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ABSTRACT 
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Charger or Multiple Chargers 
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Merchant-owned charging stations will replace gasoline stations in the near future. As charging 

times of electric vehicles (EV) may be significant, without optimization, customers will wait to 

get charged without knowing the actual period of charging. In this thesis, two optimal scheduling 

methods for charging electric vehicles were developed for merchant-owned charging facilities, 

the first with a single charger and the second with multiple chargers.  

In the mathematical model for the single merchant-owned charging station, the problem is 

formulated as a hybrid nonlinear optimization model and solved using a backward recursive 

algorithm with nonlinear optimization solvers. As for a single charger, a hybrid system 

framework was used to capture the tradeoff between demand charges and speed of charging.  
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For the merchant-owned multiple chargers case, the problem is formulated as a mixed integer 

linear optimization challenge with three-dimensional matrices characterizing the solution space 

and was solved using the MOSEK optimization toolbox in MATLAB.  

The proposed algorithms have been analyzed for different penalty factors which were imposed 

on total waiting time of each EV. Final results are analyzed and discussed. 
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NOMENCLATURE 

Data  

𝑎𝑘 = Arrival time of the kth vehicle (hours) 

 𝑁 = Number of vehicles coming to the charging station during the day 

𝐸𝑘 = Energy requirement of the kth vehicle (𝑘𝑊ℎ)  

𝐾𝐸 = Electrcity rates ($/kWh) 

𝐾𝑃 = Demand charge ($/kW) 

𝐾𝑊 = Rate of penalty charge for waiting ($/hour2) 

𝑏, 𝑐 𝑎𝑛𝑑 𝑑 = Constants of the loss factor 

𝑃𝑚𝑎𝑥 = Maximum charging capacity of the charging station (kW) 

𝑁𝐶 = Number of charging stations 

𝑁𝐸 = Number of Electrical Vehicles 

𝑁𝑇 = Number of total time segments 

𝐸𝑛𝑒𝑟𝑔𝑦𝑒 = Energy requirement of Electric vehicle ′e′ (kWh) 

∆𝑡 = Duration of an individual time segment in hours(hour) 

𝐾𝐸𝑡 = Electricity rates ($/kWh)  

𝐾𝑃 = Demand charge ($/kW) 

𝐾𝑊 = Rate of penatly charge for waiting ($/hour) 

𝑁 = Number of vehicles coming to the charging station during the day 

𝑎𝑒 = Arrival time of the eth vehicle (hours) 

𝑃𝑚𝑎𝑥 = Maximum charging capacity of each charging station (kW) 

𝑃𝑀𝑚𝑎𝑥 = Maximum power capacity of the transformer connected to all chargers (kW) 
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Problem variables  

𝑃𝑀 = Recorded Maximum power, during the day (kW) 

𝑥𝑘 = Charging completion time of the kth vehicle (hours) 

𝑃𝑘 = Charging power of kth vehicle (kW) 

𝐸𝑒 = Energy cost of Electric vehicle ′e′ ($)  

𝑇𝑒 =  Total waiting time of each EV ′e′  (hour)  

𝑃𝑀 = Recorded maximum power, during the day (kW) 

Dependent variables 

Utec = Status of electric vehicle ‘e’ getting charged at charger ‘c’, at time slot ‘t’ 

Stec = Status when an EV ‘e’ starts charging, at charger ‘c’, at time slot ‘t’ 

Ptec = Charging power of electric vehicle ‘e’ getting charged at charging station ‘c’, at time 

 

Indices 

k = electric vehicle number 

e = Electric vehicle number 

t = Time segment number 

c = Charger number 

 

 



1 
 

Chapter 1 

1.  General Introduction 

1.1. Introduction 

Increasing greenhouse gas emissions (GHG) have become a growing concern. The transport 

sector is responsible for about 23% of global greenhouse gas emissions (GHG). The transport 

sector in Canada accounts for about 24% of the country’s total GHG emissions [1],[2]. 

Considering this huge impact of the transport sector on total GHG emissions, Electric Vehicles 

(EV) will play an important role in transitioning to a GHG free environment. Adoption of EVs in 

society is growing and prices of EVs are dropping to equal or better than those of gasoline driven 

vehicles. 

Currently, EVs account for a small fraction of global vehicle stock, making their impact on 

global fuel consumption insignificant. Nevertheless, in many countries such as Norway, the 

Netherlands and China there has been a huge growth of EV sales since 2011 [1]. Today the most 

dominant fuels in the transport sector are gasoline, diesel and compressed natural gas. It has been 

predicted that the percentage of the transport sector using petroleum as fuel will dropped from 

96% in 2012 to 88% in 2040 [3]. Meanwhile, the share of the transport sector using electricity as 

its source of energy will have  positive growth [3].  When it comes to the reduction of carbon 

emissions in the transport sector, governments have a major role to play. Eight major nations ( 

Canada, China, France, Japan, Norway, Sweden, the United Kingdom and the United States) 

have signed a Government Fleet Declaration, pledging to increase the share of EVs in their 

individual government owned fleets [4]. They have invited other countries to join them. Some 

governments have introduced incentive programs to support more EVs in their respective 

countries or provinces. The Government of Ontario in Canada is offering up to $ 1,000 to help 

people to purchase and install EV chargers for home or business use [5]. With these incentive 
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programs, the advancement of technology, the reduction in battery costs and the increasing levels 

of energy density in batteries, EVs could become less expensive than gasoline driven vehicles 

and more popular in society. 

Some major EV initiative projects have been introduced by many countries including the  US [6] 

[7], the UK [8], Germany [9] and Canada [5]. Due to the growth in EVs, many countries have 

started to install level 2 and level 3 chargers along their highways. Examples of other 

government initiatives include the EV Chargers Ontario (EVCO) grant program, which is 

working with 24 public and private sector partners to install 500 EV charging stations across the 

province [10]. As of 2015, there were over 5,836 charging stations available in Germany and 

plans to establish 1,400 more DC fast charging station across the country by 2017 [9]. 

1.2. Charging of Electric Vehicles  

The supply voltage for EV chargers dictates their power rating and that decides the time for 

charging of EVs. The Society of Automotive Engineers has published a data sheet comparing 

charging time with different charging levels for a battery powered EV with a battery of 25 kWh 

[11], with the times outlined in Table 1.1. 

An EV can be either charged at home at residential voltage levels or at a commercial charging 

facility at a higher voltage level. With the lower supply voltage and the limited charging power 

in residential chargers, it takes a longer time to charge the EVs. However, at commercial EV 

charging facilities, at higher voltage levels and higher power ratings, EVs can be charged faster 

in a shorter time.   
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Table 1.1 Different Charging Levels for EV Charging 

Charging Level Charging status Time 

AC Level 1 (120V), 12-16A SOC from 20% to 100% 17 h 

AC Level 2 (240V), 80A SOC from 20% to 100% 7 h 

DC Level 1 (200-450V), 80A SOC from 20% to 100% 1.2 h 

DC Level 2 (200-450V), 200A SOC from 20% to 80% 20 min 

DC Level 3 (200-600V), 400A SOC from 20% to 80% < 10 min 

 

The first two options given in Table 1.1 can be installed in households. It can be observed that 

DC Level 1, 2 and 3 chargers are much faster. Generally, DC charging options are available only 

at a commercial level charging facility. With the growing EV industry and people’s busy 

schedules, fast charging will become a necessity.  

As of now, there are many EV fast charging standards available. Only certain sets of EVs are 

compatible with each standard. In case their vehicles are not compatible, some manufacturers 

have introduced adapters. A few EV fast charging standards are as follows. 

1.2.1. Tesla Super Charger 

This super charger was introduced by Tesla. This is one of the popular DC charging methods 

available, with a charging power up to120kW [12], [13]. Generally, all the Tesla EVs can be 

charged using Tesla super chargers. 

1.2.2. CHAdeMO 

Toyota, Nissan, Mitsubishi and Fuji Heavy industries partnered to establish the CHAdeMO 

quick charge standard in March 2010. It has been the most popular charging standard in the 

world. It has the capability to charge up to 50kW and it is planned to develop it up to 150kW in 

the near future [14]. The most popular EV manufacturers to use the  CHAdeMO standard for EV 
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charging are Nissan, Mitsubishi, Kia, Peugeot, Toyota and Honda [15]. Since this standard only 

works with a certain set of EVs, Tesla has introduced an adapter to charge Tesla EVs with 

CHAdeMO charging standards [16]. 

1.2.3. Combined Charging System (CCS) 

 This method of charging combines single phase with rapid three-phase charging at the 

maximum of 43 kW, as well as DC current at a maximum of 200 kW. It is planned to extend the 

charging power up to 300 kW in the future [17]. The most popular EVs charging with this 

method, are the Volkswagen e-golf [18] and  the BMW i3 [19]. 

