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In this thesis we studied the stability of a binary liquid film flowing down a heated porous inclined
plate. It is assumed that the heating induces concentration differences in the liquid mixture (Soret
effect), which together with the differences in temperature affects the surface tension. A mathematical
model is constructed by coupling the Navier-Stokes equations governing the flow with equations for
the concentration and temperature. The effect of substrate permeability is incorporated by applying a
specific slip condition at the bottom of the liquid layer. We carry out a linear stability analysis in order
to obtain the critical conditions for the onset of instability. We used a Chebyshev spectral collocation
method to obtain numerical solutions to the resulting Orr-Sommerfeld type equations. We also obtained
an asymptotic solution which yielded an expression for the state of neutral stability of long perturbations
as a function of the parameters controlling the problem. We present our findings by illustrating and

interpreting our results for the critical Reynolds number for instability.
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Chapter 1

Introduction

1.1 Background

Liquid films flowing down an inclined plane have widespread applications in both environmental phe-
nomena and industrial settings. The formation of interfacial waves due to hydrodynamic instability
exhibits complicated dynamics in spite of the simplicity of the flow configuration. Therefore, this type

of flow has received significant interest and has fascinated many researchers.

The first experiment was conducted by Kapitza [1] in 1948 who investigated the development of inter-
facial waves in the flow of thin films down an inclined plate. In 1949, an additional study was performed
experimentally and theoretically by Kapitza and Kapitza [2]. They succeeded in establishing the basic
fundamental systematic study in this type of problem. Furthermore, they identified a dimensionless flow
parameter known as the Kapitza number which is considered a significant parameter in the study of
the formation of interfacial waves. This Kapitza number is defined by a combination of surface tension,
kinematic viscosity and gravitational force. Later, more studies were conducted by Benjamin [3] and Yih
[4] who performed a linear stability analysis to investigate the long-wave instability of isothermal falling
films. The critical Reynolds number was calculated using a perturbation solution to the Orr-Sommerfeld
equation. Since then, many researchers have pursued various extensions to the original problem estab-

lished by the Kapitza father and son team.

The impact of heating on the flow down an inclined plate has recently been investigated. In 2003,
Kalliadasis et al. [5] assumed that surface tension depends linearly on temperature and examined the
instability of the flow over a uniformly heated inclined plate using a first order integral-boundary-layer
approximation. This yields a reduced-dimensionality model that is amenable to linear and nonlinear
analyses, however it does not provide good accuracy in predicting the onset of instability when com-
pared to the linear analysis of the full equations and experimental observations. The work presented

by Ruyer-Quil et al. [6] and Scheid et al. [7] used a second-order weighted residual approach to obtain
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a more accurate reduced model that exactly reproduces the critical Reynolds number for the onset of
instability. Trevelyan et al. [8] applied the weighted residual model assuming both constant tempera-
ture and constant heat flux as a bottom boundary condition. They found that in the long-wave limit,
heating destabilizes the flow in both cases. The study presented by D’Alessio et al. [9] showed that the

thermocapillary effect destabilizes the flow over a heated wavy inclined surface.

The first study on the linear stability of a thin Newtonian flow down a porous incline plate was
presented by Pascal [10]. He constructed a theoretical model by using a ”one-sided” model which is
an incorporation of the flow equations and a boundary condition describing the permeability of the
substrate. He used the slip condition formulated by Beavers and Joseph [11] to describe the boundary
condition at the porous substrate and discarded the filtration flow in the porous medium assuming that
it is much slower than the clear flow. Later, Sadiq et al. [12] investigated the effect of surface tension
on the Newtonian film flow using an extension to the one-sided model taken by Pascal. They obtained
a Benney-type equation, then a weakly nonlinear analysis was carried out to determine how the per-
meability of the porous medium impacts the formation of the interfacial waves. The accuracy of the
one-sided model was examined by Liu and Liu [13] who concluded that using this approach generates
more accurate results when the permeability is low or moderate, particularly if the porous substrate is

sufficiently thin.

In addition, Pascal [14] implemented the one-sided model to examine the instability of a nonNew-
tonian flow over a porous inclined plate. He performed a depth integrating strategy to obtain a one-
dimensional model, then a linear and nonlinear analysis were conducted to determine the onset of
instability. In another study, Pascal and D’Alessio [15] performed the weighted residual method to in-
vestigate the instability in a gravity-driven flow over a permeable wavy surface. They found that the
bottom topography coupled with strong surface tension destabilizes the flow. Sadiq et al. [16] presented
a paper investigating the influence of heating and permeability on the instability of the flow. They
obtained an Orr-Sommerfeld type equation and both numerical and asymptotic solutions were calcu-
lated to investigate the influences of heating and permeability on the onset of instability. Their research
includes an important comparison between their results and previous results obtained by applying the

weighted residual method.

Binary liquids refer to mixtures of two liquids such as ethanol-water mixtures and liquid-metal alloys.
The liquid comprising the largest part of the mixture acts as the solvent, while the other is the solute. It
turns out that, if heated, binary liquids are subject to the Soret effect, whereby temperature differences
induce a flux of molecules of the solute leading to concentration variations. The influence of the Soret
effect in the horizontal case has been presented in several studies. In 1979, Takashima [17] examined the
impact of the Soret effect on the P-mode by extending Pearson’s linear stability analysis [18] to binary
liquid. More recently, another study was performed by Joo [19] who used a model with a deformable free
surface heated from above or below and investigated the influence of the Soret effect on the proposed

instability, however the hydrostatic effect was not included in his model. Podolny et al. [20] published a

2
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paper investigating the influence of the Soret effect on the S-mode in the presence of heat flux. The first
work to examine the instability of a binary liquid film flow over an uniformly heated inclined plane was
presented by Hu et al. [21]. In their work, the system of equations for linear stability was solved using
the Chebyshev collocation method. They found that the flow become more unstable with increasing the

Soret number or increasing the Marangoni number.

The present study represents an extension of the work by Hu et al. [21] to also include the permeability
of the plate. The objective of this thesis is to establish a theoretical model and investigate the interaction
of thermosolutal-capillary effects combined with bottom permeability on the instability of the flow. We
model this problem by coupling the governing flow equations with the temperature and concentration
equations and employ the Beavers-Joseph condition to describe the porosity of the plate. In chapter
2 we introduce the governing equations and the corresponding boundary conditions. In chapter 3, a
linear stability analysis is conducted resulting in a Orr-Sommerfeld type equation. A numerical method
is performed to produce a solution of the eigenvalue problem. An asymptotic solution is also presented
in this chapter which also includes a presentation and discussion of the results, while the conclusions of

the study are summarized in chapter 4.

