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Abstract

Title of Thesis:

The Method of Images in the Pricing
of Barrier Derivatives in Three Dimensions

Xijanzhang Wen

Department of Mathematics,
School of Graduate Studies, Ryerson University

Thesis directed by:

Dr. Marcos Escobar and Dr. Sebastian Ferrando

The thesis describes the joint distributions of minima, maxima and endpoint
values for a three dimensional Wiener process. In particular, the results provide
the joint cumulative distributions for the maxima and/or minima of the com-
ponents of the process. The densities are obtained explicitly for special type
of correlations by the method of images; the analysis requires a detailed study
of partitions of the sphere by means of spherical triangles. The joint densities
obtained can be used to obtain explicit expressions for prices of options in finan-
cial mathematics. We provide closed-form expressions for the price of several
barrier type derivatives with a three dimensional geometric Wiener process as
underlying. These solutions are found for special correlation matrices and are
given by linear combinations of three dimensional Gaussian cumulative distri-
butions. In order to extend the results to a wider set of correlation matrices,
the method of random correlations is outlined.

iv



Acknowledgments

First and foremost, I would like to thank my supervisors, Dr. Marcos Escobar
and Dr. Sebastian Ferrando, for many insightful conversations and discussions
during the development of the ideas in this thesis, for helpful comments on the
text, and for providing research assistant positions during the summer term of
2010 and May of 2011. It has been a pleasure and a privilege to be their student.

I would like to thank the Department of Mathematics and its professors at
Ryerson University. Particularly, I would like to thank my courses’ teachers, Dr.
Pablo Olivares, Dr. Silvana Ilie, Dr. Garnet Ord, Dr. Jean-Paul Pascal, and
Dr. Katrin Rohlf, for their kindness, knowledge and hard work. Many thanks
to Steve Kanellis for his assistance in the computer Lab.

I would like to thank my classmates for their helpful suggestions and ideas
during my study at Ryerson University.

I would like to thank Ryerson University for providing teaching assistant
positions, Ryerson Graduate Scholarship(RGS) and Ontario Graduate Scholar-
ship(OGS) during my study at Ryerson.

Finally I would like to thank my family members: my wife, my daughter
and son. I would not have finished my study without their many sacrifices on
my behalf.



Contents

Introduction

Existing Results

2.1 One Dimensional Results . . . .. ... ... ...........
2.2 Two Dimensional Results . . . . . ... ... .. ... ......
2.3 Numerical Solution for the One Dimensional Case . . . .. ...
2.4 The Numerical Solution for the Two Dimensional Case . . . . . .
2.5 The Method of Images . . . . . ... ... ... ... .......

Method of Images for the Three Dimensional Case
3.1 Some Lemmas. . . . . . ... ...
3.2 The Division of the Sphere . . . . . . ... .. ... ... ....

321 The Caseof A(5,5,7),n>2. ... ... .........
322 The Case of A(F,5,5) -+ o v oo v i
323 The Case of A(F,5,%) - v v oo v
324 The Case of A(F,5,5) -+ oo oo v

3.3 Symmetric Points . . . . .. ..o

331 The Caseof A(F,5,7),n>2 . ... ...........
332 TheCaseof A(F,5,5) - - o o oo
333 TheCaseof A(F, 5, %) - - oo o oo
334 TheCaseof A(5,5,5) -+ v v v v v v i

Density Functions for Some Special Correlations
4.1 The Simplifications to The Heat Equation and its Solutions . . .
4.2 Some Special Cases for o; and p; . . . . .. .. ...

4.3 The Density Functions of the Minimum (or maximum) and End-
pointsof Y'(£) . . . . . ...

Applications to Finance
5.1 Lookback European Option . . . . .. ... ... .. .......
5.2 Digital Call . . . . .. ...

vi

23
24
26
26
27
28
32
35
35
37
40
42

47
47
o1

o1



6 Solution for Random Correlation 68

6.1 The cases of minimum or maximum . . . ... ... .. .. ... 68
6.2 The Mixing cases . . . . . . . . .. . o 72
7 Appendixes 75
7.1 Appendix for Chapter 2 . . . . . .. . ... ... ... 75
7.2 Appendix for Chapter 3 . . . . . .. .. ... L. 79
7.3 Appendix for Chapter 4 . . . . . ... ... ... . 87

vii



List of Figures

1.1

2.1

2.2

2.3
2.4

2.5

2.6

3.1
3.2
3.3
3.4
3.5
3.6
3.7

4.1

6.1
6.2
6.3
6.4

The line y = In(0.8) is the barrier for the case of one dimension.
The option is not available if the log price goes through the barrier
line . . . . . e 3

The simulation of the solution for the one dimensional equation
(2.13)-(2.15) in space, by choosing 1 = —1,20 = 1,01 = 1, At =

1/2000, Az = 1/100, tpaz = 1/10 . . .. 0o 12
The simulation of the solution of one dimension equation (2.13)-
(2.15) in space, by choosing x; = —1,29 = 1,00 = 1,At =
1/50, A2 = 1/50, tmas =4« o o oo 13
The grid of triangular domain to create w(j, k) . . ... ... .. 16

The simulation results of numerical solution with D = 4,m; =
=2/5,mg = —=1/2,tpmax = 1,Az = 1/30,At = 1/200,01 = 03 =
1. The error between the numerical solution and exact solution

isabout 8.0 x 1074, . . . . ... 18
The simulation results of exact solution with D = 4, m; = —2/5,mg =
—1/2,tmas = 1, Az = 1/30, At = 1/200,01 =0 =1 . . ..... 19
For n = 5, the signs of every domain for the 2-dimensional case,

the sign + relate to the sign of g in (2.25) . . .. ... ... ... 22
The spherical triangles of A(w/2,7/3,7/3) in the first slices . . . 29
The spherical triangles of A(7/2,7/3,7/4) in the first slice . . . 31
The spherical triangles of A(w/2,7/3,7/5) in the first slice . . . 34
The symmetric points of A(7/2,7/2,7/6) for k=0,7=1,2 . .. 36

The symmetric points of A(w/2,7/3,7/3)for k=0,5=1,2,3,4 . 39
The symmetric points of A(w/2,7/3,7/4) for k=0, =1,2,3,4,5,6 43
The symmetric points of A(w/2,7/3,7/5) for k=0,7=1,---,12 46

The set of sources for solving equation (4.13) for some parameters 52

The picture of convexhull of set F oo 70
The picture of convexhull of set ' . . . . . . ... ... ..... 71
The picture of convexhull of set H . . . . . .. ... ....... 73
The picture of convexhull of set H . . . . . . . ... ... .... 74

viii



List of Tables

21

5.1
5.2
5.3

6.1

The errors analysis for the one dimensional PDE. The error= |
the exact solution (2.16)— the numerical solution (2.17)|.

Exact option values obtained using (5.16) . . .. ... ... ...
The prices of Monte Carlo Simulation
The prices of digital call by (5.18)

The prices of mixed digital call . . . . . . ... ... ... ... ..

X



Chapter 1

Introduction

In the early 1970’s, after the introduction of geometric Brownian motion in fi-
nance, Fisher Black and Myron Scholes [1973] made a major breakthrough by
deriving the Black-Scholes formula for the most representative end-point (i.e.
path independent) derivative, a European call option, becoming a most signif-
icant result in pricing financial instruments. Since then, quite a large number
of publications have dealt with end-point derivatives generalizing this formula,
for example, allowing for stochastic volatility as in Heston [1991] and Hull and
White [1987] as well as for several other underlyings like in collateralized debt
obligations (see, for example, Hull and White [2004]). A more general type of
derivatives are the path-dependent ones, a prominent example is given by barrier
options which include down-and-out options in one dimension (see Rubinstein
and Reiner [1991], Sepp [2006]) and the more general family of lookback options
in two dimensions (see He et.al. [1998] and Lipton [2001]). It has been proven
to be difficult to derive closed-form solutions in higher dimensional settings and
therefore the literature has resorted to approximations and/or simulations, see
Metzler [2008] for a review.

A standard one-asset lookback call (or put) gives its holder the right to
buy (or sell ) the underlying asset at its minimum (or maximum) price over a
certain period. Analytical solutions for the option can be derived along the lines
of Rubinstein and Reiner [1991]. In the paper by He et al. [1998], the authors
generalized the option to two assets. They considered options, in particular
double lookback options, whose payoffs depend on the extremal (i.e., maximum
and/or minimum) prices of the two assets over a given period.

In this thesis, we study lookback options in three dimensions, i.e. options
based on three underlying assets which may depend on at most three barriers.
In particular, our setting allows to introduce and handle the notion of triple
lookback options. These products can be seen as options with the standard
”double lookback” component plus a third lookback which could represent the
behavior of an index and therefore a tracking of market conditions. In other
words, if the minimum value of an index remains above a threshold (or the
maximum below a threshold) then the double lookback option is of interest and



could be exercised otherwise the underlying double lookback has no value.

In general, we let, for i = 1,2, 3,

S;(t): the price of the underlying asset i at current date t;

r:

;s

the risk free interest rate;

standard deviation of the underlying asset ¢, i.e the volatility;

W;(t): a Wiener process with mean 0 and variance t.

The assumptions and definitions used in this thesis are:

the value of underlying asset is assumed to follow the log-normal distribution
dS;(t) = rSi(t)dt + 0:5;(t)dWi(t);

there are no transaction costs or taxes;

there are no dividends during the life of the option;
no arbitrage opportunities;

security trading is continuous;

K; is the exercise price;

T is the maturity date;

a; = r — =+ the drift rate;

I ‘ﬁw

correlation (dW;(t), dW;(t)) = p;;dt,i # j.

Letting Y;(t) = In(S;(t)), S;(0) = 1, we have, by Ité’s formula,

d}/l(t) = Oél'dt + O’ldWZ,Z = 1,2,3.

One of our main objectives is to find the density/distribution function of the

minimum and endpoints of Y (¢), see Figure 1.1.

P Yi(t) € dyr, Ya(t) € dya, Y3(t) € dyB’OIiligtyl(S) >my,  (1.1)
QI Y2(0) = 0 Yols) > o)
- p(yl,yQ»y37m1am27m37t)dy1dy2dy3v
where Y;(0) > m;.

It is known, see [24], that the density function p satisfies the following PDE:

2

Op 5. op 1<~ L, 0% 0%p
Lty == aic(y, )45 > o2 2 (g )+ 0100 5 (y,1). (1.2
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Figure 1.1: The line y = In(0.8) is the barrier for the case of one dimension.
The option is not available if the log price goes through the barrier line



Since t = 0, Y;(0) = In(S;(0)) = 0,7 = 1,2, 3, the initial condition is

P(y1,Y2,y3,t = 0) = 6(y1)d(y2)d(y3), (1.3)

where §(x) is the Dirac delta function with a spike at & = 0. We refer to
Equations (1.2)-(1.3) as Fokker Planck Equation.
We also add the boundary conditions:

p(yl :m17y27y37t) :O,
Py1,y2 = ma,ys,t) =0, (1.4)
p(y1,y2,y3 = ms,t) =0.

The equations (1.2), (1.3) and (1.4) will be referred as the PDE problem
associated to the density (1.1).

To obtain the density/distribution functions with respect to the endpoints
and distribution w.r.t the minimum, namely (1.1), we will solve Equations (1.2),
(1.3) and (1.4).

The fact that a general solution in multi-dimensions has not been found
after a century of study gives an indication of the difficulty of the problem. The
successful solution of the two dimensional case in [12] provided a new impetus
to explore the multi-dimensional case. Two different techniques are used in [12],
one such technique relies in finding an orthogonal coordinate system that has a
two-fold property, it allows for a solution to the Laplace equation by means of
separation of variables while keeping the boundary conditions orthogonal. This
coordinate system is simply the polar coordinate system. Unfortunately, an
extension to three dimensions along these lines is not successful; the reason being
that the eleven coordinate systems which allow for a solution of the Laplace
equation by means of separation of variables (see [23] and the references therein)
do not keep the boundary conditions orthogonal. This last statement can be
checked considering case by case. The second technique employed in [12] makes
use of the method of images, this approach requires to restrict the correlation
values to a set of specific values. This last approach is successfully extended in
the present thesis to the three dimensional case.

There have been several approximating solutions to the multi-dimensional
problem described above, an example is given by [1] (see also the review provided
n [22]). Reference [1] considers the case where the off diagonal elements of the
correlation matrix are small enough so they can be treated as a perturbation.
The joint probability density is then expanded in powers of the off diagonal
correlation matrix elements. Reference [22] provides actual simulations of the
perturbation; and provides evidence that the approximation to the survivor
function is remarkably accurate under appropriate conditions. However, the
approach is not available for the case where the correlations are not small. This
is contrast to our thesis where we provide exact solutions for a specific set of
correlations which are not small.

The organization of the thesis is as follows:



e In Section 2.1, we recall some results for the one dimensional case. In Section

2.2, we review some results for the two dimensional case. We also show
that the solution which is obtained by the method of images equals the
solution obtained by the method of separation of variables. In section 2.3
and 2.4, we provide numerical solutions for both one and two dimensional
cases. Section 2.5 discusses the Method of Images.

e In Section 3.1 we provide some Lemmas which are very useful for the par-

tition of R3. The formula of the arc length on the sphere will be de-
duced, as well as the formula of symmetric points between their bound-
aries will be obtained. In Section 3.2, inspired by Proposition 6 from [8],
we obtain the division of three dimensional sphere for all four cases, i.e.,
A(%? %’ %),A(% %7 %)’A(%7 %7 %)7 A(g’ %7 %)’ n =2,3,4,---. In Section
3.3, symmetrical points are obtained for each of the R domains under
consideration.

In Section 4.1, we simplify PDE (1.2)-(1.4) to a heat Equation. The solutions

of the Heat Equation for all four cases are provided by the method of
images. In Section 4.2, solutions of some special cases for p;; = 1 or
pij = 0 are presented. In Section 4.3, we reach the conclusion that the
density functions can be obtained for some special correlations.

In Section 5.1, we show the applications to lookback European option, while

we compare the numerical results of analytic solution to the simulation
results by Monte Carlo Method. In Section 5.2, we give the applications
to lookback Digital option.

In Chapter 6, we consider the solution for random correlations.

The Appendixes provide proofs for some of the results in the thesis.



Chapter 2

Existing Results

In this chapter, we will recall some results which were introduced in [12]. We
also point out an error in paper[12] (see Section 2.2). The following notation will
be used freely: given a process Y (t) define Y () = supg.,., Y (s) and Y (t) =
infocsct Y(5).

2.1 One Dimensional Results

Following [12], we define
P(Yi(t) € dy,Y1(t) < M)

9(y, M1, t; 00)dy,
y<M;,M >0
G(My,t; ),

M, >0

g+~ (y, m1, My, t; 1) dy,

y € [my, My],m; <0< M,
Gy_(my, My, t;0q),

my <0< M,y € [my, My].

P(Y1(t))

P(Y1(t) € dy,Y 1 (t) > my,Y1(t) < M)

P(Y(t) = m1,Y1(t) < M)

Theorem 1. (i) The probability density/distribution functions for the maxi-
mum (or the minimum) of a Brownian motion with constant drift is given by

1 — aqt
g(y,Mht;a) = - \/i¢(yo- \C/y% )(1 _ e—(4M12—4M1y)/20'ft)7y < ‘2\41,]\41 >0,
1 1
(2.1)
M1 — alt —M1 — alt

G(M;,t;0) = N( ) — e2eaM/oi N ( ), M >0,  (22)

Ulﬁ Ulﬁ

where ¢(z) = exp(—22/2)//2m is the standard normal density, and N(-) is the
corresponding distribution function.



(i1) The joint probability density function of the mazimum, minimum, and end
point of a Brownian motion with a constant drift, denoting y as the random
variable, fory € [mq, M1],m1 <0 < M, is given by

ary ot 1 y—2n(My —myq)

g+—(y,m1, My) = exp(ﬁ—ﬁ) Z G ( oL )

g
1 n=-—o00

Yy — 2n(M1 — ml) — 2m1

_(b( 0'1\/£

This density can be expressed in the equivalent form

)] (2.3)

2 Yyt —n’rlo?t
_ M) = —— — — 53 o 2
g+ (y, m1, My) My —my exp( o2 20%)HZZ_OO eXp(Q(Ml — M1)2)
_oo—my (Y —my)
X 2.4
sin( g — s — 24)

(iii) The joint probability distribution function of mazimum and minimum of a
Brownian motion with constant drift, for my < 0 < My, is given by

G+_ (ml.Ml, t; al)

_ Z eZnal(Ml—ml)/af{[N(

n=—oo

My — ot — 2n(my — my)

Ul\/z

)

my — ait — 2n(my — mq) 1

le/i

Ml — Oélt — 277,(777,1 — ml) — 2m1

o1Vt

my — ait — 2n(my —mq) — 2my

0’1\/{t

—N(

e T[N )

—N( )1} (2.5)

2.2 Two Dimensional Results

In [12], the authors considered Equations(1.2)-(1.4) in the case of two dimen-
sions. Defining

P(Yi(t) € dyr,Ya(t) € dy2, Y, () > m1,Yo(t) > ma) = p(y1, Y2, m1, me, t)dy:1dys,

they obtained the analytic solution, by solving the partial differential equa-
tion by the method of separation variables,

Theorem 2. For y; > mqy,ys > ma, where my < 0,mo <0,

ed1y1tazyz+bt

(Y1, Y2, m1, ma, t) = mh(yhy%mhm%ﬂ, (2.6)



where

2 — —(r24r2)/2t . by . nml T7TQ
g e 0//<" gin —— sin )s

h £ = = P (2
(ylay2,m1am27 ) ﬂ n gt ,6 6 (nﬂ')/ﬁ( t

and as for other parameters, please see page 206 of paper [12].

At the same time, by making use of the method of images, they obtained
the following corollary

Corollary 1. Suppose the same assumptions hold as in Theorem 2, except that
the correlation p can take the only special values

T
= — COSs(—).
Pn (n)

Then the density function p has the special form

ea1x1+a2z2+bt

p($17$2,m1,m2,t) -
o1024/1 — p2

where h is a finite sum of bivariate normal densities

h(21,22,m1,m2,t), (27)

n—1
h(z1, z2,m1, Mo, t) = Z[g:(zlafz%t) + g (21, 22, t)]
k=0
and
g,:f(zl, 29,t) = £(27)71 exp(—%[(zl -1y cos(%T7T +6)))? (2.8)
+(z2 — 10 Sin(%T7T +60))?)). (2.9)

We should point out a mistake in (2.8), the correct expression for gki (21, 22,1)
is given by:

gt (21, 22,t) = £(2mt)"Lexp(— £ [(21 — ro cos(EZE £ 6p))?
+(22 — o sin(E2ET £ 6,))2)).

Theorem 2 and Corollary 1 are two important mathematical tools used in
[12], the distribution functions can be obtained by the above results, as well as
the price of many exotic options. As we indicated, these two results have been
reached by different methods. Then, it is natural to investigate the consistency
of using both approaches by checking if, for the same value of p, the solutions
(2.6) and (2.7) agree. We provide the proof in an appendix.

Theorem 3. If p, = —cos(;-), where m, is an integer. Solution (2.6) and
solution (2.7)are the same.



2.3 Numerical Solution for the One Dimensional
Case

In this section, we will study the numerical solutions of the following Fokker-
Planck equation,

dg 1 ,0% dg
2 222 d 22 2.10
ot~ 271902 " Moy (2.10)
with absorbing boundaries
g(x1,t) = g(x2,t) =0, (2.11)
and initial condition
9(z,0) = 6(z), (2.12)

where & denotes the Dirac delta function with a spike at x = 0. To tackle
equation (2.10)-(2.12), we will follow the following strategy.

(i) To simplify the system (2.10), (2.11) and (2.12) to Heat equation.

(ii) To choose the value of §(-), such that the exact solution can be approxi-
mated by the numerical solution.

(iii) To check the errors between the numerical solutions and exact solutions.

At first, we focus on problem (i), which is to simplify system (2.11) to a
Heat equation.
Let
g(z,t) = e*q(z,1),

where a, b are constants to be determined. Then we have

dg 9q(x,t)

_ ax+bt
0o g, + )
ag ax+bt 8(](337 t)
S e ag(a, 1) + L)
829 ax+bt 2 aq(xvt) 82q(33,t)
9z = © (a®q(x,t) 4 2a pe + 907 ).
Hence,
8Q(x7t) _1 20 2 6Q('rat) 82Q(Iat) 8q(x,t)
If we let
a= %
b=-32h
then, we obtain the Heat Equation:
dqg 1 , 0%q
ot~ 271 0a2 (2.13)



with boundaries
q(z1,t) = q(x2,t) =0, (2.14)
and initial condition

q(z,0) = o(z). (2.15)
By solving (2.13),(2.14) and (2.15) (see [12],) we can obtain the exact solution

n’n?o?t T — I

. Z1 .
(72 = xl)Z)Sm( g :Cl)smmr(z2 )

(2.16)

9 00
t = E —
Q(x’ ) To— I n=1 eXp( 2

Secondly, we turn to obtain the numerical solutions of (2.13),(2.14) and
(2.15) instead of (2.10),(2.11) and (2.12).

