Code of Federal Regulations (CFR) is the codification of the general and permanent
rules published in the Federal Register by the executive departments and agencies of the Federal
Government [CFR URL].  The purpose of this particular CFR is to ensure the safety and
reliability of an acro reciprocating engine.

Reciprocating aircraft engines experience vibration during the normal course of operation
and it must be ensured that these vibrations do not cause damage to the engine structure. The
emphasis of 14CFR33.43 is on failure in either bending or torsional modes at low or high

endurance cycles.

Sec. 33.43 Vibration test.

(a) Each engine must undergo a vibration survey to establish the torsional and bending vibration
characteristics of the crankshaft and the propeller shaft or other output shaft, over the range of
crankshaft speed and engine power, under steady state and transient conditions, from idling
speed to cither 110 percent of the desired maximum continuous speed rating or 103 percent of
the maximum desired takeoff speed rating, whichever is higher. The survey must be conducted
using, for airplane engines, the same configuration of the propeller type which is used for the
endurance test, and using, for other engines, the same configuration of the loading device type
which is used for the endurance test.

(b) The torsional and bending vibration stresses of the crankshaft and the propeller shaft or other
output shaft may not exceed the endurance limit stress of the material from which the shaft is
made. If the maximum stress in the shaft cannot be shown to be below the endurance limit by
measurement, the vibration frequency and amplitude must be measured. The peak amplitude
must be shown to produce a stress below the endurance limit; if not, the engine must be run at
the condition producing the peak amplitude until, for steel shafts, 10 million stress reversals have
been sustained without fatigue failure and, for other shafts, until it is shown that fatigue will not
occur within the endurance limit stress of the material.

(c) Each accessory drive and mounting attachment must be loaded, with the loads imposed by
cach accessory used only for an aircraft service being the limit load specified by the applicant for

the drive or attachment point.
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(d) The vibration survey described in paragraph (a) of this section must be repeated with that
cylinder not firing which has the most adverse vibration effect. in order to establish the
conditions under which the engine can be operated safely in that abnormal state. However, for
this vibration survey, the engine speed range need only extend from idle to the maximum desired

takeoff speed, and compliance with paragraph (b) of this scction need not be shown.



Appendix B.  Engine, Parts & Material Properties

All components comprising the reciprocating engine mechanism were measured and
weighed to fully catalog their dimensional properties for the purpose of performing an accurate
simulation of the actual engine. The location of mass center and moment of inertia of each
component was calculated from the measured properties.

Table B.1 summarizes all components in the reciprocating engine. The column entitled
“KE Term #” is used to identify which quantity is being calculated when determining the kinetic
energy of all engine components. The column entitled “Link Number” corresponds to the
positional graphical method diagram. The mass of each component was determined by weighing
the component with a digital balance with an accuracy of 0.1 g. The column entitled “Length
from wrist pin” indicated the location of the center of gravity of the connecting rods. The cells
for the crank arm + counterweight and the crank pin are filled in; however, the distance found in
the respective cells is referenced to the axis of rotation of the crankshaft. The last column

entitled “I, about CG” is the moment of inertia of the part taken about the mass center.

Table B.1: Mass and moment of inertia for all components in the reciprocating

engine.
Part KE Link Number Mass [kg] Length from I, about CG
Term # wrist pin* [m] [kgm?]
Piston + wrist pin 1 Piston 1 0.02436 0 -
Piston + wrist pin 2 Piston 2 _0.02436 0 -
Piston + wrist pin 3 Piston 3 0.02436 0 -
Crank arm + N/A
Counterweight . éﬁg 3@2 - 5.8679x10°
4 2 0.12095 fr. . about axis of
om axis of X
rot. towards rotation
counterweight)
Crank Pin N/A
(CG@ 2.7122x10°
5 Point A 0.009809 0.01574 m about axis of
from axis of rotation
rotation.
Master con rod 6 3 0.03109 0.046 1.5347x10”
ffﬁ‘{giﬁ o 7 6 0.00839 0.01679 2.0104x10°
f;gziﬁ 3‘3’;‘ 8 8 0.00839 0.01679 2.0104x10°
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B.1. Counterweight

The shape of the counterweight was complex and it was determined that the most
accurate method of determining the mass properties of the component was to create a solid
model in AutoCAD and have the computer generate the required mass properties. The rendering

and wireframe representations of the counterweight can be seen in Figure B.1, (a) and (b),

respectively.