1.2 Description of the problem

Ambient
gas

Porous
heated
plane

Figure 1.1: Schematic representation of a thin film flowing down a porous inclined heated plane.

We consider the gravity-driven two dimensional laminar flow of a binary liquid film over a uniformly
heated porous plate inclined at an angle § with respect to the horizontal as shown in Figure 1.1. The
z-axis points down the incline and the z-axis points upwards. The velocity components in the x and z

directions are given by w and w respectively while z = h(xz,t) refers to the thickness of the fluid. The

3
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temperature of the porous plate is maintained at a prescribed constant value denoted by T,, while the

ambient gas which is assumed to be motionless has a constant temperature T, < T, and pressure puo.



Chapter 2

Governing Equations

2.1 Dimensional equations

We consider a binary liquid film flowing down a slippery inclined heated plate as illustrated in Figure
1.1. The two-dimensional equations which describe the motion of the fluid are obtained from the Navier-

Stokes equations and continuity equation. The z—momentum equation can be written as

ou Ju ou 190p . w(0%u  0%u
o e =22 o+5 (25 + 22 2.1
8t+u3x+w8z p8m+gsm +p(8x2+622 (2.1)

while the z—momentum equation is given by

ow  Ow Ow 10p w (0w 0w
= _ZZE 6+~ — 4+ — 2.2
ot +u8m+w82 p Oz geos +p(8az2+832 (22)

where p is the pressure, v and w are the streamwise velocity and cross-stream velocity respectively. The
density is given by p while p is the dynamic viscosity. The gravitational acceleration is denoted by g

while 6 represents the angle of inclination of the plate. The continuity equation is expressed as

% + % =0. (2.3)

According to Fourier’s law the heat flux is proportional to the temperature gradient, and similarly, by
Fick’s law the mass flux is proportional to the concentration gradient. However, when both temperature
and concentration differences exist, the heat and mass fluxes can be affected by both the temperature
and concentration gradients. The dependence of the mass flux on the temperature gradient is referred
to as the Soret effect, while the dependence of the heat flux on the concentration gradient is known as
the Dufour effect. However, in liquid mixtures only the Soret effect is significant. Consequently the heat

flux Jj, and mass flux J,,, will be expressed as

Jh = —AVT (2.4)
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Jm = —p Dy (VC + aVT) (2.5)

where C' is the solute concentration, T' is the temperature of the liquid mixture, A > 0 is the thermal
conductivity, D,, > 0 is the mass diffusivity, « is the Soret coefficient and V = (a%, %). We point out
that, depending on the nature of the binary liquid, the temperature-induced solute flux can be towards
warmer or colder regions, and consequently the Soret coefficient can take on negative or nonnegative
values.

Introducing the heat and mass fluxes into the basic advection-diffusion transport equation we obtain

the following equations governing the temperature and concentration

DT
D
?f = Dy, (V?°C + aV?T) (2.7)

where § is the thermal diffusivity and % = % + ua% + wa%.

To determine the dynamical conditions at the surface of the liquid layer, we first point out that,

assuming the liquid is Newtonian, the total stress tensor can be expressed as ? =—-pl + ?, where
2%e  Zu i ow 10
? =p du ax@w o Bwam and ? = :
5 T 5x 2%, 0 1

=

The force exerted by the flow on the free surface z = h(x,t), can be written as §'n where 7 is the unit

1 _0h
Am e | 0 |
1+ (2)” L1

We assume the viscous stress acting on the surface due to the ambient gas to be negligible. Therefore,

normal vector which is given by

the force on the surface due to the flow of the liquid film is balanced by the ambient pressure and the
effect of surface tension. Then the total force balance at the surface of the liquid layer can be expressed

as
5O (2.8)

where p, is the ambient pressure, ¢ is the surface tension, V is the surface gradient operator which is
defined as

o | 0h
1 oz T 9292
vs = 3 )
oh B oh\2 8
5sos t(52) oz
= o~
and K is the average of the mean curvature of the free surface which is given by K = —% (VS. n) The
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normal component of the equation (2.8) yields to the following equation

2 |(Oh\TOu Ok (Ou  dw)  Ow
P=Peo 1+(%)2 ox) Oox Oz \9z Ox 0z
*h

P02 af z=h(xt). (2.9)

ey

The tangential component of the equation (2.8) can be obtained by multiplying the equation by Z\, the

unit tangent vector, which can be written as

We thus obtain

8704,% 870 1+ @27 1, %2 @4,8710 +2% aiw,@
Jx Oz \ 0z ox /) H ox 0z Ox Ox \ 0z Oz
at z=h(z,t). (2.10)

The left-hand side of this equation corresponds to the so-called Marangoni stress which is due to variation
in surface tension, and pulls fluid along the surface in the direction of increasing surface tension.
The surface tension is assumed to depend linearly on both the temperature and the solute concen-

tration and is expressed as
0=000 —0t(T —Teo) + 0. (C —Cp) (2.11)

where o is the surface tension of the fluid at the reference values T' = T, and C' = Cy. The parameters

o and o, are defined as

oo oo

—87 y, Oc = % (212)

g =
which are positive for nearly all binary liquids. So surface tension increases with concentration and
decreases with temperature.

A kinematic condition for the free surface of the liquid layer can be derived from the assumption
that evaporation will be neglected, i.e. the fluid particles on the surface must remain on the surface as
fluid flows. The kinematic condition at the surface can be expressed as

__Oh  Oh

w= o + o at 2z = h(z,1). (2.13)

The relation between the heat flux normal to the surface and the difference in the temperature of the
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liquid and the ambient gas can be expressed through Newton’s law of cooling which is given by
AT - n=x(T-Tx) at z=h(z,t) (2.14)

where x is the heat transfer coefficient and 7T, is the ambient temperature.
Also, using the fact that the normal mass flux of solute vanishes at the free surface, we obtain the
boundary condition

ohoC 0C ohoT oT

Oz dr ' 0z
At a fluid-porous medium interface, Beavers and Joseph [11] established experimentally that the

appropriate boundary condition can be written as

auzz(u—up) at z=0, (2.16)

[N

w=w, at z=0, (2.17)

where k is the permeability of the porous medium, w is a dimensionless parameter related to the structure
of the porous medium, while (u,,w,) is the Darcian mean filtration velocity in the porous medium. For
sufficiently low permeability the filtration velocity can be neglected since the flow of the fluid through
the porous medium is much slower than that of the clear fluid layer, then the equations (2.16) and (2.17)

can be used to define boundary conditions for the velocity of the clear fluid:

0
Yo Zat z=0, (2.18)

P
w=0 at z=0. (2.19)