Step 1. Establishing the computational template.
Making use of Crank-Nicolson scheme, we get the numerical solution of
q(z,t) as follows

w?H —wy ai +1 +1 +1
At 4(Ax) (w1 = 2wj +wipy +wity — 2w+ wih ]
D te )\ — UfAt
enote A = 557,
1+A -3 0 0 0
-2 1+x -3 0 0
. 0 -3 14X 0 0
0 0 0 1+X -3
0 0 -3 142
and
1-X 3 0 0 0 0
A A
2 1-\ 2 0--- 0 0
0 3 1— A 0 0
D = . . .
0 0 0 1-X 3
0 0 0 3 1-X
Hence, for n =1,2,--- , M, we have
w" T = C\Duw". (2.17)
where w" = (wi,wh,--- ,wi ), n=1,2,--- M. Since coefficient matrix C is

a diagonally dominant matrix, which is nonsingular. Hence we can solve (2.17).

Step 2. The approximation of § function.

10



No. | Az At A error error/(Ax? + At?)

1 [1/20 | 1/20 | 10 | 2.7807 x 107 5.5614 x 10—
2 | 1/25 [ 1/25 | 12.5 | 2.9367 x 107 9.1773 x 10~ *
3 [ 1/30 [ 1/30 [ 15 | 1.8202 x 10~° 0.0082
4 [1/35[1/35 [ 175 | 9.13x107° 0.0559
5 | 1/40 | 1/40 | 20 | 3.7327 x 10~* 0.2986
6 | 1/50 | 1/50 | 25 0.0033 4.1743

Table 2.1: The errors analysis for the one dimensional PDE. The error= | the
exact solution (2.16)— the numerical solution (2.17)].

In order to get the solution of system (2.17), we need to know w! which is
the initial value. Since §(z) = 0 if z # 0, and [}, d(z)dz = 1. Hence, d-Dirac
function can be approximated by

1 Az A
fay= | B BrESLT
0, otherwise.

Then we need to determine the number jo such that wj = 1/(Az). At first,
z(j) =x1+jAz and jo = 1. For j =1,2,---,if |2(j)| < |z(jo)]|, then we denote
jo = Jj. With a loop, we can get that x(jo) is the node which is the nearest to
x=0. We let wj = x(jo) = 1/(Az), and wj =0, for j # jo.

Finally, we focus on the stability and error analysis.

Normally, it is well known that Crank-Nicolson scheme is unconditionally
stable. Also the scheme is second-order accurate in both space and time. How-
ever, if the initial condition is § Dirac function which is not continuous, we can
find in table 2.1 that the scheme is neither unconditionally stable nor second-
order accurate in space and time. Since the changes of Ax make the initial
function 6(x) change. Which means that the PDE which we are dealing with
has different initial values along with Az, see Figures 2.1, 6.4, and Table 2.1.

2.4 The Numerical Solution for the Two Dimen-
sional Case

In this section, we study the numerical solutions of the following Fokker-Planck
equation
0%g

03575

dg Og dg 1 ,0% d%g 1
o o 159 oy?’

ot = Mog Y29, T 2% 5.2 TPN%25,5, 1 5

with boundary conditions

g(l’ = mlay7t) = g(I‘,y = m27t) = Oa
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One dimension approximation

1.4 T
1.2 b
1 - -
0.8 |
o
0.6 |
0.4r b
02k numerical solution, delta=1/100 ; |
*  approximated exact solution
O L onl Il Il e
-1 -0.5 0 0.5 1
X

Figure 2.1: The simulation of the solution for the one dimensional equation
(2.13)-(2.15) in space, by choosing 1 = —1,29 = 1,01 = 1, At = 1/2000, Az =
1/100, tpae = 1/10
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One dimension approximation
0.012 ‘

0.01r i

0.008 b

© 0.006 b

0.004 - b

0.002 numerical solution, delta=1/50
*  approximated exact solution

Figure 2.2: The simulation of the solution of one dimension equation (2.13)-
(2.15) in space, by choosing 1 = —1l,z0 = 1,00 = 1,At = 1/50,Az =
1/50, tmas = 4
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and initial condition
9(z,y,0) = 6(x)d(y).

The procedure is very similar to the one employed in Section 2.3 in the sense
that we can make some substitutions, and we just need to study the numerical
analysis of the following Heat Equation.

ou 1,0%0  0%u

o :§<87%+875)’ (2.18)
with initial condition
u(z1, 22,6t =0) = §(21 — 210)(22 — 220), (2.19)
and boundary conditions
u(Ly,t) = u(La,t) =0, (2.20)

]72:20 = _Ma

where z19 = =

[_ml + pma
2 o1 o2

1—p

1— p?
p

Ly ={(z1,22) 122 =0}, Lo ={(21,22) 1 22 = — z1}

To obtain the numerical solution of (2.18)-(2.20), we need to solve the fol-
lowing problems:

(i) Because the domain is not closed, we need to add a suitable boundary, such
that we can get the numerical solutions which can approximate the exact
solution;

(ii) The approximation of ¢ function at suitable node;
(iii) The computational template of PDE;
(iv) The order of the discrete Laplacian operator;

(v) The construction of the discrete Laplacian operator.

In the following, we consider a special case, which is p = —\/5/ 2; then, we
can obtain that the exact solution of (2.19)-(2.20) is given by:

3
u= Z[g,j(zl, 22, t) + g, (21, 22, 1)], (2.21)
k=0
where
g = ii eXp(—l[ (z1 — ro cos( 2k 4 6p))>
k 2t 2t 4

+(z2 — 10 sin(# +60))?)),
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and ro = /23, + 25,00 = arctan(222). Then we deal with the numerical solu-
tion of system (2.19)-(2.20), according to the problems (i)-(v).

Step 1. We add a boundary, such that the domain of PDE is closed.

From the exact solution (2.21), we can find that v — 0, when 23 — oo.
Hence for a constant D which is relatively large, we give a boundary condition
as follows,

u(zy = D, z2,t) = 0. (2.22)

Step 2. The computational template of (2.19)-(2.20) and (2.22).
In order to fix the problem, we make use of BTCS method combining to the
discrete Poisson problem. For n =1,2,--- , M, we have

n+1 n+1 n+1 n+1 n+1l __ n
AT g+ wiy g Fwiisy Fwien) + (L ANwie = wiy,

where \ = 2‘22. We remark that the unknowns are numbered in lexicographic

order in the grid. We suppose that w; = w(j, k), then, we obtain:

w" T = A\w", (2.23)
where w = (wy,we, - ,wp), L = W is given by step 3. A is the

discrete Laplacian operator to be described in step 4.

Step 3. Determining the order of the discrete Laplacian operator matrix A.

For a regular domain [0, D] x [0, D], let de = dy = A, N = D/dx, which is
supposed to be an integer. Then the order of matrix A4 is (N —1)2. In addition,
if we consider the boundary (2.19), the order of matrix

(N-1)(N-2)

A=[(N=1) - (N-1)]j2= =

The dimension of A is (N_l)z(N_Q) X (N_1)2(N_2).

Step 4. Constructing the discrete Laplacian operator.

We denote that the unknowns are numbered in lexicographic order in the
grid (see figure 6.4). Suppose that w; = w(j, k), we need to get the relationship
between the order number ! and node (j, k), see figure 2.3.

1. For k =2, we have | = j — k;
2. for k=3, wehave =N — 2+ j — k;
3. for k=4, we have [ = 2N —5+j — k;
4. fork=51=3N—-9+4j—Fk,---.
Welet as =0,a3 = —2,a4 = —5,a5 = —9,---. Then we have by = a3 —as =

—2,bs =a4 —az = —-3,by = a5 —ag = —4,--- by = agy1 — ar, = —k. Hence we

15



The triangular Domain
4 T T T

3.5

25

1.5F

0.5F

Figure 2.3: The grid of triangular domain to create w(j, k)
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can get

ak+1 = Qg4+l — Qg +ap — Qg + -+ a3 —az
= betbei+-+b
—k—(k—1)—---—3-2
(k=D +2)
2

Moreover, ap = —(e=)(ktD) Therefore, we get the relationship between the

order number [ and the correspond node (j, k),

k+1)(k—2)

= (k—2)N - 5 +j—k.

(k+1)(k—2) +

Now we construct the discrete Laplacian operator. Let [ = (k—2)N— 5

j_kv

(i) For s=1,2,--- 7W,We have A(s,s) =1+ 4\;

(ii) For k=2,3,--- N —=2;j=k+1,--- N —1, we have A(l,l + 1) = = \;
(iii) Fork=2,3,--- ,N—2;5=k+2,--- ,N, wehave A(l, |+ N—k—1) = = );
(iv) For k=2,3,--- ,N—=2;5=k+2,--- ,N, we have A(l,l — 1) = =\,

(v) Fork=3,--- ,N—1;5=k+1,--- |N, we have A(l,| — N + k) = —\.

The coefficient matrix A is diagonally dominant, which is non-singular, hence
we can solve (2.23).

Step 5. As we did in the Section 2, §(z — ) can be approximated by

5z — o) = et asxe[xo—%,xo—l-%]
0, otherwise

Then we need to determine the number (jo, ko) such that the initial node
W' (o ko) = 1/(A)2. Let 2(j) = jA,y(j) = jAp = 0,g = 0. For k =
2,3,---,N,j=1,--- /N, if |x(j) — z10| <= |p — 210/, then p = x(j). Using a
loop, we can get jo, and z(jjo) is the node which is the nearest point to z19. By
a similar way, we can get ko, and y(ko) is the nearest point to zo9. Then We let
wl(jOakO)l = 1/(A)27w1(j’ k)l =0,j # jo, k 7& ko.

Step 6. The code of the case of two dimensions in space is placed in Ap-
pendix.

In our experiment, we choose D = 4,m; = —2/5,mas = —1/2,tymax =
1,Az = 1/30,At = 1/200,01 = o3 = 1. The error between the numerical
solution and exact solution is about 8.2 x 1074, see figures 2.4 and 2.6.
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Figure 2.4: The simulation results of numerical solution with D = 4,m; =
=2/5,mg = —1/2,tmas = 1, Az = 1/30,At = 1/200,01 = 092 = 1. The error
between the numerical solution and exact solution is about 8.0 x 104,
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2.5 The Method of Images

The nature of the method of images is to replace the boundary conditions by a
set of fictitious source terms so that the solution of the original equation satis-
fying the appropriate boundary conditions reduces to that of finding solutions
of the equations. In the case of linear differential equations, the process of
obtaining the final solution divides into three distinct steps (see [25]).

1) Solving the differential equation appropriate to a point source in an infinite
medium, but with no boundary conditions except that of good behavior
at infinity.

2) Find the set of image source, and
3) Adding the solution in 1) over the set of images obtained in step 2).

In general, the solution of step 1) is usually relatively simple. The key point is
how to find the set of image source. In the following, we will describe how the
method of images is applied to solve the partial differential equations (2.18)-
(2.20).

Step 1) Solving the equations (2.18) and (2.20), we obtain, for arbitrary
initial point (219, 220) € R?,

U=5 eXP[_%((zl — 210)%) + (22 — 220)°]-

Step 2) Finding the set of image source, we denote x = rcosf,y = rsiné,
and, for k=0,1,2,--- ,n—1,

2 2 1
T = {(@.y)r = 0, T < g < Gk my
n n
2k — 1 2
T, —{(x,y)|r>0,( i )”ges—lm}.
n n

We suppose that the initial point (z10,220) € TOJF7 and z19 = rgcosby, zo9 =
rosinfy. Then we can obtain that the conjugate points of (219, 220) in the T,j
and T}~ can be expressed as (1o cos(zlf—f +6),10 sin(Q,kT’r +6p)) and (rq cos(Q,kTTr -
0o), o sin(sz’r —0p)), respectively.
Step 3) Letting
g (21, 20, 1) = H(27t) 1 x (2.24)
1 2km . 2km
exp(—=[(21 — 70 cos(—— £ 0p))* + (22 — ro sin(—— + 6p))?]),

2t n n
we obtain the general solution of equations (2.18)-(2.20), by adding the two
functions in (2.24),

n—1

U= Z[glj(zlﬂz%t) + gl:(zlv 227t)]' (2'25)
k=0
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Step 4) We check that (2.25) is the solution of (2.18)-(2.20). It is easy to check
that

2k 2k
g,j(zl, 29,6t =0) =d(z1 — 1o (308(77r +60))0(z2 — 10 sin(T7T +6o)),
and
2k . 2km
9y (21, 22,t =0) = =0(21 — 1o COS(T —00))0(z2 — 19 SIH(T —6p)).

Obviously, u(z1, 22,t = 0) satisfies the initial condition of (2.20). To check the
boundary conditions of (2.19), we let z; = rcos, z5 = rsinf. Then

1 1 2k
gi (21, 20,1) = 7exp(——[r2 +ré —2rrg COS(TW —0+6y)]),

27t 2t
and
_ 1 1., 2%k
9 (21, 22,t) = 9 exp(—%[r + 75— 2rrg cos(T —6—46p)]).

Letting j =n—k,5=1,2,3,...,n,

. 1 1 25
gy (21, 2,t) = 5 exp(—%[r2 + 78— 2rrg cos(]T + 6+ 6p)]).

(1). If @ = 0, which is equivalent to zo = 0, we have g,j(zl, 0,t)+g; (21,0,t) =
0. Hence u(z1,22 = 0,t) = 0.

(2). If 0 = =, which is equivalent to z; = 21 tan 7, we find that

(2k — D)m

s 1 1 5 9
gi (21,21 tan E’t) = Q—Wtexp(fz—t[r + 15 — 2rrg cos( +60))),
and
A, T 1 1., (2] + 1)
g; (21,21 tan Eﬂf) =5 exp(—ﬂ[r + 7§ — 2rrg cos(———— + 6p)])-
Hence, for j=k—-1,k=1,2,--- ,n—1
7r o 7r
gi (21,21 tan E’t) = —g; ((#1, 21 tan E’t)'
Since cos(@ + 6p) = cos(—= + ), we obtain
7r L ™
gg (21, 21 tan ﬁ’t) = —G,_1((z1, 71 tan ﬁ’t)'
Therefore,

n—1 n—1
U(Z17227t) = Zg;(21722,t) + Zg];(ZleZ?t)
k=0 k=0

is the solution of equations (2.18)-(2.20).
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Figure 2.6: For n = 5, the signs of every domain for the 2-dimensional case, the
sign + relate to the sign of g in (2.25)
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Chapter 3

Method of Images for the
Three Dimensional Case

A main goal of the thesis is to obtain an analytical expression for (1.1) and
related quantities. The fact that a general solution in multi-dimension has not
been found after a century of study, see Sommerfeld 1894 (in German) for an
initial approach to the topic, shows the difficulty of the problem. The suc-
cess in solving the two dimensional case by He et. al. 1998, and specially
the procedure used in that paper, provides a good framework to explore in
multi-dimensions. Their solution was based on the finding of a orthogonal
coordinates system that has a two-fold property, first it allows for a solution
to the Laplace equation by means of separation of variables, and secondly it
keeps the boundary conditions orthogonal, this coordinates system is the sim-
ple Polar Coordinates. Unfortunately, the extension to three dimensions is not
successful. The reason is that there are only eleven coordinates systems that
allow for a solution of the Laplace equation by means of separation of variables
(see http://mathworld.wolfram.com/LaplacesEquation.html and the literature
therein), but none of them keep the boundary conditions orthogonal. This last
statement can be actually checked for each of the systems.

Another approach is developed in [1]. Mark B. Wise and Vineer Bhansali
considered the case where the off diagonal elements of the correlation matrix
are small enough to treat them as a perturbation. They expanded the joint
probability density in powers of the off diagonal correlation matrix elements
(for details, see [1] ). In [22], Adam Metzler simulated the perturbation. He
indicated that the approximation to the survivor function is remarkably accurate
for reasonably small values of N. However, the approach is not available if the
correlation p;; is not small.

Given the above mentioned complications, we lowered the original goal and
will look for a solution in three dimension for particular correlation values. The
method of images is a very useful technique to find explicit solutions for some
special multi-dimensional PDE. In [8], Eugene Gutkin and Paul K Newton gave
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the following Proposition for the unit sphere in three dimensions.

Remark 1. We refer to Gutkin and Newton [2004] for the definition of a spher-
ical polygon 2 as well as the definition of the associated group I'q. These notions
are used in the next proposition.

Proposition 1. Let Q) be a spherical polygon, and let ' = T'q. Then the triple
A, Q, T satisfies the ’assumptions’ of the method of images if and only if Q0 is
one of the following polygons:

1. It is a hemisphere.

2. It is the bi-gon with the angle 7/n, where n = 2,3, ....
3. It is one of the following triangles:

(i) The triangle A(w/2,7/2,7/n), where n = 2,3, ....
(ii) The triangle A(n/2,7/3,7/3).

(iii) The triangle A(m/2,7/3,7/4).

(iv) The triangle A(w/2,7/3,7/5).

Inspired by Proposition 1, we solve equations (1.2)-(1.4) for four partic-
ular triangle cases: A(7w/2,7/2,7/n), A(n/2,7/3,7/3), A(w/2,7/3,7/4) and
A(m/2,7/3,7/5). In particular, we refer to Section 4 (see the paragraph below
(4.8)) where we make explicit the connection between the spherical polygons
listed in Proposition 1 and the boundary conditions of the PDE under consid-
eration in this thesis.

Some lemmas are provided in Section 3.2. These lemmas are used in Section

3.3 to find the geodesic splitting the sphere as well as to find in Section 3.4 the
symmetrical points which are equivalent to the initial condition.

3.1 Some Lemmas

In this section, we will give some lemmas which are useful in the next sections for
dividing sphere. The proofs of these lemmas are in the corresponding Appendix.

Lemma 1. Suppose that x = z(¢),y = y(d),z = z(¢),¢ € (0,¢0) is the in-
tersection of plane z = ax + by and the unit sphere x = cos(¢)sin(f),y =
sin(¢) sin(d), z = cos(8),6 € [0, 7], ¢ € [0,27]. Then the length of the arc is

tan(¢g — &) + arctan tan(§)
S0 TS 4 ar L va—
V1+a?+ b2 V1+4a? + b2
where tan(¢) = 2, ifa #0. Or

a’

arctan

(3.1)

arctan(v/1 + a? + b2 tan(¢g + £)) — arctan(/1 + a2 + b2 tan(§)), (3.2)
where tan(§) = ¢, if b # 0.
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Remark 2. If x = cos(¢p)sin(f),y = sin(¢o)sin(d),z = cos(d), 0 € [01,065],
then the arc length from 01 to 05 is 02 — 01. This follows easily by noticing that

02
/dl:/ 24 y2 + 22d0 = 0 — 0.
! 01

Lemma 2. Suppose that z = ax + by is a plane, and zy > axg + byg. Then the
symmetric point of (xo, Yo, 20) with respect to the plane can be expressed as

/ /
(xsvysvzs) = A(any(hZO) 3 (33)
where

—a2+b2+1 —2ab 2a

a?+b2+1 a?+b2+1 a?+b2+1
A= —2ab a®—b241 2b

a?+b2+1 a?+b2+1 a?+b2+1

2a 2b a?+b2—1

a?+b2+1 a?+b2+1 a?+b2+1
Moreover, AA" = I. Where I is the identity matriz.

Letting * = rcos(¢)sin(f),y = rsin(¢)sin(f),z = rcos(f),r > 0,0 €
[0,7], ¢ € [0,2n], for integer N > 2,k =0,1,2,--- ,N — 1,

2kw 2km 0w

+ = . > anvn
Dy {(@,y.2) 7200 €076 € [ 5 + 50}
2kr w 2kw
- = : > st
D {(@y,2):r20,0€0,7],¢ €[ -+~

By rotating D,j around z axis with angle %’r in a counter clockwise direction,
we can obtain D,L_l. For convenience, we denote DX, = Dsr . Therefore, for
an arbitrary point (xzr,y,j,zlj) € D,j, by the above rotation of D,Jcr, we can
obtain the point (.132_+1, y,:'H, z,jﬂ) € D,':H which is the rotated image point of

(zf, 9, 2") € Df. Moreover,

(éer ylj+1> le+1)/ = B(xz,y,j.z,j)’,
where
cos(?—\’;) —sin(3F) 0
B = | sin(5) cos(%7) 0
0 0 1

In fact, for arbitrary point (xg , yar , ZO+ ) € DO+ , by rotating the point around
z axis with angle QI‘T” in a counter clockwise direction, we can obtain its rotating
point (x,f, y,j, z,j) € D;r which can be expressed by

(@ yk s 20) = B (2,50 .20 ), (3.4)
where o o
cos( 1) —sin(57) 0
Bf = sin(%T) cos(2kx 0 . (3.5)
0 0 1



It is very easy to check that B, (B*)} = 1I.

Similarly, letting (2,5 ,25 ) € Dy be a symmetric point of (zg,yd, 25)
with respect to y = 0, obtained by rotating the point (zq,y, %, ) around z
axis with angle 28T in a counter clockwise direction, hence (zg,yy,2 ) =
(&, —ya,27)'. Therefore, we can get its rotating point (z;,y;,2,) € Dy,
and it can be expressed by

(@ Y2 = By, (@850, %0 )'s (3.6)
where ok oy
cos(=F) sin(=37) 0
B, = | sin(%T) — cos(%T) 0 . (3.7)
0 0 1

It is very easy to check that B, (B, ) = I(identity).