The detailed mass properties of the counterweight are shown in Table B.2.

(@ (b)
Figure B.1: Counterweight Rendering (a) and Wireframe (b).

Table B.2: Mass properties of the counterweight.

Mass (CAD): 16046.2807 g (16.0463 kg)
Mass (ACT): 120.95 g (0.12095 kg)

Volume: 16046.2807 mm’ (1.605x10° m°)
Density: 7.56597x10” g/mm’ (7535.97 kg/m’)
Centroid: X: -10.3358 mm (-1.0336x107 m)

Y: 0.0000 mm (0.000 m)
Z: 3.8627 mm (3.863x10”° m)

Moments of inertia’:
(about coord. Axis)

X: 25094.533 gmm?’ (2.59045x10” kgm?)
Y: 37596.868 gmm2 (3.7597x10‘s kgm?)
Z: 58679.266 gmm (5.8679x107° kgm?)

Products of inertia’:

XY:0.0000 gmm’ #(0.0000 kgm )
YZ: 0.0000 gmm? (0 0000 kgm® )
ZX: -5063.637 gmm” (-5. 063x10 kgm?)

Radii of gyration:

X: 14.6347 mm (1.4635x10” m)
Y: 17.6308 mm (1.763x107 m)
Z:22.0262 mm (2.2026x107 m)

Principal moments and X-Y-Z directions about centroid:

I:24097.366 gmm’ 7 (2. 4097x10 kgm ) along [1.0000 0.0000 0.0000]
J: 22871.429 gmm® e 287x10° kgm ) along " [0.0000 1.0000 0.0000]
K: 45760.994 gmm’ (4.576x10°° kgm®) along [0.0000 0.0000 1.0000]

! From AutoCAD 2000.

2 Moments calculated with actual mass of 120.95 g (density = 7535.97 kg/m’)
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B.2. Crank Pin

A solid model of the crank pin was generated since it is a simple shape to analyze and
because the position of the mass center of the crank pin is offset in both the y and z directions. A

rendering and wireframe image of the crank pin are shown Figure B.2, (a) and (b), respectively.

45

(@) (b)
Figure B.2: Rendering (a) and wireframe (b) of the crank pin.

The detailed mass properties of the crank pin can be found in Table B.3.

Table B.3: Mass properties of the crank pin.

Mass (CAD): 1301.6589 g (1.3017 kg)
Mass (ACT): 9.809 g (9.809x10™ kg)

Volume: 1301.6589 mm° (1.302x10° m’)
Density: 7.56597x107 g/mm’ (7535.97 kg/m’)
Centroid: X: 0.0000 mm (0.0000 m)

Y: 15.7353 mm (1.574x102 m)

Z:7.9375 mm (7.9375x10* m)

Moments of inertia’: X: 3394.4609 gmm’ (3.3945x10° kgm®)
Y: 965.7557 gmm?® (9.6576x107 kgm?)
Z:2712.2023 gmm?® (2.7122x10° kgm?)
Products of inertia’: XY: 0.0000 gmm” (0.0000 kgm®)

YZ: 1225.1338 gmm? (1.2251x10°® kgm?)
ZX: 0.0000 gmm? (0.0000 kgm?)

Radii of gyration: X: 18.6026 mm (1.860x10™* m)

Y: 9.9225 mm (9.923x107 m)

Z: 16.6283 mm (1.663x107 m)

Principal moments and X-Y-Z directions about centroid:
I: 347.7504 gmm G. 4775x10 kgm ) along [1.0000 0.0000 0.0000]
J:347.7504 gmm’® G- 478x107 kgm )along [0.0000 1.0000 0.0000]
K: 283.4971 gmm® (2.8349x10” kgm?) along [o 0000 0.0000 1.0000]

! From AutoCAD 2000.
2 Moments calculated with actual mass of 9:809 g (denSIty 7535.97 kg/m’).
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B.3. Master Connecting Rod

The geometry of the master connecting rod is complex for an analytical analysis to be
performed with the desired accuracy; therefore, a solid model was created in AutoCAD. The
rendering and wireframe representation of the master connecting rod can be seen in Figure B.3,

(a) and (b), respectively.