Since the normal velocity is negligible at the bottom, we also have a zero normal solute flux, which is

expressed as

oC aT

And finally, since the substrate is maintained at temperature T,,, we have the condition

T=T, at z=0.
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2.2 Non-Dimensional equations

The governing equations can be written in dimensionless form by using an appropriate scaling. For the

length scale we choose

H:( ) );’ (2.21)

pgsin 6

which is the Nusselt thickness of an isothermal flow along a non-permeable surface if the flow rate is

prescribed to be Q). As a result, we will introduce the following transformation

H
(r,2) = H(z",2") ,h = Hh", (u,w) = U (u*,w") ,t = ﬁt*,
p—poo:pU2p*,T:TOO+ATT*,C:CO+?AT c (2.22)

where U = Q/H and AT =Ty, — T,. Applying the scaling described above to the momentum equations

in the x and z directions gives respectively

A(Uu*) . O(Uu™) L O(Uu") 1 0(pU?p*) _ u <32(Uu*) 82(Uu*))
—— + (Uu + (Uw =—— +gsinf + —

a(Ztr) R T 7 B 1777 T e p \O(Hz")2 " 9(Hz")?2
and

A(Uw*) L O(Uw*) S O(Uw*)  19(pU?p*) w (0*(Uw*)  0*(Uw*)
o V) g YU G T ey 0, e T ot
which simplify to
ou* L ou* LOu™\ op* vt O%u*
ow* |, ow* LOow'\ ap*  Pwr  OPw*
Re < o +u D +w 8z*> = —Reaz* + 522 + 97 — 3cot 0, (2.24)

where Re is the Reynolds number which is given by Re = % Scaling the continuity equation gives

which reduces to

=0. (2.25)
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Scaling the temperature and concentration equations yields

LAUTT ) _ ) (MviT*)
D(Z%) H?2

AT
2 vk 2%
v.C +aH2V*T>.

D(ZATC*) <atAT
D(Ht) " \oeH?

These simplify to become

or* oT* oT* 0?T*  9%°T*
P * * = 2.2
rhe < o g T 8z*> 92 | 9272 (2.26)
ope (007 b0CT | 00T\ 90T 90T (0T T 2,27
ot* Ox* 0z ) dx*2  9z+2 Ox*?  Oz*? ’

where Pr is the Prandt] number defined as Pr = % while v is the kinematic viscosity, Sc is called the

Schmidt number which is given by Sc = 5~ and So = aZ¢ is the Soret number. Applying the scaling

Tt
to the continuity of normal stress condition at the free surface yields

O(Hz*)  O(Hzx*)

S :(im : Kggz;) g((gi 2&5’;3 <3(Uu*) +a(vw*>> | o)
<1+ (6(Hz*)> )

(O'OO — o0t (AT T*) + o (%ATC‘*)) 9 (HR*)

(o )2
3
2\ 2
o(HhA")
(1 + (S(H:r*)) )

at 2 =h*(a", "),

which becomes

2 o' \% ou*  oh* [Ow*  Ou* ow*

P T o7 [\owr) o o\ o2 ) T o
Re[1+(893*):|

_We— M (T* - C*) &h*

()t

where the dimensionless parameters M and the Weber number, We, are defined as

2" = h*(x*,t%) (2.28)

o AT oo
M= d = T
e M We=Tmg

10
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Scaling the continuity of tangential stress condition at the free surface leads to

(v ()

at 2t = h* (25, 1Y)

+ a(H=")

P (aoo — 0, (AT T*) + 04 (g—;ATc*)) on [0 (o—oo — 0, (AT T*) + 00 (%ATC*))
d(Hz) O(Hz*)

_ O(HK)\?*\ (o(Uu*)  d(Uw*) d(HR*) (8(Uw*)  d(Uu*)
! Kl - (3(Hw*)> ) (8<HZ*) " a(Hx*)) o) <8(Hz*) B 8(Hx*))

which gives
O\’ [8(T* —C*)  8h* (0(T* —C*) On*\*\ [ow*  ou*
—MBRey 1+ (8:10*) [ Ox* * Oz* < 0z* )} =\ (ax*) (8x* * 82*)

4(830*) <8x*> at z* =h"(z",t).(2.29)

The kinematic condition transforms into

O(Hh*)

o (Zr) T aHz) (Uu*) at z*=h"(z*t")

which simplifies to

oh* oh*
* — * * — * * * . 2.
wh= o +u oy at  z" = h*(z",t") (2.30)

Applying the scaling to the Newton’s law of cooling yields

A [ O(ATT*) O(Hh*) N O(ATT™)
. (gggg*g)z O(Hz*) O(Hx*) O(Hz*)

which reduces to

. Oh*\>  [(Oh*\ [9T*\ OT* R,
i (Y 2 () (S0) O e a1

where B = % The zero mass flux condition at the free surface and at the bottom will be scaled as

]X(ATT*) at 2t = h*(z*, 1Y),

_a(Hh*)a(%ZATC*) 3(%2ATC*)+ <_8(Hh*)8(ATT*) 8 (ATT*)

* o(Hz) o(Hz) | o)

a(HI*) 3(H:L‘*) a(HZ*) ):0 at z*:h*(m*’t*)7

0 (garcr) L OATT)
O(H z*) O(H z*)

=0 at z"=0.

11
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These simplify to give

_ (3h*> <80*> L9 s {— (%*) (a:r*) + 8T*} —0 at 2 =h" (1Y), (2.32)

ox* ox* 0z* ox* ox* 0z*
oCc* oT* .
9o + So 5 0 at z*=0. (2.33)

The remaining boundary conditions at z* = 0 are non-dimensionalized to give

ou* 1
aZ* =gu At 2 =0, (2.34)
w =0, T"=1 at z*=0. (2.35)

where 8 = % represents the permeability effect of the porous medium.
Equations (2.23)-(2.35) represent the dimensionless form of the governing equations and the boundary

conditions. In the next chapter we will employ this model to investigate the instability of the flow.

12



Chapter 3

Linear Stability Analysis

The problem (2.23) - (2.35) governing a falling binary liquid film along a slippery heated inclined plate
admits a simple solution corresponding to a steady flow uniform in the streamwise direction. In this
chapter we obtain this equilibrium solution and investigate its stability by means of a linear analysis.

For notational convenience we drop the asterisks in equations (2.23) - (2.35).