The global status of EV sales based on the charging standard and the trend of global charging 

station deployment up to 2020 are shown in Figure 1.1 and Figure 1.2 respectively. 

 

Figure 1.1  Global EV Sales Based on the Charging Standards [20] 
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Figure 1.2 Global Cumulative Charging Station Deployment (2014-2020) [20] 
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Even in the case of fast public charging stations, charging an EV with electrical energy takes 

more time compared to fueling up a gas-powered vehicle. Depending on the requirement, there 
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an EV must be in a queue for a long time to start charging and/or takes more time to charge at a 

lower power level, that can also be reflected in the cost. Apart from the queuing time, cost can be 

varied based on the efficiency of the charger and the level of maximum charging capacity. 

Unlike charging at home, where the cost mainly depends on the energy requirement, at a 

charging facility cost can vary over a wide range, due to the many factors explained earlier. 

From the customer point of view, if there are multiple charging facilities available in the 

neighborhood, they have the option to go to the cheapest charging facility where they could 

experience a longer waiting time or choose a more expensive option, where they have a shorter 

waiting time. 

A charging facility can calculate the cost associated with the next customers’ requirement, based 

on the current status of the facility. In that way, a customer can know about charging costs 

instantly. As such, a customer can make an informed decision after getting prices from all 

charging facilities in the neighborhood. The mathematical optimization model proposed in this 

research helps to calculate the minimum cost of charging EVs while maximizing profits for the 

merchant-owned charging facility. 

1.4. Hybrid Systems 

A dynamic system which consists of both continuous and discrete dynamic behavior is defined 

as a hybrid system [21]. A function to model charging costs of an EV is considered as a 

continuous function, which is continuous throughout the charging time. There can be a time gap 

between charging of two consecutive EVs, based on the finishing time of charging the first EV 

and the arrival time of the next EV. The complete function modeling charging of multiple EVs at 

a single charging facility, separated by time intervals, causes the total model to be a 
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discontinuous set of continuous functions, also known as a hybrid system. So, the charging 

process of EVs at a charging facility can be defined as a hybrid system. 

1.5. Motivation and Objectives  

1.5.1. Motivation 

With the growing number of EVs on the road, there will be an increasing demand for charging 

facilities. Since it takes a considerable amount of time to charge an EV, if a charging facility is 

not properly organized, EV owners will have to wait to get their EVs charged without knowing 

the time required to complete charging. In addition, charging facility owners will not be aware of 

optimum charging power levels and the charging times such that their costs are minimized.  

Much recent research to calculate the optimum charging schedule has been developed from the 

EV owner’s perspective or focused on grid impact. However, in a merchant-owned EV charging 

facility, the charging facility owner will want to maximize profits or minimize costs. Hence, the 

main challenge is to find the optimum charging schedule that minimizes the cost of charging 

from the EV charging facility owner’s perspective. 

1.5.2. Objectives 

The main objectives of this thesis are as below:  

 Develop a mathematical formulation and an algorithm to determine the optimum EV 

charging schedule to charge a set of EVs over a 24-hour period such that the cost of charging 

is minimized considering a merchant-owned charging facility with a single charger. 

 Develop a mathematical formulation and an algorithm to determine the optimum EV 

charging schedule to charge a set of EVs over a 24-hour period such that the cost of charging 

is minimized considering a merchant-owned charging facility with multiple chargers. 
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1.6. Thesis Outline 

This thesis contains five chapters, which are briefly explained below: 

1. General Introduction 

The main purpose of this chapter is to introduce EV charging information and present the scope 

of this thesis. Available EV charging methods and their importance are briefly described.  

2. Literature Survey 

This chapter presents some of the existing research about optimization of EV charging. In 

addition, research studies on cost optimization of hybrid systems are presented. An algorithm 

used to optimize a hybrid system is used for cost minimization of an EV charging facility with a 

single charger. 

3. Electrical Vehicle Charging for a Charging Facility with a Single Charger  

A formulation and algorithm, results from a study on an example data set, and results of a 

sensitivity analysis for charging a set of electric vehicles over a 24-hour period in a merchant-

owned charging facility with a single charger are presented in this chapter.   

4. Electrical Vehicle Charging for a Charging facility with Multiple Chargers 

A formulation and algorithm, results from a study on an example data set, and results of a 

sensitivity analysis for charging a set of electric vehicles over a 24-hour period in a merchant-

owned charging facility with multiple chargers are presented in this chapter.   

5. Conclusion 

In this chapter, a summary of key findings and observations along with suggestions for future 

work for this research topic are presented. 
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1.7. Summary of the Chapter 

This chapter introduced electric vehicle charging and its importance. Along with electric vehicle 

growth, the need for electric vehicle charging facilities is also growing. Existing methods of 

electric vehicle charging were briefly discussed. The nature of optimizing the schedule of electric 

vehicle charging was explained.  The motivation and objectives of the thesis and a thesis outline 

that gives an insight into all the chapters of this thesis were presented. 
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Chapter 2 

2.  Literature Survey 

2.1. Introduction 

There are many research studies to address the issue of finding an optimal schedule for EV 

charging at a charging facility. In this chapter, the research studies are reviewed and presented 

with respect to optimal control of discrete-continuous hybrid systems and different EV 

scheduling objectives. 

2.2. Different EV Scheduling Objectives  

EVs can be charged and discharged to achieve different objectives. EV charging schedules with 

Vehicle-to-Grid (V2G) and Grid-to-Vehicle (G2V) control strategies have been discussed in Ref. 

[22],[23], [24], [25],[26],[27] ,[28], [29] and [30].  

In [22]-[23], methodologies to develop charging schedules to regulate grid frequency through 

V2G control of EVs are presented. The optimization objective of these scheduling problems is 

grid frequency regulation. With the developed schedules, grid frequency fluctuations can be 

suppressed by frequency droop control while satisfying the charging requirement. There are EV 

scheduling algorithms built for the objective of grid intermittency minimization in [24], [25], 

[26] and [27]  . When there is a high penetration of renewable energy (RE) to the grid, V2G and 

G2V control can be used to develop an EV charging schedule to deal with the supply 

intermittency [24]. EV can be used as energy storage to address this issue. When there is an 

intermittent renewable energy supply, it can be stored in EVs and discharged to the grid during 

peak hours to reduce energy from expensive power plants. Research paper [27] specifically 

discusses about collaboration between wind power plant owners and EV owners to increase their 

revenue and incentives through a V2G approach. Optimal EV charging schedules are used to 
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mitigate distribution grid voltage problems caused by solar generation [25] and to supply 

ancillary services to the grid [28]. Similar to the previous research, EV can be used as energy 

storage to store energy and use it to reduce voltage problems. In Research [29], authors propose 

an approach to make microgrid more reliable, stable and cost effective through a methodology of 

jointly controlling EV charging and electricity consumption of home appliances. In [30], authors 

suggest an optimal scheduling methodology to minimize the cost of EV charging to the grid. 

This research study propose a globally optimal scheduling scheme and a locally optimal 

scheduling scheme for EV charging and discharging. The cost was minimized from the grid 

point of view. 

These V2G and G2V control strategies are mainly used to control the grid parameters, to 

smoothen the load curve and to reduce dispatching expensive power plants during peak time. In 

addition to that, when EVs are used as a battery to store energy from renewable energy sources 

such as solar and wind power, it gives cleaner energy to the grid.  

In [31] a G2V control strategy is presented to minimize the impact on the grid. In this paper, two 

sets of programs were suggested to achieve two separate goals: (1) to achieve a desired aggregate 

load profile, and (2) to minimize the total number of on-off switchings of all EV charging 

profiles.  

Different objectives of EV charging are discussed in [32], [33], [34] and [35]. The optimum EV 

charging schedule suggested in Ref. [32] was focused on minimizing the charging cost and 

energy cost from the substation point of view. It analyses the cost of charging from the grid point 

of view. Charging cost can be minimized if EVs are charged when energy costs are low. Ref. 

[33] focuses on minimizing the impact on the distribution transformer connected to the charging 

facility and the EV battery. Similar to [9], in [10] a methodology is proposed to perform charging 
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focused on valley-filling of the transformer load curve. The authors have discussed how the 

algorithm updates its charging profile based on real-time changes in the load profile. It further 

describes a methodology to minimize loading of transformers to protect them from overloading. 

Ref. [35] proposed a methodology to provide grid support while improving the health of the EV 

battery. It explains the benefits of controlled EV charging to the grid and the battery, versus 

uncontrolled EV charging. All of the above research studies look at the grid operator’s point of 

view and develop algorithms to optimize the grid impact. 