It is easy to see that Dy = Dy for ¢t =1,2,---N, D; and Dj_1 are neigh-
bor with common boundary y = tan(%)x. At the same time, for ¢t =

0,1,--- ,N—1, D; and D;" are neighbor with common boundary y = tan(2Z)z.

Lemma 3. Suppose that (xF,yt,2F) and (z;,y; ,2; ) are expressed in (5.4)
and (3.6), respectively. Then we have

(i) Fort = 1,2,--- N, then (z;,y, ,2; ) € D, is the symmetric point of
(zf 1,y 1,7 1) € D with respect to y = tan(%)x.

(ii) Fort=0,1,--- ,N —1, then (x; ,y; ,2; ) € Dy is the symmetric point of
(zf .y, %) € D with respect to y = tan(3E)z.

3.2 The Division of the Sphere

In this section, we provide the geodesic arc lines that split the sphere into
triangles such that the method of images can be applied according to Proposition
1.

3.2.1 The Case of A(5,5,7),n>2
n
We divide the sphere (r = 1, center 0(0,0,0)) into 4n slices, which are

2km 2km 0w
le:l :{(¢?9)'¢€ [T’T—"_E]?ee [O?ﬂ-/2}}’k:07172".' 777/_1;

2km 2km

Ty =1{(6,0): 0 €| - +%],96 [7/2,7]}, k=0,1,2,--- ,n—1;
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T =1(¢.0): 0 € [%#—%72]%} 0el0,7/2]},k=0,1,2,--- ,n—1;

and

Tk_,2:{(¢a9):¢ [%Tﬂ-—%,%i] 06[7‘(/2 7T]} k=0,1,2,---,n—1.

We denote the north pole as P, the south pole as @, the intersection between

0 =m/2 and ¢ = 25T as Ak, the intersection between 6 = 7/2 and ¢ = @
as By, for k=10,2,--- ,n—1. Obviously, we can see that the spherical triangles
APA;CB;C, APA;CBk+1, and AQA;CB]C, AQAkBk+1, are of A(g, %, %), n Z 2.

3.2.2 The Case of A(5,%, %)

27373
We first divide the sphere into 6 slices. Then each slices is divided into 4
spherical triangles in step 2 and step 3. Step 2 focuses on positive slices while
step 3 on negatives.

1. At first, we divide the sphere (r = 1, center O(0,0,0)) into six slices, which
are

T = {(6,0) 0 2 2T LT g e oa)y k=012
and
Ty ={(00) 6 e Lo~ 2 2 g o.ml)k=0,12

2. Secondly, we divide Tj, into four spherical triangles. At first we set some
special points on Tg‘ . They are

A(sin(f),0,cos(8)),  C(sin(20),0, cos(20)),
B(sin(«) cos(g), sin(a) sin(g), cos(a))

D(sin(m — f3) cos(%), sin(m — ) sin(g), cos(m — 3)),

where § = arccos(?),a = arccos(3) (see figure 3.1 ).

On the domain TO+ , there are three geodesics, which connect AB, BC and
C D respectively. If we denote the north pole as P, the south pole as Q. We

have divided T}, into four spherical triangles APAB, AABC, ABCD, ACDQ.

For convenience, we denote the spherical triangles from top to bottom as

T(;';,j =1,2,3,4. Now, we turn to find the spherical triangles of T,j'. It is

easy to see that T," and T, are obtained by rotating 7, in a counter

clockwise direction with angles 2?” and 4”, respectively. By rotating

arcs AB, BC and CD in a counter clockwise direction with angle %T”,
we can get new arcs which can divide T,:' into four spherical triangles,
for £ = 1,2. We denote the spherical triangles from top to bottom as

Thk=1,2,j=1,23,4
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3. Finally, we find the spherical triangles of T, . At first, the symmetric points
of B and D with respect to ¢ = 0 are

B'(sin(«) cos(—g)7 sin(a) sin(—g)7 cos(a)),

and

D' (sin(m — 3) cos(—g)7 sin(r — ) Sin(—g), cos(m — f3)).

As we did in the step 2, there are three geodesics, which connect AB’, B'C
and CD’, respectively. Hence, we have divided T, into four spherical
triangles APAB', AAB'C,ABCD', ACD'Q. We denote them as T}, j =
1,2,3,4 from top to bottom. By rotating arcs AB’, B'C and CD’ in a
counter clockwise direction with angle %T’T, we can get new arcs which
can divide T} into four spherical triangles, for k¥ = 1,2. We denote the

spherical triangles from top to bottom as Tyss k=1,2,7=1,2,3,4.
We prove that all the spherical triangles which we obtained are of A(7, 5, §).
The proof of the following lemmas are in Appendix. At first, we need to get the
side arc length.

Lemma 4. o+ 20 = 7.

Lemma 5. (i) For the spherical triangle APAB, the side arc length of PA, PB
and AB are 3, and 3, respectively.

(ii) For the spherical triangle AABC, the side arc length of AB, BC and AC
are 3, and (3, respectively.

(iii) For the spherical triangle ABCD, the side arc length of BD, BC' and CD
are 3, and (3, respectively.

(iv) For the spherical triangle ACDQ, the side arc length of CD,CQ and DQ
are 3, « and 3, respectively.

Lemma 6. The spherical triangles APAB, AABC, ABCD and ACDQ are of
the form A(%, %, %).

3.2.3 The Case of A(g, z %)
We follow as the previous two cases.

1. We divide the sphere (r = 1, center O(0,0,0)) into eight slices, which are

2km 2k
Ef ={(6,0): ¢ € [T =5 + 70 € 0, mh k= 0,1,2,3;
and
2kr m 2km

By ={(6,0): 6 €= 1,0 €[0,7]},k =0,1,2,3.
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Figure 3.1:

&) |
-0.5 0 0.5
Y

The spherical triangles of A(w/2,7/3,7/3) in the first slices
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2. We divide F;, into six spherical triangles. At first we set some special points
on F". They are

A(sin(B),0,cos(8)), C(1,0,0),

B(sin(«) COS(Z), sin(«) sin(%), cos(a)),

D(COS(%), sin(%% 0), F(sin(r — B),0,cos(r — 3)).

E(cos(g) sin(m — «), sin(%) sin(m — «), cos(m — ),
where 3 = 7, a = arccos(g)(see figure 3.2).

On the domain Fj, there are five geodesics, which connect AB, BC,
CD,CE and EF, respectively. If we denote the north pole as P, the
south pole as Q). We have divided FO+ into six spherical triangles APAB,
AABC, ABCD, ACDE,ACEF, AEFQ. For convenience, we denote

these spherical triangles from top to bottom as F(;;,j =1,2,3,4.

It is easy to see that F,j is obtained by rotating FS‘ in a counter clockwise
direction with angles 2’%, k =1,2,3. By rotating arcs AB, BC,CD,CFE
and E'F in a counter clockwise direction with angle %T”, we can get new
arcs which can divide F, ,j' into six spherical triangles, for £k = 1,2,3. We
denote the spherical triangles from top to bottom as F,j;, k=1,2,3,5 =

1,2,3,4,5,6.

3. We find the spherical triangles of F .

At first, the symmetric points of B, D and F with respect to ¢ = 0, which
isy =0, are

B'(sin(«) COS(*%), sin(a) sin(f%), cos(a)), D'(cos(fg), sin(f%), 0)

and

E'(sin(r — ) cos(—g), sin(m — ) sin(—%), cos(m — [3)).

As we did in the step 2, there are five geodesics, which connect AB’, B'C,
CD',CE’ and FFE’, respectively. Hence, we have divided F|; into six
spherical triangles APAB',AAB'C, ABCD',ACD'E’', ACE'F and

AFE'FQ. We denote them as Fo;.0 = 1,2,3,4,5,6 from top to bottom.
By rotating arcs AB’, B'C, CD',CE’ and E'F in a counter clockwise
direction with angle 2’2’7, we can get new arcs which can divide F,~ into
six spherical triangles, for k = 1,2,3. We denote the spherical triangles

from top to bottom as Fk_j, k=1,2,3,7=1,2,3,4,5,6.

Next, we prove that all the spherical triangles which we got are of A(7, 5, 7).
At first, we need to get the side arc length.
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Figure 3.2: The spherical triangles of A(w/2,7/3,7/4) in the first slice
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Lemma 7. (i) For the spherical triangle APAB, the side arc length of PA, PB
and AB are §,a and § — «, respectively.

(ii) For the spherical triangle AABC, the side arc length of AB, BC' and AC

s s o
are 5 — o, and 7, respectively.

(iii) For the spherical triangle ABCD, the side arc length of BD, BC and CD
are 5 — a,« and 7, respectively.

(iv) For the spherical triangle ACDE, the side arc length of CD,CE and DE

are 7, and 3 — a, respectively.

(v) For the spherical triangle ACEF, the side arc length of EF,CE and CF
are 5 — a,« and 7, respectively.

(vi) For the spherical triangle AEFQ, the side arc length of FQ, EQ and EF

™ s ;
are 7, and 3 — a, respectively.

Lemma 8. The spherical triangles APAB,AABC,ABCD,ACDE, ACEF
and AEFQ are of the form A(3, 5, 7).

3.2.4 The Case of A(g, z %)
It is similar to Sections 3.1 to 3.3, we just follow the next 3 steps.

1. We divide the sphere (r =1, center O(0,0,0)) into ten slices, which are, for

k=0,1,2,3,4
2km 2km 0w
le ={(¢,0): 9 ¢ [Ta N + 3]79 € [0,7]};
and 2k 2k
_ T w 2kmw
W ={(¢,0): 90 € [?_g,T],QG [0, 7]}

2. We divide W(T into 12 spherical triangles. At first we set some special points
on Wy They are
A(sin(8),0,c05(8)),  C(sin(28),0, cos(2),
B(sin g), sin(«) sin(g)

)sin(a + ), sin(g) sin(a + ), cos(a + 7)),

—~

a) cos( ,cos(a)),

S
—~
Q
@]
0
—~

s

cos sin(a + 27v), sin sin(a + 27), cos(a + 27)),
5

5
ol o)y

e
.
=

o
i

+ @), 0,cos(20 + «)),

)sin(m — 23), sin(g) sin(m — 23), cos(m — 28)),
—a—7),0,cos(mr —a—7)), K(sin(r —a),0,cos(m — a))
)sin(m — ), sin(%) sin(m — (), cos(m — 3)).

Q
—~
Q
o
@

~

S

2
2z B2
ol 3 oy

(cos
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where o = arcsin(l), 8 = arcsin(@),ry = arcsin(lsin(%)),l = 45;‘1%%) (see
figure 3.3).

On the domain W, there are ten geodesics, which connect AB, BC, CD,
CE,EF,CG,FG, GH,GK and KL, respectively. If we denote the north
pole as P, the south pole as @, the intersection of CG and FF as M. We
have divided W into 12 spherical triangles APAB, AABC, ABCD,
ACDEACEM, ACMF, AEMG, AMFG, AFGH, AHGK,AGKL
and AKLQ. For convenience, we denote these spherical triangles from
top to bottom as WOJ;,j =12,---,5,6,7,---,11,12 (we denote ACMF
as Wi and AEMG as Wii,).

Now, We turn to find the spherical triangles of W,j . It is easy to see that

W,j is obtained by rotating W(j' in a counter clockwise direction with an-
gles %Tﬂ’ k=1,2,3,4. By rotating arcs AB, BC,CD,CE, EF,CG,FG,GH,
GK and KL in a counter clockwise direction with angle %T”, we can get
new arcs which can divide W,j into 12 spherical triangles, for k = 1,2, 3, 4.
We denote the spherical triangles from top to bottom (the order of j is

the same as W) as W,jj7k: 1,2,3,4,5=1,2,---,5,6,7,--- ,11,12.
3. We find the spherical triangles of W, .
At first, the symmetric points of B, D, E, G and L with respect to ¢ = 0,
which is the plane y = 0, are
1) 71' . . T
B'(sin(«) cos(—g), sin(a) sm(—g), cos(a)),

T
5
T, . . N

cos(—g) sin(a + 27v), sm(—g) sin(a + 27v), cos(a + 27v)),

D'(cos(—=) sin(a + ), sin(—g) sin(a + ), cos(a + 7)),
E'(

G'(cos(—g) sin(m — 20), sin(—g) sin(m — 20), cos(m — 203)),
L’(cos(f%) sin(m — f3), sin(fg) sin(m — f3), cos(m — f3)).

As we did in the step 2, there are ten geodesics, which connect AB’, B'C,
CD',CE',E'F,CG',FG', G’H,G'K and KL, respectively. Also, we de-
note M’ as the intersection of arcs CG’ and FE’, Hence, we have divided
Wy into 12 spherical triangles APAB’, AAB'C', AB'CD’, ACD'E' ACE'M’,
ACM'F, AEEM'G', AM'FG', AFG'H, AHG'K,AGKL' and AKL'Q.
For convenience, we denote these spherical triangles from top to bottom
as Wy, j = 1,2,--+,11,12 (we denote ACM'F as Wy and AE'M'G’
as Wy 1,). by rotating Wy~ in a counter clockwise direction with angles
21 | = 1,2,3,4. By rotating arcs AB', B'C, CD', CE',E'F, CG', F&,
G'H,G'K and KL’ in a clockwise direction with angle 2’;” , We can get new
arcs which can divide W into 12 spherical triangles, for k = 1,2, 3,4. We
denote the spherical triangles from top to bottom (or from left to right)
as Wi k=1,2,3,4,7=1,2,--- ,11,12.
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-1 | |Q |
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Figure 3.3: The spherical triangles of A(w/2,7/3,7/5) in the first slice

Next, we prove that all the spherical triangles which we got are of A(3, 5, T).
At first, we need to give the following lemma,

4sin(%)

Lemma 9. If] = N

then

m
a+5+7:§

Now we need to get the side arc length.

Lemma 10. (i) For the spherical triangle APAB, the side arc length of PA, PB
and AB are 3,« and vy, respectively.

(ii) For the spherical triangle AABC, the side arc length of AB, BC' and AC

are v, and 3, respectively.
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(iii) For the spherical triangle ABCD, the side arc length of BD, BC and CD
are v, and 3, respectively.

(iv) For the spherical triangle ACDE, the side arc length of CD,CE and DE
are 3, and vy, respectively.

(v) For the spherical triangle AQLK, the side arc length of QL,QK and LK
are 3, and vy, respectively.

(vi) For the spherical triangle ALKG, the side arc length of LK, KG and LG
are 7y, and 3, respectively.

(vii) For the spherical triangle AKGH, the side arc length of KH,KG and
GH are v, and 3, respectively.

(viii) For the spherical triangle AGHF, the side arc length of GH,GF and
FH are 3,a and v, respectively.

Lemma 11. (i) The arc length of CG is 20.
(ii) The arc length of EF is 2.
(iii) The plane OEF is vertical to plane OCG.

(iv) If M be the intersection of arcs EF and CG, then the arcs length of M F
and MC' are v and 3, respectively.

Lemma 12. The spherical triangles APAB, AABC, ABCD, ACDE,ACEM,
ACMF, AEMG, AMFG, AFGH, AHGK,AGKL and AKLQ are of the
form A(g, Er g)

3.3 Symmetric Points

In this section, we provide the set of source points symmetrical to the initial
condition needed for the method of images.

Let ¢ = r cos(¢) sin(f),y = rsin(¢) sin(f), z = rcos(d),r > 0,0 € [0,7],¢ €
[0, 27].

o
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Figure 3.4: The symmetric points of A(w/2,7/2,7/6) for k=0,5 = 1,2

We say that (9,0, 20) € H,j;., for specific k, 7, if (¢o,60) € T,j[j,ro > 0. In this
section, we always set (Jcal,yofl,zatl) = (@0, Y0, 20) € H({l. See figure 3.4, for
Roi}j = A;(zo,tyo0,20) . It is easy to see that, for k=1,2,--- ,n,j =0,1

(x;ﬁj?y;:ﬁ lej)/ = B;" Aj (w0, Y0, 20)’,

and
(Th 2 Yk s 20y) = Br Ai(20, 90, 20)',
where B,:f are expressed in (3.5) and (3.7), 41 =1,
1 00
Ay = 01 0
0 0 -1
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3.3.2 The Case of A(F,%,7%)

As before, we denote, for k =0,1,2,7 = 1,2,3,4, where k represents slices and
j triangles

H,;tj =Rt xT,j;..

We state that (zo,yo0,20) € H;S, for specific k, 7, if (¢, 00) € Tkij, ro > 0. In this

section, we always set (w({l,yal,zal) = (20, Y0, 20) € HS:I, where (9, Yo, 20) is

the point for the initial condition. There are three steps to find the symmetric
points:

1. To find point (xajj, yg"j, za',j) € Hajj,j = 2,3,4, which is the symmetric point
of (23, 1, yafjfl, zafjfl) with respect to the boundary between HOij and
HS:Fl for 7 = 2,3,4. Also by symmetry, we can get (x&j,yaj,zo_’j) €
Hg ;.7 = 2,3,4, which is the symmetric point of (¥4 ; 1,¥;-1,%0,-1)
with respect to the boundary between HOij and H()i,jfl for j = 2,3, 4.

2. We obtain point (ac:,j, yzj, z,j]) € H;j,j,j = 1,2, 3,4, by rotating (l’&jyy({jv Z({j)
around z axis in a counter clockwise direction with angle 2’%” At the

same time, we can obtain () ;,yy ;.25 ;) € Hy ;.7 = 1,2,3,4, by rotating

(zo, j+Y0. 4+ %0,;) around z axis in a counter clockwise direction with angle
2km

3
3. We prove that (z ;,y; ;. 2 ;) is the symmetric point of (xz’j, y;j, z,jj) with
respect to the boundary between H,;j and H,jj fork=0,1,2,7=1,2,3,4;
and (xy ;, Yy j» 21 ;) is the symmetric point of (z j,y,j_l I EA ;) with
respect to the boundary between H];j and H,jj for k=1,2,5=1,2,3,4.

Next, we develop these steps.

Step 1. To find point (a:afj,yafj,zafj) € Hgfj,j =2,3,4, such that (m({j,yafj,zafj)
1s the symmetric point of (xar’j_l, yafj_l, Z(J)r,j—l) with respect to the boundary be-
tween Hafj and H()+,j—1 forj =23,4. See figure 3.5, where R(ﬂfj = Aj(zo, tyo, 20)", A1 =

I, and A; can be presented as follows.

(i) For j = 2, since the plane OAB is z = g:p, by Lemma 2, we have the
symmetric matrix is

1 0 22
3 3
Ao=|0 10 |, (3.9)
22 g _1
3 3

and (x323y8:27 23:2)/ = AQ(IanOVZO)I'

37



(ii) For j = 3, since the plane OBC is z = — V24 4 @y, by Lemma 2, we have

4
the symmetric matrix is

5 V3 V2
6 6 3
A=| 1 V6
6 2 3 ’
_¥2 6 _1
3 3 3
Letting A3 = AAs, then we get (zigyyis,z(is)’ = As(x0, Y0, 20)’, with

()
o:%
[V}

Ay = (3.10)

sl

(V)

5ol
(an)

Wl

3

(iii) For j = 4, since the plane OCD is z = —%x — @y, by Lemma 2, we
have the symmetric matrix is
5 V3 V2
6 6 3
A= _¥38 1 _ /6
6 2 3
V2 _v6 _1
3 3 3
Letting Ay = AAs, then we get (xa4,y3:4, 28'74)’ = A4(z0, Yo, 20)’, with
_1 _¥3 2v2
Ag=| £ L : (3.11)
V2 V6 1
6 3 3

Step 2. By setting A; = I, we can get, for k =0,1,2,j =1,2,3,4,
(J"Z’ja y]j’]a Z];l:j)/ = B}jAJ (.Z'(), Yo, ZO)/a
and
(‘r];]ﬂy];]7 Z];])I = B];Aj(m(hy(hzo)lv
The following Lemma states this the relationship for (xfj, y,fj, z,@tj)
Lemma 13. (i) For k = 0,1,2,j = 1,2,3,(x;j,y;j,z,ij) is the symmetric
point of (xzjﬂ,ygﬁl,z;jﬂ) with respect to the boundary between H,:rj

+
and Hk7j+1.

(i) Fork=0,1,2,j =1, 2,3,(m,;j,y,;j, Zk_,]) is the symmetric point of (x];j_i_l,

Ygji10 Zl:j—H) with respect to the boundary between H, and Hy iy

Step 3. By Lemma 3, we can prove that (x;j,y,;j,z];j) is the symmet-
ric point of (x;j,y;j,zz‘j) with respect to the boundary between H, ; and
H,:r,j for k=0,1,2,5 =1,2,3,4; and (z;_;, ¥y ;, % ;) is the symmetric point of
(T 1 s yg;tlyj, zi ;) with respect to the boundary between H,; and H,’; for
k=1,2,7=1,2,3,4.
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Figure 3.5: The symmetric points of A(n/2,7/3,7/3)for k =0,5=1,2,3,4
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3.3.3 The Case of A(F,

301)
We denote, for k =0,1,2,3,7 =1,2,

3,4,5,6,

+ +
Hif = R* x F£.