3.1 Equilibrium solution

The equilibrium solution is obtained by solving the problem under the assumption of x and ¢ indepen-
dence. Equations (2.23) - (2.35) then reduce to

ou_, o oy
oz 0922 7 9z " Re’
0? 02
@:0 and WZO,

while at z = hs the conditions are given by

ou oC oT oT
&—0, p=0, 5+SO$_O and g——Bﬂ

where hg is the equilibrium thickness of the liquid film. At z = 0 the conditions become

%:lu, w=0, T=1 and a—CJrSoa—T:O.
0z fB

Also, without loss of generality we can impose the condition C' = 0 at z = 0. This corresponds to setting

the reference concentration Cy to be the concentration at the plate induced by the Soret effect.

13
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As a result, the equilibrium solution can be written as

3
u=us(z) = —522 + 3hgz + 38hg (3.2)

cot @

p=ps(z) = -3 Te (2 — hs) (3.3)
B
T=Ts(z)=1- (Hth> z (3.4)
and
B
C =0C4(z) = So (1+Bhs> z. (3.5)

We can determine hg by setting the scaled flow rate to unity, i.e.

hs
/ us(z)dz = 1.
0

This yields
h? +3Bh% —1 =0, (3.6)

and solving for h, gives

2
hy = % (4 — 3% +4/—43 + 1) + 28 - B. (3.7)
(4 — 833 + zn/W)

ol

wl—

3.2 Linear stability theory

Based on the steady-state solution given by equations (3.1) - (3.5), we can express the perturbed equi-

librium solution as follows

h=hs+n(z,t), uw=usz)+u(z,z2t), w=w(zz1t),
p=ps(2) + P, 2,t), T=Ty(2) +T(x,21t) and C=Cy(z)+Clx,z1),

where n, u, w, p, T and C are the added infinitesimal perturbation quantities. We employ this perturbed

state into the governing equations (2.23) - (2.35) then linearize with respect to the perturbation variables

14
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to obtain
ou oOw
I + i 0 (3.8)
ot ot _dug op 0%u 0%
R%m+%m <&)_R8+%26% (39)
ow ow\ op O0*w O*w
or or  _dT, O*T 8T
and

(3.12)

oC  oC  _dCg\  9*C  9*C s 0*T 9T
ot ox dz ©

Selte <+us w 02 + 0z + dx? + 0z

Transferring the boundary conditions at z = hs + 7 to 2 = hs and linearizing yields the following

conditions at z = hg

. cot 2 0w 0%n
3 n—§£+(W6—M(Ts—Cs))@

=0 (3.13)

0T 9C B(l+So)on| 0w  0u

oC oT
__On on
W= + U o (3.16)
and
oT B?p ~
2: “1tmn, BT (3.17)

15
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While at z = 0 the conditions are

oC oT

on 1.
and
w="T=0. (3.20)

We next employ normal modes into the linearized perturbation equations which are defined as

(@57, C.n) = (=), 0(2), 5(2), T(2), C2), ) ehen),

where k represents the perturbation wavenumber which is a real positive number, ¢ is a complex number
whose real part R(c) denotes the phase speed of the perturbation while the product of the imaginary
part $(c) and k represents the growth rate. Then the linearized perturbation equations (3.8) - (3.12)

can be written as

D +iki = 0 (3.21)

Re [ik (us — ¢) @ + Dug] = —ikRep + D*a — k*q (3.22)

ikRe (us — ¢) 1 = —ReDp + D*w — k*b (3.23)

PrRe {zk (us — )T + DTsﬁz] = D*T — KT (3.24)

ScRe [zk (us — ) C + Dcsw] = D20 — k2C + So (DZT - k2T) , (3.25)

where D denotes the differentiation with respect to z operator. Applying the normal modes defined

above to the boundary conditions at z = h, gives

3 o2, Bho(1+50)\] .
P cot 07 — ReDw—k {We—M(l— 11 Bh. =0 (3.26)
s A B(+So).| .. o
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DC + SoDT =0

DC + SoDT =0

and

1
Di = —.

B

The pressure p can be eliminated from equations (3.22) and (3.23) to give

Re [iktiDug + ik (us — ¢) Dt + Du,D — 3] + k* Re (us — ¢)

= D30 — k*Da — ik D% + ik
Similarly, eliminating p from equations (3.22) and (3.26) gives

—k%0 + D0 — 3ik cot 07 — 2ik D — ik Re {W@ — (1 —
= Re (ik (us — ¢)4)

s (L+ So)
1+Bh

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

In order to satisfy the perturbed continuity equation (3.8) we introduce the stream function ¢, which is

related to the velocity disturbances , w by

: R

iz, z,t) = —, w(w,2,t) = o
x

0
0z
In terms of the normal modes, 1 can be written as

w _ \II(Z)eik(xfct).

Then 4 and w can be expressed as

(z) = DY, w(z) = —ikV.

>
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Consequently, we have the following Orr-Sommerfeld type equations

D'V — [ikRe (us — c) + 2k*] D*U + [ik®Re (us — ¢) + k* — 3ikRe] ¥ = 0,
DT — k2T — PrRe |ik (us — ¢) T + ik S )
1+ Bh, ’

SoB

24 124 . NA . SoB
DC - k°C ScRe[zk(uS c)C Zkl—!—Bhs

\1/] + So (DT~ K*T) = 0.
The boundary conditions at z = h, are

1-B
D*V — [ikRe (us — c) + 3k*] D¥ — [3@'1{: cot § + ik>Re (We -M (/%So))} i =0,
D20 4 K20 + ikMRe (T - C') — (3 + ikMReM) H=0,

DC + SoDT = 0,

(us — )+ ¥ =0,

B2

DT +BT — ————7=0.
+ T+ Bh, "

While the conditions at z = 0, are

DC + SoDT = 0,

1
D2V — ED\I/ =0.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

The problem given by equations (3.36) - (3.46) constitutes an eigenvalue problem with ¢ being the

parameter that is to be assigned characteristic values. Solving for ¢ provides the growth rate of the

perturbation with wavenumber k for a given set of flow parameters (Re, Pr, B, Sc,So, M, 0,3, We). A

positive value of §(c¢) indicates that the perturbation amplitude grows in time, while if I(c¢) is negative

18
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then the perturbation is damped. A set of flow parameters for which S(c) = 0 is referred to as the state
of neutral stability for the perturbation with wavenumber &, and corresponds to the threshold between
stability and instability for this perturbation. Regarding the stability of the flow, if all the perturbations

are damped then the flow is stable, otherwise it is unstable.

3.3 Asymptotic solution

The solution of the eigenvalue problem (3.36) - (3.46) can be obtained by carrying out an asymptotic
analysis as k — 0. First, we expand the perturbations U, T,C, 7 and the eigenvalue ¢ in powers of k as

follows
U =g (2) + kW (2) — k2Uy(2),
T :To(z) + ik‘Tl(z) — k2T2(2)7
C =Co(z) + ikCy(z) — k2Cy(z),
i =io + ik — k7,
¢ =co + ikey — k2es.