An EV charging schedule can also be developed to minimize EV owner`s costs, travel time or 

waiting time from the customer point of view [36], [37],[38],[39], [40] and [41].  

In [36], a methodology is proposed to minimize the charging costs of an EV fleet taking into 

account spot prices and individual EV driving requirements. Rather than minimizing the 

charging cost of an individual EV consumer, the authors have illustrated how to minimize the 

total cost of an EV fleet by charging multiple EVs in parallel. EV waiting time at charging 

facilities, travel time to the charging facilities, and the total cost for the customer can be 

minimized with optimum EV charging scheduling [37],[38],[39]. Unlike the research discussed 

in [36], these studies focus on improving individual customer benefits, from the consumer’s 

perspective. With these methodologies, customers have the ability to either reduce the charging 

cost or reduce the waiting time, based on their priorities.  In addition to outside charging 

facilities, optimum EV charging schedules can be developed for EV charging at the household 

level with home energy management systems [40]. With this optimization method, home energy 

management system can decide the most optimum way to charge EVs, if there are multiple 

energy requirements at a house. In addition to charging from household electricity supply, an 

energy management system can be implemented for DC chargers in parking lots, as explained in 
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paper [41]. Here authors suggest a methodology to charge EVs as quickly as possibly or to 

maximize EV owner’s revenue by selling stored energy to the grid. All of these studies have 

different objectives based upon EV owner’s perspective. 

In [42], the authors propose a real-time EV scheduling algorithm as part of a building energy 

management system. The main objective of this study is to minimize the energy cost of the 

building where EVs are being charged. 

From the above literature survey, it is clear that most of the research studies are available to 

minimize the charging cost from the consumer`s point of view or based on their impact on the 

connected grid. In this thesis, algorithms to minimize the cost of a merchant-owned EV charging 

facility from the charging facility owner’s point of view are developed. 

2.3. Optimal Control of Discrete-Continuous Hybrid Systems  

Ref. [43], [44], [45] discuss optimal control of hybrid systems.  

The optimization problem discussed in [43] was defined as a hybrid system consisting of a 

continuous function for ramping levels of production limits and a discrete function for up/down 

times of production. This hybrid system was solved using a Lagrangian relaxation and double 

dynamic programming method. The objective of optimizing the production planning is to 

minimize the production cost. 

 Another hybrid system with respect to EV energy management has been presented in [44]. The 

main objective was to optimize the energy management of an EV. This optimization problem is a 

hybrid system consisting of a discrete function for drive mode (electric or hybrid) and a 

continuous function for the torque split between the internal combustion engine and the 

motor/generator. A variation of the extremals algorithm was used to solve this hybrid optimal 

control problem.  
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The hybrid system presented in  [45], is focused on the steel manufacturing process to optimize 

product delivery time while meeting the quality requirement of steel strips. The main factors 

considered for this dynamic system are: number of processes, length, and arrival time of each 

steel strip. The backward recursive algorithm has been used to optimize the steel annealing 

process. It consists of a continuous function for the heating and cooling processes of the steel 

strip, and a discrete function for the arrival time of steel strips. 

 In terms of hybrid systems, this steel annealing process is similar to the process of EV charging 

at a charging facility. Both EV charging scheduling and the steel annealing process [45] have 

discrete arrival time intervals and continuous processes.  EV charging is a continuous function 

and arrival time of each EV can be considered as a discrete input. 

2.4. Summary 

Many researchers have looked at optimizing electric vehicle charging to achieve various 

objectives. There are three main areas of interest: (1) the grid operator’s perspective to minimize 

the grid impacts, (2) the customer’s perspective to improve the customer benefits, and (3) 

building energy management. But none of the aforementioned studies discuss the function of the 

EV charging facility. Developing an EV charging schedule from the charging facility owner’s 

point of view is the focus of this research.  

There are several studies discussing optimal control of hybrid systems, and the nature of the 

hybrid system in the steel annealing process is analogous to the function of a single charger EV 

charging facility. 
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Chapter 3 

3.  Electrical Vehicle Charging for a Charging Facility with a Single Charger 

3.1. Introduction 

EV charging can also be defined as a dynamic system, since it has a continuous charging 

function and discrete arrival times. However, this hybrid modeling approach results in a 

nonconvex non-differentiable optimization problem, which cannot be easily solved. To 

overcome this issue, the problem is decomposed into multiple smaller and simpler constrained 

convex optimization problems, which can be solved by classical techniques. The strategy to 

decompose the initial nonconvex problem into simpler convex problems is adapted from [45], to 

be employed in the optimization of the EV charging schedule for a charging facility with a single 

charger.  

Current methods of finding an optimum schedule for EV charging do not address the issue of 

finding the minimum cost from the charging facility owner’s perspective. Thus, the methodology 

proposed here aims to find an optimum schedule for EV charging with a minimum cost to the 

charging facility owner. Since the approach is nonlinear in nature, nonlinear factors can be 

directly added to the objective function. 

3.2. Nomenclature 

3.2.1. Data 

𝑎𝑘 = Arrival time of the kth vehicle (hours) 

 𝑁 = Number of vehicles coming to the charging station during the day 

𝐸𝑘 = Energy requirement of the kth vehicle (𝑘𝑊ℎ)  

𝐾𝐸 = Electrcity rates ($/kWh) 

𝐾𝑃 = Demand charge ($/kW) 



16 
 

𝐾𝑊 = Rate of penalty charge for waiting ($/hour2) 

𝑏, 𝑐 𝑎𝑛𝑑 𝑑 = Constants of the loss factor 

𝑃𝑚𝑎𝑥 = Maximum charging capacity of the charging station (kW) 

3.2.2. Problem variables  

𝑃𝑀 = Recorded Maximum power, during the day (kW) 

𝑥𝑘 = Charging completion time of the kth vehicle (hours) 

𝑃𝑘 = Charging power of kth vehicle (kW) 

3.2.3. Indices 

k = electric vehicle number 

3.3. Formulation 

This section presents the mathematical formulation of the convex optimization problem proposed 

for a charging facility with a single charger.  

3.3.1. Type of Costs Associated with the Objective Function 

Costs associated with EV charging depend on many factors. They can be described as follows. 

3.3.1.1 Energy cost 

Due to the complexity of nonlinear optimization algorithm, a flat rate of tariff was introduced to 

calculate the energy cost. 

3.3.1.2 Maximum demand charge 

It was calculated from the recorded maximum power at the charging facility during the day. 

Demand charge = KP ∙ PM                                                           (3.1) 

where KP is the demand charge and PM is the recorded maximum demand. 
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3.3.1.3 Penalty for waiting  

A penalty charge was individually calculated for each EV based on its arrival time and exit time. 

Here it was considered that if a customer has to spend more time at the charging facility, the 

penalty charge for waiting is increasing in the form of a quadratic formula. Therefore, a 

nonlinear penalty charge was introduced. The penalty for waiting was calculated using the 

following formula: 

𝑃𝑒𝑛𝑎𝑙𝑡𝑦 𝑓𝑜𝑟 𝑤𝑎𝑖𝑡𝑖𝑛𝑔 = 𝐾𝑊 ∙ ∑(𝑥𝑘 − 𝑎𝑘)2

𝑁

𝑘=1

                                                   (3.2) 

3.3.1.4 Loss of energy 

The cost associated with the loss of energy of a charging EV is considered under this factor. The 

loss can be varied based on the charging station efficiency. To reflect the variation of loss of 

energy, the following loss factor is introduced: 

𝐿𝑜𝑠𝑠 𝐹𝑎𝑐𝑡𝑜𝑟:   𝑓𝐿(𝑃𝑘) =  𝑏 + 𝑐 ∙ 𝑃𝑘 + 𝑑 ∙ 𝑃𝑘
2                                          (3.3) 

where b, c and d are constants. 

The cost of the loss for an individual EV is: 

𝐶𝑜𝑠𝑡 𝑜𝑓 𝑙𝑜𝑠𝑠 𝑓𝑜𝑟 𝑎𝑛 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝐸𝑉 =  𝐾𝑊 ∙ 𝑓𝐿(𝑃𝑘) ∙ 𝐸𝑛𝑒𝑟𝑔𝑦                        (3.4) 

 

The objective function can be defined with the equations shown in (3.1) – (3.4). 

 

3.3.2 Constraints Considered for the Objective Function 

The following constraints are included in the model: 

 Charging power is limited by the maximum and minimum charging capability of the 

charging station and transformer which is connected to the charging station. 
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 Charging finishing time of the kth EV depends on the duration of charging of the kth EV 

and the arrival of kth vehicle or the charging finishing time of (k-1)th EV.  