We say that (zo,y0,20) € H;S, for specific k, j, if (¢o,6p) € F,j[j,ro > 0. In
this section, we always set (x({l, yéfl, zgfl) = (0, Y0, 20) € H&l. There are three
steps to obtain symmetric points:

1. To find point (a:(‘)"’j,ya"j,zajj) S H(')fj,j = 2,3,4,5,6, which is the symmet-
ric point of (xg’jfl, y({qu zofjfl) with respect to the boundary between
Hgfj and H0+,j—1 for j = 2,3,4,5,6. Also by symmetry, we can get
(xaj,y(;j,zaj) S H(;j,j = 1,2,3,4,5,6, which is the symmetric point
of (zg;_1:Y0.j-1+%0,;—1) With respect to the boundary between H,, ; and
Hy ;4 for j =2,3,4,5,6.

2. To find point (x'k"j,y,;"j,z:j) € H,;"j,j = 1,2,3,4,5,6, which is obtained

. + + + . . . . .
by rotating (zq ;,¥g ;29 ;) around z axis in a counter clockwise direction

with angle QIfT’T. At the same time, we can get (z; ;, v, .2 ;) € Hy ;. J =

1,2,3,4,5,6, which is obtained by rotating (x ;, 9o ;, 2 ;) around 2 axis

in a counter clockwise direction with angle me”.

3. By Lemma 3, we can prove that (x;j,yk_j, zk_j) is the symmetric point of
(z;j,y;j, z,j]) with respect to the boundary between H, ; and H,j:j for
k=0,1,2,3,57 =1,2,3,4,5,6; and (x,;j,y,;j, zk—]) is the symmetric point
of (&, ;»yi_ 1 ;5 211;) With respect to the boundary between H,_; and
H,jj for k=1,2,3,7=1,2,3,4,5,6.

Next, we develop steps 1 and 2.
Step 1. We find point (xaj,yaj,zaj) S Hajj,j = 2,3,4,5,6, such that
zF -,y+-,z+- s the symmetric point o xT . ,y+-7 c2d . 1) with respect to
0,7770,5° 70,7 0,7—1°40,7—1>~0,7—1
the boundary between H0+,j and Hgfjﬂ for 7 =2,3,4,5,6. See figure 3.6, where
Ra—Lj = Aj(zo,tyo,20)", A1 =1, and A; can be presented as follows.

(i) For j = 2, since the plane OAB is z = z, from Lemma 2 we obtain that the
symmetric matrix is

00 1
A=|01 0], (3.12)
100

and (SCS:Q, y(-)i:27 23:2)/ = AZ(an Yo, ZO)/'
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(ii) For j = 3, since the plane OBC is z = y, by Lemma 2 we obtain that the
symmetric matrix is

00 1
As=[ 10 0 |. (3.13)
010

(iii) For j = 4, since the plane OCD is z = 0, by Lemma 2 we obtain that the
symmetric matrix is

00 1
A= 10 o], (3.14)
0 -1 0

(iv) For j = 5, since the plane OCFE is z = —y, by Lemma 2 we obtain that
the symmetric matrix is

Letting A5 = AA4, then we get (x('{4,y3"4, 23:4), = As(xo, Yo, 20)’, with

0 0 1
As=| 0 1 0], (3.15)
-1 0 0

(v) For j = 6, since the plane OEF is z = —z, by Lemma 2 we obtain that the
symmetric matrix is
0 0 -1
A= 0 1 0
-1 0 0

Letting Ag = AAs, then we get (J:ar,4,yaf4, z(J)rA)’ = Ag(x0, Yo, 20)’, with

0
0
-1

Ag = 7 (3.16)

OO =
o = O
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Step 2 By setting A; = I, we can get, for £k =0,1,2,3,j=1,2,3,4,5,6
(m;g,y;y Z]j:j)/ = B}jAj(xO7y07 20>/a
and
(x];j7 yk_d7 Zk;_’j)/ = Bk_Aj(anyO)ZO)lv
The following Lemma is to state that the relationship of (xf It y,f I zki j).
Lemma 14. (i) Fork=10,1,2,3,j =1,2, 3,4,($Zj,y,:"j, z,jj) is the symmetric

point of (m;jﬂ,y;jﬂ, z,':’j“) with respect to the boundary between H,;’:j

+
and Hk,j+1'

(ii) For k = 0,1,2,3,5 = 1,2,374,(x,;j,y,;j,z,;j) 1s the symmetric point of
(xl;j-s-l’ Ygj410 Zl;j—s-l) with respect to the boundary between H,;j and Hl;j+1'

The proof of the Lemma is very similar to Lemma 3.4.1 and, therefore, we
omit it. The proof of step 3 is very similar to that of the previous section and

so we also omit it.

3.3.4 The Case of A(3,Z,Z)

2735
We denote, for £k =0,1,2,3,4,57 =1,2,--- ,12,
+ +
Hp. = R* x Wi

We say that (zg, %0, 20) € H,itj, for specific k, j, if (¢o,0p) € W,;tj,ro > 0. In this
section, we always set (zg,%¢1,201) = (Zo,Y0,20) € Hy,. As we did in the
above sections, we calculate the matrix one by one. There are three steps to
obtain symmetric points:

1. To find point (m(‘{j,y{j,z&j) € Hajj,j = 2,3,---,10,11, which is the sym-
metric point of (x&j717y5fj71,zafj71) with respect to the boundary be-
tween Hgfj and H()+,j—1 forj =2,3,---,10,11. The point (:ESF’IQ, yar’m, z0+)12)

is the symmetric point of (acarﬁ, y({g), z({s) with respect to the boundary be-

tween H(Im and HS:5. Also by symmetry, we can get (maj,y&j,z&j) €
Hy
with respect to the boundary between H(Ij and H(;j_l forj=2,3,---,10,11.

j=1,2,---,10,11, which is the symmetric point of (4 ; 1, ¥ ;_1:20,;-1)

The point (24 19,Yg 195 20.12) 18 the symmetric point of (zg 5,y 5, 2 5) With
respect to the boundary between H 5 and H 5.

2. To find point (¢}, 4, 2 ,) € Hy;,5 = 1,2,--+,11,12, which is obtained
by rotating (1:8r o yaf It zgf ;) around z axis in a counter clockwise direction
2km

with angle =Z%. At the same time, we can get (v, ;, v, ;, 2, ;) € Hy ;. ) =
1,2,---,11,12, which is obtained by rotating (z; ;. o ;, 2 ;) around z axis
2km

in a counter clockwise direction with angle =Z*.
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Figure 3.6: The symmetric points of A(n/2,7/3,7/4) fork =0, =1,2,3,4,5,6
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3. By Lemma 3, we can prove that (x,;j,yk_’j, zk_j) is the symmetric point of
(x;j, yzj, z,jj) with respect to the boundary between H, ; and H,j’j for
k=0,1,2,3,4,7 =1,2,--- ,11,12; and (x;wykjj,zl;j) is the symmetric
point of (z;_, s ur It z ;) with respect to the boundary between H,

and kaj for k=1,2,3,4,j=1,2,---,11,12.

Next, we develop step 1 and step 2.

Step 1. We find point (w&j,yafj,zaij) € Hgfj,j =2,3,---,11,12, such that
(xaij,yafj,zafj) is the symmetric point of (:c&j_hy({j_l,zafj_l) with respect to
the boundary between Hafj and H({j-s-l forj =2,3,---,11,12. See figure 3.7,

where Roij = Aj(zo,tyo,20)", A1 =1, and A; can be presented as follows.

-1 0 Z
5 V5
Ay=1[ 0 10 |, (3.17)
2 0 L
V5 V5
1 2
51?\/5 4sin(F) NG
_ 5 1
Ay = 451211(%) 45 01 ) (3.18)
5-+V5 2sin(f) V5
__1 1 2
SE TE Vs
_ 5 1
Ag= 4si2n(%) 145 01 ) (319)
545 T 2sin(%) V5
1 1— 2
57\/} 8sin(Z) V5
— —V5 1
A5 - 8sin(%) V5— 0 ) (320)
2 V-1 1
5oV Esm(Z) V6
1 V51 2
5—\/\5/ 8sin(%) NG
— 5—V5 1
A6 - 8sin(Z) 1—v/5 0 ) (321)
__2 1-v5 1
5—+/5 4sm(%) NG
45 V5-1 2
5—\/\5[ 8sin(%) 5\_f\/g
1—v5 1 5—1
Ar = 8sin(Z) 1-v5 Isin(X) ) (3.22)
2 -5 _ 1
5-vs  Asm(3) VB
1 V5—1 2
75 T 578
— 1 5—1
AS — _28i2n(%) 0 ) 451111(%) ) (323)
RV 2sin(3) VB



1 15 2
V5 4sin(3) 5\—[\/5
_ 1 5—1
Ag - _QSin(%) 0 sin(%) ) (324)
2 | 1
5+v5 2sin(3) V5
1 5—/5 2
5—\\f/5 8sin(%) 5\_[\/5
1-/5 1 5—1
Ao = ssiz(g) 15 sin | (3.25)
- ~
1 5—5 0
\/5_\1[ 8sin(%)
= 55 1
Ay = e Ml 0 , (3.26)
0 0 —1
4—v5 1-+5 2
57\/\? 8sin(%) 5:/»\/5
_ 1-/5 1 5—1
A = 8sin(Z) /5— Isin(Z) : (3.27)
2 Vb—1 1
5—5 4sin(Z) NG

(x;jﬂ y;j,y Z,Ijj)l = B;jAj(ﬂCo,yo, Zo)/,

and
(Th s Yrj» 20y) = B Aj(20, Y0, 20) .
The similar Lemma can be obtained as Lemma 14 for the relationship be-

tween the above points. Also step 3 can be obtained in a similar way to the
previous section, so we omit it.
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Figure 3.7: The symmetric points of A(w/2,7/3,7/5) for k=0,7=1,---,12
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Chapter 4

Density Functions for Some
Special Correlations

4.1 The Simplifications to The Heat Equation
and its Solutions

To obtain the solution of (1.2)-(1.4), we will proceed to simplify the PDE to the
Heat Equation. Letting

2
o9 P120102  pP130103
2
d=| p12o102 03 p230203 |,
2
P130103 pP230203 O3

1 Q1 P120102 P130103
2

ap = E (65) 02 p230'20'3 5 (41)

2

Q3 P230203 O3

2

1 01 Q1  P130103
a2 = - | 120102 Q2 P2230203 ; (4.2)
P130103 Q3 03
2
1| 91 P1220102 aq
a3 = = | P120102 03 @y |, (4.3)

P130103 pP230203 Q3

giai + o3a3 + o3a3
b = 9 + p120102a1a2 + p130103a103

+p23020302a3 — 1a1 — Qa2 — (303, (4.4)

and

p(x1, 2, x3, M1, M2, m3,t) = q(x1,22,23,t) exp(arz1 + agxs + agws + bt),
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we have

o} 8% 9%q o3 8%

2
9194 g2
28$%+ 26w§+ 2[‘)x§

g

62q 82‘1 82‘1
+P120102 55 50> + P130103 55 50> + P230203 55 50—

with boundary conditions

q(x1 = mq, x2,3,1)
q(x1, 22 = ma, x3,1)
q(x1, 22,23 = m3,t) =

0
0,
0,
and initial condition

q(z1, o, x3,t = 0) = 6(x1)0(x2)d(23).

We continue to simplify the above PDE.

— 1 1—mi T2 —1MM2
2 = ( — P12 )s
=gt 72
A
22 = e ’
23 = _ P13 —P12P23 T1—ma
V(1=p3,)(1=p3y—p35— P35 +2p12p13p23) - 1
P23 —pP12P13 To—M2 1-pis $3—m3]
P13—pP12pP23 o2 P13—pP12pP23 g3 ’
_ 1 —m —mo
210 = 7( — P12 ),
Vi-pi, o 72
_ —m
220 = 55
Z30 = — P13 —P12023 —ma
\/(179%2)(1*17%279%37P§SJ52P12F’13P23) o1
P23 —P12P13 —M2 1—-p7s *mz]
P13 —pP12p23 02 p13—pizp2s oz I’

and
h(zla 22, 23, t)
010203 \/1 — Piy — Pi3 — P3s + 2p12p13P23

q(x1, 22,23, M1, M2, m3,t) =

we have ) , )
oh 1.0°h  0*h  O°h
S =3l 5zt ok (45)
Ot 20z 0z5 0z
with initial condition
h(Zl, 22,23, t= 0) = 51 (Zl — 210)5(22 — 2’20)5(23 — 230), (46)

and boundary conditions

h(L15227Z37t> = 07
h(217L27Z37t) = 07 (47)
h(zl,ZQ,L:g,t) = O,
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where

2
7\/1”1%1},

Ly ={(21,22,23) 1 20 = =

Ly = {(z1, 22, 23) : 22 = 0},

L3 = {(z1,22,23) : 23

—pi3+pi2p2s P P23y 1—p?, P ]}

= 1 —
\/1*;0%2*P%g*ﬂ§3+2P12P13P23 P13—P12P23

(4.8)

We will make use of the method of images to solve the Heat Equation (4.5)-
(4.7). At first, we consider the relationships between the special correlations
and the triangles which we analyzed in the above section. For the case of
A(m/2,7/3,7/3), we find that the boundaries of triangular APAB are the in-
tersection of sphere and planes zo = tan(m/3)z1, 22 = 0, 23 = v/2/22;. Consider-
ing the Equation (4.7) and APAB, we can obtain that p1o = — cos(7/3), p13 =
—cos(m/3), pag = 0. Similarly, we can obtain the other cases. In conclusion, we
have

i). For the case of A(n/2,7/3,7/3), p12 = —cos(n/3), p13 = — cos(7/3), pag =

0;

ii). For the case of A(w/2,7/3,7/4), p12 = —cos(w/4), p13 = —cos(mw/3), pes =
0;

iii). For the case of A(7/2,7/3,7/5), p12 = — cos(w/5), p13 = — cos(m/3), pas =
0;

iv). For the case of A(w/2,7/2,7w/N), p12 = —cos(w/N),p13 = 0,p23 = 0,
where N > 2.

In the remaining of this thesis we will always assume (unless said otherwise)
that

(H) (p12, p13; p23) = (pi2, pis, 0), where (piy, pi3) € H and

H= {2 -2 2=, Coostass). ~Dpy U A,

where Hy = {(—cos(m/N),0), N > 2}.

We can obtain the density functions of the minimum and endpoints of Y (¢)
for the following cases:

i). For p12 = p13 = —cos(7/3) = —%,pgg =0, we take J; = 2, Jo = 4;

ii). For p12 = —cos(w/4) = —?,plg = —cos(n/3) = —%,pgg = 0, we take
Jl = 3, Jg = 6;

iii). For p1o = —cos(n/5), p13 = —cos(n/3) = —1 pog = 0, we take J; =
5, JQ =12 3
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iv). For p1o = —cos(w/N), p13 = pa3 =0, N > 2, we take J; = N — 1, Jo = 2.

The parameters J; and Jy represent the size of the range of values for the
variables j and k (used in in Sections 3.4.1-3.4.4) respectively. So (J; + 1) - Jo
is the total number of source points. Now, we Consider the following heat
equation, for arbitrary by, b, b3,

2 2 2
= B+ 52+ 2
U(Zl,ZQ, 23, O) = 5(21 - b1)5(2’2 - 62)5(23 - bg)

Using Fourier Transform, the solution of the above equation can be expressed
as

L (51— b0)? + (22 — ba)? + (25 — b))

u(z1, 22, 23,t) = @) exp[—g

Now, we turn to consider the following PDE, for (zo, yo, 20) € Ho+717

u _ 1710%*u %u 9%u
W_i[ 2 +0y2 +8z2}

u(x, Y, z, = 5(1‘ - xO)(S(y - y0)5(z - ZO) (49)
U(Ll,t) =Uu Lz,t) = U(L3,t) = 0,

where

Ll = (amy,z) ‘Y == 1*P%2x}7

{
Ly ={(z,y,2) 1y
L3 = : __—ps
3 {(I7yvz) < m
We denote, for k =0,1,--- ,J1,j=1,---,Ja

Il
(@)
—

I
|
)
K
Lo

8
-

1
- fij)Q +(y— y;ij)g + (2 — Z/::,j)z},

+
Gij ==+ 3/2 exp|— 2

(27t)
+ .+ _+\_ pt / . . .
where (235, Y55, 2.;)" = By 4;(%0, Yo, 20)’, which can be obtained in the above
chapter for different cases, and B;t are provided in (3.5),(3.7) in different cases.
Now, we obtain the solution of system (4.9),

Theorem 4. The solution of system (4.9) can be expressed as

Ji J2
U(Q}, y7 Za t) = Z Z(_l)j_l[g]::](x7 ya Zv t) + gl;j(xa yv Z7 t)]) (410)
k=0 j=1

where Jy, Jo are defined in (i)-(iv).

The proof of the Theorem is in the Appendix.
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4.2 Some Special Cases for ¢; and p;

In the previous section, Theorem 4 is not available for some extreme/special
cases like, for example, p; = 1 for some ¢. In this section, we shall consider
some special cases for o; and p;, © = 1,2,3. The proofs are presented in the
corresponding appendix.

Theorem 5.

1). If p1a =1,p13 = p23 =0, and 01 = 03 = 0, then we obtain

T1—T2 4m2 —amgas
_ o V2o ) ¢(x3 - agt)[l _efngtdd]
20203+/Tt o3/t
xa%“_%t[e_(mlsgf)z _6_(m1+m274$2xt<nzl,1712>>2]. (4.11)

2) . Ifpis =pa3zs=p12=1, 0, =0,i =1,2,3, then we obtain that the density
function can be expressed as, for m;/o > max{m;/o,my/c}, fori# j, k,
and j # k, and i,j,k = 1,2, or 3.

— Y Te LAY Vi )
p = eXp(O_Q ‘al 252 )6( P e )5( o o )
1 x? (2; — 2m;)?
Xﬁ[exp(*ztag) - eXP(*T)} (4.12)

3) . If p1a = 1,p13 = p2s = —1, a; = 0,7 = 1,2,3, then we obtain that the
density function can be expressed as

1 xr1/01 —T2/0 r1/01 + T2/0
p = = ( 1/ 1\/5 2/ 2)5( 1/ 12 2/ 2—1—1:3/03)
> (22 — wag)? (22 + wa)?
e Ot =L I CRE)
k=0
= (22 — wok—1)? (22 + wog—1)?
=Y lexp(~ EE D) (- 2Ry
k=1
where 2o = \/2(x3/03—m3/03), 220 = —V/2m3 /03, Wap = 2kro+220, Wop—1 =

2]67"0 — 220,70 — \/Qmax(—ml/al,—mg/ag) - \/img/dg,k = 0,172,"' .
See figure 4.1 for w;.

4.3 The Density Functions of the Minimum (or
maximum) and Endpoints of Y (¢)

We denote in this thesis,

1 P12 P13
p1z3 0O 1

o1



161

141

12r

0.8r

*—W

KW

a set of source in the plane

*—W

#W,

W,

H#W,,

HW,y

Figure 4.1: The set of sources for solving equation (4.13) for some parameters
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and

1 + —P13Zki.
=[zi; + —d_| +tojay
\/1_Pi2 ’ \/1_P12_P13
x Syt L g + toza (4.15)
i 202 . .
V 1-pf, kg \/(1_10%2)(1—/)%2—%7%3)
2 V1-rts

+ t03a3
V 1—pfr—pis

Then the inverse of ¥ is

s 1z, e
1—piy—pis 1_{712?"13 1—piy—pis
-1 __ —p12 —Pi3 P12013
b - 1—pTy—pis 1—pTy—pis 1_/)%2;9%3 ! (416)
—pPi3 P12P13 1—pis

1—pi—pis 1—pT—pi5 1—pT—p15

Theorems 6 to 9, given next, follow directly from results in Section 3.1 and
Theorem 4, we assume (pis, pis) € H, J1, J2 are as defined in Theorem 4.

Theorem 6.

1). If p12 = pia, P13 = pis, p23 = 0. Then we have for y1 > my,y2 > ma,ysz >
mg, where my < 0,mq < 0,m3 <0, the density function

exp(aiy1 + agyz + azys + bt)

p(y17y27y37tamlvm2am3) = 5 >
010203/ 1 — piy — pi3

xh(z1, 22, z3,t,m1, ma, mg), (4.17)

where h is expressed as (4.10), by changing x,y, z to z1, 22,23 and u to h,
ai,asz,as,b are in (4.1)-(4.4).
2). Formy <0,ms <0,m3 <0, letting Aij = explaimi + agmsg + azmsz + bt +

(W ) S 7 12 + 2 + 2 h
e = 5 ()7 A+ (W)™ + (25,)7)], we have

PoU el = gajg Vals) = ma, i () > 7ma)
J1 J2 .
= DY (CUTTAL;2(0,0,0, —puf %) — A (00,0, —p . B)).
k=0 j=1

2
I

3). For My > 0,M> >0,M3 > 0,0; = 5 —r, we have
P ( Yi(t) € dyr,Ya(t) € dys, Y3(t) € dyg,orilai(tYl(s) < My,
20312 (0) < Moy e Ya(s) < M)

0<
= p(—=y1, —Yy2, —y3, t, =M1, — My, — M3)dy, dyadys.
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/-1 +
Moreover, letting AL . = exp[—ay My — ay My — azMs + bt + Wf#k] -
+ + +
21 (@3 ;)* + (i) + (2))], we have

P orggi(tyl(s) < Ml’oril?i(tYQ(S) < M2’0H<l?§tY3(s) < M)
Ji J2
ZZ j ! A+ (0;0,07 *:u;;jaz) 7AI;,jCI)(OaO,Oa *N];jaz)]'
k=0 j5=1

Theorem 7. If p12 = —piy, p13 = —pi3, p23 = 0.

