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ABSTRACT

Title; Hydraulic Analysis of Oil Spill Control Systems in Transformer Stations

Author; Celia Fan, Master of Applied Science in Civil Engineering, Ryerson University, 
Canada.

Electrical transformer stations use transformer oil to increase the efficiency of the 

electrical voltage transfer and to reduce the moisture and air in an electrical transformer. 

Each year, there is a high probability of spilling the transformer oil accidentally into the 

environment. Some spill events contain large volume of transformer oil. The objective 

of this thesis is to investigate oil spill control systems for spilled transformer oil during 

all operating and weathering conditions at a Hydro One’s transformer station near the city 

of Burlington. This thesis examines the designs of (1) oil trap systems which trap the 

spilled transformer oil and (2) the oil back-up systems which back up the transformer oil 

spills to the transformer station. This research focuses primarily on Hydro One’s 

transformer stations and the normal operation conditions in Ontario.
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C hap ter 1 INTRODUCTION

1.1 Background

Oils are complex compounds composed of carbon and hydrogen. They are known as 

hydrocarbons and are found under the earth’s surface. In most circumstances, oils are 

fossils o f prehistoric vegetation and marine life, where these plants and animals were 

buried under layers of sediment before decomposition. Over the past millions of years, 

the pressure and slow bacterial degradation converted these organisms into crude oil 

(Sit, 1999).

Oils are an essential part in today’s society because it is a relatively inexpensive source 

of energy. This natural resource can be extracted and processed for various uses such as 

fuel, lubricants and composite materials for industrial uses (Truong, 2002). Since crude 

oil by-products are being used in a wide variety of ways, there may be a high 

probability of spilling the oil by-products accidentally into the environment.

Spilled oil can harm the environment in several ways. First, spilled oil has a direct 

impact on freshwater because the toxicity of the oil can poison the organisms living 

within the contaminated water. Also, spilled oil can have catastrophic effects on larger 

animals such as birds being coated with a harmful layer of crude oil by-products. 

Finally, spilled oil that enters the sanitary sewers can cause deleterious effects, 

turbidity, filtration difficulty, objectionable tastes and odour (Zhen, 1998).
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In 1972, Canadian and American governments signed the Great Lakes Water Quality 

Agreement in an attempt to control pollutant discharges into the Great Lakes (Zhen, 

1998). Hydrocarbons are major pollutant discharges that have drawn both the attention 

of the public and politicians. With increased public awareness and stringent 

environmental regulations on oil spills, Hydro One, the largest electrical transmission 

company in Ontario, has used electrically-based oil spill control systems to control and 

■ retain spilled transformer oil at its electrical transformer stations. The advantages and 

disadvantages of the existing system will be discussed in Section 2.1 in detail. Hydro 

One is currently developing a hydraulically-based oil spill control system that can 

replace their existing electrical oil spill control system (Truong, 2002).

1.2 Problem Identification

Electrical transformers are generally located at several areas of a power system. 

Although they may vary in sizes, their functions are to increase the electrical voltage 

from about 100 to 500 kilovolts for transmission purposes and to decrease the electrical 

voltage for industrial (480 volts) or residential (240 or 120 volts) use once the electricity 

has reached its destinations. Transformer oil is applied to increase the transfer 

efficiency and to reduce the moisture and air in an electrical transformer. The general 

characteristics of transformer oil are discussed in Appendix J.
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Each year, there is a high frequency of spilling the transformer oil accidentally into the 

environment. According to Hydro One Spill Study report provided by Weslake Inc. in 

2002, over 860 000 litres of spilled transformer oil were reported between 1993 and 

1999. Some transformer oil spill events were large in volume. The largest transformer 

oil spill event volume between 1993 and 1999 was 200,090 litres (Weslake Inc., 2002).

Most of the transformer oil contains PCBs. The Sewer Use Bylaw of the city of Toronto 

states that PCBs for sanitary/combined sewers discharges, and storm sewer discharges 

must be less than 0.001 mg/L and 0.0004 mg/L respectively} Hydro One is currently 

seeking for a more reliable oil spill control system, other than the electrically-based oil 

spill control system, to solve the transformer oil spill problems at their transformer 

stations.

Transformer oil spills are primarily caused by leakage in the system, oil aging and fire 

or explosion at transformer stations. For a small transformer oil spill, the entire volume 

will be trapped within the concrete pad underneath the transformer (Figure 1.1). If a 

rain event occurs after the spill, runoff will carry small amount of spilled transformer oil 

into the underground oil spill control system. Large spill events will go directly into the 

oil spill control system. The function of an oil spill control system is to prevent the 

transformer oil spills from entering the sewer system (Figure 1.2).

* Reference from website http://www.city.toronto.on.ca/legdocs/municode/1184_68Lpdf
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t

Figure 1.1 : The transformer station near the city of Burlington.
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All oil spill control systems, either electrically- or hydraulically-based, use the concept 

of different specific gravities between oil and water for oil containment and separation. 

It is also assumed that the trapped transformer oil globules in the oil spill control system 

be held for a short period of time until cleanup mechanism is activated. At a non­

staffed transformer station, a sudden surge of spilled transformer oil can be trapped by 

the oil spill control system. Since the trapped transformer oil may not be cleaned up 

right away, subsequent rain storms may flush out the trapped oil. Although the design 

recommendations of American Petroleum Institute (API) for oil-water separators are 

sufficient for the separation of transformer oil and water, additional design criteria 

should be developed to prevent the previously trapped transformer oil spills from 

escaping the separator during a rain storm.

1.3 Objectives and Scope

The objective of this thesis is to investigate the hydraulic behaviour of an oil spill 

control systems under all operating and weathering conditions at a Hydro One's 

transformer station near the city of Burlington (Figure 1.3). This thesis examines two 

types of oil spill control systems: (1) oil trap systems which retain spdled transformer 

oil and (2) oil back-up systems which back up transformer oil spills at the transformer.. 

For the oil trap systems, dimensionless analyses and physical model studies were 

conducted. For the oil back-up systems,the mass balance and hydrostatic concept of oil
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and water were applied to develop a mathematical model which simulates the hydraulic 

characteristics.