3.3.3 Objective Function 

The objective function to minimize the total cost can be written as the sum of energy costs (3.1), 

maximum demand charges (3.2), penalty for waiting (3.3) and loss penalty as a function of 

charging power (3.4) summed as below: 

𝑓 = [𝐾𝐸 ∙ ∑ 𝐸𝑘

𝑁

𝑘=1

] + 𝐾𝑃 ∙ 𝑃𝑀 + [𝐾𝑊 ∙ ∑(𝑥𝑘 − 𝑎𝑘)2

𝑁

𝑘=1

] + [𝐾𝐸 ∙ ∑ 𝑓𝐿(𝑃𝑘) ∙ 𝐸𝑘

𝑁

𝑘=1

]            (3.5) 

3.3.4 Constraints 

The loss factor is defined as below: 

𝑓(𝑃𝑘) = 𝑙𝑜𝑠𝑠 𝑓𝑎𝑐𝑡𝑜𝑟 =  𝑏 + 𝑐 ∙ 𝑃𝑘 + 𝑑 ∙ 𝑃𝑘
2                                              (3.6) 

3.3.4.1 Recorded maximum power during the day 

𝑃𝑀 = 𝑚𝑎𝑥(𝑃𝑘)                                                                                    (3.7) 

3.3.4.2 Calculation of the charging completion time of the kth vehicle 

𝑥𝑘 = 𝑚𝑎𝑥(𝑎𝑘, 𝑥𝑘−1) +
𝐸𝑘

𝑃𝑘
                                                                         (3.8) 

3.3.4.3 Maximum and minimum charging capacity of the charging station 

0 ≤ 𝑃𝑘 ≤ 𝑃𝑚𝑎𝑥                                                                                      (3.9) 

Formulation (3.5) - (3.9) is solved using a backward recursive algorithm presented in the next 

section. 
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3.4 Obtaining the Optimum Solution 

The final optimum solution was given in the form of a matrix, which consists of finishing time 

and the average charging power of each EV. Based on these details the charging duration, 

waiting time, and charging power of an individual EV can be calculated.  

Using this methodology, considering input data of arrival times and energy requirement of each 

EV, finishing time and charging power of each EV can be obtained as outputs.  

3.4.1 Backward recursive algorithm 

This methodology is applied to minimize the cost of EV charging in this chapter. Consider N 

numbers of EVs are arriving to come to charging facility throughout the day. Following steps 

explain the algorithm to minimize the cost of EV charging. 

Step 1: Minimize the objective function (3.5) assuming only Nth EV arrives to the charging 

facility. 

Step 2: Set variables n = N-1 and k=N-1. 

Step 3: Minimize the objective function (3.5) for the combined system of kth EV to nth EV. 

Step 4:  Check the status of the k value.  

 If it is less than or equal to 1, total EV charging cost is minimized and optimum solution 

is achieved in step 3.  

 If k value is higher than 1 go to step 5. 

Step 5: Compare ‘n’ value with the ‘N’.  

 If n is higher than or equal to N, reassign the variables ‘n’ and ‘k’ as k=k-1 and n=k-1. 

Then proceed to step 3. 

 If n is less than N, proceed to step 6. 
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Step 6: Compare xn with an+1. 

 If xn is higher than an+1, reassign variable ‘n’ as n=n+1 and go to step 3.  

 If xn is less than an+1 reassign the variables ‘n’ and ‘k’ as  k=k-1 and n=k-1. Then proceed 

to Step 3. 

This algorithm is explained in the flow chart shown in Figure 3.1 
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Figure 3.1 Flow chart of the backward recursive algorithm 
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3.5 Model Data and Test Results 

3.5.1 Data 

The following data was used to analyze the proposed models. 

3.5.1.1 Charger’s power limits 

It was assumed that the charger is a CHAdeMO type of a fast charger. So, the power limits of the 

charger are shown in (3.10) : 

0 ≤ 𝑃𝑘 ≤ 50 𝑘𝑊                                                                        (3.10) 

3.5.1.2 Rate of penalty for waiting (KW) 

KW is assumed to be 7 $/hour. This value may be chosen by the merchant owner of the charging 

station infrastructure. Higher this value gets, lower will be the waiting time and it will help entice 

customers. 

3.5.1.3 Demand charge (KP) 

Based on the demand charge rate calculation of Toronto Hydro Corporation [46]: 

(1) Transmission charge = 4.53 $/ kW (per peak kW per 30 days). 

(2) Distribution charge = 6.34 $/kVA (per peak kW per 30 days). 

It was assumed that the charging facility has a power factor of 1. 

∴ 𝐾𝑃 = 4.53 $/𝑘𝑊 + 6.34 $/𝑘𝑊 = 10.87 $/𝑘𝑊  (𝑝𝑒𝑟 𝑝𝑒𝑎𝑘 𝑝𝑒𝑟 30 𝑑𝑎𝑦𝑠) . 

Hence, KP was assumed as 10.87 $/kW. 

3.5.1.4 Tariff structure (KE)  

Due to the complexity of the optimization problem, a flat rate of tariff was introduced to the 

algorithm. The Time of Use tariff imposed by the Ontario Energy Board was used to calculate an 

average value for the flat rate of tariff [46] :  

KE = 0.11 $/kWh. 
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3.5.1.5 Efficiency of the charger 

Based on the experimented results, the energy efficiency of CHAdeMO DC fast charger varies 

with the charging power as given in Table 3.1 below [47]. 

Table 3.1 Efficiency of CHAdeMO Charger 

P (kW) 16 22 43 50 

Efficiency % 91.60% 92.20% 92.60% 92.60% 

Loss % 8.40% 7.80% 7.40% 7.40% 

 

Since charging power is high in many cases, it can be assumed that charging efficiency is fixed. 

Approximated average energy efficiency of CHAdeMO = 92.25%. Hence, the following 

constants were chosen: 

𝑏 = 0.0775, 𝑐 = 0, 𝑑 = 0 

The set of EVs arriving to the charging facility, with their battery capacities, energy requirements 

and arrival times, is shown in Table 3.2. This data set consists with busy and not busy periods. 

Table 3.2  Arrivals of EV to the Charging Facility 

Vehicle 

No. 
EV 

Battery Capacity (kWh) Energy Requirement Arrival Time 

[48],[49],[50],[51] (kWh) (h) 

1 Tesla-S 90 80 12 

2 Tesla-X 90 50 14 

3 Nissan LEAF 30 24 17 

4 Peugeot iOn 16 14 20 
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3.5.2 Results  

Results for the optimum schedule obtained by the proposed model applied to the sample set of 

data discussed in the previous section are summarized in this section. 

3.5.2.1 Brute Force Method 

Base case was carried out without considering the backward recursive algorithm, a brute force 

method. Charging cost of each car was optimized individually. Base case was developed to 

compare the results between the base case and optimization with backward recursive algorithm. 

Under this methodology same objective function was minimized under same constraints except 

for, constraint (3.8). That constraint is replaced with following equation. 

𝑖𝑓 𝑥𝑖 > 𝑎𝑖+1, 𝑥𝑖 = 𝑎𝑖+1                                                     (3.11) 

Final results are shown in Figure 3.2 

 

Figure 3.2 Time Line for 24h (without backward recursive algorithm) 
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𝑃𝑒𝑛𝑎𝑙𝑡𝑦 𝑓𝑜𝑟 𝑤𝑎𝑖𝑡𝑖𝑛𝑔 = 7
$

ℎ2
∙ 6.045 ℎ2                   = $ 43.315 

 𝐸𝑛𝑒𝑟𝑔𝑦 𝐿𝑜𝑠𝑠               = 0.11
$

𝑘𝑊ℎ
∙ 13.02            = $ 1.43 

𝑇𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡                     =  $ 497.03 . 

3.5.2.2 Optimization with Backward recursive algorithm 

Following methodology explains the optimization with backward recursive algorithm. The 

optimum mix of waiting time and charging power is set for each EV to obtain the minimum cost 

for the charging facility. The variation of the demand during the period under analysis is shown 

in Figure 3.3. One shall notice that in this initial case study it is considered that the four EVs 

arrive at different times.  