2 2
1). For My > 0,my < 0,m3 <0, oy = F —ryoa0 =7 — F,a3 =r — 22, we
have
P ( Yi(t) €dys,Ya(t) € dy2, Y3(t) € dy37012§§tyl(5) < M,
QA Y2(0) = 0 Yols) > o)

p(_yla Y2,Y3, t7 _Mla ma, m3)dy1dy2dy3~

Moreover, letting AF

+ y/y—1, &
kg = exp[_alMl +agmsg +azms + bt + w _
1 /(% +2 ot 2 A

2t((mkj) + (W,;)” + (21,)7)], we have

PO gz < M guin 1as) > ma, o Yo(5) > 1os)
Ji J2 )
= DD (CDTAL;2(0,0,0,—4f 1, B) — A ;(0,0,0, g1y, D))
k=0 j=1

2). For m; < 0,My < 0,M3 > 0,01 =7 — 77a2 = %3 —r,az = %5 —7r, we
have
P ( Yi (t) € dyl, }/g(t) < dyg, }/3(1‘,) S dyg,oglil’étyl(s) >maq,

g Ya() < Mo e Yolo) < M)

p(ylv —Y2, _y3,t7 Mla _M27

—Mg)dyldygdyg
+ y/iy—1, %
Moreover, letting Aij = explaymi — agMs — agMs + bt + w _
+ + +
%((xk,j)Q + (ykd')z + (Z,w-)2)], we have

Pl guipale) > m gaag¥als) < Mo, duag Yals) < M)

ii )7 AL ;2(0,0,0, =4y, X)

%) — Ay ,8(0,0,0,—pp ;, T))-
k=0 j=1
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Theorem 8. If p12 = piy, p13 = —pi3, p23 = 0.

2 2 2
o o (o
1). For m; < 0,mo < 0,M3 >0, ap =1 — G0 =1 — F,a3 = F —r, we
have

P ( Yi (t) € dy, }/Q(t) S dyQ,YE),(t) S dy?”ogligtyl (8) >maq,

QY2 (0) = e, e Yo(s) < M)

= p(y1,y2, —y3, t,m1, ma, —Ms)dy, dyadys.
£ yy—1, %
Moreover, letting Aij = explaymi + asmsy — az M3 + bt + (M‘ﬂ# _
+ + +
L(@E )2+ (WE)? + (2iE)))], we have

PoU gmip ) > i Va(s) > ma, guax ¥a(s) < M)

Ji J2

= Z Z(_l)j_l[A;j(I)(ou 07 07 _M;JW Z) - Al;](b(07 Oa 07 _M];ja E)]
k=0j=1

2 2 2
o g g
2). For My, > 0,Ms < 0,m3 < 0,1 = 5 o rap = F —ra3 =1 — 5, we
have

P ( Yi(t) € dyr,Ya(t) € dys, Y3(t) € dyg,orgagtYl(s) < My,
FEY ) < Mo goip Yolo) > ms)
= p(—y1, —y2,y3,t, =My, —Ma, m3)dy, dyzdys.
M . + (H}ij)/z_luki,j
oreover, letting Ak,j = exp[—a1 M1 — ag Mo+ azmsz + bt + el —
+ + +
%((‘Tk,j)Q + (yk,j)z + (Zk,j)2)]: we have

Pl guaale) < M guo Yals) < Mz ol Yo(5) > ms)

J1 J2
= Z Z(_l)j_l[A;j(I)((L 07 07 _M;’JW 2) - AI;](D((L Oa O? _M];ja E)]
k=0j=1

Theorem 9. If p12 = —pis, p13 = pis, p23 = 0.

2

2 2
o o o
O 0M3 >0, 1 =5 —rae=1— 3,03 =3 —71, we

1). For My > 0,ms2 5 5

have

IN

P Yi(t) € dyr, Ya(t) € dya, Ya(t) € dys, max Yi(s) < My,
QY2 (0) = e, s Yo(s) < M)
= p(—y1,Yy2, —y3,t, =M1, ma, —M3z)dy1dyadys.
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5> -1, +
Moreover, letting Aij = exp|—ai1 M +agms —agMs + bt + (H'”)iﬂ'” —

%t((xlfj)Q + (y]gi)j)Q + (Z;:;]»)Q)], we have

PoU guaile) < M ol Yas) > ma, dua Yals) < M)

J1 Ja

ZZ j ! A+ (I)(O O O :U/k ) >_A;,jq)(0a0707 _M];jaz)]'
k=0 j=1

2 2 2
2). Form; < 0,My <0,m3 < 0,01 =7 — G0 =F —r,a3 =7 — 3, we
have
P Y(t) € dy, Ya(t) € dyo, Y5(t) € dys, min Yi(s) > ma,
Y- M. in Y-
g Y2(e) < Mo Jpin Yolo) > ms)
= p(y1, —y2, Y3, t,m1, — Mo, m3)dyidy2dys.
+ \/y—1,, %
Moreover, letting Aij = explaymy — agMs + agmg + bt + M -
+ + +
3 (2% j) + (yk,j)2 + (zk,j)2)]7 we have
P i ile) > e guas Vo) < Mo, i ¥5(s) > )

Ji J2
ZZ ] ! A+ (0;0,07 _:u;ja E) - A,;j(I)(0,0,0, _N];ja E)]
k=0 j=1

The proof of the above Theorems are in the Appendix.

Remark 3. The matriz 3 is shared by all above cases. However, we must have
different values of a1,a9,a3,b and p, since these parameters change according
to the number of minimum and mazimum
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Chapter 5

Applications to Finance

We consider that stock prices are log-normally distributed, the interest rate
is constant, and continuous trading without transaction costs, taxes, or other
market frictions is permitted. There are four assets: one risk-fee bond and three
risky stocks. The prices of the bond and stocks (S,(t), S1(¢), Sa2(t), S3(t)) are
determined by

S,(t) =e"t,
Yi(t) =In(343), i=1,2,3, 5.1)
DYi(t) = (r—Z)dt+ o, dWi, i=1,2,3, '

(dW,dW) = Rdt.

Here R is the correlation.

According to the Black-Scholes economy, the discounted contingent claim
; * _ V@)
price V*(t) = 5.0
taking the conditional expectation of its terminal value

V*(0) = EC[VX(T)].

There are many types of derivatives that could be priced using this frame-
work. We provide a list of possible payoffs along with a financial motivation.
These payoff involve exactly three extrema. We select two examples, the Look-
back Digital Option and the Lookback European Option, for which we provide
all the required pricing computations in the next subsections. The same anal-
ysis could be performed for products with extrema in two underlyings and an
endpoint on a third underlying, these examples are described in a second list.

is a martingale, its values at date 0 can be determined by

e Lookback Digital Option. This product gives one dollar if three different
stock/indexes performed above a threshold (a;). This gives protection
against downward co-movement of, for example, three different sectors of
the market that could be critical for a portfolio.

3
[T tes.msan (5.2)

i=1
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Lookback European Option. This is a generalization of a Correlation
Option (see Bakshi and Madan [2001]) to an option on the correlation
matrix. This also allows for protection against downward co-movements
of the underlyings due to its barrier component.

3 3
Hmax{O,Si(T) — Ki}Hl{ﬁi(t)>lli} (53)
i=1 i=1

Market Double Minima. This is a call or put on the difference between the
minimum of S; and the minimum of S5 given favorable market conditions
as seen from Sj3, an index, above a threshold:

max{0, F(a151(T) — a2S52(T)) £ K} - L4 (T)>Ks- (5.4)

Market Double Maxima. This is a call or put on the difference between the
maximum of S; and the maximum of Sy given favorable market conditions
as seen from Ss:

max{0, F(a151(T) — a252(T)) + K} - 1s,(1)> K, (5.5)

Market Double Lookback Spread. This is a call or put on the spread
between the maximum S and the minimum of S5 given market conditions
are favorable:

max{0, F(a151(T) + a252(T) + a3S5(T)) £ K}. (5.6)

Triple Basket Minima. This is a call or put on a basket of minimum values
for the underlying stocks, protecting against a worst case scenario for a
real portfolio with weights a;:

max{0, F(a151(T) + a252(T) + a3S3(T)) + K} (5.7)

Triple Basket Maxima. This is a call or put on a basket of maximum
values for the underlying stocks, protecting against a worst case scenario
(short positions) for a real portfolio with weights a;:

max{0, F(a151(T) + a252(T) + a3S5(T)) £ K} (5.8)
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Examples of options attainable in closed-form using our methodology but
with less than three extrema are:

e Double lookback Options on three assets. A general payoff would be:

(T), S3(T)) (5.9)
(T), S3(T)) (5.10)

In general these types of options can be useful for investors with special
investment needs. In this section we focus on two of those cases a Lookback
European option and a Lookback Digital Call.

5.1 Lookback European Option

In this section, we shall consider the Lookback European call option

3 3
V = [[max{0, Si(T) - Ki} [ ] 14s, 1) >exp(m}» (5.13)
=1 i=1

where S;(T) is the price of stock i at the expiration date T', K; is the strick price
of stock ¢ at the expiration date, S;(t) = ming<s<¢Si(s),m; < 0 is constant,
1(+) is indicator function. By Theorem 4.1, we know that the price at time 0 of
the call is

e(b—r)T
C = / / / a1$1+a212+a3$3
010203\/1 — piy — Pl3 L 12 la

x (510 ) K1)(52(0)e™ — (0)e™ — Ks) (5.14)
X ZZ gkj (21,22, 23, 1) + gy (21, 22, 23, T))|dz1dz2das,
k=0 j5=1

where [; = max{m;, In(XK;/S;(0))}, the values of J1, Jo depend on the corre-
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lations pi2, p13. They are defined in Theorem 4. Since

+1 1
+ = _ 2 = 2
gk,j - (27TT)3/2 eXp( 2T((zl mk,j) +(Z2 yk’j) +(Z3 ZkJ‘) ))
U 1 L1 —my P12 To — M2
1 = _
m 71 V1-piy 02
T2 — My
=S
2
2 = —pP13 1 —my
VA =p3)(1=p2—pt) o
P12P13 Ty — M2
VI =p3) A= p3y —pi5) 02
+ vV 1-— p%Q r3 —ms
V9i=pl—pis 03
and (xkj7yk]7 )= Bjf A;j (710, 220, 230)’-

Letting #; = #="™ in (5.14), then by dropping off the hat of x;, we have

Cc = 1 e[a1m1+a2m2+a3m3+(b77~)T]

V1 *P%z *0%3

Li—my lg—mg l3—msg
a1 D) o3
% (S1(0)e”® — K1)(92(0)e72%2 — K5)(S5(0)e”3% — Ks)
Ji J2
x ZZ J 1 gk] 21722;237T)+gk:j(zl,22723,T))}d1~1d1~2d1-3,
k=0 j=1

where S;(0) = S;(0)e™,

+1 1
+ + 2 + 32 + 32
g = e P gp (B mai) + (G m )+ (2 = 5))

z = ! x P12 T

1 = 1— 2

\/1*/’%2 \/1*%7%2

z9 = To
23 = —pP13 T+ P12P13 7

\/(1 - P%z)(l - P%Q - Pfs) \/(1 - 0%2)(1 - P%z - P%a)
1 — 2
VA P

V1—ply—pls
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Since

Let

6(1101$1+a202$2+a303$3 (S’l(o)ealﬂh

and

I
I
I3
I,
I5
Is
I

(21 — zij)2 + (22 — y]:glij)Q + (23 — legt,j)z
_ 1 22 + - P%s 2 - P%z 22
= 1 2 3
1—0%2—@3 1_9%2_0%3 1_:0%2—0%3
—2p12 - —2p13 s
R S S RS
1—,0%2—%)%3 1_:0%2_0%3
2p12p13
" Th13
1- P%z - 0%3
2 P32
+ P Pxf,j ) = D) Ja1
V1—pis V1—=pis —pis
20127 . —2p12p137F
_Hi]w _ kai,j 4 k,j |22

V1= P%z

\/(1 - P%z)(l - P%z - p%s)

+
+_2Zk,j V2 B p%zx
—F——13
V31— P%2 - P%g

+

(@) + (Wi ,) + ()

— Kl)(SQ(O)e”"’“ — KQ)(S;),(O)GUS;CS — Kg)
=h+l+I3+1s+Is+ 1+ 17+ I3

51(0)55(0)85(0) exp((a1 + 1)o121 + (az + 1)ooxs + (a3 + 1)osxs3)

-5 (O)SQ(O)K?, exp(

(
(

a1 + 1)o1z1 + (ag + 1)o2x2 + agoszs)

—5'1(0)K25'3(0) exp((ay + 1)o1x1 + agosxs + (az + 1)o3x3)
—K155(0)95(0) exp(aio121 + (ag + 1)oazs + (asz + 1)osxs)
S (0)K3K3exp((a1 + 1)o1x1 + asosxs + azosxs)
Klgg(O)Kg exp(ai10121 + (ag + 1)ooxs + azosws)
KlKQS’;g(O) exp(ajo121 + agoexs + (as + 1)oszs)
—K 1 KyKsexp(ai0121 + as0929 + azosxs).
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We just calculate I;g*. For other cases, we can do similarly.

19, = (27TT)3/2
1 9 1—py 2 1 — piy 2
x exp{——=—={ ]+ 2 3
2T "1 — piy — pis 1—ply = pis L= ply =l
Amwz + Axlxg
1= pty = pls L= ply = Pl
_ 2o
1= pty = ply
+
2 P13 4
—[ =k, + =) + 2T 1 (a1 + Dl
V1-03 L= piz = pis
72p12xf 2/012/)1321:@‘:’
e — 2?/2[,]' + . - — + 2T'03(az + 1)]z2
1_p12 \/(1—p12)(1_p12_p13)
225 /1= p?
RN
1—ply — pis

Haie)? + (i) + (51,)" 1)

We denote
T e e
1=pis—pris 1_912;P13 1=piy—pris
-1 _ —p12 1;!’132 12013
1=pia—pris 1=pi3—pris 179125913
—2013 . /)122>/J132 1;/312 .
1=piy—pis 1=piy—pis 1=piy—pis

and let

+

1 + —pP132y 5
—— (. + ——=L=)+Toy(a 1
| vt ) Tty
+ —p12%} ; + P12P13Z ;

= + oy + - : +Tos(as +1
Hi 4.1 T @ Yk, V(1—=p2,)(1—p2,—p2,) 2(az + 1)

—n2
ZeaVIZP gy 1)

1=pir—pis

It is easy to check that det(X 1) = —*—. We have, for X = (1, z2, x3)"/V/T

1—pfr—pis

$1(0)55(0)85(0) Xp((uij,ﬁ’?luij,l)

+
Loy = (271372 2
X exp{—ﬁ[(xij)Q + (yij)z + (331)2]}
X — + ) /E_l X — + )
Xexp(—( lu’k,g,l) 5 ( I’Lk,],l))
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Similarly, we have

+
—P13%
(a2 Y Ty (ay +1)
; Vieeta TR it =it
+ —P12T) + + P12P13 2y ; +TU 1
= 2(a2 +
Fk,j,2 /T V1-p3, yk \/(17p%2)(1*p%2*p%3) ( )
+
& + T0'3a3
N
L Pt
_(aF 4 ) 4 Ty (0 + 1)
. Vier R skt
+ — P12 + + P12P15 %k, T
= | = 4yt + lozaz
Pris = ‘/il Py ORI (1=p3)(1=pt—p3s)
4/1
ZrgV1zpis + Tos(az + 1)
Vi-p3—r;
1 + _PIBZki'
g ke T
—Pi2 —Fi27Fi13
) —prazE P12P13 2], ;
+ k.j + + + k,j +To (a +1)
‘ = L2k . 2(a2
Fk.ja /T V1-p3y Yh.j \/(1 —p1s)(1=p32—pi3)
+
ZugV _Pia V1ot + Tos(az + 1)
1—p2,—
PI2—P1s
1 + *PISZI%
= (xkj + 7) +T01(a1 + 1)
5 1_p:1t2 > m
+ —P12Ty + + P12P13 %y 4 T
) —L oy + + L ozaz
P55 VT \/ilfp% Rd T (1=p3) (1=p2,—p3y)
1
Jip12 + T0'3(13
V1-p3—p
1 + —Pl:szki
— (2} + —=) +Toa
N
+ P12T) + + + P12P13%) 4 +TU
) ) 2(as + 1
Mk1]6 /T 1—p2, yk’j \/(1 p12)(1=pTs—p3T3) ( )
zki.\/l p12
—2 ¥ — 4 Tosas
N
1 + —Plszkij T
Wien (xh; + ﬁ) +Tora4
Vi=Pri2 127 P13
E *sz% P12P13%
L= | =L+ Y = + Tosas
Fi.j,7 \/T \/1-p3, ki \/(1 P12)(1=pTy—p3is)
+
Zig V1Pl + Tos(az + 1)
1
V1-p3 =%
1 + —pis® ki
T (xk,j + ﬁ) +Toiaq
Vi=riz 127 P13
by —plsz_j —|—yi n P12P13%) 4 + Tooa
L= — —— ; > 202
Pk.j,8 VT | Vit g (=p3) (193, —p3s)
%k 179%2 + T03a3

V-0t —ris
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We also have, for X = (z1,29,23)",s=1,2---8

CH(kgys) | (X = picy )BT — i)
+ _ s J> o ;7S ,J,S
Isng(X) ==+ (27TT)3/2 exp( 2 )7
where C'(k, j, s) is constant. Moreover,
) e () e 1
C* (k. 4,1) = 51(0)82(0)85(0) exp(——25 ——0 — () (wi,)*+ (22,)°),

+
(i) =ty 1

C*(k, 5,2) = —51(0)52(0) K3 exp () + (i )+ i ))),

2 2T
. X A (Hic ;) S i, 1
Ok, 5. 3) = =51 (0) K25 (0) exp( 0222 — () 4 0" )%):

+ 1o+
(e j.2)'2 1/%,;4 1 +

2 QT(( k,j

C*(k, §,4) = —K155(0)S53(0) exp(

NP 5 (Bijs) S Wicjs 1 won  sn e

C*(k, j,5) = 51(0) K2 K3 exp( 5 — 57 (@ )"+ (e, +(20,)°))s
‘ 5 (6 S s 1

C=(k,5,6) = K1 85(0) K exp(—2 20— (ap))*+ (v )*+(555)%),

(Wiegr) iy 1
2 2T

C*(k,j,T) = K1K255(0) exp( (@i )+ (i )+ (z,)%),

(i, o) S ' 1
asl = Mhis L (ot e ).

— [a1m1+a2m2+a3m3+(b7r)T]C:ﬁ:(k7j, S),

C*(k,j,8) = —K 1 Ky K3 exp(
Therefore, Denoting Ak s =

l; = —Uiﬁmax{(),ln(K /S:(0)) — m;}, we have

8 J1 J2
C=> 3 (1AL, O o, I, — i 0 D)= Ay (1, Do, Is, gy 0 D))
s=1k=0j=1

The following theorem makes use of the notation introduced above.

Theorem 10. The value of European call (5.13) at 0 is

J1 J2

8
C=> 33 (=17 AL, @l ls, — i o 2= Ay @1, D, I, — 5,0 5]
s=1k=0j =1
(5.16)
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There are two possible numerical ways of obtaining the solutions for a Look-
back European option (as well as other options), one possibility is to setup the
numerical solution of the PDE directly, the other possibility is by simulation.
In the three dimensional context of the thesis, both approaches are time con-
suming. To obtain the solution by simulation, for example, the time that spent
in a Monte Carlo simulation for the lookback European option was about 10
days. On the other hand, it takes less than 2 minutes by making use of the
closed form solutions obtained in this thesis.