1.4 Organization of the Thesis

This thesis is organized in the following manner. Chapter 2 reviews the functions and 

disadvantages of electrical oil spill control systems, transformer oil characteristics and 

the operating conditions of the system, and previous research works in oil/water 

separation. Chapter 3 presents the physical model study for the oil trap system. 

Chapter 4 presents the numerical model study of the oil back-up system. Finally, 

Chapter 5 concludes the research with recommendations.
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C hapter 2 LITERATURE REVIEW

The first part of this chapter is to review the electrically-based and the 

hydraulically-based oil spill control systems and their limitations. Literatures related to 

the characteristics of the transformer oil spills at power stations, the different operating 

conditions of an oil spill control system, the oil-water separation concepts and the 

dynamics of oil slicks on water surface are then discussed.

2.1 Electrically-Based Oil Spill Control System

As indicated in Section 1.1, the electrically-based oil spill control system is currently 

used by some electrical companies in Ontario, such as Hydro One, to prevent 

transformer oil spills from entering the sewer system. This system uses several float 

devices (Figure 2.1) to detect the elevations of water and oil at the maintenance hole. 

Some float devices will float in the presence of water while other float devices will float 

in the presence of oil. Figures 2.2 to 2.4 show the locations of float devices (red circles 

in Figure 2.3) and the sump pump (blue dotted circle in Figures 2.3 and 2.4) at a typical 

electrically-based oil spill control system. The float devices are connected to switches 

which control the sump pump. When the float devices reach point B (Figure 2.3), the 

sump pump will start activating. The function of sump pump is to draw out water from 

the maintenance hole. When the float devices reach point E (Figure 2.3), the sump 

pump will be stopped in order to prevent drawing out the spilled transformer oil from 

the maintenance hole. The major advantage of the electrically-based oil spill control
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system is its relatively ccrnpact size, compaied to the enormous size of the tank in the 

hydraulically-based oil trap system or the long pipe columns o f the hydraulically-based 

oil back-up system. In areas where bedrock is closed to the surface elevation, an 

electrically-based oil spill control system is cost-effective as the rock excavation costs 

are expensive (Truong, 2002).

The effectiveness of the electrically-based oil spill control system is better than that of 

the hydraulically-based oil spill control system. If all components of the electrically- 

based oil spill control system perform perfectly, no transformer oil spills should escape 

from the system. The effectiveness o f hydraulically-based oil spill control systems 

must rely on the design diameter of oil globules.

Electrically-based oil spill control systems have two major problems. First, when the 

float devices are surrounded by grits, they may not float properly on the surface. Thus, 

the inaccurate measurement of different fluid levels may unintentionally allow the 

transformer oil spills to escape from the system. In order to minimize this problem, 

electrical companies must spend an enormous amount of money on labours every year 

to check and maintain the performance of equipment. Secondly, the sump pump in the 

system is initiated and terminated electronically. If  the electricity is out of service due 

to thunderstorms, fire or other problems, runoff will not be drawn out from the 

maintenance hole properly. This will cause the transformer oil spills to escape from the 

system.

Page 10
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Figure 2.1 : A typical float device.
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Figure 2.2: Top view of a typical electrical oil spill control system (Troung, 2002).
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Figure 2.3: Side view #1 of atypical electrical oil spill control system (Truong, 2002).
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Figure 2.4: Side view #2 of a typical electrical oil spill control system (Troung, 2002).
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2.2 Hydraulically-Based Oil Trap Systems

A hydraulically-based oil trap systems is designed to trap transformer oil spills and 

prevent the spilled oil from entering the storm sewer system until cleanup mechanism is 

activated. Thus, an oil trap system must have adequate storage capacity to hold the 

spilled transformer oil especially for the major oil spill operation condition discussed in 

Section 2.5. When spilled transformer oil enters into the system, it floats to the water 

surface due to the density difference between oil and water and is trapped in the system 

(Figure 2.5). If the inflow is a combination of spilled transformer oil and stormwater, 

the oil-water separation process will still occur between the two vertical pipes (red 

dotted lines in Figure 2.5). The purpose of the long inflow and outflow pipes is to trap 

and prevent the spilled transformer oil from escaping from the system. If a rain occurs 

after a transformer oil spill, runoff will pass under the oil layer in the oil trap system and 

exit to local sewers.

The hydraulically-based oil spill back-up system has two advantages when compared to 

the electrically-based oil spill control system. First, since the hydraulically-based 

control system does not need any electricity, it will not be prone to electric surges 

during lightening storms. Thus, the reliability of a hydraulically-based control system is 

greater than that of an electrical control system. Secondly, the hydraulically-based 

control system requires less maintenance than that of the electrically-based control 

system. The required maintenance activities of a hydraulic control system are the 

removal of the transformer oil spills and grit, cleaning the maintenance hole, and the
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occasional inspection of the two pipe columns and maintenance hole for cracks and 

clogs to the structure. The electrical oil spill control system requires similar 

maintenances as the hydraulic control system, but it also requires frequent checks and 

calibration on its parts, such as the float devices and the sump pumps, due to its 

proximity to power surges and storm water (Truong, -2002).

The oil trap system is bigger in size than the hydraulically-based oil back-up system 

discussed in Section 2.3. Thus, the oil trap system should be installed at transformer 

stations where underground space is available. On the other hand, it may not 

appropriate to apply the oil trap system in transformer stations near the downtown area 

where underground utility lines are concentrated.
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2.3 Hydraulicaliy-Based Oil Back-up System

The hydraulically-based oil back-up system discussed in this section was designed by 

Wilkinson Concrete Precast Ltd. and investigated by Patrick Truong at Ryerson 

University in 2002 (Figure 2.6). Figure 2.7 demonstrates the initial condition of the oil 

back-up system. The separation of water and oil occurs inside two long, vertical pipe 

columns. After the spilled transformer oil has entered the oil back-up system through 

the horizontal pipe hpl (Figure 2.8), the transformer oil stays on the water surface and 

pushes the water downward to the external pipe column. In order to exit the system, the 

water travels through the external and the internal pipe columns. At the same time, the 

external pipe column holds the spilled transformer oil back to the concrete pad 

underneath tire transformer.