 

Figure 3.3 Time Line for 24h (with backward recursive algorithm) 
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𝑃𝑒𝑛𝑎𝑙𝑡𝑦 𝑓𝑜𝑟 𝑤𝑎𝑖𝑡𝑖𝑛𝑔 = 7
$

ℎ2
∙ 12.79 ℎ2              = $ 89.53 

𝐸𝑛𝑒𝑟𝑔𝑦 𝐿𝑜𝑠𝑠               = 0.11
$

𝑘𝑊ℎ
∙ 13.02         = $ 1.43 

𝑇𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡                    =  $ 408.37 

3.5.2.3 Comparison 

In the above sections 3.5.2.1 and 3.5.2.2, results are briefly described for charging patterns 

shown in Figure 3.2 and Figure 3.3 . When the two methodologies are considered, it can be 

noticed that, backward recursive algorithm provides a minimum cost solution. Comparison of the 

charging pattern is shown in Figure 3.4 

 

Figure 3.4 Time Line for 24h (with and without backward recursive algorithm) 
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3.6 Sensitivity Analysis 

In order to get a clear understanding of the approach, further analysis has been carried out for a 

set of EVs. Generally, most of the data, which were described earlier, are fixed for the charging 

facility, so that the owner has no control over these variables except for the rate of penalty for 

waiting. Demand charge and energy cost are governed by the electric utility. Maximum charging 

power and the charger’s efficiency are fixed for the charger. The charging facility owner only 

has control over the penalty charge for waiting. Total cost can be analyzed by varying the 

penalty for waiting. Sensitivity analysis has been carried out for the same set of data shown in 

Table 3.2 with different arrival times as shown in Table 3.3. 

Table 3.3 Arrivals of EVs to the Charging Facility (For the Sensitivity Analysis) 

Vehicle Energy requirement (kWh) Arrival time (hour) 

1 80 17.9 

2 50 18.5 

3 24 19.5 

4 14 20.6 

 

The optimum schedule was developed for different penalty factors such as KW=0.1 $/h2, 7 $/ h2, 

100 $/ h2, 200 $/ h2, 300 $/ h2. The optimum schedules for the first four scenarios are shown in 

Figure 3.5. 
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Figure 3.5 Optimum Charging Schedule at KW = 0.1, 7, 100, 200 $/h2 

It can be observed in Figure 3.5 that when penalty cost for waiting is increased, the waiting time 

of EVs is reduced, at the expense of higher charging power levels. In addition, after chargers 
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results is shown in Table 3.4. 
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0

10

20

30

40

50

60

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

C
h

a
rg

in
g

 p
o

w
er

 (
k

W
)

Time (h)
KW=0.1 KW=7 KW=100 KW=200



29 
 

In this sensitivity study, the energy costs and the cost associated with loss of energy remain 

constant. Therefore, the variation in the total cost function depends only on the demand charge 

and the penalty cost for waiting. The resulting variation in these two parameters is revealed in 

Figure 3.6. 

As the penalty cost for waiting increases, it is expected that the total waiting time observed in the 

24 hours decreases. This result is indeed observed in the proposed formulation as shown in Table 

3.5. The total waiting time is the sum of the charging time plus waiting time before charging 

starts, for all four EVs considered in the study. 

 

Figure 3.6 Demand Charge and Total Penalty Cost Variation for Different Values of the 

Penalty Rate for Waiting 
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Table 3.5 Total Waiting Time for Each Value of the Penalty for Waiting (KW) 

KW ($/h2) Total Waiting Time (h) 

0.1 15.6 

7 9.76 

100 5.74 

200 5.74 

300 5.74 

 

This conflicting relationship between the demand charge and the total waiting time, for different 

values of the penalty rate for waiting (KW) is shown in Figure 3.7. 

 

Figure 3.7 Demand Charge Variation for Different Penalty Rates 
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point, the only reason for the cost increment is the rate of penalty cost for waiting. Since all the 

values are fixed after saturation, waiting time is also fixed. 

The current methods proposed in the technical literature have addressed this issue from the 

customer point of view and based on grid impact [22] - [40]. Since approaching the problem 

from the charging facility owner’s point of view is a novel idea, this methodology cannot be 

fairly compared with existing approaches. 

3.7 Summary 

In this chapter, with charging of electric vehicles being a hybrid system, an optimization 

algorithm was derived from [45] and was used to optimize the schedule of electric vehicle 

charging with a single charger. Due to the complexity of the objective function, a flat rate of 

electricity tariff was assumed for the objective function. 

The objective function consisted of different cost types such as energy cost, maximum demand 

charge, and penalty for waiting. Loss of energy was minimized under the constraints of loss 

factor, maximum power, and the relationship between the completion time and arrival time of 

two consecutive vehicle arrivals.  Since it is a hybrid system, it leads towards a nonconvex and 

non-differentiable problem, so it was disintegrated into multiple smaller and simple constrained 

convex optimization problems. With the derived convex model proposed, an optimum schedule 

for electric vehicle charging was determined.  

The optimum solution was given as a matrix and consists of finishing time and average charging 

power of each EV. Since the arrival time and energy requirement were given in the data, the 

charging time and idle time of each EV can be calculated. 

An analysis for a sample data set and a sensitivity analysis have been carried out to analyze the 

system and results were discussed through tables and charts. The penalty for waiting time was 
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chosen as the variable for the sensitivity analysis as it is the only factor that charging facility 

owner can control. Results were obtained and discussed in this chapter. 
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Chapter 4 

4 Electrical Vehicle Charging for a Charging Facility with Multiple Chargers 

4.1  Introduction 

In Chapter 3, a nonlinear approach to minimize the cost of EV charging at a merchant-owned 

charging facility with a single charger was proposed, developed and demonstrated on a sample 

case. However, such methodology cannot be used for a charging facility with multiple chargers 

due to problem complexity and the inability to determine which EV will go to which charger 

within the charging facility. To address this challenge, a discrete linear approach to minimize the 

cost of EV charging in a merchant-owned charging station with multiple chargers is proposed in 

this chapter. 

In this chapter, an optimal EV scheduling formulation and algorithm for a merchant-owned 

charging facility with multiple chargers is proposed from the merchant-owned EV station’s 

perspective. It is created as a mixed-integer linear formulation. The MOSEK optimization 

toolbox in MATLAB was used to optimize this linear formulation.  

4.2 Nomenclature 

Data 

𝑁𝐶 = Number of charging stations 

𝑁𝐸 = Number of Electrical Vehicles 

𝑁𝑇 = Number of total time segments 

𝐸𝑛𝑒𝑟𝑔𝑦𝑒 = Energy requirement of Electric vehicle ′e′ (kWh) 

∆𝑡 = Duration of an individual time segment in hours(hour) 

𝐾𝐸𝑡 = Electricity rates ($/kWh)  

𝐾𝑃 = Demand charge ($/kW) 
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𝐾𝑊 = Rate of penatly charge for waiting ($/hour) 

𝑁 = Number of vehicles coming to the charging station during the day 

𝑎𝑒 = Arrival time of the eth vehicle (hours) 

𝑃𝑚𝑎𝑥 = Maximum charging capacity of each charging station (kW) 

𝑃𝑀𝑚𝑎𝑥 = Maximum power capacity of the transformer connected to all chargers (kW) 

Problem variables 

𝐸𝑒 = Energy cost of Electric vehicle ′e′ ($)  

𝑇𝑒 =  Total waiting time of each EV ′e′  (hour)  

𝑃𝑀 = Recorded maximum power, during the day (kW) 

3-Dimensional Variables 

Utec = Status of electric vehicle ‘e’ getting charged at charger ‘c’, at time slot ‘t’ 

Stec = Status when an EV ‘e’ starts charging, at charger ‘c’, at time slot ‘t’ 

Ptec = Charging power of electric vehicle ‘e’ getting charged at charging station ‘c’, at time 

slot ‘t’ 

Indices 

e = Electric vehicle number 

t = Time segment number 

c = Charger number 
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4.3 Formulation 

The objective function and constraints can be explained as follows. 

4.3.1 Type of Costs Associated with the Objective Function 

Costs associated with EV charging depend on many factors. 

4.3.1.1 Energy cost 

Time of Use (TOU) tariff was introduced to the linear optimization algorithm. Time of Use rates 

for small business given by the Ontario Energy Board have been used for the algorithm to 

calculate the energy cost [46]. Tariff structures from other jurisdictions can be easily 

implemented in the proposed formulation. 

4.3.1.2 Maximum demand charge 

The maximum demand charge is the cost calculated based on the maximum demand (kW) used 

to charge EVs during the day. When there are multiple chargers available in the charging facility, 

the charging powers of all the chargers should be added together at the corresponding time, to 

obtain the maximum demand during the day. Mathematically, the maximum demand charge is: 

Demand charge = KP (
$

kW
) ∙ PM (kW)                                                        (4.1) 

where ‘KP’ represents demand charge. 

4.3.1.3 Penalty for waiting 

There is a penalty cost associated with each EV for the duration of time when the EV is waiting 

in the charging facility (this includes both the queueing time and charging time).  A linear form 

of penalty charge has been imposed on the waiting time of EVs. 
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4.3.2 Constraints Considered for the Objective Function 

 Charging power is limited by the maximum and minimum charging capability of the charger 

and the transformer which is connected to all chargers. 