Substituting into the system of equations (3.36) - (3.46), then we have a hierarchy of problems at different
orders of k. For O(1), we obtain

D'Wy =0, DTy =0, D?Cy=0. (3.47)

the boundary conditions at z = hs become

D*Vy(hy) =0, (3.48)
D*Wq(hs) — 37 = 0, (3.49)
DCy(hs) + SoDTy(hs) = 0, (3.50)
(us(hs) — Co) ’ﬁo — \ijo(hs) = O, (351)

. . B2

while the boundary conditions at z = 0 will take the following form

To(0) = 1p(0) =0, (3.53)
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DCy(0) + SoDTy(0) = 0, (3.54)

1
D?Ty(0) — BD\IJO(O) =0. (3.55)
From equation (3.47), T, can be expressed as
To = A1z + Ay, (3.56)

where the constants A;, Ay are determined using the boundary conditions (3.52) and (3.53) giving

[ = (1415237725)2& (3.57)
Similarly, Cy can be written as
Co = Crz+ Co. (3.58)
The boundary condition (3.50) is used to determine the constant Cf;
Cy = —M, (3.59)
(1+ Bhy)?

while Cy will be determined from O(k) problem as explained later.

Integrating the differential equation D*¥, = 0 and using the boundary conditions (3.48), (3.49),
(3.53) and (3.55), we obtain

3. .
Vg = 57]022 —+ 3B10z. (3.60)
Furthermore, ¢¢ can be determined using the condition (3.51) and we thus have
co = 3hs (28 + hs) . (3.61)

For O(k) terms, the concentration equation (3.38) is reduced to

SoB

__rPoP 2 (N

Dzé’l(z) — ScRe K;zz + 3hsz + 38hs — co> C’o(z)

integrating this differential equation then substituting for C’O(z) and Uy (z) as given by equations (3.58),
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(3.59) and (3.60), we obtain

A _ ; B 2 3 2 3.2 2 2.3
PEE) = = g s 23h5)< 924B2CyReScBh? — 12B2CyReSch’z? + 4B2CyReSch2z

+ 2432ReScSoﬁﬁohsz2 + 12BzReScSoﬁ0hsz3 — 3B2ReScSoﬁoz4 +8B%CyReSc cohgz

— 4B?ReScSo coioz? — 4SBCQRBSC/3h§Z —24BC5ReSc hiz2 + 8BCyReSc hgz?
+ 12BReScSof1yz? + 4BReScSoiyz® + 8B%So hiDrf’l (2) + 16 BC2ReSccohsz

— 24C5ReScfhsz — 120y ReSchyz? + 4CoReScz® + 1GBSohsDT1(z) + 8CyReSceyz

+ SSoDﬂ(z)).
Form the O(k) terms, the mass flux conditions (3.41) and (3.45) can be written as
DCy(hs) + SoDTy(hy) = DC1(0) + SoT3(0) = 0,

substituting equation (3.63) into the above conditions, then C can be determined as

_ BSonoh,(—24BBh, — 9Bh? + 4Bcy — 128 — 4h,,)

s 8(Bhs + 1)2(—3Bhs — h2 + cg)

Consequently, Cy can be expressed as

N 1
Co = 8(Bhs + 1)2(—3Bhs — b2 + co)

(ﬁOSoB(—24BBh§ + 24BfBhy> — 9Bh3 + 8Bh2z
+ 4Beohy — 8Begz — 126, — 4h§)).
At O(k), we have the following system of equations for ¥y

D*W,(z) — Re (us(z) - Co)DQ\I/()(Z) —3Re¥y(2) =0,

D3, (hs) — Re (us(hs) - c0>D\I/0(hs) ~ 3cotfiip = 0,

B(So+1)

2 a _ A _ Z\FE N s By =
D2Wy(hy) + MRe(To(hs) = Colhs)) MRe i = 3 =0,

\Ijl(hs) + (us(hs) - CO)"?I - lelO =0,
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D?¥,(0) — %qul(()) =0. (3.72)

Substituting wus(z), ¥o(z) and ¢y as given by equations (3.2), (3.60) and (3.61) respectively into the
differential equation (3.67) we get

D*Wy(2) — 9Re (B + hs)z + 9Re g hs(B + hs) = 0. (3.73)
Solving the differential equation leads to
3 2 3 - 5_ 3 o 4
Uy(z) =e12° +e2z” +esz +e4+ ERenO(ﬂ + hs)z® — §R6770 hs(B 4+ hs)z". (3.74)

where e1, €2, e3 and e4 are integration constants.
Using the condition (3.71) gives e, = 0 while using the condition (3.72) leads to

€3 = 26627
similarly, using the condition (3.68) and substituting for us(z), ¥o(z) and ¢y we then have
3 3 1
e = 753652770;15 — §Reﬂ flo h? + 3 cot 6 o.

The shear stress condition (3.69) is used to determine the constant es:
B 1

16(3B2h2 + 2B2h3 + 6Bfhs + 4Bh2 + 353 + 2h,)
+ 264 B%ReBiohS + 48 B2 Reijoh! + 432BRef*fgh? 4 864BRe3%foh? + 528 BReBijoh?
+ 96 BReiohS + 3b M ReSofjoh? — 72B? cot 10h® — 48 B2 cot Oijph? 4+ 216 Re 331 h?
+ 432ReB?*foh® + 264ReBioh? + 48 RenghS + 72B%Bi1h? + 48 B2, h> + 12BM ReSofi
+ 12BM ReSoiphs — 144B cot Hﬂﬁohi — 96B cot W]oh‘:’ + 24BM Ref1)g + 16 BM Refjh

o (21632Re53ﬁ0h‘; + 43282 Ref?ijohS

+ 144 BB hy + 96 B h2 — T2 cot 0Bioh, — 48 cot Ogh2 + 7281 + 487 hs).

As a result, the solution of ¥4 (z) is evaluated by substituting the constants ej, e, es and e4 into the
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equation (3.74). Furthermore, the kinematic condition (3.70) will be used to determine ¢; then we get

_hs
- 80
+ 4320BRef*h3 + 10080 BReS3h? + 8256 BRef?h5 + 2880BReShS + 384BReh’

+ 30B*M ReSoph? 4+ 15B*M ReSoh? — 720B? cot 03%h? — 72082 cot §3h: — 160 B2 cot Oh>
+ 2160ReB*h? + 5040 Re33h3 + 4128 Re3?h? + 1440Refh2 + 192Rehg + 120 BM ReSoS?
+ 180BM ReSofhs + 60BM ReSoh? — 1440B cot 03%h? — 1440B cot 08h> — 3208 cot Oh?