The base area of the oil back-up system is small. Thus, it should be applied at 

transformer stations where underground area is limited. The only disadvantage of the 

hydraulically-based oil spill back-up system is its long, vertical structure. If there is any 

damage on the bottom part of the pipe columns, the spilled transformer oil may pollute 

the ground water underneath the transformer station. Truong (2002) conducted only a 

conceptual experiment on an oil back-up system model (Figure 2.6). This thesis will 

develop a mathematical model using tlie Matlab 6.1 program to analyze the hydraulic 

characteristics of the oil back-up system.
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Figure 2.6; Prelim inary experim ents on the oil back-up system (Truong 2002).
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Figure 2.7: Oil back-up system. '
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Figure 2.8: Transformer oil enters into the oil back-up system.
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2.4 Oil Spill Characteristics

Between 1993 and 1999, 2,852,931 litres of materials were reported lost at transformer 

stations due to spillage, of which over 860,000 litres have been identified as transformer 

oil (Weslake 2002). Assuming a cost of $3.00 per litre of transformer oil. Hydro One 

loses on average over $368, 000 per year due to spillage. This is only the material cost. 

Not included is the manpower and equipment cost associated with clean up, disposal 

cost of contaminated spilled oil, of contaminated soil material, and monitoring of 

environmental impacts. Of greater significance is the impact on the surrounding 

environment and its incalculable cost. These include impacts on the ground water and 

sources of drinking water, contamination of substrates in spawning area, destruction of 

micro-invertebrates source of food supply, contamination of aquatic vegetations, and 

contamination of agricultural lands.

Generally, oil spills may contain oil in three major forms; free oil, emulsified oil and 

dissolved oil. Free oil has the largest discrete oil globules. The oil globules rise as a 

result of buoyant forces and form an oil layer on top of the water. Under proper 

quiescent flow condition, firee oil can be removed by gravity separation. This removal 

is a function of residence time, temperature, stability of the emulsion and the 

differences in specific gravity between oil and water. Some coarse oily solids with a 

specific gravity greater than 1.0 will settle to the bottom of the oil control system. Most 

of the oil and the associated fine solids with a specific gravity less than 1.0 will rise to 

the water surface. Emulsified oil contains smaller oil globules with a diameter of less
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than 20 microns. Most of these oil globules are between 1 to 10 microns. These 

globules form a stable suspension in the water as a result of the predominance of 

interparticle forces over buoyant forces. The presence of particulates also contributes to 

emulsion formation. Emulsified oil cannot be removed by gravity separation alone; it 

may be removed by flotation or chemical addition and coalescing. Dissolved oil is the 

petroleum fraction that forms a true molecular solution with water. Further treatment, 

such as biological treatment is necessary if  removal of dissolved oil is required 

(API, 1990). The transformer oil spills on transformer stations are mostly in free oil 

form. Therefore, the conventional oil-water separation concept can still be applied to 

the design of the oil trap system.

2.5 Operating Conditions

All transformer oil spill control systems, either electrically- or hydraulically-based, 

must meet three general operating conditions; normal, normal oil spill and major oil 

spill. The normal operating condition assumes that the inflow to the oil spill control 

system contain rainwater only. Therefore, the function of the oil spill control system is 

to provide an adequate flow capacity for proper drainage. The normal oil spill 

operating condition assumes that the inflow to the oil spill control system is a 

combination of small transformer oil spills and rainwater. Minor transformer oil spills 

(less than 100 L) may come from minor leakages at the transformer station resulting in 

small quantities. The function of the oil spill control system under minor spill
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conditions is trap the small quantity of spilled transformer oil and pass the rainwater to 

the sewer system. The major oil spill operating condition assumes that a large sudden 

surge o f oil (larger than 1000 L) enters into the oil spill control system. This condition 

is caused by an explosion and a fire at the transformer station due to lightening or by 

transformer oil oxidation. Thus, the oil spill control system should have adequate 

storage capacities to hold the sudden surge of spilled transformer oil. It should prevent 

any trapped transformer oil from being flushed out from the system by subsequent rain 

storms until cleanup mechanism is activated (Truong, 2002).

2.6 Basic Theories of Oil-Water Separation

Since this research applies the oil-water separation concept to the design of the oil trap 

system, it is important to understand the basic theories of oil-water separation. 

Generally, an oil-water separator is a chamber designed to provide laminar flow 

conditions where globules of free oil can rise to the surface of water and coalesce into a 

separate oil layer (Figure 2.9). The theory of the oil-water separation is based on the 

rising rate of the oil globules and its relationship to the surface-loading rate of the 

separator. The rising rate (Fs) is the vertical velocity at which oil particles move 

upward to the surface o f water due to the differential density between oil and water. 

The surface-loading rate (V//) is the flow rate to the separator divided by the surface 

area of the separator. Ideally, any oil globule with a rising rate greater than or equal to 

surface-loading rate will reach the surface of water and has to be removed manually.
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The required surface-loading rate for removal of a specified size of oil droplet can be 

determined &om the following equation of the rising rate (API, 1990).

TT S^Pvl~Po')d Ml
18^

where Vs = vertical velocity of the design oil globule, in m/sec

g  ~  acceleration due to gravity, in m/sec^ (g = 9.81 m/sec^)

fx = dynamic viscosity, in Pa • sec

pw -  density of water at the design temperature, in kg/m^

Po ~  density o f oil at the design temperature, in kg/m^ 

d  = diameter o f the oil globule to be removed, in metres

The rising velocity of an oil globule is highly dependent on the globule’s diameter. 