 There is only one EV being charged per charger in a given time. 

 Each EV should be charged for only one continuous period of time. 

 None of the EVs should be charged before arriving to the charging facility 

4.3.3 Objective Function 

The objective function is to minimize the sum of energy costs, maximum demand charges and 

penalty for waiting, as below; 

𝑓 =      ∑ 𝐸𝑒

𝑁𝐸

𝑒=1

+ 𝐾𝑃 ∙ 𝑃𝑀 +  𝐾𝑊 ∙ ∑ 𝑇𝑒

𝑁𝐸

𝑒=1

                                                   (4.2) 

4.3.4 Constraints 

To ensure there is only one car at a charging point in a given time period, the following 

constraints are defined. 

∑ 𝑈𝑡𝑒𝑐

𝑁𝐶

𝑐=1

 ≤ 1, ∀𝑡; ∀𝑒;             ∑ Utec

NE

e=1

 ≤ 1, ∀t;  ∀c;                                    (4.3) 

where  0 ≤ Utec ≤ 1. 

To ensure that an electric vehicle will charge continuously at one charging point, the following 

constraint is defined: 

𝑆𝑡𝑒𝑐 ≥ 𝑈𝑡𝑒𝑐 − 𝑈(𝑡−1)𝑒𝑐;         0 ≤ 𝑆𝑡𝑒𝑐 ≤ 1;             ∑ ∑ 𝑆𝑡𝑒𝑐

𝑁𝑇

𝑡

= 1

𝑁𝐶

𝑐

                            (4.4) 

To calculate the charging power of all Electric Vehicles at a given time slot ‘t’, the following 

constraint is defined: 
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∑ ∑ 𝑃𝑡𝑒𝑐

𝑁𝐶

𝑐=1

𝑁𝐸

𝑒=1

= 𝑃𝐷𝑡;                                                                       (4.5.1) 

PM = max( 𝑃𝐷𝑡)                                                                    (4.5.2) 

 

Boundary power values of the transformer, which is connected to all chargers is defined below 

0 ≤ 𝑃𝑀 ≤ 𝑃𝑀𝑚𝑎𝑥                                                                            (4.6) 

 

The maximum and minimum charging capacity of each charger is constrained as below: 

0 ≤     𝑃𝑡𝑒𝑐      ≤ 𝑈𝑡𝑒𝑐 ∙ 𝑃𝑚𝑎𝑥                                                                (4.7) 

 

To ensure energy requirement is satisfied for EV ‘e’, the following constraint is defined: 

∑ ∑ 𝑃𝑡𝑒𝑐 ∙ [∆𝑡]

𝑁𝑇

𝑡=1

= 𝐸𝑒

𝑁𝐶

𝑐=1

                                                               (4.8) 

𝑤ℎ𝑒𝑟𝑒, ∆𝑡 =
5

60
= 0.0833 ℎ𝑜𝑢𝑟𝑠  

To ensure an Electric Vehicle will not be charged before its arriving time, the following 

constraint is defined: 

𝑈𝑡𝑒𝑐 = 0     ∀𝑡 < 𝑎𝑖;  ∀𝑐; ∀𝑒;                                                            (4.9) 

 

The total waiting time for electric vehicle ‘e’ is defined as below: 

Te (Total waiting time) = idle time + charging time 

𝑇𝑒 = [∆𝑡 ∙ ∑ ∑ 𝑆𝑡𝑒𝑐

𝑁𝐶

𝑐=1

𝑁𝑇

𝑡=1

]  − 𝑎𝑒 + [∆𝑡 ∙ ∑ ∑ 𝑈𝑡𝑒𝑐

𝑁𝐶

𝑐=1

𝑁𝑇

𝑡=1

]                                    (4.10) 

 

Calculation of energy cost for each EV ‘e’ (Ee) is as below: 
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𝐸𝑒 = ∑ ∑ 𝐾𝐸𝑡 ∙ 𝑃𝑡𝑒𝑐 ∙ ∆𝑡

𝑁𝑇

𝑡=1

𝑁𝐶

𝑐=1

                                                       (4.11) 

The formulation (4.1) – (4.11) is a mixed integer linear optimization challenge. It can be solved 

by using a commercial solver. 

4.4 Solution Process 

Optimization was completed with three dimensional matrices U, P and S, which were defined in 

the formulation. Each of these three 3-dimensional matrices consists of three axes (time, charger 

and EV). Due to the complexity of the system, the timeline was divided into small time 

segments. Waiting time and charging time were given in the number of time segments. In this 

approach, each time segment equals 5 minutes or 0.0833 hours. The structure of the 3-

dimensional matrices U, P and S can be visualized as in Figure 4.1. 

 

Figure 4.1 View of 3-Dimentional Matrices 

These three 3-dimensional matrices will provide the values for each of the following variables at 

the minimum cost: 

EV axis 

Charger Axis 

Time 

Axis 
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 Matrix U identifies the charging duration of each EV 

 Matrix S identifies each EV’s starting time of charging 

 Matrix P provides the charging power of each EV at each charging point for all the time 

intervals 

 Recorded maximum power at the charging facility for each time segment during the day 

 Recorded maximum power during the day 

 Total waiting time of each EV (queueing time and charging time) 

 Calculation of energy cost of each EV by using TOU tariff 

Using this methodology, when arrival times and energy requirements of each EV are given as 

inputs, waiting time, charger designation, and charging power of each EV can be obtained as 

outputs. 

4.5 Data and Test Results  

4.5.1 Data 

Set of data considered for the algorithm, is as follows 

4.5.1.1 Transformer power limits 

Power ratings for transformers are considered, based on the ratings given by ABB medium 

distribution transformer manufactures [52]. There can be distribution transformers ranging from 

15kVA to 10MVA [53]. In this case, the power factor of the transformer is assumed as 0.8. Here 

it was assumed that the charging facility is connected to a transformer with a power rating of 

1000 kVA. The transformer power limits are assumed as: Pmax = 800 kW and Pmin = 0kW. 
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4.5.1.2 Power limits of chargers 

In this algorithm, it was assumed all chargers have the charging power up to 50 kW. Hence, 

power limits of the EV chargers are Pmax = 50 kW and Pmin= 0 kW. 

4.5.1.3 Rate of penalty for waiting (KW)  

The penalty for waiting is the discount given the merchant to the EV owners. The higher the 

penalty, lower are the charging costs for EV owners and lesser are the profits for the merchant 

owners of the charging facility. In this work, KW is assumed to be 7 $/h. Later, a sensitivity 

analysis is completed to explain the effect of this factor on the results. 

4.5.1.4 Demand charge (KP) 

Demand charges were obtained from Toronto Hydro Corporation [46] as below: 

(1) Transmission charge = 4.53$/ kW (per peak kW per 30 days). 

(2) Distribution charge = 6.34$/kVA (per peak kW per 30 days). 

By assuming the charging facility is at unity power factor, distribution charges can be 

approximated to 6.34 $/kW and the total demand charge KP will be 4.53 $/kW + 6.34 $/kW = 

10.87 $/kW (per peak kW per 30 days). 

4.5.1.5 Tariff structure (KE)  

It is defined based on the Time of Use tariff imposed by the Ontario Energy Board  [46]: 

 On peak: 0.157 $/kWh during 11am-5pm. 

 Mid peak: 0.113 $/kWh during 7am -11am and 5pm to 7pm. 

 Off peak: 0.077 $/kWh during 7pm to 7am. 

4.5.1.6 Size of a time segment (t) 

In this work, t is set as 0.0833 hours or 5 minutes. 
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4.5.1.7 Number of chargers (NC) 

For the purpose of this study, the number of chargers at the charging facility is assumed to be 2. 

4.5.2 Test Results 

Initially, to illustrate the method, a sample optimization run is carried out by considering the 

presence of two charging stations in the charging facility. The results obtained for the data set 

shown in Table 4.1, are presented in Figure 4.2 and  Table 4.5. Resultant U, S and P matrices are 

shown in Table 4.2,Table 4.3 and Table 4.4. 