In the following, we give some numerical solutions of (5.16). Let us assume
P12 = P13 = —%,ml = —0.1,my = —0.2,m3g = —0.3,7r = 0,01 = 02 = 03 =
o= =a3=1—03/2;81 =8 =853 =100,K; = Ky = K3 = K, T =1,
then we provide the next price using our formula. See table 5.1

g

K | 0.0001 0.001 0.01 0.1 0.2

30 | 3.4300x10° 3.4300x10° 3.4293x10° 2.0999x10° 4.4050x10%
40 | 2.1600x10° 2.1600x10° 2.1594x10° 1.3172x10° 2.8173x10*
50 | 1.2500x10° 1.2500x10° 1.2495x10° 7.5711x10* 1.6621x10*
60 | 6.4000x10* 6.4000x10* 6.3960x10%* 3.8266x10* 8.7166x103
70 | 2.7000x10* 2.7000x10* 2.6970x10* 1.5681x10* 3.7794x10°
80 | 8.0000x10% 7.9998x10% 7.9800x10% 4.2680x10% 1.1454x103
90 | 1.0000x10% 9.9990x10%2 9.9000x10%> 4.2376x10%> 1.8350x102

Table 5.1: Exact option values obtained using (5.16)

In the following, by choosing At = 1/30000, and M = 30000 paths, we give
the simulation of equation (1.2) by Monte Carlo Method with same parameters
as before. The tables show that the error from Monte Carlo is particularly large
for large values of the volatility. See table 5.2

5.2 Digital Call

In this section, we will consider the Digital call option

3
V=]]1s.0>x [[1s,>expim)- (5.17)

i=1 i=1
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g

K [ 0.0001 0.001 0.01 0.1 0.2

30 | 3.43x10°  3.4299x10° 3.4294x10° 2.1143x10° 4.616x10%
40 | 2.160x10° 2.1599x10° 2.1594x10° 1.3316x10° 2.998x10*
50 | 1.25%x10°  1.25x10° 1.2492x10° 7.515x10*  1.762x10*
60 | 6.4x10% 6.4x10* 6.397x10*  3.850x10*  8.76x103
70 | 2.7x10% 2.7x10% 2.697x10*  1.579x10*  3.89x103
80 | 8.0x10° 8.0x103 7.98%10° 4.28x103 1.118x103
90 | 1.0x10° 1.0x103 9.900x10%2  4.10x10? 1.8x102

Table 5.2: The prices of Monte Carlo Simulation

The approach is very similar to that in Section 5.1. Letting l; = max{m;, In(K;/S;(0))},
we have that the the value of the call at time 0 is

o0 OO OO t ; P
9%3 u/1l1 ﬁg \fl3 22:0 ijl[ealxl""a?y?""a&x&

(b=1T

C =
0'1020'3\/17,0%27

X(=1)7" Mg (21, 20, 23, T) + g5 ; (21, 22, 23, T))|darr dwadirs.

the values of Ji, Jo depend on the correlations pi2, p13.

Let A’:i:j _ e[a1m1+a2m2+a3m3+(b*7")T]C’i(k,j), where

/7. - ( tjyzgl“tj I+ 442 12
€ () = exp(( R P L (0 2 ()2 4 ()9,
. — (Z’i .+ 77;)1321::3. ) +Toiaq

V1=p2, ki 1—p2y—p3s
Y —p12Ty P12P13%) 5

+ _ _Z + T
Mo =T | Vimen R T s 2

2 A/1—p?
k,j 12
71_ G +T0'3(13
P12~ P13

We have the following Theorem

Theorem 11. Letl; = _oi}ﬁ max{0,In(K;/S;(0)) —m;}. The vale of Digital
call at time 0 is
i Ja
C=> > (1AL By, lo, Is, —piyy 5, D) — Ay ;8 (1, b, Is, —pry, 5, D))
k=0 j=1

(5.18)

In the following, we give some numerical solutions of (5.18). By letting p13 =
P13 = 7%,7711 = 70.1,777,2 = 70.2,7713 = 70.3,7’ = 0,0’l = 02 = 03 = 0,001 =
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Qo = (3 :7“—0'%/2;51 =S5y =853 =100,K1 = Ko = K3 = K,T = 1,then we
have

K [0.05 0.1 0.15 0.2

30 [ 9.5211x10~ T 6.1690x10~T 2.9205x10~T 1.1317x10°!
40 | 9.5211x107!  6.1690x10~' 2.9205x10~! 1.1317x10!
50 | 9.5211x10~1  6.1690x10~! 2.9205x10~' 1.1317x10~!
60 | 9.5211x10~1  6.1690x10~" 2.9205x10~' 1.1317x10~!
70 | 9.5211x10~!  6.1690x10~! 2.9205x10~! 1.1317x10°!
80 | 9.5210x107!  6.0658x10"' 2.7463x10~! 1.0525x107!
90 | 9.1524x107'  4.1073x10~' 1.5737x10~! 6.1577x102

Table 5.3: The prices of digital call by (5.18)

67



Chapter 6

Solution for Random
Correlation

Correlations are known to be stochastic for financial products (see Engle [2002]).
Our framework can be easily adjusted to the case of random correlations. In
this section we consider that the correlation matrix associated to the process
St, which we will denote by R, is a random correlation matrix. We suppose
that R = (pij)3><3 and p;; = 1apij = Pjis —-1< pij < 1. Therefore, it is enough
to consider a three dimensional random correlation vector p = (p12, p13, P23)
instead of the full matrix R. We will refer to a random vector p or to its
associated matrix interchangeably. These random correlation vectors will take
values in the set of correlations considered in previous sections of the thesis,
these latter correlations provide solvable joint densities/distibutions, this fact
is crucial for the developments in this section. Such correlation matrices R will
be called admissible.

The solutions for random correlations are presented for two broad cases,
the case of three minima or three maxima (which will correspond to negative
correlations) and that of mixing extrema (which will correspond to positive and
negative correlations). In either case, the convex hull generated by the set of
solvable correlations will be described; it can be interpreted as the set of possible
correlation matrices resulting from taking an expected value of an admissible
random correlation matrix R.

6.1 The cases of minimum or maximum

In previous sections we have obtained the density functions for the minimum and
endpoints of Y (¢) for some special correlations. Similar results can be obtained
for the case of maximum and endpoints of Y (¢). Let us first define the set of all
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possible solvable correlations F':

Fi={ (- cos(n/5), 5,0}, (~ cos (x/5),0, ), (0, cos (n/5), 5),
(— g = cos(m/5),0), (=3,0, = con(n/3)), (0,3, — cos(/5))
= { (0,0,0),(—cos(mw/n),0,0),(0,—cos(7/n),0),(0,0,— cos (w/n)),
for n > 3}
1 1 1
F;={ (—cos (m/4), —3 ), (—cos (7/4),0, —5), (0, — cos (7r/4),—§),

(f%, —cos(m/4),0), (f%,O, —cos(7/4)), (0, f%, —cos(m/4))}

1 1 1 1 1 1
F4 - {(_57 _570)7 (_5707 _§)a (05 _57 _5)}

Consider the usual process,

In order to simplify the notation consider: Y = (Y1,Y5,Y3), dy = (dy1,dys, dys), m =
(m1, ma, ms),m; <0,y = (y1,y2,y3) and M; > 0. From the results in the pre-
vious sections, for any vector p € F' = Fy U Fy U F3 U Fy, we can obtain the joint
density/distribution functions by switching the coordinates y1,y2 and ys,

pY(t)edy & Y(t) >m),

or
p(Y(t) €dy & Y(t) < M),

where the last density /distribution can be obtained by considering the process
Y, = -Y; with &; = —ay.

Remark 4. The density implied from the correlations (p11, p12, p13) = (—1,0,0), (0,—1,0)
and (0,0, —1) can be approximated by the density of the correlation (— cos(w/n),0,0), (0, — cos(w/n),0)
and (0,0, — cos(m/n)) respectively, for n large enough.

Definition 1. Elements p € F will be called admissible correlation vectors.
Given a discrete probability space with probabilities p,, define, on such a space,
an admissible random correlation matriz R = (p;;) to be a matriz-valued random
variable on this space such that p = (p12, p13, p23) s admissible.

Theorem 12 shows that, by making use of our knowledge of the density /distribution
function for any correlation in F', we can calculate the value of any option de-
pending on a random correlation taking values on the set F'. More formally,
we assume that the model (6.1) holds conditionally on the outcome of a given
admissible random correlation R.
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Figure 6.1: The picture of convexhull of set F'

Theorem 12. Consider the process (6.1) with o; = r—0? /2 conditioned on the
outcome of an admissible random correlation vector p,. In particular, p, € F

with associated known probability p,. Then, the value of any option is given as
a weighted sum:

V30) =Y pu e TTECIVH(T)p = pul. (6.2)

n=1

Proof. A direct conditional expectation computation gives:

VH(0) = e TEVH(T)) = e T ER[EY(VH(T))] =

N N
et an EC[V*(T)|p=pn] = Z pre "TECIV(T)|p = p).

n=1
O

The convex hull of F' can be characterized as the set of all of the convex
combinations of finite subsets of points from F: that is, the set of points of
the form Z;lzl t;x;, where n is an arbitrary natural number, the numbers ¢;

are non-negative and sum to 1, and the points z; are in F'. So the convex hull
Heonper (F) of set F is:

Hconvez(F) = {Z)\jpj : )\j > O’Z/\J = 17pj S F}
J

j=1
If we denote

F= { (= cos(n/5), —3,0), (~ cos(n/5),0,—3), (0, cos(n/3), —3)

(—%, —cos(7/5),0), (0, —%, —cos(n/5)), (=1/2,0, — cos(n/5))
(0707 )a (71707 0)3 (07 *13 O)’ (ana 71)}7
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0.8+
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0.4+

0.2+

0.2+
0.4
-0.6-|

-0.8+

Figure 6.2: The picture of convexhull of set F

It is easy to check that, for all p € F, then we have p € Hconver (F) For ex-
ample, (—%,—%,0) = £ % (=1,0,0) + % = (0,—1,0) and (—cos(w/4),—%,0) =
a*(—cos(m/5),—%,0) +bx(—1,0,0) + b (0,—1,0), where a = 2c08(m/4) =1

2 cos(m/5)—1"
%. Hence Heonvez (F) C Heonvez (F)). If R is a random correlation

matrix, and E(R) = R, = (p;)ax3, po = (P12, T3, p53) lies in Heonver (F). By
Caratheodary’s Theorem, there exist at most 4 elements, denoted by p1, p2, ps, pa,
in F, such that

4
Po = A1p1 + A2pa + Azpz + )\4p4,z)\i =1,)2>0.

i=1

Therefore, we have the following theorem.

Theorem 13. Assume that the random correlation matriz R with E(R) = R, =

(P%;)s Po = (PT2: P33, P53), which lies in Heonvex(F'). Then there exist at most 4
elements, denoted by p1, p2, p3, pa, in F such that

4
Po = A1p1 + Aap2 + A3ps + )\4,04,2/\@ =1,X>0.
=1

In the following, we will consider a special case 01 = 09 = 03. We find that
the convex hull becomes much larger, since we can obtain the density functions
for p1o = p13 = p2s = 1, and p12 = 1,p13 = p2s = 0 see Section 4.3. By
switching the coordinates y1,y2 and y3, we can obtain the density functions for
correlations (0,1,0) and (0,0, 1).

It is interesting to remark that if we consider the special case 01 = 09 = 03

then, the convex hull becomes larger. To show this, we note that under this
condition, it can be seen that one can obtain the density functions for the cases
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p12 = p13 = p23 = 1, and p12 = 1, p13 = p23 = 0. Therefore the convex hull of
the set F', where

F=Fu{(1,1,1),(1,0,0),(0,1,0),(0,0,1)},

would be bigger allowing for more positive average correlation matrices R° =
E(R), Figure 6.1 displays Hcom,em(ﬁ‘) and Heonyer (F);

For 01 = 09 = 03 = o, the above Theorems allow us to compute the values
of options for some positive correlations of the cases of minimum and endpoints

(or maximum and endpoints) of Y'(¢) (see the convex hull of set F).

6.2 The Mixing cases

In the following, we will consider the mixing case. for simplicity we will mostly
restrict to the case of one maximum and two minima, for M; > 0,ma < 0,mg <
0, the density function p can be obtained, by using Y1(t) = —VYi(t),41 =
—a1,dY) = Gidt + o1 * (—dwl),
P(Y1(t) € dy1, Ya(t) € dys, Y3(t) € dyB’Orgai{tYI(S) < My,
022, 218) > s 20 Yo() > ma)
= PYi(t) € dyy,Ya(t) € dys, Ys(t) € dyg,ogligtffl(s) > — M,
BB Y5) > 2, i Ys(s) > o)
- p(y17y23y35_M17m27m3at) dylddeyS

Analogously to the previous section, we introduce:

H = { (COS(?T/5),%,0),(COS(ﬂ'/5)7O,—%),(O,COS(W/E)),—%),
(%,cos(ﬂ/f)),()),(%,o,—cos(ﬁ/5)),(07%,—cos(7r/5))}

Hy= { (0,0,0),(cos(m/n),0,0),(0,cos(r/n),0), (0,0, —cos(w/n)),

for n > 3)}
Hy= { (cos(r/4), %,0), (cos(/4), 0, —%), (0, cos(/4), —%),
1 1 1
(5, cos(m/4),0), (5, 0, — cos(m/4)), (0, 70~ cos(m/4))}
Hy = {(17 1’ 0)7 (%707 _%)7 (07 %’ _%)}



0.2+

~0.44

~0.64

0.8+

Figure 6.3: The picture of convexhull of set H

For any correlation p € H = H; U Hy U H3 U Hy, we can obtain the density
functions p (y1,y2,ys, t, — M7, ma, ms) dy1dy2dys. We also can show that any
point p € H, then p € Heonper (H),where

H= { (COS(W/E)),%,0),(008(7‘(/5),07—%),(07COS(7T/5)7—%)

1 1
(2 cos(m/5),0), (0, 5 cos(m/5)), (1/2,0,— cos(n/5))
(0,0,0),(1,0,0),(0,1,0), (0,0, —1)}.

The approach is similar to Theorems 6.1 and 6.2 that we can calculate the

values of some call options by using these densities for some correlations (some
components are positive) lie in Heonyer (H).

For the case of 01 = 09 = 03 = 0, we make use of Lemma 6.1, we have

H=HU{(-1,-1,1),(~1,0,0),(0,-1,0),(0,0,1)}

It is easy to see that Honyer (H) is much larger that Heonyer (H).

_ Similarly, we can deal with the other mixed cases. For example, letting
Yi(t) = =Yi(t), & = —,dY; = adt + o; % (—dW;),i = 1,2, we can obtain the
density functions for some correlation (with positive components)

P(Y1(t) € dy1, Ya(t) € dys, Y3(t) € dy370rga§tY1(s) < My,
S

Y; M. in Y-

q 2] < M i Yolo) > ms)

= P(}Afl(t) S dyhffg(t) S dyg,}/g(t) S dyg,ogligtyl(s) > — My,
d2L,2(8) >~ 2 Y5(5) > o)

= p W1, Y2, y3, — M1, — Mz, m3, t) dy1dy>dys,
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-1

-1k 0
1
0

Figure 6.4: The picture of convexhull of set H

K |0.05 0.1 0.15 0.2

30 | 9.5211x10~Y  6.1517x10~1 2.7576x10~! 9.1287x10~2
40 | 9.5211x10~"  6.1517x10~1  2.7576x10~! 9.1287x1072
50 | 9.5211x10~Y  6.1517x10~1  2.7576x10~1 9.1287x10~2
60 | 9.5211x10~!  6.1517x10"' 2.7576x10~' 9.1287x 1072
70 | 9.5211x107!  6.1517x1071 2.7576x10~1 9.1287x102
80 | 9.5210x10~1  6.0538x10~1 2.5987x10~! 8.4791x10~2
90 | 9.1537x10~"  4.0806x10~' 1.4369x10~! 4.6725x1072
100 | 2.2495x10~1  1.7553x10~2 1.1326x10~2 6.4734x1073
110 | 7.8233x10713  3.2751x107% 7.3710x10™° 2.0401x10*

Table 6.1: The prices of mixed digital call

and obtain the similar convex hull. We just remark that the same previous
developments, for convex hulls and pricing of derivatives under a random cor-
relation matrix, can be done for the density/distribution.

In table 6.1, we give some numerical solutions of (6.2), By letting p;
1/3,po = 1/d,py = 1/4,ps = 1/6,p1 = (—=3,-3,0),p0 = (=2, —1,0),p3
(= cos(m/5), —%,0),p4 = (—cos(7/8),0,0),m; = =0.1,my = —0.2,mz = —0.3,r =
0,00 =03 =03=0,00 =as =a3z=7—03/2;51 = S2 = S3 =100, K; = Ky =
K=K, T=1.
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Chapter 7

Appendixes

7.1 Appendix for Chapter 2

The Proof of Theorem 3.
The solution obtained by Theorem 1.1, for general ((see page 225 of [7]), is

N o= _aZ nmd nmd
H(r,0,t z/ — e~ 2 sin(——)sin %) Iz (Aro) Jnx (Ar)dA,
o= 53 (P50 () g (o) o ()
Letting 0 = mlo, me, € N, we have
MO o= _ 22t .
H(r,0,t) = Ze z sin(nmef) sin(nmebs) Jnm, (Aro) Jnm, (Ar)dA
0 ™

n=1

™

= / me Z 6_% coS(nmo(Qo - 9))Jnmo ()‘TO)Jnmo ()\T)d)\
0 n=1

— / moA Z e cos(nmo(0 + 0,)) Jrm, (AT6) Tnm, (Ar)dA
0 n=1

™

By additional Theorem, we have

Jo(V/x2 4+ y2 — 2zy cos ¢) = J,(x)J,(y) + 2 Z In ()0 (y) cos(ne).
n=1

Hence

Tn(@)Inly) = - / " Jo(V/7 5 = 22y 005 9) cos(ne)do,

and

Jnm, (m)Jnmo (y) = % [)ﬂ Jo(\/xQ + 142 — 2zy cos (j)) cos(nm0¢)d¢.

(0]



Since

o 7p2t2 V+1d N v a2
o e Jy(at)t t = Wexp(—@),
we have
5 5 1 r? + 7"3 — 2171, COS
)\e R Jo(A/72 + 12 — 211, cos ¢)d\ = — exp(— ).
0 t 2t
Letting

o0 = [T Ze = Cos(1m06) i, (o) T, (Ar)dA

then we have

hl(r d)? )
= / —%2" cos (nmod)Jo(V/ @2 + y2 — 2xy cos 0) cos(nmol)dOdA
= /0 ) n;‘; 7 J,(Va? + y? — 2zycos )| z:l cos(nm,) cos(nmyd)|dAdf
2 2 _ 2 " 0
= exp(— U 57 [T €08 ) cos(nm,0)df - cos(nmyd).

r24r2 —2rr, cos( —2"’1“: +x)
2t

Denoting fx(x) = exp(— ), by Fourier Transform, we have

Jr(z v + i ay,” cos(nx) i b{¥) sin(nx),
n=1 n=1
where
alf) = ! /W eXP(—r2 tro - 2”120;08@5: - x))cos(nx)da:, n=0,1,2---,
and
bk = ! /7r eXp(—T2 o - 27“7"2(;(305(%“: ) )sin(nx)dx, n=1,2,---.

76



Now, we consider

agﬂ —

1 [™ r2+r§—2rrocos%—”+x
7/ G ))cos(nx)dac

exp(— 57
2k

1 /”+ mo %2 + 12— 2rr, cos(y) 2k

—T

exp(— )cos(n(y — —))dy

T py2ks 2t Mo

= 57 )[cos(ny) cos( s )

meo

[ e
_ L exp(—

D))y

o

1 (" 2 2 _2rr, 2k
— / exp(— Iy = 2o cos(y) ) cos(ny) cos( 7T)dy
r 2t Mo

1 /” exp(— r? + 12— 2rr,cos(y), . . 2km

2
+ sin(ny) sin( i

+— ) sin(ny) sin(—)dy

2t Mo

2_2 2k
r + s 2trro cos(y) ) cos(ny) cos( mﬂ'

)dy,
and

o =

5 ) sin(nz)dx

r? + 12— 2rr,cos(y) . . 2k
e eXp( 2t Jsin(n(y — -2~

))dy

1 / r? +7r2—2rr, cos(%ﬂ + )
iy

1
U

7r+2" 2,2
-2 2k
B 7/ exp(—r + 75— 2rrocos(y) . . ﬂ')

S COS
= - sinny) cos( =

2km
)ldy

1 /’T r? + 12— 2rr,cos(y), . 2k

— cos(ny) sin(

5 ) sin(ny) cos( o )dy

™ 2 2_2 o 2k
B / re+rs —2rr COS(y))COS(TLy) sin( ﬂ')dy

2t mo

r?2 +r2 —2rr, cos . 2km
/ exp(— 5 ) ) cos(ny) sin( - )dy.

‘We consider

me—1 me—1

1 [ r? 412 — 2rr,cosy 2knm
kZ:O alt) = ;/777 exp(— 0 5 2 ) cos(ny)dy kZ:O cos( o ).

(anw)

If n = smy,,s € N, we have Zk g cos = M.
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If n=sm,+d, 1 <d<m,— 1, then we have

me—1

2kn
Z cos( )
k=0 Mo
sin 2 4 gin 2T cog 20T T+ sin 7 cos cos AT 4 ... 4 gin 2T ™ cos 72(”%”:1)"”
N sin
.onm 1. 3nmw . nm . bnw 3n
= {sin— + —[sin— —sin— +sin — —sin — + -+
m, 2 Mo Mo Mo mO
2m, — 1)nmw 2m, — 3)nm nm
—|—sin( o~ 1) —sin( o = 3)nm 1}/ sin —
mo mo o
~ sin 4+ 1[—sin 2T 4 sin 7(2"1‘;;1)””]
sin %
= 0.
Similarly,
k=m,—1 me—1
- 1 [ r2 4+ 12 — 2rr, cosy > 2knm
bk = f/ exp(— 2 = cos(ny)d sin .
> ol L] e o ) cos(ny)dy > (5)
k=0 k=0
If n = smy, s € N, we have ;%) sm(%"”) =0.
If n=smy,+d, 1 <d<m,— 1, then we have
Mot . 2knm
Z sin( )
k=0 Mo
sin ;- sin 2 2o —l—sin%—”sini’%’ —l—---—i—sinffl—”sinM
N sin ST:
1 nmw us 3nm snm
= —[cos — — cos + cos — cos +---
2 Mo Mo Mo Mo
2m, — 3)nm 2m, — 1)nmw nmw
+cos( o —3) —cos( o~ 1) ]/ sin —
mO o mO
Llcos LI cos M]
N sin :T:
= 0.
Therefore, we obtain that Zmo_l (k) _ 0, foralln=1,2,---; and
me—1 s 24 02 .
3 o) = 2ma [ exp(— T a2 W)y cos(ny)dy, if n = smy,,s € N,
= " 0, otherwise.
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Hence,
me—1

> @)
k=0

me /’T exp(— 7% + 12 — 2rr, cos(y)
0

B3 2t

)dy

oo
2m g r2 4+ 12 — 2rr, cos
I A W)\ cos(rmoy)dy - cos(nmoz)

Letting x = 0, — 8 and x = 0 + 6, respectively, we have

me—1
Z (0o — )
= _r?rg = 2rro cos(y)
- / 2% )dy
2o r® 415 = 2rry cos(y)
+ Z T /0 eXp(_ 9% )COb(nmoy)dy . COS(an(QO _ 9))’
and
me—1
Z Je(0+6,)
_ 7/ ’I' + 72 —2rr,cos(y) \d
- 2t Y

Mo r2 4 1"3 — 2rr, cos(y
* Z T/O exp(= 2 ) cosrmyg)dy - cos(rmo(® +6,)).