1 (216032Reﬁ4h§ + 5040 B% Re33h5 + 4128 B2 Re3?hS 4 1440 B? ReSh” + 192B? Reh®

+ 240BM Re3? + 280 BM Ref3hs + 80BM Reh? — 720 cot §3%h, — 720 cot 03h3 — 160 cot 0h§) /

(3B2ﬁh§ +2B2h3 + 6BSh, + ABh? + 36 + 2hs).

The neutral stability state occurs when §(c¢) = 0 which is equivalent to ¢; = 0. Solving for Re, then we

have the following expression for the critical Reynolds number

Regrit = (80(36 + hy) cot Oh,(3B2Bh% + 2B?h3 + 6BBh, + 4Bh* + 36 + 2hs)) /

(216032,64h§ + 5040823315 + 4128 B23%hS + 1440 B%BhT + 192B%h8 4- 4320B3*h3
+ 10080BBh* + 8256 BA2AS + 2880BAKS + 384 BhT + 30B>MSoBh2 + 15B2MSoh?  (370)
+21608*h2 + 50408°h3 + 41283%h? + 14408h3 + 19215 + 120BM Sop? + 180BM Sof3h,

+ 60BM Soh? + 240BM 3% + 280BM Bh, + 803Mh§>.

For the impermeable substrate case, § = 0, this expression reduces to

10(1 + B)2 cot @
12(1+ B)? + S MB(16 + 1250 + 3S0B)’

Reeris = (3.76)

which is in full agreement with the result obtained by Hu et al. [21] provided the difference in scaling is

taken into account. The Soret effect can be discarded by setting So = 0, in which case we obtain

Recrit = % cot 0

(3.77)

(hs +38)hs ] |

$h2(8 + h,)(2h2 + 10Bh, + 1562) + F5E 533

If we use the thickness of equilibrium flow as the length scale, in which case hy = 1, this expression for

the critical Reynolds number will take the following form

5
Regriz = 8 cot 0 (3.78)

(1+38) ]

25 15 5M B(1+28)
1+6ﬁ+?ﬁ2+763+w

which is in full agreement with the result found by Sadiq et al. [16]. If we set M = So = 8 = 0, the

expression in (3.75) reduces to Regpip = %cot #, which is the well known isothermal result obtained by
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Benjamin [3] and Yih [4].

3.4 Numerical solution

The eigenvalues of the problem (3.36) - (3.46) will be calculated by employing a Chebyshev spectral
collocation method. First, the equations (3.36) - (3.38) will be rewritten as

D" — (ikReus + 2k*) D*¥ + (ik® Reus + k* — 3ikRe) U = ¢ (ik*ReV¥ — ikReD?V) (3.79)
DT — k2T — ik PrReu,T — ikPrRe—b— & — ¢ (fikPrReT) (3.80)
1+ Bh, ’
2 A 24 . A SoB o - _ R
D*C = KC — ikScReu,C + ikScRe 2o W + SoD*T — Sok*T' = ¢ (—szcReC’) . (38

The domain z € [0, hy] is shifted to £ € [—1, 1], by means of the transformation

2 d d 2
&= —2-1, a—Sd—g where S—h—s.

We discretize the interval £ € [—1, 1] using the Chebyshev points
& =— I 1=0,1,2,....N
1=—cos| ), 1=0,12, .,

and expand the variables ¥(z), T(z), C’(z) in terms of the cardinal functions relative to these points as
N N N
U= wiPi(§), T=3 vP), C=3 uPi(),
§=0 §=0 j=0

where

N

[TE-¢)

n=0

(5)27’]?]7’ j:Oa1727"' aN'

[ —¢)

n=0
n#j
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Substituting into equation (3.79) and evaluating at the grid points & , 1 =0,1,2,..., N, then we have

N N N
SYY " wi P () — S%ai(&) Y wiPl (&) + az(&) Y w, Py(&)

j=0 j=0 =0
(ag ZwJ (&) — asS? ZwJP” & ) , (3.82)
where a1(£), a2(€), as and a4 are defined as

a1 (&) =ikReu,(€) 4 2k,

az(€) =ik® Reus(€) + k* — 3ikRe,
as =ik>Re,
aq =ik Re.

Now, in terms of £ the equilibrium velocity is given by
us(§) = (—62 + 6+ ) h3 + 3phs.
Furthermore, equation (3.82) can be written in matrix form as

S D' — S2A D W + Ay = ¢ (Ag — Ag)

(3.83)
where @ = |wy w; ws - wN} " and D denotes the differentiation matrix which is defined as
Pi(&) Pi(éo) Pi(é) Py (&)
b |BE) B A& . Pee)| .
Pé(.&v) P{(%N) le(.fN) lev(.gN)

while the matrices A, Ao, A3 and A, are given by

Ay =diag (a1(60),a1(&1), - ,a1(§N))

AZ :dlag (a2(§0); a2(§1)7 e aGZ(EN)) )
A3 :a3],

A4 =4 SZE

where I is the (N + 1) x (N + 1) identity matrix.
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Similarly, equation (3.80) can be expressed as

—522%13” (&) +as(&) ng (&) +%ng (&) —CG7ZU]

where
as(€) =ikPrReu,(€) + k2,
. B
Qg —'LkPTReTBhS,
a7 =ik PrRe.

Expressing equation (3.85) in matrix form, then we have

—S2D°5 + A5t + Agiv = cAzv,

T

,1=0,1,2,---,N (3.85)

(3.86)

where v = [vo v wvg --- wpn| while the matrices A5, Ag and A7 are given by

As =diag (a5(60), a5(&1), -+, a5(6n))
A(; :CLGI,
A7 :a7I.

Substituting the expansions now into equation (3.81) we obtain

SQZUJP// é-l — as fl Zua é‘l —|—a92wj é’l +SOS2ZUJPN é—l

7=0
= Ca1p E ’U,j

where

ag(&) =ikScReuy (&) + k2,

N
— Sok>> ;P (&)
j=0

1=0,1,2,---,N, (3.87)

SoB
ag :Z.kSCRel_i_OiBhs,
a19 = — ikScRe.
Equation (3.87) can be written in matrix form as
27752 - - _ 272 - 2 - T
S*D"u — Agti + Agw + SoS*D" v — Sok“v = cAou, U= [uo Uy Uy - uN} (3.88)

26



CHAPTER 3. LINEAR STABILITY ANALYSIS 3.4. NUMERICAL SOLUTION

where the matrices Ag, Ag and Ay are defined by

A8 :dlag (a8(€0)7 a8(§1)7 e 70‘8(6]\7)) )
Ag :G,gI,
Ao =aqol.