Table 4.1  Arrivals of EVs to the Charging Facility 

Vehicle 

No. 
EV 

Battery Capacity 

(kWh) 
Energy Requirement Arrival Time 

[48],[49],[50],[51] (kWh) (h) 

1 Tesla-S 90 80 10 

2 Tesla-X 90 50 14 

3 Nissan LEAF 30 24 17 

4 Peugeot iOn 16 14 20 
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Figure 4.2 Time Line for 24h for Charger #1 and #2 
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Table 4.2 Matrix U for charger #1 and charger #2 

Matrix U for charger #2 

EV #1 EV #2 EV #3 EV #4 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

1 0 0 0 

1 0 0 0 

1 0 0 0 

1 0 0 0 

1 0 0 0 

1 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 1 0 

0 0 1 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

 

 

 

 

 

 

Matrix U for charger #1 

Time (h) EV #1 EV #2 EV #3 EV #4 

0 0 0 0 0 

1 0 0 0 0 

2 0 0 0 0 

3 0 0 0 0 

4 0 0 0 0 

5 0 0 0 0 

6 0 0 0 0 

7 0 0 0 0 

8 0 0 0 0 

9 0 0 0 0 

10 0 0 0 0 

11 0 0 0 0 

12 0 0 0 0 

13 0 0 0 0 

14 0 1 0 0 

15 0 1 0 0 

16 0 1 0 0 

17 0 1 0 0 

18 0 1 0 0 

19 0 0 0 0 

20 0 0 0 1 

21 0 0 0 0 

22 0 0 0 0 

23 0 0 0 0 
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Table 4.3 Matrix S for charger #1 and charger #2 

Matrix S for charger #2 

EV #1 EV #2 EV #3 EV #4 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

1 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 1 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

 

 

 

 

 

 

 

Matrix S for charger #1 

Time (h) 

EV #1 EV #2 EV #3 EV #4 

0 0 0 0 0 

1 0 0 0 0 

2 0 0 0 0 

3 0 0 0 0 

4 0 0 0 0 

5 0 0 0 0 

6 0 0 0 0 

7 0 0 0 0 

8 0 0 0 0 

9 0 0 0 0 

10 0 0 0 0 

11 0 0 0 0 

12 0 0 0 0 

13 0 0 0 0 

14 0 1 0 0 

15 0 0 0 0 

16 0 0 0 0 

17 0 0 0 0 

18 0 0 0 0 

19 0 0 0 0 

20 0 0 0 1 

21 0 0 0 0 

22 0 0 0 0 

23 0 0 0 0 
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Table 4.4 Matrix P for charger #1 and charger #2 

Matrix P for charger #2 

EV1 

(kW) 

EV2 

(kW) 

EV3 

(kW) 

EV4 

(kW) 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

15.53 0 0 0 

15.53 0 0 0 

15.53 0 0 0 

15.53 0 0 0 

15.29 0 0 0 

2.59 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 9.76 0 

0 0 14.24 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

 

 

Table 4.5 Cost Breakdown for the Analysis of Sample Data Set 

Energy Cost ($) 
Demand Charge 

($) 
Penalty Cost ($) Total Cost ($) 

KETOU*Energy KP*Pmax KW*Time 
284.82 

22.0673 168.8111 93.94 

 

Matrix P for charger #1 

Time 

(h) 

EV1 

(kW) 

EV2 

(kW) 

EV3 

(kW) 

EV4 

(kW) 

0 0 0 0 0 

1 0 0 0 0 

2 0 0 0 0 

3 0 0 0 0 

4 0 0 0 0 

5 0 0 0 0 

6 0 0 0 0 

7 0 0 0 0 

8 0 0 0 0 

9 0 0 0 0 

10 0 0 0 0 

11 0 0 0 0 

12 0 0 0 0 

13 0 0 0 0 

14 0 0.24 0 0 

15 0 12.94 0 0 

16 0 15.53 0 0 

17 0 15.53 0 0 

18 0 5.76 0 0 

19 0 0 0 0 

20 0 0 0 14 

21 0 0 0 0 

22 0 0 0 0 

23 0 0 0 0 
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The results above minimize the total costs borne by the merchant-owned EV charging station 

with two chargers considering four EVs throughout the day. This method can be expanded to 

accommodate more EVs and chargers. 

4.6 Sensitivity Analysis 

4.6.1 Input Data 

A sensitivity analysis has been completed by varying the penalty rates for waiting in the charging 

station (KW). Generally, there is a fixed demand charge for the area, but the penalty for waiting 

can be varied based on the type of charging facility. The remaining factors of the problem are 

kept the same. For this study, the arrival hours of the EVs were limited to the end of the day and 

were randomly selected after 17h (5:00pm), as shown in Table 4.6. 

Table 4.6 Arrivals of EVs to the Charging Facility 

 

As the penalty for waiting charge increases, while keeping the demand charges fixed, the 

algorithm tends to increase the demand power, to charge the EV as quickly as possible. 

The following case studies consider KW values equal to 0.1 $/h, 7 $/h, 100 $/h, 200 $/h and 300 

$/h in order to get a clear idea of the algorithm’s operations. Results for the first four penalty 

charge cases, KW equal to 0.1 $/h, 7 $/h and 100 $/h and 200 $/h, are shown in Figure 4.3 and 

Figure 4.4 for Chargers #1 and #2 respectively. 

Vehicle Energy Requirement (kWh) Arrival Time (hour) 

1 80 17.9 

2 50 18.5 

3 24 19.5 

4 14 20.6 
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Figure 4.3 Time Line for 24h for Charger #1, KW=0.1, 7, 100 and 200 $/h. 

 

Figure 4.4 Time Line for 24h for Charger #2, KW=0.1, 7, 100 and 200 $/h 

 

In the following subsections, different types of analyses are carried out for the results obtained in 

this section. 

0

10

20

30

40

50

1
3

5
7

9
11

13
15

17
19

21

C
h

a
rg

in
g
 P

o
w

er
 (

k
W

)

Time (h)200 100 7 0.1

0

10

20

30

40

50

1
3

5
7

9
11

13
15

17
19

21

C
h

a
rg

in
g
 P

o
w

er
 (

k
W

)

Time (h)

200 100 7 0.1



48 
 

4.6.2 Effect on the Total Charging Cost 

A breakdown of the cost values is given in Table 4.7. 

Table 4.7 Cost Breakdown of Each Case 

KW ($/h) Energy Cost (S) Demand Charge ($) Penalty Cost ($) Total Cost ($) 

0.1 14.01 300.19 1.09 315.29 

7 14.01 300.19 76.41 390.61 

100 14.90 551.41 525.00 1091.31 

200 15.04 638.47 950.00 1603.51 

300 15.08 663.07 1400.00 2078.15 

 

Since all the EVs arrived within a short period of time, the effect from the TOU tariff on varying 

the energy cost is insignificant. Therefore, change of the rate of penalty costs for waiting affected 

only demand cost and total penalty cost. These two cost values and their sum are plotted against 

the rate of penalty cost in Figure 4.5. The associated effect on the total waiting time is presented 

in Table 4.8. 
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Figure 4.5 Cost Variation against Rate of Penalty Cost 

  

Table 4.8 Total Waiting Time for Each Value of the Penalty for Waiting (KW) 

KW ($/h) Waiting Time (h) 

0.1 10.9 

7 10.92 

100 5.25 

200 4.75 

300 4.67 

 

In Figure 4.5 it can be observed that cost summation of demand cost and total penalty cost is 

increasing at a decreasing rate, due to the ability to employ parallel charging. One shall also 

notice that, since energy cost is almost constant, the total cost variation has the shape similar to 

summation of demand cost and total penalty cost. 

The relationship between the demand charge and the total waiting time for different KW values 

is shown in Figure 4.6. 
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Figure 4.6 Demand Charge Variation for Different Penalty Rates 

As the penalty rate KW increases, the algorithm reduces waiting time to charge EVs at a higher 

power. Since there are multiple chargers available, at higher KW values, EVs are charged in 

parallel to reduce the total cost. 

4.6.3 Effect on the Total Cost Variation Throughout the Day 

Variation of the total cost of the charging facility along the time line is shown in this study. Since 

demand charge solely depends on the recorded maximum power, it is not varying with the time 

and, as such, was not considered in Figure 4.7. 

4.6.3.1 Results from the sensitivity analysis 

For the same energy requirements, when the penalty for waiting is increasing, the highest cost 

will be faced at the same hour, which is the 19th hour. Increasing the penalty for waiting causes a 

reduction in the waiting time and, consequently, an increase in the total penalty cost when there 

is a waiting time period. This can be seen in Figure 4.7 by the sharp increase in the total charging 

cost around the 19th hour. 
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4.6.3.2 Results from the sensitivity analysis vs. analysis on sample data set 

The energy requirement is equal for the sample data set and all other cases. The analysis on the 

sample data set has used the penalty rate of 7 $/h and total cost is spread throughout the day, 

while all the other analyses have higher cost around the 19th hour.  

The main reason for this is the variation of arrival times. Arrivals of EVs for the sample are 

spread throughout the day and therefore each EV has less time to be in the queue. In all other 

cases, EVs are arriving during a short period of time, where some EVs must wait in the queue to 

be charged. To reduce the penalty for waiting, higher power was used to charge the EVs, causing 

higher cost for all the other cases. 