Therefore, we have

me—1

[fk(eo - 0) - fk(e + 90)]'

k=0

H(r,0,t) = o

Which ends our proof.

7.2 Appendix for Chapter 3

The Proof of Lemma 1
In fact the length of the curve is

$o
_ /2 2 2
/ldlf/o x¢+y¢+z¢d¢.
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xi = sin?(¢)sin?(#) + cos?(¢) cos?(h) - 9(215 — 2sin(¢) cos(¢) sin(0) cos(8) - 0,

y; = cos?(¢)sin?(#) 4 sin?(¢) cos?(4) - 0; + 2sin(¢) cos(¢) sin(f) cos(9) - Oy,
zi = sin?6- 95,.
Hence,

/ldl = /0% \/sin’(6) + 02do.

Since
cos(f) = asin(0) cos(¢) + bsin(0) sin(¢),
we have
sin?(0) = ! 05 = sin?(0)[asin(p) — bcos(¢)].

1+ (acos(¢) + bsin(¢))2’

Therefore, we obtain

) 1+a2+b2
/dl / (a cos( )+bsm(gz5))2d¢' (1)

b _ a
Tz ©08(8) = =, then we have

®o
/dl:\/1+a2+b2/ dé
l 0

1+ (a2 +b%)cos?(¢p — &)

Letting sin(&) =

Letting ¢ = tan(¢ — &), then we have d¢ = H%’ and
tan(gg — &) tan(§)
dl = arctan ————== + arctan —==——.
/l V1+a?+ b2 V14 a2+ b2

To obtain (3.2), we continue (7.1), by letting sin(¢) = ﬁ,cos(&) =

ﬁ, then we have

Po d
/dl:\/1+a2+b2/ 1 QS
l 0

+ (a2 + b2)sin (¢ + £)

Letting ¢ = tan(¢ + &), then we have d¢ = and

1
1+t22

/dl = arctan(y/1 + a2 + b2 tan(dg + €)) — arctan(y/ 1 + a? + b? tan(€)).
l

The Proof of Lemma 2.
First, we can obtain easily that the normal vector of z = ax + by is 7 =

(a,b,—1). And the distance from (xg,yo, 20) to z = ax + by is d = %
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Hence, the symmetric point of (zs,ys,2s) of (Zo,yo,20) Wwith respect to z =
ax + by is
(xsa Ys, Zs) = (‘T07 Yo, ZO) + k(”‘v b, *1)7

where k satisfies kva2 + b2 +1=2d = M#%ﬁf“. Hence, we have

—a?+ b2 +1 —2ab 2a
S N R ey RS K LI ey g i
—2ab a?—b%+1 2b
SR B B kG g € U By B R
2a 2b a?+b% -1
Sy s R ey oy | Ly ey ey
The Proof of Lemma 3
(i).For t = 1,2,--- , N,we suppose that y;" ; < tan(%)x?_l. Then we

have the normal of the plane 7 = {— tan(%), 1,0}. Hence the symmetric

point of (z;" 1,4~ 1,2 ;) € D with respect to y = tan(%)x is

i A 2t — )mw
(’l}, Y, Z) = (‘xill’ y;l’ thl) + k(i ta’n(%)a 1; O)a
n(2t=Dmy o+t
Where k = 2tan(y ();Z:;W ytfl). Therefore,
1+tan? (“=F~27)
. 202t — )m .22t =)
T = COS(T).QS;F_I + sm(T)yj_l
. .22t — D)m 2(2t — 1)m
§ o= s o Ty
2 o=z, =2
Hence, we have
. COS(Q(Qt];l)ﬂ') Sin(2(2t1;1)7r) N
( z ) _ Sm(z(th)w) —Cos(2 2t71)7r) . ( 5”3:1 ) 7
Y N N Ye1
and
A COS(Q(QI‘,];l)Tr) Sin(2(2t1;1)7r
Ty . 2(2t—1)7 L 2(2t—1)m
9 sin(==%—~) —cos(=—Fx~")
COS(Q(tfl)Tr) _Sin(Q(tEI)‘n') I+
o2t—Dm 2(t—1)m . 0
sin(=—) cos(Z=F—) ( ut ) .
So we reach the conclusion that,
z cos(2T)  sin(2X 0 rd Ty
~ o . 2t . 2t + . v
g | =1 sin(5) cos(=7) 0 Yo =\ y
Z 0 0 1 za Z
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(Ltﬂl)ﬁ )xttr

It is very similar to prove the case of yttl > tan
(ii).For t =0,1--- , N — 1, and y;* < tan(2Z)z;". Then we have the normal

of the plane 7 = {—tan(2Z),1,0}. Hence the symmetric point of (z;7,y,", ;") €

N
D;f with respect to y = tan(2E)z is

JA 2
(xvyv Z) = (l';L,y;r,Zj) + k(_tan(W)v ]-7 0)7
2tm z+7 +
Where k = %Q)(;Tﬂ)yt) Therefore,
41 41
z = COS(WW)Z';F + sin(WW)yt+
4t 4t
§ = sin(—r)ey - cos(<- )y
2 = =2
Hence, we have
At s (4t
. cos(HE)  sin(HE
( gf ) = sm((“]\;r)) —c(()s]VW) ( xi‘ ),
Y Yt
and
4t 4t 2t 2tw
. cos(HE)  sin(&HE cos(&E)  —sin(&E
( v ) sm((“—”)) fc(oévllt—”) sin((ﬁ)) cos(QEJIS]) < o )
A R N N N N +
Y Yo
Hence, by substituting s = N — ¢, we arrive at:
z cos(2X)  sin(2X 0 T Ty
o _ (2t 2tm + _ —
g | =| sin(5) —cos(5) 0 Yo =\ %
Z 0 0 1 za 2z
It is very similar to prove the case of y;7 > tan(2% )z .
The Proof of Lemma 4
We just check that
20 =m—a.
Since B € (0, %), € (0,F), so we just need to check
1
cos(2f) = cos(m — a) = —3
Since
) 1 1
cos(20) =2cos*(8) — 1 = 2§ -1= ~3
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Which means a + 23 = 7.

The Proof of Lemma 5.

By Remark 1.2, it follows that the length of arcs PA, AB, BD and DQ is 3
and the length of arcs PB and CQ is Q.

(i).Since the plane OAB is z = x, by taking a = @, b =0 in Lemma 1.1,

the length of arc AB is arctan(ta:})) = arctan(v/2) = 4.

(ii). Since the plane of OBC'is z = —ix—k ‘fy, by taking a = %, b= TG,
the length of arc BC' is

2
2 arctan(%) = arctan(2Vv'2) = a.

S

(iii). Since the plane of OCD is z = —%x — @y, by taking a = _%7
—@, the length of arc C'D is

arctan(v'2) = 3.

The Proof of Lemma 77
We just make use of the formula

sin(¢1)  sin(¢2)  sin(¢s)

sin(arcap) sin(arcpp)  sin(arcpa)’

where ¢ = g is the angle between arcpp and arcpa, ¢ is the angle between

arcap and arcpa, ¢3 is the angle between arcpp and arcap. We can easily
to find that ¢o = 5 and ¢3 = . Similarly, we can derive that the spherical
triangles AABC, ABCD and ACDQ are of type A(F, %, %).

The Proof of Lemma 7

By the Remark 1.2, it follows that the arc length of PA, AC,CD,CF and
FQ is 7, the arc length of PB and EQ is a and the arc length of BD and DE
is § — a.

(i).Since the plane OAB is z =z, by taking a =1, b = 0 in Lemma 1.1, the

length of arc AB is arctan( = arctan(v/2/2) = T — a.

(ii). Since the plane of OBC’ is z =y, by taklng a = 0,b = 1, the length
of arc BC is arctan(y/2) = a. By the symmetry of sphere, we can attain the
desired conclusions (i) — (vi).

The Proof of Lemma 8
We just make use of the formula

sin(¢1)  sin(¢2)  sin(¢s)

sin(arcap) sin(arcpp)  sin(arcpa)’
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where ¢; = 7 is the angle between arcpp and arcpa, ¢z is the angle between

arcap and arcpa, ¢3 is the angle between arcpp and arcap. We can easily
to find that ¢ = 7 and ¢3 = %. Similarly, we can obtain that the spherical
triangles AABC, ABCD,ACDE,ACEF and AEFQ are of type A(3, 5, 7)-
The Proof of Lemma 9
We just prove that

arcsin(l) + arcsin(?l) = g — arcsin(l sin(g)).

3 3
VI 13 - e (D),

Which means

That is . .
4\/§sin(g)l3 +(7T+ 4sin2(g))12 —4=0.
Substituting [ = 45\1;1%%) into the above equation, we have
(48 + 16V/5) sin2(g) =20+ 4v/5.
Which is

sin?(T) = 25
) 8

Hence we complete the proof.

The Proof of Lemma 10.

We just give the proof of (i)-(iv). The proof of (v)-(viii) can be got by the
antisymmetry of sphere. By Remark 1.2, it follows that the arc length of PA
and AC is 3, the arc length of PB is a and the arc length of BD and DE is ~.

(i).Since the plane OAB is z = cot(8)z, by taking a = cot(3),b = 0 in
fan(5) ) = arctan(tan(%) sin(3)).

v/ 14+cot2(3)

sin(arctan(tan(%) sin(B))) = lsin(%).

Lemma 1.1, the length of arc AB is arctan(

Since

Hence the length of arc AB is 7.

(ii). Since the plane OBC is z = cot(23)x + cot(%)(cot(B) — cot(23))y,
and cot(28) = 3, cot(8) = % By taking a = cot(23),b = cot(¥)(cot(3) —
cot(20)), tan(&) = g in Lemma 1.1, the length of arc BC' is

2sin(7/5)
NG

Since tan(a) = 3 — v/5 = tan(arctan(tan(Z — f)%\/g/@) + arctan(2cos(%))).
Hence the length of arc BC'is «.

arctan(tan(— — &) ) + arctan(2 cos(g)).

S
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(iii). Since the plane OCD is z = cot(2)z+(csc(F ) cot(aty)—cot(F ) cot(20))y,
and cot(20) = L, cot(a+y) = Y31 ,cos(F) = V51 By taking a = cot(20),b =
csc( % )cot(aJrfy) —cot(§ )cot(2ﬁ),tan(§) = g = i‘s/ii_f = tan(%) in Lemma 1.1,

5

we have V1 + a? 4 b% = 2sin(%), the length of arc CD is

V5 —1

arctan(tan(g)/(Q Sin(%))) = arctan( )= 0.

(iv). Since the plane OCE is z = cot(23)z+(csc(F ) cot(a+2v)—cot(F) cot(24))y,
and cot(Zﬂ) 1 cot(a + 2y) = \/‘?[3, cos(§) = \[4 . By taking a =
cot(28),b = csc(T)cot(a + 27) — cot(Z)cot(28) = ;Slg(f),tan(g) =b =

5);

igi\/g = tan(—%), we have v1+a? +0b? = 2sin(%), the length of arc CE
arctan(tan(%)/@ Sin(g))) - arctan(tan(%)/(? sm( 3 )))-
Since tan(a) = 3—/5 = tan[arctan(tan(%)/(? sin(%)))—arctan(tan(¥)/(2sin(%)))].

Hence the length of arc C'F is a.

The Proof of Lemma 11

(i). The plane OCG is z = cot(283)x — [csc(F) cot(23) + cot(F ) cot(23)]y.
Letting a = cot(26),b = —[csc(¥) cot(25) + cot(F) cot(23)], tan(f) =2 =
— 35 we have /1 + a2 + b2 = L the arc length CG is

4sin(f)’ 2sin(§)”

an(g — §) tan(¢)
arctan( g b2) + arctan( e ).
Since
tan(3 — ) tan(¢) P
tan(arctan( o b2) + arctan( P )) = 2 = tan(205).

Hence, we obtain that the arc length of CG is 2.
(ii). The plane OEF'is z = cot(a+23)x+[csc(F ) cot(a+27y)—cot(F) cot(a+
203)]y. Letting a = cot(a + 23),b = csc(% )cot(a + 2'y) - cot( ) cot(a + 20)],

tan(¢) = & = m‘(), we have VI + a2 + 02 = Y2B=V0) 4o arc length EF

. a 85m( ) ’
} (z-9 tan(€)
an(+= — an
t —3 > )} t —_—).
arctan( 1—|—a2+b2) arctan( 1+a2+b2)

Since

an(§ —¢) tan(¢) 2

tan(arctan(m) + arctan(m)) = % = tan(?’y)

Hence, we obtain that the arc length of EF is 2+.
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(iii). The normal vector of plane OCG is 7ty = (=1, 1, —1(cot(F) +csc(E)));
The normal vector of plane OEF is iy = (=1, -3 4\/5, 3=V3 (cot(F) + esc(Z))).
Since

I 3—v5 3—-+56 T T
np-ng = 1- s 3 (COt(g)+CSC(g))2

B 5+\/573—\/5(3+\ﬂ5)+ 8 +4(1+\/5)

8 8 5—v5  5—+/5 5—-+5
= 0.

)

Therefore, the plane OEF is vertical to plane OCG.
(iv). Let M be the intersection of arcs EF and C'G. It satisfies

{ z =1z — 1(csc(Z) + cot(Z))y
5 — _3= fx+3 f(csc(g)—f—cot(%))y-

By solving the above equation, we can get the coordinate of M is (cos({5), sin(55 ), 0).
It is easy to obtain that the arc length of M F and M C are y and [3, respectively.

At the same time, we can obtain that the arc length of M E and MC are vy
and (3, respectively.

The Proof of Lemma 12.
We just make use of the formula

sin(¢1)  sin(¢a)  sin(¢s)

sin(arcap)  sin(arcpp)  sin(arcpa)’

where ¢ = % is the angle between arcpp and arcpa, ¢- is the angle between

arcap and arcpy, ¢3 is the angle between arcpp and arcyp. We can easily to
find that ¢ = § and ¢3 = . Similarly, we can obtain that the other spherical

triangles are of type AT, 5, E)

The Proof of Lemma 13.
(i). We suppose that the boundary between Hafj and Hafjﬂ is z = ax + by.
By (5.2), we have

( k;jvykjv ) B Aj (x07y0a20)/a

and
+ + + YV _ptAA. '
(:Ck7_j+17yk;7j+1azk7j+1) = Bk AAJ (IanOvZO) .
Where
—a®4b%41 —2ab 2a
a?+b2+1 a2+b>+1 a2+b2+1
A — —2ab a’—b? +1
a?+b2+1 a?+b2+1 a2+b2+1
2a 2b a’+b%—1
a?2+b2+1 a?2+b2+1 a?2+b2+1
Therefore,

(“T?:,jﬂvy/j,jﬂ’ Zlij+1)/ = B;A(B/j)fl(fij’ylij’ Z;r,j)/’
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where

cos(25T) sin(2km) 0
Bp = | —sin(%T) cos(ZT)
0 0 1
A computation gives:
. 1 ai a2 a3
BkABk_ = 5 12 .1 azi a22 23 )
@+ b+l asi a3z2 ass
where
4k 4k
an = (b*—a?) COS(TW) + 2absin(Tﬂ) +1,
4k 4k
as = (b —a?) sin(?ﬂ-) — 2abcos(T7T) +1,
2k 2k
aig = QGCOS(%) - 2bsin(T7T)7
4k 4k
asy = (a*—b?) COS(TTF) - 2absin(77r) +1,
2k 2k
asy = 2asin(T7T) n 2bcos(T7T),
azz = a2+b2—1,
azy = a1z,
azy = ais,
azz = Q23
On the other hand, the boundary between kaj and Hlj,j-s-l isz=(a cos(%T”) -

bsin(%T”)x + (bcos( A7) + asin(%%)y. Hence, the symmetric point
(C%;:,j—&-l’ Q,;‘:j+1, ész) € Hlj,j-s-l of (x;j, y,';j, z,;"j) with respect to the boundary
between H,:'j and H,jjﬂ can be got by Lemma 1.2, which is
At ot s+ N — At ot Y
(xk,j+1’yk,j+17zk,j+1) = A(fck,jvyk,jazk,j) .

It is not difficult to check that A = BLAB, L. Therefore, we obtain our conclu-
sion (7). Similarly, we can prove the conclusion (ii).

7.3 Appendix for Chapter 4

The proof of Theorem 4.
It is easy to check the initial condition. Hence, we just need to check the
boundaries of system (4.3)

(i). For the boundary condition Ly, Lo, we just check the case (i). It can be
done by the same approach for other cases. We let

x = rcos(¢)sin(0),y = rsin(¢) sin(f), z = r cos(6),
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x(‘)’:j =1 cos(¢o,;)sin(fo ;). y(‘{j = r; sin(¢yo ;) sin(o ;), z({j = r;cos(fp ;).
Then we have
x:j =7, cos(— + ¢0,5) sin(bo.;),
y,jj = r; sin( 2T + ¢ ;) sin(6o,;),
z,j’j =7 cos(é’(m)7

and
Ty i =Tj cos(2ET — g ;) sin(fp,;),
Ypj =Tj sm(2’”r ¢0.5)sin(6o ;).
z,':)] =7 cos(fp ;).

Moreover,

95 = iy exp{—gi[r? + 15 — 25 ( cos(3§T + do,; — ¢) sin(6) sin(fo,;)
+ cos(6) cos(6o,;))]

and

Grj = etz XP{=5: [ + 7] = 2r75( cos(25F — o ; — ) sin(0) sin(6o ;)
+ cos(6) cos(6p ;))]}-

If = 0, which is equivalent to y = 0, we have glij + 954, =0, k=0,1,2.
Hence u(az y =0,z;t) =0.
If ¢ = %, which is equivalent to y = ztan(%), we find that

gzj:mexm A 78 =2, cos( 25 1 o) sn@)sin,)
+ cos(6) cos(6o,5))]),

and

9 = 7(27“)3/2 exp(—5[r? + 7“ —2rr;( cos(w — ¢o,;)sin(8) sin(by ;)
+cos(#) cos(bg ;))])-

Hence,
T .
905 = 7915915 = "Y0,5: 92,5 = ~Y2,5

Therefore, we have u(z,y = ztan(3), z;t) = 0.

ii) For the boundary Ls, that is z = ——L£2——u, we let, (for simple, we
( ) y L3 m ( p
take + off,)
Inj = (@ —2)? + (= yry)” + (2 — 215)%
mil,jl +yl%1,j1+21%1,j1 = miZ,j2+yl§2,j2+Z132,j2' If Ii1,j1 = Iz 52 on the boundary

L3, it is equivalent to yr1 ;1 = Yk2,;2 and

P13 o - Pz ) (7.2)

Tkl,j1 — —F/—== 5 Rkl,j1 = Tk252 2k2,52-
’ 2 2 ’ ’ 2 2 ’
V1—=pis —pis 1 —piy —pis
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: i ! !
DenOtmg(JCm,jl,ykl,ﬂ,zm,jl) = Bk1Ak1($07yo,Zo), (xk2,j2yyk2,j27zk2,j2) =
/
BioAga(xo, Y0, 20)’, we have

Tr1,j1 = 011%0 + a12Y0 + A1320,
Yk1,j1 = A21%0 + a22Yo + a23%0,

Zk1,j1 = G31T0 + a32Yo + a3320,

Tp2,52 = brixo + biayo + bi3zo,
Yk2,52 = b212g + baoyo + b2320,
22,52 = b3170 + baayo + b3zzo.