Small oil globules rise slower than the larger ones. Normally, oil globules with a 

diameter greater than or equal to 0.15 millimetres can be removed effectively in any 

gravity separation device. The performance of oil-water separators varies with changes 

in the characteristics between oil and water, including flow rate, viscosity, oil-globule 

size, specific gravity and temperature. The closer the specific gravity between oil and 

water, the slower the oil globules will rise. Furthermore, oil globules will rise slower at 

lower temperatures (API, 1990).
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2.7 Literature Review on Dynamics o f Oil Slicks on Water Surface

There are only a few published papers, Wilkinson (1972, 1973), Wicks (1969), Cross 

and Hoult (1971), Jones (1972) and Moir and Lau (1975), which dealt with the 

dynamics of contained oil slicks on the water surface using floating booms. No 

literature can be found which address oil spill control systems for transformer stations. 

This section will review these theories which are similar to the oil and water layers 

situation in the oil trap system.

All the papers discussed below assumed one-dimensional flows which were uniform 

throughout the depth, except Wilkinson (1973) considered the effects o f finite depths of 

flow. This effect is very important because it causes the change in momentum of the 

water flowing under the slick which in turn leads to instability of the slick (Moir and 

. Lau, 1975).

Both Wilkinson (1973) and Wicks (1969) recognized that an oil slick on the water 

surface, such as rivers, can be divided into two regions: the frontal zone and the viscous 

zone (Figure 2.10), The frontal zone is the upstream region of an oil slick where 

viscous forces can be neglected in comparison with the dynamic forces. The viscous 

zone is the downstream of the frontal zone where the viscous shear at the dil-water 

interface and along the bottom of the river becomes the same order of magnitude as the 

dynamic forces and can no longer be neglected. The oil and water layers in the oil trap 

system are similar to the viscous zone discussed by Wilkinson and Wicks (Moir and
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Lau, 1975). The only difference is that the viscous zone is an open system, whereas the 

oil trap system is a closed system. Thus, more forces components should be involved in 

the oil trap system.

Wilkinson’s theory o f the viscous zone is based on three main assumptions: (1) the 

momentum flux due to circulation in the oil slick is small compared with interfacial 

shear forces, (2) the flow beneath the oil slick is steady and uniform over the depth and 

(3) a change in inertia and pressure force must be balanced by boundary shear stresses 

for equilibrium of the contained oil slick (Wilkinson, 1973). He developed an equation 

(Equation 2) for the equilibrium of forces acting on a combined oil-water layer at length 

ÔX (Figure 2.10):

è  fP vS  , P w E ^ ( à -h ) ^  Pv Uq do rol
0x1 2 2 ^  d - h  ”  ^

where x  = downstream coordinate measured from the beginning of the viscous zone 

Pw = density of water 

g  = gravitational acceleration 

A = (7 — Po)! pv/

d  = total thickness of the oil-water layers

h = thickness of the slick in the viscous zone

Uo = mean velocity of the flow upstream of the oil slick

do = flow depth upstream of the oil slick

Xb = boundary shear stress at the bottom of the channel
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He also developed another equation (Equation 3) for the forces acting on the oil layer 

only. This equation demonstrates that equilibrium is achieved by the balance of the 

pressure forces, the shear at the interface and the weight component of the oil acting 

along the interface.

[3]

where Xj = shear stress at the oil-water interface

Equations [2] and [3] can be solved simultaneously for the two unknowns d  and h, 

given the upstream velocity Uo and depth do, the oil density and values of Xt and x,- . 

Wilkinson expressed the shear stress terms as.

where f t  = interfacial friction coefficient 

fb = boundary friction coefficient

Wilkinson showed that for a given set of flow conditions, there was a limiting thickness 

of the slick which failure would occur. This limiting thickness is independent of the 

viscous forces. However, the length of the slick and the slick profile are dependent 

upon the interfacial and boundary shear stresses (Wilkinson, 1973).
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Wicks used the balance of pressure and shear forces to determine the slick profile in the 

viscous zone. He also introduced the effect of circulation velocity in the oil 

(Wicks, 1969). However, he used wrong expressions for both the frontal thickness and 

the oil velocity according to Lau’s analysis. Therefore, his calculated slick profiles 

could not be correct.

Cross and Hoult (1971) do not divide the oil slick into different regions, but treats it as 

one unit starting &om the leading edge and growing with the distance downstream. The 

authors considered the equilibrium of the oil layer to be maintained by a balance of 

pressure forces and shear stresses at the interface (Cross and Hoult, 1971). However, 

the authors left out a term representing the weight component of the slick along the 

interface. This leads to unreasonable results of this research (Moir and Lau, 1975).

Jones (1972) attempted to explain certain types of boom failures in terms of 

hydrodynamic instability at the interface. The concept is that as instability develops at 

an oil-water interface, waves would form and grow. When a wave becomes steep 

enough, interfacial tension causes the crest of the wave to be broken off into droplets 

which are then entrained into the flow.

Jones considered the case of a slick of constant thickness h at rest on top of an infinitely 

deep water layer flowing at velocity U. Both layers were considered to be inviscid. An 

infinitesimal disturbance was then superimposed on the steady flow pattern. Classical 

methods of stability analysis were used to determine the neutral stability curve. From a
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series of these stability curves, Jones obtained curves of the non-dimensionalized 

critical velocity U /  (gh)^^ versus the parameter a/(pogh^). Finally, Jones’ analysis 

showed that thin slicks become unstable at lower velocities than thick slicks.

Part of Wilkinson and Jones’ analyses can be applied to the oil trap system. First, since 

both the oil trap system and Wilkinson’s research deal with uniform water flows 

underneath an oil slick in one-dimensional direction with finite depth, the two shear 

stresses components in Wilkinson’s calculation can be used in the oil trap system. 

Thus, modifications must be done in developing the equilibrium equations for the oil 

trap system due to its closed system design. Secondly, Jones analysis on the conditions 

of the occurrence of a Kelvin-Helmholtz type instability at the oil-water interface can be 

also applied to the oil trap system. It may be too difficult to observe visually if any 

transformer oil has escaped from the oil trap system due to the small diameter of the 

outlet pipe and high water flow rate. The formation of waves at the interface can 

provide some signals of when the failure of the oil trap system will occur.
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C hap ter 3 PHYSICAL MODEL STUDY OF THE OIL TRAP
SYSTEM

This chapter describes the physical model study of the oil trap system. It also states the 

experimental procedures and observations.