We now incorporate the equations (3.83), (3.86) and (3.88) into one system of equations which is of

the form L = ¢cMu where

T
u=|wyg wi -+ WN Vg Vi -+ UN Uy U - UN T (3.89)
The vector 4 has 3(N + 1) + 1 components. The matrix L can be written as
[ | | | ]
S4DY — S2A, + Ay 0 | 0 L0
| | |
e o
| | |
Ag : —S2D2+A5 : 0 : 0
L=|------------- e R it -—---, (3.90)
| | |
Ag | S0S2D% — Sok? | S2D*—Ag | 0
- .- Y _______Y________ l___ .
| | |
| | |
0 : 0 : 0 : 0
while the matrix M is expressed as
[ | | C
As—A, , 0 , 0 |0
! | !
T Co T T T T T
| | |
0 : Ay : 0 : 0
M=|----- AR — (3.91)
| | |
| | |
0 0 v A 1 O
L AR O N
| | i
| | |
0 : 0 : 0 : 0

Furthermore, the boundary condition (3.39) can be written in terms of Chebyshev points as follows

N+1 5 N+1 N+1 .
53 Z |:D ]N+1 i wj; — anS Z m N+1,j wj; — alg’f] = 76@135 Z [D] N+1,j wj, (392)
i=0 ’ =0 =0
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where aq1, a12 and a3 are defined as

ail :ikReus(§N+1) + 3]{32,

1 — BhsSo
N - _ g [ 2 Bhsoo
a1z =3ikcot 0 + ik Re (We M( 1+ Bhs ))

ais =ikRe.

The boundary conditions given by equations (3.40)-(3.43) are expressed as

N+1
—92 R
52 Jz(:) |:D :|N+1,j wj + ]{JQ’U)N_H + a4 (UN+1 — UN+1) —ai5n =0, (393)
’ N+1 N+l
S [Dlysr, ui+808 Y [D]y,,, v =0, (3.94)
j=0 j=0
w1+ us(Ent1)7 = en, (3.95)
N+1
S Z [mN+1,j v; + Buni1 —a16n =0, (396)
=0
where a14, a15 and a;¢ are given by
a4 :Zl<3j\4]%€7
. B(1+ So)
=3+ tkMRe | ———=
ais +1 e(lJrBhs)’
BQ
6 =1 Bh,

Similarly, expanding the conditions at z = 0, we obtain

Wy = Vg = 0, (397)
N+1 N+1

S [D],,uj+ 508y [D], jv;=0, (3.98)
j=0 §=0
N+1 N+1

852" [52} L wi=S > [D],w;=0. (3.99)
§=0 ’ j=0

The transformed boundary conditions (3.92)-(3.99) can be incorporated into the system Lu = cMu by

replacing certain rows in the system.

It turns out that the parameters We , M and B are implicity dependent on the Reynolds number.

Thus, in order to determine the solution for the critical Reynolds number we introduce new parameters
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Ka , Ma and Bi related to the previous ones by

1/3
We— (2 Ka
sin 0 Re5/3

M= .3 /3 Ma 7
sin Reb/3

3 1/3
B( ) BiRe'/3,

sin

where Ka , Ma and Bi are defined as

T p/3
Ka =313 is the Kapitza number,
g oK
AT 1/3
Ma :% is the Marangoni number, and
g
2/3
. XH . .
Bi =—-——~ is the Biot number.
by 91/3p2/3

In terms of the new parameters, the asymptotic expression for neutral stability yields two solutions for
the critical Reynolds number. These correspond to the so-called S and H modes of instability. For
small Reynolds numbers, inertial forces are insufficient to amplify waves on the surface of the fluid layer.
However, the equilibrium flow may still be unstable due to flow induced by Marangoni stresses resulting
from surface tension variation caused by perturbations in temperature and solute concentration. The
amplification of perturbations much longer than the thickness of the layer by this type of instability is
referred to as the S mode.

For sufficiently strong inertia perturbations in the elevation of the surface of the liquid are amplified
leading to a hydrodynamic instability referred to as the H mode. Thermocapillary and solutocapillary
effects can enhance the instability of the H mode if the variation in surface tension results in stronger
surface tension at the crests of surface waves than at the troughs. Marangoni stresses then pull fluid
towards the crests thus amplifying the amplitude.

Neutral stability curves in the k¥ — Re plane are shown in Figures 3.1 - 3.4. The intercepts with the
Re-axis correspond to the critical Reynolds number for the onset of instability of perturbations with
k = 0. These are in excellent agreement with the result from the asymptotic analysis when the param-
eters are O(1). The results reveal that as Ma is increased, both the S and H modes are destabilized
and the two modes eventually merge indicating that the equilibrium flow is unstable for all Reynolds
numbers. The parameter Ma is a measure of thermocapillarity, so as it is increased temperature per-
turbations cause greater surface tension variation which destabilizes the flow. Furthermore, if the free
surface is undulated, then the troughs are warmer than the crests due to their proximity to the heated
bottom. As a result surface tension is stronger at the crests and thus the resulting Marangoni stresses

act to amplify the undulations and as such the H mode is destabilized.

29



CHAPTER 3. LINEAR STABILITY ANALYSIS 3.4. NUMERICAL SOLUTION
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Figure 3.1: Neutral stability curves for different values of Ma with cot® =1, Pr =7, Bi =1, Ka =
100, S¢ =700, So = 0.5 and 8 = 0.

The results in Figure 3.1 and 3.2 correspond to the impermeable substrate case, 5 = 0. Note that
in Figure 3.1 the onset of instability of the equilibrium flow is due to the amplification of infinitely long
perturbations. However, it turns out that if So is negative and of sufficiently large absolute value, the
onset of instability is due to the amplification of a perturbation of finite wavelength as shown in Figure
3.2. The results in Figures 3.3 and 3.4 correspond to a case with a permeable bottom, respectively for
a positive and negative value for So. As it can be seen, like in the impermeable case, with negative
So instability of the equilibrium flow is due to finite wavelength perturbations. We conclude that this

phenomenon is not qualitatively affected by substrate permeability.