(@) (b)

Figure B.3: Rendering (a) and wireframe (b) of the master connecting rod.

The detailed mass properties of the master connecting rod can be found in Table B.4.

Table B.4: Mass properties of the master connecting rod.

Mass (CAD): 8851.8754 g (8.8519 kg)

Mass (ACT): 31.09 g (0.03109 kg)

Volume: 8851.8754 mm’ (8.8519x10° m’)
Density: 3.5122x10” g/mm’ (3512.24 kg/m’)
Centroid: X: 13.9716 mm (1.3972x107 m)

Y: 0.0000 mm (0.0000 m)
Z: 0.0000 mm (0.0000 m)

Moments of inertia’: X: 1993.652 gmm> (1.9937x10° kgm®)

(about axis of rot.) Y: 20343.492 gmm? (2.0343x10° kgm?)
Z:21416.0565 gmm’® (2.1416x10”° kgm?®)

Products of inertia’: XY: -0.17329 gmm? (-1.7329x10°" kgm?)

YZ: -3.744x10° gmm? (-3.7437x10°'* kgm?)
ZX: -22.066 gmm? (-2.2066x10* kgm?)
Radii of gyration: X: 8.0078 mm (8.0078x10” m)

Y:25.5801 mm (2.558x107 m)

Z: 26.2457 mm (2.625x10” m)

Principal moments” and X-Y-Z directions about centroid:

I 1993.571 gmm’ (1.994x10° kgm®) along  [1.0000 0.0000 0.0000]

J: 1427449 gmm? (1.4274x10°° kgm?) along  [0.0000 1.0000 0.0000]

K: 15347.1358 gmm” (1.5347x10” kgm?) along [0.0000 0.0000 1.0000]

! From AutoCAD 2000. ;
2 Moments calculated with actual mass of 31.09 g (density = 3512.24 kg/m’)
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B.4. Secondary Connecting Rod

The geometry of the secondary connecting rod is not as complex as the master connecting
rod; however, it a solid model was beneficial to the overall analysis of the component. The solid
model was able to take into account the generous fillets connecting the two ends to the
approximately rectangular center section. Figure B.4 (a) and (b) shows the rendering and

wireframe, respectively, of the secondary connecting rod.

N

\\i@

€)) (b)
Figure B.4: Rendering (a) and wireframe (b) representation of the secondary connecting
rods.

The detailed mass properties of the secondary connecting rod can be found in Table B.5.

Table B.S: Mass properties of the secondary connecting rod.

Mass (CAD): 3422.5316 g (3.4225 kg)
Mass (ACT): 8.39 g (8.39x10~ kg)

Volume: 3422.5316 mm’ (3.4225x10° m’)
Density: 2.45x10” g/mm’ (2451.42 kg/m’)
Centroid: X: 16.7845 mm (1.6785x10* m)

Y: 0.0000 mm (0.0000 m)
Z:0.0000 mm (0.0000 m)

Moments of inertia’: X: 147.792 gmm’ (1.4779x107 kgm?)

(about axis shown) Y: 4323.847 gmm? (4.3238x10°® kgm?)
Z: 4374.042 gmm’ (4.374x10° kgm?)

Products of inertia”: XY: 0.0000 gmm” (0.0000 kgm®)

YZ: 0.0000 gmm? (0.0000 kgm?)

ZX: -4.658x10° gmm’ (-4.658x10™"° kgm?)
Radii of gyration: X: 4.1982 mm (4.1982x10~ m)

Y:22.7015 mm (2.27x10 m)

Z: 22.8329 mm (2.283x10 m)

Principal moments” and X-Y-Z directions about centroid:

I: 147.876 gmm” (1.47876x10”" kgm®) along  [1.0000 0.0000 0.0000]
J: 1960.2126 gmm? (1.9602x10°® kgm?) along [0.0000 1.0000 0.0000]
K: 2010.4077 gmm” (2.0104x10° kgm®) along [0.0000 0.0000 1.0000]

' From AutoCAD 2000. :
? Moments calculated with actual mass of 8.39 g (density = 2451.42 kg/m®).
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