3.1 Dlmensionless Analysis Method of the Oil Trap System

In order to apply the Buckingham’s method for the dimensionless analysis of the oil 

trap system, variables in Table 3.1 are used to derive the 77-terms. The visual meanings 

of these variables are shown in Figure 3.1 below.
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Table 3.1: Variables involved in the Buckingham’s method.

Variables Definition o f Variable Dimension

X volume of oil containment in dimensionless form

B width of the oil trap system L

dpipe diameter of the vertical pipe L

Djnin minimum distance between the vertical pipes L

Hpipe height between the bottom part of the vertical pipe and 
the oil trap system

L

Hwater head of water at failure situation L

Hail head of oil L

Pwater density of water ML‘̂

Poil density of oil ML'^

Q flow of water at failure situation L^T"‘

M-water dynamic viscosity of water m l - 't "'

P-oil dynamic viscosity of oil M L ' T '

a oil-water interfacial tension MT'^

g gravitational acceleration LT ’̂

t time for oil containment stays in the oil trap system T
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Since there are fourteen variables involved in the oil trap system, eleven 77-terms can be 

formed. Q , Heater and pwater are selected as the three relevant variables for the 

Buckingham’s method. The 77-terms are derived as follows:

( [M] [L] [T |)° = ( [ L ] m ““) ( [L]")([M]' [ L ] [ L ]

[M]: c = 0
[T]: - 0  = 0
[L]: 3a + b - 3 c  + d = Q

b = — d

Therefore, Hi == (B)(H,,a,er~‘)  [5]

Since dimension of dpipe is similar to dimension of B,

U 2 =  (dpipe) (H ^ a te r ~ ’)  [ 6 ]

Since dimension of Dmin is similar to dimension of 5,

[7]

Since dimension of Hpipe is similar to dimension of B,

= [8]
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Since dimension o f  Hon is similar to dimension of B,

= fffowhtSdp,-'; [9]

( [M] [L] [T] ) " = ( [L] [T] - “ )( [L] '  )( [M]  ̂[L] )( [M] [L] )

[M]: c + <i=0
d = - c  

[T]: - n  = 0
[L]: 3a + b - 3 c - 3 d - Q

b = 3c + 3(-c) = 0

Therefore, Us = (pwater)(PoU ~ ')  [10]

n?  = (Q )(Hytater )(Pwater )(Pv/aler )

([M][L][T])<’ = ([L]^“ [T ]-“)([L ]'’)([M]^[L]-^^)([M ]‘'[L ]-^ [T ]-‘' )

[M]: c + d - 0
c = - d  

[T]; - a - d = Q
a = - d  

[L]; 3a + b - 3 c - d  = Q
b = —3(-d ) + 3 ( - d ) + d  
b = d

Therefore, II7 = (fiwater) (Hwater) (Q~‘) (Pwaler “0 [11]

Since dimension of PoU is similar to dimension of Pv/ater,

= [12]
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( [M] [L] [T] ) ( [L] [T] - “ )( [L] * )( [M] '  [L] “ )( [M] [T] " )

[M]: c + d=Q
c = — d

[T]: ~ a ~ 2 d = 0
a = - 2d 

[L]: 3a + b ~ 3 c  = ^
b^-3 (~ 2d) + 3 (-d )  

b — 3d

Therefore, Hg = (Q'^)(Hy,ater^)(fK,ater~^)(cr )  [13]

77}o =

( [M] [L] [T] ) '’ = ( [L] [T] - " )( [L] * )( [M] " [L] " )( [L] [T] " )

[M]: c = 0
[T]: - a - 2 d - Q

a = - 2d  
[L]: 3a + b — 3 c - ^ d —Q

b = ~3(-2d) - d  
h = 5d

Therefore, (Q~^)(H,,ater^)(g) ■ [14]

( [M] [L] [T] ) " = ( [L] [T] -  “ X [L]  ̂X [M]  ̂[L] - X [T] ̂  )

[M]: c = 0
[T]; —a + d  = Q

a = d
[L]: 3a + b — 3c = Q

b — ~3a = -3 d

Therefore, ITjj = (Q)(t) (H,,ater ~̂ ) [15]
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Equation of oil containment, X ,  in dimensionless form can be expressed as:

„  _  ,  B  . . -Q jran  .  .  J ig il  . Pwater .  Tî-t/gter }P »m r  _ H-water .
^  tiw ater ’ ^w a ter  '  Hwater ’ Hwater ’ ^ w a ts r  ’ ’ Q  pwaler ’ Q  Pwater

Hweaer tj . ^w a te r  S  .  Q  ^  j r.,,1
■ p w a te r '

Variable X  in Equation [16] is the volume o f oil inside the oil trap system in 

dimensionless form where

[17]

Since transformer oil spills will be retained in the system imtil cleanup mechanism is 

activated. U n = (Q)(t)(Hy,ater~^) can be eliminated from Equation [16] as t—>oo. In other 

word, X  is eventually in steady-state or independent o f time. Also, 

= (pwater)(P o ii ~ ‘)  Can be replaced by i/A where A is the relative density difference.

A =  (^Pwater ~  P o il)  / Pvater  [ 1 8 ]

The effect o f A is important only when considered in conjimction tvith the gravity force. 

Therefore, A can be combined with n}o=(Q'^)(Hwater)(g) to form
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3,2 Similitude Analysis Method of the Oil Trap System

Several standard dimensionless products can be found from the 77-terms in Section 3.1. 

For instance, if  the formula of the Froude number (Table B .l in Appendix B), Fr, is 

converted in terms of Q:

= (Q*A ^)(g where dimension ofvf is same as dimension of L.

Fr must be squared in order to eliminate the rational exponent.

[i9]

Thus, 77/0 ' = (Q~^)(Hwate/)(g)(à.) is equivalent to the reciprocal of the Froude number 

shown in Equation [19].