Another observation from the neutral stability curves is that for a given Marangoni number the
interval of Reynolds numbers for which the flow is stable is smaller if the substrate is permeable suggesting
that substrate permeability is a destabilizing factor. To better determine how permeability affects the
stability of the flow, in Figure 3.5 we display the critical Reynolds number as a function of Ma for different
values of the permeability of the substrate parameter 3. The upper branch of the curve describes the
onset of the instability of the H mode while the S mode is described by the lower branch of the curve,
and the region inside the curve indicates the Reynolds numbers for which the flow is stable. It can be

seen that the region of stability shrinks as g is increased, as a result we conclude that increasing the
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Figure 3.2: Neutral stability curves for different values of Ma with cot® =1, Pr =7, Bi =1, Ka =
100, S¢ =700, So = —0.5 and 8 = 0.

permeability of the substrate destabilizes the flow for both the S and H modes. These conclusions are

the same as those observed by Sadiq et al. [16] for the thermo-porous problem without the Soret effect.
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Figure 3.4: Neutral stability curves for different values of Ma with cot® =1, Pr =7, Bi =1, Ka =
100, S¢ =700, So = —0.5 and 8 = 0.2.
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Figure 3.6: Re..;+ as function of Ma with cotf =1, Pr =7, Ka = 100, Sc = 700, So = —0.5 and 8 =
0.2.

The effect of the Biot number on the critical Reynolds number is illustrated in Figure 3.6. In fact
when Bi = 0 the equilibrium temperature is constant for the fluid layer including the surface. As a result
the surface temperature and the concentration of solute are uniform. Consequently, the Marangoni effect

and the Soret effect are neutralized.

On the other hand, for large Biot numbers the surface temperature approaches that of the ambient
gas which is constant and as such the Marangoni effect and the Soret effect are again neutralized.
Therefore, there is a critical Biot number for which surface tension varies the most because of largest
temperature and concentration variations. At this value the Marangoni effect is maximized resulting in
the most unstable flow. As observed from the curves in Figure 3.6, when Bi increases from zero the
region of stability shrinks, reaches a minimum and then increases. As a result we conclude that both
S and H mode experience a destabilizing effect with small values of Bi and a stabilizing effect with

sufficiently large values of Bi.

35



CHAPTER 3. LINEAR STABILITY ANALYSIS 3.4. NUMERICAL SOLUTION

0.8 ‘

crit

Re
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Figure 3.7 shows Re.;; versus Ma for different values of the Soret number holding the other flow
parameters constant. The results illustrate that increasing the Soret number destabilizes the flow. More
specifically, if So is positive increasing the magnitude of the Soret effect, measured by the absolute
value of So, destabilizes the flow, and if So is negative increasing the Soret effect stabilizes the flow. In
fact, increasing the magnitude of the Soret effect results in greater concentration differences induced by
temperature perturbations and thus amplifies the Marangoni stresses. However, if So is negative a mass
flux is induced towards warmer regions and as a result we have a higher concentration of solute at the
troughs of surface perturbations than at the crests. But surface tension increases with concentration so,
with negative values for So, the Soret effect acts to increase surface tension at the troughs and lower it

at the crests which acts to dampen surface undulations and stabilize the flow.

We next consider the effect of the magnitude of the surface tension which is measured by the Kapitza
number. Now, it is well known that surface tension dampens surface waves, but it has very little effect
on very long waves. For cases when So is positive we do not expect any effect of the Kapitza number
on the onset of instability since it is due to the amplification of infinitely long perturbations. For cases
when So is negative, like the one considered in Figure 3.8, the onset of instability is due to perturbations

of finite wavelength. So the region of stability increases with Ka.

36



CHAPTER 3. LINEAR STABILITY ANALYSIS 3.4. NUMERICAL SOLUTION

Re

0.8
L ~=-Ka=1 |
' = Unstable
e Seing —Ka=10
0.6~ !
=== Ka=100
05 N
= .‘*w
© 04 .. -
“a
Stable "
0.3 - . -
7
+
"/
0.2 "f -
-"
-
01— ) -
0 . | | | | | | |
0 02 0.4 06 0.8 1 12 14 16 18 2

Figure 3.8: Re..;; as function of Ma with cot@ =1, Pr=7, Bi=1, Sc =700, So = —0.5 and § =0.2.

37



Chapter 4

Conclusions

In this thesis we studied the instability of the flow of a binary liquid film down a uniformly heated
porous inclined plane. A mathematical model was constructed by coupling the Navier-Stokes equations
governing the flow with concentration and temperature equations. The permeability of the substrate was
incorporated by applying a slip condition at the bottom of the liquid layer. Our goal was to determine
the effect of various flow parameters such as the Soret number, permeability of the substrate, Biot
number and Kapitza number on the critical Reynolds number for instability.

The solution for the equilibrium state was obtained, then we introduced a perturbed state imposed
on the equilibrium solution into the governing equations. We linearized the perturbation equations and
obtained an eigenvalue problem with an Orr-Sommerfeld type equation. A Chebyshev spectral collo-
cation method was carried out to determine the critical Reynolds number and reveal more information
about the onset of instability associated with the various flow parameters. An asymptotic solution was
also performed resulting in an excellent agreement with the numerical solution.

Neutral stability curves for flow over permeable and impermeable substrates were obtained for various
values of the Marangoni number, Ma. Our investigation showed that the Marangoni number, which is
a measure of thermocapillarity, plays a destabilizing role on the flow. More specifically increasing Ma
destabilizes both the S and H modes, and for sufficiently large values of Ma the two modes merge
rendering the flow unstable for all Reynolds number. Moreover, the results revealed that the onset
of instability is because of the amplification of infinitely-long perturbation when the Soret number is
positive. However, when the Soret number is negative the onset of instability is due to the amplification
of a perturbation of finite wavelength. It turns out that permeability of the substrate does not change
this phenomena.

Our results also indicate that the Soret effect acts as a destabilizing factor when the Soret number is
positive, and a stabilizing factor when it is negative. While the permeability of the substrate was found
to play a destabilizing role in all cases, as revealed by the fact that the interval of Reynolds numbers for
which the equilibrium flow is stable shrinks as 3 is increased.

An important aspect that we found is how the instability of the flow is affected by increasing the Biot

number. The results we obtained show that increasing the Biot number has different effects according
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to its value. When Bi = 0 or when Bi is very large both the Marangoni effect and the Soret effect are
neutralized since the surface temperature and concentration of the fluid are uniform and as a result the
flow is more stable. As such the critical Reynolds number reaches a minimum at an intermediate Biot
number. As a result increasing the Biot number from zero to this value destabilizes the flow while a
stabilizing effect occurs with larger values of Bi.

We also found that when the onset of instability is due to infinitely long perturbations, increasing the
Kapitza number has no effect. This is due to the fact that the Kapitza number measures the magnitude
of surface tension which does not impact long waves due to their reduced curvature. On the other hand,
when the Soret number is negative, and the onset of instability is due to the amplification of waves with
finite wavelength, the effect of the Kapitza number is significant with increased values resulting in a

more stable flow.
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