 

Figure 4.7 Total Cost for the Charging Facility for Different Penalty Cost Rates 

 

4.6.4 Effect on the Total Charging Cost per EV 

The effect of KW variation on the total charging cost per EV is shown in Figure 4.8. Demand 

charge was distributed among the EVs, based on the ratio of maximum charging power of each 

EV. 
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Figure 4.8 Cost for Each EV for Different Rates of Penalty Costs 

 

4.6.4.1 Results from the sensitivity analysis 

The resulting energy requirement of each EV is: 1st EV > 2nd EV > 3rd EV > 4th EV. 

It can be seen that increasing the penalty for waiting will result in a significant impact on the cost 

of individual EVs, based on their energy requirements. When the penalty rate is increasing, the 

individual cost of each EV is increasing drastically. This is caused by two main factors: 

 When the energy requirement is high, the charging time becomes longer, causing an 

increase in the penalty for waiting. 

 As the algorithm minimizes the cost by reducing time and increasing charging power in 

an optimum manner, it contributes to an increase in the demand charge. 

 

 

0

200

400

600

800

1000

1200

0.1 7 100 200 300

C
o

st
 f

o
r 

ea
ch

 E
V

 (
$

)

Rate of penalty for waiting KW ($/h)

EV #1 EV #2 EV #3 EV #4



53 
 

4.6.4.2 Results from the sensitivity analysis vs. analysis on sample data set 

The difference between the analysis on the sample data set and the case of KW=7 $/h, is the 

arrival time of each EV. It can be observed that arriving in a busy period can cause a higher cost. 

4.6.5 Comparison with Related Work in the Literature 

There are no existing methods that address this problem of EV charging scheduling from a 

merchant-owned charging station’s perspective. In spite of that, the following two works must be 

highlighted.  

With the approach shown in [36], it is possible to obtain the optimum charging schedule for a 

fleet of EVs to minimize their charging cost. In our approach, however, we address the issue 

from the charging facility owner’s point of view, so that owner will be able to develop a good 

economic model for their charging facility. 

Research paper [31] mainly focuses on developing an optimum charging schedule, considering 

all the grid capacity constraints, to minimize the impact on the grid. In our approach, however, 

grid constraints are not considered, except for power capacity of the transformer. It was assumed 

that for the optimum charging schedule, negative impact on the grid is insignificant. From the 

charging facility point of view, the owner’s objective is to minimize the cost. 

4.7 Summary 

Electric vehicle charging at a charging facility forms a hybrid system consisting of a continuous 

and a discrete function. This hybrid system was approximated and converted into a mixed-

integer linear problem and it was solved using the MOSEK optimization toolbox in MATLAB. 

Due to the complexity of the problem, loss of energy at the charging facility was assumed to be 

zero. 

The problem was solved using three sets of 3D matrices. These are: 
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 Status of the charging of electric vehicle. 

 Status when electric vehicle starts charging. 

 Charging power of each vehicle at each charger at each time slot. 

The objective function consists of energy cost, maximum demand charge and penalty for 

waiting.  It was optimized under: the constraints of 3D matrices (there should be only one car at 

one charger, each EV should be charged only during one continuous period of time, recorded 

maximum value of the summation of power is set as the maximum power consumption at the 

charging facility); power limitation of the chargers and the transformer connected to the charging 

facility; and ensuring the charging requirements of each EV are met. 

The optimum solution is given as a row matrix consisting of answers to all the variables 

including each cell in each 3D matrix. Charging time, waiting time, charging power and which 

charger was used for each electric vehicle can be extracted from the row matrix. 

An analysis for a sample data set and a sensitivity analysis have been carried out for four sets of 

vehicles arriving in four different times during the day to analyze the system and results were 

discussed through tables and charts. Like the analysis done for the charging facility with a single 

charger, penalty for waiting time has been chosen as the variable for the sensitivity analysis, as it 

is the only factor that the charging facility owner can control. Results were obtained and 

discussed in this chapter.  
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Chapter 5 

5 Conclusion 

With increasing adoption of EVs, deployment of public EV charging facilities will also be a 

necessity. To minimize the cost of charging for merchant-owned charging facilities, it is 

imperative to have algorithms to compute the optimum EV charging schedule.  

There can be charging stations with a single charger or multiple chargers. Two separate 

methodologies to minimize the cost of EV charging at a merchant-owned charging facility are 

presented this thesis. Cost minimization was completed from the charging facility owner’s 

perspective. 

5.1 Chapter Wise Conclusion 

5.1.1 Chapter 1: General Introduction 

The importance of electric vehicles to the transport sector and the increasing demand for the 

charging requirements of electric vehicles were explained with facts and figures. The motivation 

and objectives of this thesis were presented and discussed. 

5.1.2 Chapter 2: Literature Survey 

Several research studies have been undertaken on the topic of optimizing the schedule of electric 

vehicle charging to achieve various objectives. No research has proposed a methodology to 

optimize the cost of EV charging from the charging facility owner’ perspective. A few research 

studies for optimal control of hybrid systems were discussed.  

The performance of EV charging with a single charger is a hybrid discrete-continuous 

optimization problem, similar to the steel annealing process [45]. So the optimization 

methodology used in [45] was used to optimize the cost of EV charging at a merchant-owned EV 
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charging facility with a single charger. Results from sample data set and a sensitivity analysis 

demonstrate the efficacy of the proposed method. 

5.1.3 Chapter 3: Electrical Vehicle Charging for a Charging Facility with a Single 

Charger  

There are many research papers which have proposed a methodology to determine an optimum 

charging schedule in an EV charging station. Those optimizations are undertaken from the 

customer’s point of view or based on the impact on the grid [22] - [40]. However, the proposed 

approach was developed to determine the charging schedule from a merchant-owned charging 

station owner’s perspective. This is a nonconvex non-differentiable optimization problem. In this 

algorithm, however, the problem is transformed into multiple smaller and simpler convex 

problems that can be easily solved by classical techniques. 

5.1.4 Chapter 4: Electrical Vehicle Charging for a Charging Facility with Multiple 

Chargers 

The optimum schedule for charging electric vehicles at a merchant-owned charging facility with 

multiple chargers can be obtained by solving a mixed-integer linear formulation proposed and 

developed in this chapter. It is solved using the MOSEK optimization toolbox in MATLAB. The 

problem was solved using 3-dimentional matrices. The final solution is given as a row matrix, 

which provides which electric vehicle will be charged at which charger, during which time 

period for the optimum schedule. Apart from that, waiting time, power consumption, and energy 

costs can also be identified from the solution matrix.  

Many research studies were carried out to obtain an optimal EV charging schedule to achieve 

different objectives. The problem was mainly formulated from the customer point of view or 

based on the impact on the grid. But none of the research studies have been undertaken to 

optimize the cost of EV charging from the charging facility owner’s point of view. The 
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methodology presented in this chapter can be applied to a merchant-owned charging facility with 

multiple chargers and can also inform the charging prices to the customer a day ahead. 

5.2 Research Contribution  

A day-ahead EV charging schedule can be obtained using the proposed methodologies in 

Chapters 3 and 4. Customers then have the ability to select the best option based on the list of 

charging facilities around the area. The consumer choice involves tradeoffs between charging 

cost and speed of charging. 

In this thesis, the tariff structure and demand charge rates are fixed and the charging facility has 

no control over the number of EVs coming to the charging facility and their charging 

requirements. However, penalty cost for an EV waiting in a queue before charging can be 

modified by the merchant in order to control the total charging cost. Charging facilities located in 

suburban areas can have higher penalty rates, while charging facilities within or near the city 

core such as commercial buildings and offices can have lower penalty rates. Case studies 

presented in this thesis have shown that the higher the penalty for waiting time, the higher the 

total charging cost for the facility owner. But with more chargers available at the facility, total 

cost will increase at a lower rate. 
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5.3 Future Work  

 Charging facility with a single charger 

For future work, this model can be further improved by introducing a varying efficiency level 

with the charging power, and replacing a flat rate of tariff with a Time of Use tariff to calculate 

the energy cost.  

 Charging facility with multiple chargers 

Loss of energy can be added to the formulation to improve the cost calculation. Loss of energy of 

an individual EV can be calculated by using an average charging power of the EV. Since it is 

nonlinear in nature, it was not included in this optimization problem with multiple chargers. 

In both cases, demand charge is calculated for a month. In these algorithms, it was considered for 

a day. In industry applications, the maximum recorded demand during the month can be divided 

into individual days to calculate the cost or a business model can be developed to calculate the 

daily allocation of the monthly demand charge.  
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