Secondly, if  the formula of the Reynolds number (Table B.l in Appendix B), Re, is 

converted in terms of g:

= [20]

Hence, U j = (pwater) (Heater) (Q~‘)(Pwater~^) is the same as the reciprocal of the Reynolds 

number in Equation [20]. Also, Ils = (Fou)(Hwaier)(Q~')(Pwater~‘)  can be divided with 

the reciprocal of the Reynolds number in Equation [20] to form the ratio i^oufneater-
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Finally, if  the formula of the Weber number (Table B.l in Appendix B), We, is 

converted in terms of Q:

Both sides are squared for eliriiinating the rational exponent.

= [21]

Thus, IT9 = (Q~^)(Hwaier^)(Pwaier~^)(cr) cquals to the reciprocal of the Weber number in 

Equation [21].

After rearrange the 27-terms, Equation [16] can be rewritten as:

,r__ ,  B  ■ 4>V* . . ^ p il»  . . 1 . 1  . . 2 . 2 J

2 ^ ' 2 7 . ^ '  7 7 ^ '  27;»::^' A ' 2%' PFe' 2Tr/

The next step is to determine which 27-terms in Equation [22] dominate the physical 

model of the oil trap system. Unfortunately, all the dimensions of the model are fixed 

due to practical reasons. Therefore, it is impossible to determine any relationships 

between the first four 27-terms and the standard dimensionless products in 

Equation [22]. However, according to the oil-water separation theories discussed in 

Section 2.6, Froude number will be selected for scaling the model results back to the 

prototype.
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3.3 Scales of the Physical Model

The oil trap system was constructed by Wilkinson Heavy Precast Limited where the 

base area of the prototype follows the dimensions of the precast concrete tank product 

(Figure 3.2). Table 3.2 shows the dimensions and the ratios of the physical model and 

its prototype. The slight difference between the ratios of length and width in Table 3.2 

is due to the convenience of the model construction. The percentage error between 

these two ratios is within 1%.

Table 3.2; Dimensions and ratios between the physical model and the prototype.

Dimension, in mm Ratio

Model Prototype Model Prototype

Length 690 . 8540 1 12.3768

Width 260 3190 1 12.2692

Height 265 4100 1 15.4717
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P R E C A ST CONCRETE TANK 114 CUBIC M ETRES

Standard Construction
C o n c r e te :  3 5  M PA  at 2 8  D a y s , 5  to  6%  A ir E n lra ln m en t.

R e in fo rc in g ;  20M  B a rs  a t  2 0 0  rnm  c e n tr e s  e a c h  w ay  in m o l, w a lls  a n d  door. 
E igh t ex tra  IS M  b a r s  a ro u n d  e a c h  a c c e s s  o p en in g .

W e ig h t:  1 9 6 ,0 0 0  Lbs. (9 8 ,0 0 0  Lbs. P e r  Half S ec tio n )

A c tu a l C a p a c i ty :  2 7 ,8 3 2  Litres p e r  V ertica l M etre .
114  C ub ic  M e tre s  to  u n d e rs id e  of roof s lab .

•xl

è

Tank

Tank •Note 2

Note I ■!-------‘

500

500

3200-

Nolo 2

9000

Notes:
1. S ta n d a rd  A c c e s s  o p e n in g  Is  6 8 5  m m  D iam ete r.
2 . F o u r  H eavy  Lift h o o k s  a r e  p ro v id e d  in th e  R oof a n d  F loor.
3 . C lo s e  to le ra n c e  o f T o n g u e  a n d  G ro o v e  J o in t a n d  a  F ib ro u s  M astic  S e a la n t e n s u re  a 

so lid  s tru c tu ra l a n d  w a te r  tigh t s e a l .  It Is r e c o m m e n d e d  th a t th is  jo in t b e  g ro u te d  bo th  
In sid e  a n d  o u ts id e  a p p ro x im a te ly  2 4  h o u rs  a fte r  Ihe ta n k  h a s  treen  a s s e m b le d . G rout 
will b e  s u p p lie d  u p o n  r e q u e s t .

4. 3 2  m m  G a lv a n ized  S te e l  B ra c k e ts  a n d  T u rn b u c k le s  in 4  P la c e s  to  p re v e n t s e p a ra tio n  
of s e a l .  (O ptiona l)

5. 1 SO m m  d ia m e te r  G a lv a n iz e d  S te e l  P ip e  C ro s s  B e a m s . (A lso av a llab la  In S ta in le s s

6. P r e c a s t  C o n c re te  AC 4 0 0  A c c e s s  E x te n s io n  with A nti-F rost H e a v e  S y s te m  a n d  itegrally  
o a s t A lum inum  F ra m e  a rid  Drip P roo f C o v e r . (O ptional)

•  T h is  ta n k  Is a v a ila b le  w ith  A lum inum  L a d d e r  R u n g s  to  th e  do o r in s ix  different loca tio n s  
C o n su lt w ith th e  fac to ry  a s  to how  th is  will e ffec t lh a  s iz e  a n d  location  o f  th e  a c c e s s  
op en in g .

•  T h is  p ro d u c t c a n  b e  s u p p lie d  w ith a n  In te rn a l P o ly e th y len e  o r  P .V .C . Lining c a s t  a s  p a r t 
of th e  ta n k  a t  th e  fac to ry .

• T h e  Unit s h o w n  is  a  T y p ic a l C o n llg u ra tio n . P le a s e  call th e  fac to ry  to  d is c u s s  you r 
re q u ire m e n ts  fo r F lex ib le  W a te r  T igh t PIpeA/Vall C o n n e c to rs , F ro st R e s is ta n t W a te r  
T igh t G ra d e  E x te n s io n s , G a lv a n iz e d  S te e l o r  A lum inum  H inged  C o v ers , F lan g e d  Roof 
V en ts  a n d  m a n y  o th e r  C u s to m  A p p u r te n a n c e s  th a t c a n  b e  su p p lie d .