Therefore, Equ(7.2) is equivalent to, for i = 1,2,3

—pP13

ag; = bQ»L', ai; + 5 ag; = bli + P13 b3i~ (73)

1—,0%2_/’13 1_P%2_P%3

(iii). Using (7.3), we get, for the case (i), which is z = g:c

If, =1, I, =1,
124:1 - Io_,:sa IO_,l = Io_,2»
Ly =1Ioy Iy =I5
Iy =1, I, = I,
I, = Iy, I, =1Is,
I s = Iy, Iy =1,
Hence,
9o1 =902 911 =90
931 = %03 Y901 = Yo
921 =904 Y11= Y03
9io=—914  U32= 93
920 =934  Ui2=9is
953 =924  9i3 =014

) )

V2

Therefore, for the case (i), on the boundary z = %2, we have u(z,y, 2,t) =
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(iv). From (7.3), we get, for the case (ii), which is z =z

I =15y, It =15, Ii, =1,
12+,1 = Io_,5a 2_,1 = 18:5, I;El = I(ip
Iy =1, I, =1 I,=I,
I:;tz = 11_,4’ 3_,2 = If4’ 12%3 = Ili,ﬁ’
Ifs=1I75, ILy=1I, Iy, =I5,

+ _ 7 - _ g+ + _ gt
I y=156, 1y, =135, I35=155-

Hence,

95‘:,1 = 9(2)527 gil = *go_,ga 91_,1 = *93—,3
931 =905 921= 905 Y51 =0
9%52 = gli733 9;2 = =006 Y22 = _g(—)i:fjv
9;_,2 =914 Y32 = _gi4a 9;3 = gliﬁa
933 =915 Gss=—0915 Ys4=0ss
931 =956 U2a= 93¢ Yi5=0rc

Therefore, for the case (ii), on the boundary z = z, we have u(z,y, z,t) = 0.

(v). From (7.3), we get, for the case (iii), which is z = cot(n/5)x

Ioi,1 = I()i,Q’ IlJC1 = Io_,4a 1_,1 = I(Is
I;lzl({& 12*7121({57 I3+71:Io’757
Iy =1Iye, I =15, I,=1I5,
Ly =17, I,=1Is I,=1I,,
Iiz = Iafmv I?jfz = I(;,lzv 13:2 = 107,77
IZQ:IZB, I;Z:ILL, Ilf?,:Ii57
1;3 = Iafs» I’Z3 = If,12a 1;3 = sz,ua
3_,3 - 0_,8’ 1;3 = IZS’ If:4 = 1_,67

+ _ 7+ - _ 7= + _ 7+
Liy=1gg, Iyq=117 I34=147,
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Is, =15y, Ii,=1Ifs Ii5=1I,
12+,5 = I(Ima IQ,5 = I;S’ 1;5 = I4+,8’
19:5 = Iojuw 1;3 = IiG’ I2+,6 = If,mv
IiG = If,9> I3+76 = Iifsw 13:6 = 11107
Il+,12 = Iff% I2+712 = Io+,11» I£12 = Il+,87
I:;r,m =1Iig, Ig10=1Ip11, Ly10="1s7
12+,7:If11v I :I1+,97 1;7 =1l
13:7 = Iifn, I;CS = I1+,11» Iis = Ilwav
I;:S - 14_,107 3_,8 = I4_,11, szg - 2_,11a
2_,9 = 2_,107 13—:9 = I;:lO’ 3_,9 = Lf,u,

+ - -
12,10 = 12,117 3,10 = I33qs

Hence,
93E,1 = gnga 911 = =904 Y11= _93:3
951 =906 921 =905 Y931 = Y05
931 = Y06 Y911 =903 Y11= Y04
91+72 =914 Y12~ 91,3 922 = 9({7»
930 = —9012 Y32 = Y012 Y32 = 901>
91,2 = 91,3» G40 = —9147 gfr,s =—015
9;,3 = gofs’ 92,3 = 91,125 93+,3 = 9112,
933 = Yos 913 = —Yis Gia= —Yie

+ o+ - - + o+
924 = 90,90 Y924 = 91,7 Y34 = 94,7

954 =909, 9141 =—9ie: 9is=Gie

9;_,5 = 93,10, 925 = 91,8 9;,5 = 92_,87

935 = 90,100 94,3 = 91,65 9;6 =—%110
926 =910 Y36 = Y10 Y936 = Y110
G2 =97 9512 =9511> Y212 = —9is
93+,12 = =048 9312 =9011> Y412 = Ga7s
937 =—9i11> Y27 =919 Y37 = —Yig>
937 = =041, 938 =9i11> Y28 = —91 10
ggr,s = —91100 93,8 = Ya11 92+,9 = —9211
92.9 = 92,10 9;9 = 9;107 939 = *92_,117

+ o - -
92,10 = 92,110 93,10 = Y3115
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Therefore, for the case (iii), on the boundary z = cot(r/5)x, we have u(x, y, z,t) =
0.

(v). From (7.3), we get, for the case (iv), which is z = 0,
g]:(;‘il :g]::27k2071727"' 7N'
Therefore, for the case (iii), on the boundary z = 0, we have u(x,y, z,t) = 0.

In conclusion, by the above steps, the solution of the heat equation can be
expressed as (4.10).

The Proof of Theorem 5.
(1) If we let p13 = pas = 0,p12 = 1 in (1.2)-(1.4). We suppose that o1 =
09 = 0. Then we have a; = a9, and

op a2d*p o20* o2 0% 5, 0%p 2 op
5 T O - aim—,
8$16$2 im1 é)xz

% 2o T 2o 2 o2

2
Letting p = exp(Z3z2 + S3w3 — %(O‘—j + j—'sg‘)t)q, we have

2
(7'3 o

dq 0 d%q Oj@ o2 0%¢ , 0%q

2
-4 _ 2 24 379
ot 2 0x2 2 0x3 2 023 011025’

Letting q(z1, 72, 23,t) = q1 (71, 22,t)q2(3,t), we have

1 0q2 039 1 d¢1  o2d*q 0% dPq , 0%q

gs " Ot 2 69[:3):5(5_?81;3 _7896% —e 0x10xs =

and
2 2
¥ = 55 + uas
q@2(x3 =mq,t) =0
QQ(LU;)”t = 0) = 5(1‘3)

By solving the above equation, we have

eht 3 (23 — 2mg3)?
t = - - - 5.
q2 (‘r?ﬂ ) 0'3\/%[8)(13( 20'§t) exp( 20_§t )]

and
2 2 2 2 2
& =S+ S T ongds —
qi(z1 = my,x2,t) =0
q1(x1, 22 =ma,t) =0
qi(r1,22,t =0) = 0d(x1)0(x2)
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Letting x = ©= > 0,y = 22212 > (), ¢; = Gie”**, then dropping the hat,
we have

g1 _10°q 19%q1 + ’q
ot 2 Ox2 2 Oy? Oxdy
QI(xZan7t) =0
¢1(z,y=0,t) =0
a1 (z,y,t=0) =05(x+2H)d(y + 22)
Letting u = % = f ,h = 0102q1, then we have the initial point u, =
—my/o1—ma /o2 *m1/01+m2/02
— s v 73 , and
Oh — 9°h
ot — Ou?
h(u = —v,v,t) =0
h(u =v,v,t) =
hu,v,6 =0) = d(u—uy)d(v —v,)
Since u > 0, so we have
dh _ 9°h
ot ou?
h(u = |v|,v,t) =0 (7.4)
h

(
(u,v,t=0) =0(u—1up)0(v— 1)
);

Before we solve (7.4), we consider the solution of the following equation

oh — 2%h

ot ~ Ou

h(u, = =0(u —uy)0(v — v,) (7.5)
Substituting h = hy(u,t)ha(v,t) into (7.5), then we have

Mgy g = Mg
Then
iéﬂhg_i(a%l_%)__Q
hy 0t b low? ot O

Hence, we have
hy = §(v — v,) exp(—c?t),

The approach is very similar to the above, we have

eczt (u— Uo)2
exp(—
vVt 4¢

Hence, we have the solution of (7.5) as follows

hl(u7t) = )

_0(v—,) (u —u,)?
h=—"Tg o

Now we consider the boundary condition of (7.4). Obviously, when v # v,,
then we have hy = 0 and h = 0. When v = v,, the boundary of (7.4) becomes

).
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h(u = |vol,v0,t) = 0. Making use of the Method of Images, we obtain that the
solution of (7.4) can be expressed as

~ (v —,) (u —u,)? (u — 2Jve| + uo)?
h = W[EXP(_T) — exp(— it )]
Hence, we have
U — U, U — Up)? U — 20| + uo)?
e e )
5(%) ($1 +£E2)2

= 20_2\/7715 [exp(— Ra2¢ )
(1 + 29 — 4max(my, ms))?
82t

g

—exp(—

Therefore, the solution of (1.2)-(1.4) can be expressed as

5(361—362) 4m2 —dmgazg
T3 — st L ik L3
_ ; V20 )[1 —e 203t }
20203/Tt o3Vt
ag a3 (z1+2)2 (z1+zy—4max(my,my))?
xeﬁgw*mt[e* 802t — e 802t

2). Since 0; = 0,0 = 1,2,3, 80 oy = a = 1 — %2,1' = 1,2,3. If we let

«@ &2
p = ea?"1" 2! we can eliminate the first partial derivative term. Letting
p13 = p23 = p12 = 1, and g; = 2= — 2 in (3), and taking off the hat, we have

gq

dq i 1 8%¢ 0%q

— = —— + g _— (7.6)
2 1

ot P 2 0y; < Tes 0y;0y;

2}, Letting 21 = y1 — 3,22 =

For simple, we suppose that 7:—33 > max{ el

t
Y2 — Y3,23 = Y3,5 = 5, We have

9q _ g
Os T 022
q(ZS = —21,2’1,2275) =0
Q(ZS = _2277Z1a2278) 207
Q(ZS 20721,22,8) = 07
q(zl, 22,23,8 = 0) = 5(21 — 210)5(2’2 — 220)5(23 — 2’30)
where 219 = f% + % > 0,290 = 7%2 + T—: > 0,230 = f’:—: > 0. We consider
the following initial equation
9q _ 9%q
s T 022
q(z1, 22,23,5 =0) = 08(21 — 210)0(22 — 220)0(23 — 230)
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Letting ¢ = p1(21, 22, $)p2(23, $), then we have

oo om0
Yos 7 0s Y022

Then

1 1 32?2_%)__02
p1 0s  py 023 ds’ '

Hence, we have
p1 = 0(21 — 210)0(22 — 220) exp(—c?s),
The approach is very similar to the above, we have
.2 m3\2
ec’s (23 + T;)
23,8) = exp(—
p2(23,5) N xp( P—

Hence, the solution of the above initial equation is

1 (23 + 28)2
=6(21 — 210)0(22 — 2 exp(— 3.
q (21 10)0(22 20) Trs p( ds )

Now, we add the boundaries. If z1 # 219, or zo # 259, then we have ¢ = 0,
which satisfies the boundaries. If 23 = 219 = —(’:—11 — ’Z:S?’), and zo = 290 =
— (%2 — 7). Since z3 > 0, we do not need to consider the boundary conditions
Q(Z?) = —Z]_,Z]_,ZQ,S) = an(z3 = _2275217Z2a8) = Oa For q(Zg = 0,21722a8) = 07
we have

1 z + m3 2 Za — m3 2
4= (21— 220)3(z2 — 220) = [exp(—%) - exp(f%)].

Hence, we have, considering t = 2s,

r1  x3..,Ty w3, 1 Y3 (13 — 2m3)?
=§(— - =2)§(—= - = — — — TP ).
! (01 03" 02 03 ) V2rt lexp( 2to3 )~ el 202 )

3). For the case of p1a = 1, p13 = —1, pa3 = —1, it is similar to (7.6) consider
the following equation

W= Pp Fp , &p , Pp
Js B P ({91’% (91'18552 al'laxg 8x28x3

(7.7)

Letting
r1+x2 . T1 — X2

) - ) = I3,
V2 Y2 NG Y3 3

o=

taking off the hat, we have

@ B 0%p  0%p _ g 0%p

ds Ty% dy3 0y10y3’
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with boundary conditions

P(y1 = Y2,Y2,Y3,5) =0,
p(y1 = —Y2,¥2,¥3,5) =0,
p(y17y23y3 == 07 5) = 07

and initial condition

P(Y1,Y2: 3,8 = 0) = 6(y1 — ¥10)(y2 — ¥20)3(y3 — Y30,
where y19 = *%,yzo = %7%0 = —mg/o3. By using the
method of separation variables, we have

P = 0(y2 — y20)p2(y1, Y3, 1),
where p2(y1,ys, s) satisfies, since y; > 0
0 0? 0? 9?
92 _ 4 I?22+ ;.022_ Nl
0s i dy3 011 0y3
p2(y1 = |y20l,y3,5) =0,
p2(y1,y3 = 0,8) =0,
P2(y1,y3,5 = 0) = 6(y1 — y10)0(y3 — ¥30)-

Letting
1
21 = ﬁ?ﬂ + Y3, 22 = V23,
we have
Op2 _ ,0%p
Js 022"
1 1
p2(z1 = \ﬁ|yzo| + 52252275) =0,

p2(217z2 = O,S) = 07
p2(21,22,8 =0) = 6(21 — 210)6(22 — 220),

where z19 = %yw + 30, 220 = V2y30. By the method of separation variables,
we have

1
=0(z1 — —=v10 — 22, 8),
p2 = 0(z1 ﬁym y30)p3 (22, 5)

where p3(z2, s) satisfies

Ops 9*ps3

—_— =2—— 7.8

ds 023" (7.8)
pa(za = —|yao| + V2210,8) = 0,
p3(22 = 07 8) = 07

pg(ZQ, S = O) = 5(22 — 2’20).
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Denoting 79 = V2210 — |y20|, war = 2kro + 200, wop_1 = 2krg — 290, for k =
0,1,2,---, the solution of the above equation can be presented as

1
Ps = V8ms

2
[ ERolexp(— 2l — exp(— Ll

—wop_1)? Zotwak—1)2
= S lexp(— ) —exp(- R (7.9)
In conclusion, we have the solution, t = 2s,

1 5 1'1/0'1—$2/0'2)5(1'1/0'1+£L’2/0'2+x3/0_3)

P = Um T A 2
2 2

Z exp(— (22 — w2k> ) — exp(— (22 + war) )]
k=0

4t

Z9 — Wok_1 29 + Wok 1
— > lexp( G Vi )*exp(*i( ) -
Pt 4t 4t

The Proof of Theorem 6.

Since
P( mln Yl( ) > ml,omln Ya(s) > m2,0r<nin Y3(s) > ms3)
B / / / exp(a1x1 + asxe + azxs + bt)
my Jmy Jms 010203\/1_912 _013
K, Ko
XD (=1 g (21,22, 28, 1) + 05 (21, 22, 23, )| dar davadars,
k=0 j=1
where
Q/jf,j = (@rT)? exp(— 2T((Zl — T ])2 + (22 — yk,j)2 + (23 — Zk;,j)2))
P 1 T —m P12 Ta — M2
= _
Vi-pt, o1 Vi=pty, 02
o T2 — My
2= T
o —P13 Ty —my P12P13 T2 — M2
3
VA =p3) 1 —pfy —pls) 01 VA=) —ply —ply) 02

\/1—p%2 T3 — M3
V1i=ply—pls O3

+
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Letting #; = “="* then dropping off the hat of z;, we have
P( min Y; > , min Y5 > , min Y- >
(g Yi(s) > ma, oin ¥o(s) > me, Join Ya(s) > ms)

1
= ————————exp(aimy + agmy + agms + bt)

V1= pty = pis
o o0 oo
X / / / exp(a10121 + asoaxs + azosxs)
o Jo Jo

Ji Ja
x 3 N (1Y gl (21, 20, 25,1) + g5 (21, 22, 23, 1)) dwy daadas,
k=0 j=1
where
+1 1
+ + + +
s = ey o gp(a — o) G ) G = 5)%)
z = ! T P12 X9
1 —_— —_— —_——_—_,
\/1—/)%2 \/l_p%Q
Z9 = X2
23 = —pP13 T1+ P12P13 o
\/(1 - P%z)(l - P%Q - P%B) \/(1 - P%z)(l - P%z - P%z’))
1— 2
+ vV - P12 3
V1=piz = i3
Since

+
exp(a1o121 + agoaxs + a30'3$3)gk7j

1 1 1 l—pls 1 —ply
= +——— xexp{——{ 3
(2mt)3/2 2 1 —pla—pt 1= ph—ph P 1—phh—phy
—2p12 — —2p12 — 2p12p13 S5
1
1- P%Q - P%g (1- P%Q - P%g) 1- P%Q - 0%3
+
2 —P13%},
RO B . T
1—pis 1 —piy —pis
—2p1977 2012P132
—[7&] + 2:(/]:;]- + kg + 2t02(a2 + 1)]5(12

\/(1 - 0%2)(1 - P%z - P%?,)

\/1—P%2
_[QZ]ijvl_p%Q

+ 2t0’3(a3 + 1)}%3

2 2
L —piy = pis
+ \2 + \2 + \2
+(‘rk,j) +(yk,j) +(Zk,j) H
We denote
1 —P12 —pi3
1—pT,—pis 1_9%2EP§3 1—pir—pis
»-1_ —p12 1;%’132 P12013
1=pis—pris 1=piy—pris 1_912;P13
—pi13 P12p13 1—p7s

1—pfr—pis 1—pfr—pis 1—pTy—pis
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and let

+

2 + —P13%
Ty, + 2| 4 2to1(a1 + 1
\/17/)%1[ \/1 Pia— p13] 1( ! )

% —2p122; Jr2y:|: 4 2#12/)132,?]- 1 %0 (CL + 1)
il_P%Q kg \/(1_Pf2)(1—ﬂf2_9%3) 2
2z .4/1 12
“72p + 2t03(a3 + )
1-p3y—p3s
Hence, for X = (f}, f/%, %)’
exp(alala:l —+ 20922 —+ a30'3$3)gk:5j
R N ((uij) 2‘1/@)
(2rt)3/z = P 2
Lo + +
X exp(_?t((irk7j)2 + (yk,j)Q + (Zk,j)z))
(X — ,uij)/z_l(X - Mki,j)
x exp(— )
2
£ _ (i) it
Therefore, Denoting A;, = exp(aimi + agmgy + azms + bt + f -
+ :t
3 (@ )2 + i ;)? + (22,)?), we have
Ji J2
P = ZZ J ! A+ (0;0,07 _:u;:,jaE) _Alz,jq)(oa()?(), _M];jvz)]'
k=0 j=1

This part is just for solving the PDE(4.9) in another area. We turn to
solve the solution of Heat Equation (4.9) on the domain HjE ;- It (20, 9o, 20) €

H ,;E jor WE need to get solution of the Heat Equation on H ,;i o Considering the
following equation
2 2 2
%A_ %[677;4'8734'2;5] R o
U(Ll,t) =Uu g,t) = U(Lg,t = 0,
where
Li = {(&,9,2):(0,1,0)(BE Aj,) " (#,3,2) =0},
Ly = {(&.9.2): (tan(5), ~1,0)(Bg A;,) ™' (.4, 2) = 0},
Ly = {(#9,2): (5,0, 1)(BE Aj) " (#,9,2) =0},
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we have the following Theorem
Theorem 7.3.1. The solution of Equation (7.10) can be expressed as

(1) If (xoay()»ZO) € Hko Jo’

2 4
B9, 5 0) = Y0 S (DTG (505 0) + (8004, 0)], (T11)
k=0j=1
(ii) If (5%0;3}0720) € H/;OJO’
2 4
u( ? 2 ZZ ] jo gk,] iﬁ’g )+gkd(£ Q 2 t)]’ (7.12)
k=0 j=1
where
G, =t explo (5 — E,)% + (5 — 5, + (5 — 2,)7
k.j (2mt)3/2 2t hi o w
and
(mkij’yk jyzlzct]), = (BiOAJO)BIiEAJ(B;CtoAJO)il(j()ag07 20)1'

Proof. We give the proof of (i). By the similar way, we can prove (ii). By
Equation (7.11), we can find that

Otherwise,

Therefore, u(&, g, 2, t) satisfies the initial condition.

Denoting
(anyO,ZO) (B A ) (xovy()?ZO)
Then we know that (20,40, 20) € Hy,. By Theorem 4, the solution of (4.10)
2 4
u(a,y,z,t) =Y Y (-1 wi(@y, 2, 0) + g (2, 2,1)].
k=0 j=1
Letting
i + e s st
I = = (& ka)Z+(y_yk}j)2+(z_zk,j)2'
Then we have

& -2,
A A A a N
=G =80 - 02— 5 | 9- 0,
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Letting (B Aj,)"'(2,9,2) = (z,y,2), we know that (z,y,2) € Hy,. Since
(4;)7 ' =(A},)s (Bk,) ! = (By,)" Hence, we have

+

x—xk’j

A A A +
LE (2,8, 2,t) = (=), y—vh ;22 ;) (Aj)) T (Bro) ™ "“BroAjy | v =i,
Z_Zk?,j

Hence, we have R
L (3,0, 2,t) = I (2, 2,1).

From the proof of Theorem 4, we know the fact that u(Z,g,2,t) = 0 on
the boundaries L1, Lo, L5 is equivalent to u(z,y,z,t) = 0 on the boundaries
L1, Lo, Ly . Which finishes the proof of Theorem 7.3.1.

From the proof of Theorem 7.3.1 we obtain the following corollary.

Corollary 7.3.1. Suppose that (Zo, §o, 20) € HkO o (£,9,2) € H,jf) jo» and

($07y0720>/ = (BI:CE)A]'O) 1($07y0720) ) (mvyv ) (Blzgto ) ({I? y7 )l' Then
the relationship between the solution of (4.9) and the solutzon of (7.10) is

(‘fi’ ZQ 4 ) :l:(_]-)j()ilu(xay,zat)'
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