1200

250

Tank.
2050

750
4600

750

2050

2 3 0 » -
3650

n

R e c o m m e n d e d  B u r ia l  D e p th  - 1 . 5  M e tre s  o v e r  th e  T o p  S la b  In F irm  soli a w a y  Irom  
a n y  a r e a  of v e h ic u la r  tra d e .

F o r r e c o m m e n d e d  In sla lla tlon  p ro c e d u re s  refer to  W ilkinson 
In s ta lla tio n  G u id e lin e s  a n d  Lifting & A ssem b ly  Instructions.

Figure 3.2: Precast concrete tank drawing for the dimensions design o f  the oil trap system.
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3.4 Experimental Procedures

The objective of the physical model study is to examine whether the oil trap system can 

trap the transformer oil spills during a rain storm. The physical model of the oil trap 

system is shown in Figure 3.4. Two smaller tanks, the inlet tank and the outlet tank, are 

installed before and after the oil trap system in order to create a steady flow entering 

into the system. In order to achieve this objective, two sets of experiments were 

conducted. The first set of the experiments is to determine the relationship between the 

volumes of transformer oil in the system and their failure situTiions. The failure 

situation is defined as the flow rate that causes the formation of waves at the interface of 

transformer oil and water (Figure 3.3). Since before the transformer oil escapes from 

the oil trap system, waves should be formed between the interface of oil and water 

(Moir and Lau. 1975). The purpose of this set of experiments is to determine at what 

flow rate will transformer oil escape from the system.

The procedures for the first set of the experiment are discussed below. First, the pump 

used in the experiment must be calibrated before adding the transformer oil into the 

system. Appendix A shows the determination of the flow rate at each dial of the switch 

of the pump (Figure 3.5). The pump is located in the outlet tank (Figure 3.4). Once the 

outlet tank is filled up with water, flow rate of a typical dial at the pump’s switch can be 

measured by dividing the volume of water entering into the inlet tank from the outlet 

tank through the plastic pipe over time.
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A

Figure 3.5: Switch of the pump used in the oil trap system experiment.
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After the calibration of the pump, the oil trap system is filled in with water (Figure 3.6). 

Then, transformer oil is added into the oil trap system slowly in order to avoid any 

escape of oil through the vertical pipes (Figure 3.7). Once the excessive water in the oil 

trap system has escaped through the vertical outlet pipe (Figure 3.7), pump will be 

turned on and switch of the pump will be adjusted until the system reaches two different 

situations; (1) the water level in the inlet tank is stable and (2) the maximum flow 

entering into the system. The first situation is the equilibrium state of the system. After 

observations are taken, more transformer oil will be added into the oil trap system and 

the above steps (Figure 3.7) are repeated until the amount of transformer oil in the 

system reaches its maximum capacity (Figure 3.8).
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The second set of the experiment is to examine the oil-water separation process within 

tlie oil trap system. During a major oil spill, a sudden surge of transformer oil enters 

into the system. This is different from the inflow characteristics o f a typical oil-water 

separator described in API design manual. Therefore, it is important to observe the 

oil-water separation process in the oil trap system by conducting a series of 

experiments. Four experiments are designed to examine the oil-water separation 

process: (1) small amount of transformer oil entering into the system without turn on the 

pump, (2) large amount of transformer oil entering into the system without turn on tlie 

pump, (3) small amount of transformer oil entering into the system with pump turns on 

and (4) large amount of transformer oil entering into the system with pump turns on.

It is important to recognize that the physical model was designed specifically for the 

first set o f experiments where the main focus is on the instability of the interface 

between oil and water. Thus, the second set of experiments only provide some insight 

to the oil/water separation.

Preliminary setup (Figure 3.6) must be done before adding different amounts of 

transformer oil in the inlet tank. Transformer oil in the second set of the experiment is 

added into the inlet tank instead of the oil trap system because observation o f oil-water 

separation process will be taken around the vertical inlet pipe area of the system. The 

first two experiments, without the operation of the pump, demonstrate the spilled 

transformer oil entering into the oil trap system without rain storms. The last two
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experiments show the transformer oil spills entering into the system during rain storms 

period.

3.5 Observation and Evaluation of the Trapping Oil Experiments

In the first set o f experiments, no waves were formed at the interface of oil and water 

for the two situations even when the oil trap system reached its maximum trapping 

capacity (Figures 3.9 and 3.10). This indicates that the system will not fail even though 

the maximum flow rate has reached. The attached CD contains video clips of the 

experiment for the extrerrie case, the maximum trapping capacity and the maximum 

flow situation. The total volume of transformer oil for the maximum trapping capacity 

of the physical model is 36 L (Figures 3.9 and 3.10). This is equivalent to 84,580 L in 

the prototype since

~ 84580 L [23]

where the last three numbers are the dimension ratios between the model and the 

prototype (Table 3.2).
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T = 0 sec

Vmodei — 36  litrss

'SI

5ÎJg;5SS®w**’'''

Figure 3.9: E xperim ent for the m axim um  flow  situation and m axim um  trapping  
capacity at time = 0 seconds.

42 sec

F igure 3.10: Experim ent for the m axim um  flow  situation and m axim um  trapping 
capacity at time = 42 seconds.
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The total volume of transformer oil in Hydro One’s transformer station near the city of 

Burlington is 256000 L. Therefore, three oil trap systems will be needed to capture all 

the transformer oil. However, this extreme case rarely happens. There are six 

individual transformers (six concrete pads in Figure 1.3) at Hydro One’s transformer 

station near the city of Burlington and is unusual to have all the transformers exploded 

at the same time.

The following calculation shows the conversion of the maximum flow rate entering into 

the physical model (Appendix F) to the flow rate in the prototype using the Froude 

number (Equation [19]) and the length dimensions between the model and the prototype 

(Table 3.2).

y L & A \ ^  A s t-2̂ 1
( 2model I •'pyaOfpe  ̂ •*

n  !  (d'prctotype) (Q m o d e l)
k^pretoiype- /  jj

/ (8540 m m / (O.17983 L /secf
J  (690 m m f

= 96.9135 L/sec 

where g  and A are the same for both model and prototype.

The calculation in Equation [25] is exactly the same as in Equation [24] except width 

dimensions (Table 3.2) is used.
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y L  & A « — z'-L—Æ-Ùl.]
( ‘'ttoae l ( 'proiaype

e j  (Lyrctditpe) (Q m odel) 
praHXype -  f  jj

a/ (i'KodelJ

j  (3190 mmf~(Ô.Î 7983 L/sec/ '
J  (260 mm/

=  94.8 h Usee

The flow rate of prototype in Equation [24] is used since it is the worst scenario. This 

flow rate is compared to the runoff rate o f a 100-year design storm in the city of 

Burlington. The calculation of the flow rate for a 100-year design storm using the 

rational method is shown below. First, the total area of Hydro One’s transformer station 

near the city o f Burlington (Figure 1.3) is determined as;

A =  (base area o f  concrete pad) (number o f  concrete pad at 
transformer station)

^  [0 .5*(2 .2  + 2.28 + 4 .4 5)*3 .4]*6

= 91.086 ' [26]

Since transformer station was built above a concrete pad in order to avoid the grounding 

effect, the "paved area (sheet flow) and small upland gullies" line in Figure 3.11 was 

selected. Assuming the slope o f the transformer station (the y-axis in Figure 3.11), is 

2%, the velocity using the Upland Method, V̂ pUmà is 2.8 ft/sec (red circle in Figure 

3.11). Secondly, the hydraulic flow length, Ljiow, o f the transformer station is calculated 

below (pink dotted 3 me in Figure 1,3).
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Ljiow =  h o r izo n ta l tra v e lin g  d is ta n ce  +  ve r tic a l tra v e lin g  d is ta n ce
+ traveling distance at the transformer station [27]

= (14.33 + 20.42) +(11+3.24)+ [(2.2 + 2.28)^ +1.7^
= 53.782 m or 176.45f t

The time o f concentration, tc , can be determined using the Upland Method (Mays, 

2001).

Ic ~ Lflowl (3600 * Vupland) P8]
= 176.45/(3600 * 2.8)
= 0.01750 hr or 1.050 min

The rainfall intensity can be calculated from ijoo in Figure 3.12 where

,/oa = 7 J f [29]
= 1114.20/(1.011+ 5)^-^'^‘
= 284.57 mm/hr or 7.904722 X 10~  ̂m/sec

where U is equivalent to tc.

By applying the Rational Method (Lewis and Viessman, 1996),

Q = C iA  [30]
= (1.0)(7.904722X lO r ^ m / s e c ) ( 9 1 . 0 8 6 )
= 7.2 X lOr^ m^/sec or 7.2Usee

where C is the runoff coefficient in dimensionless form, i is equivalent to ijoo 

(Equation [29]). A is the total area o f the transformer station (Equation [26]).
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e  10

0 .2  0 . 3  0 .4  0 .5  0 . 7  0 . 9  1 .0  2  3
V e l o c i t y  i n  f e e l  p e r  s e c o n d

Figure 3.11: Velocities for velocity upland method of estimating tc(U.S. Department of 
Agriculture Soil Conservation Service, 1986).
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Figure 3.12: IDF curve for the city of Burlington.
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The maximum prototype flow (Equation [25]) are much larger than the flow rate for a 

100-year design storm (Equation [30]). Since there is no interfacial waves observed in 

the experiment, the oil trap system should trap the spilled transformer oil successfully 

for a typical 100-year design storm. However, there are two uncertainties in this 

experiment. First, the oil layer was pushed up by the water flow rate entering into the 

system during the experiments of the maximum flow situation (Figure 3.10). This is 

caused by; (1) the hydraulic grade line difference between the inlet tank and the oil trap 

system and (2) the design of the physical model as an open system, with opening on the 

top surface of the oil trap system, instead of a pressurized system. The chance of 

forming waves at the interface may be increased if a fixed upper boundary is set up for 

the oil layer and the oil layer moves upward. Secondly, this experiment has not applied 

the whole theory of dimensionless analysis. As mentioned in Section 3.2, the i7-terms 

in this experiment have not be verified yet. Other 77-terms may also dominate this 

experiment.
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3.6 Observation and Evalution of Oil-Water Separation 
Experiments

The following discussion^ are based on the four experiments of the oil-water separation. 

The video clips of the four experiments can be found in the attached CD.

• First experiment

When small amount {500 m l) of transformer oil entered into the system slowly without 

pump operation (Figure 3.13), small oil globules were formed and rose up along the 

vertical inlet pipe region due to the density difference between oil and water. The 

diameters of the oil globules are around 5 to 5 mm by visual observation and the density 

of the transformer oil equals to 0.86 kg/L (Section 4.3). Oil globules traveled upward 

around the vertical inlet pipe region because there was no water flow which might force 

the oil globules to travel horizontally along the oil trap system. Thus, transformer oil 

did not escape from the system in this experiment.
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• Second experiment

When large amount {15 L) of transformer oil entered into the system rapidly without 

pump operation (Figures 3.14 and 3.15), the experimental results are exactly the same 

as the first experiment except the oil globules were much larger in size. Most of the oil 

globules were in irregular elliptical shape and traveled closely along the surface of the 

vertical inlet pipe. The average maximum diameters of these irregular elliptical shapes 

are around 15 mm. The formation of large oil globules in this experiment is due to large 

amount of transformer oil entering into the oil trap system through the vertical inlet pipe 

and the coalescence of small oil globules. Since the oil globules are larger in size in this 

experiment, they rose faster and traveled closer to the vertical inlet pipe. Therefore, the 

transformer oil in this experiment did not escape from the system.
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Figure 3.14; Large amount of transformer oil entered into the system without pump 
operation.

Figure 3.15: A closeup for the large amount of transformer oil entered into the system 
without pump operation.
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•  T h i r d  e x p e r i m e n t

When small amount {500 mL) of transformer oil entered into the system slowly with 

pump operation (Figures 3.16 and 3.17), oil globules were much smaller in size 

compared to those in the first two experiments. Most of the oil globules were around 1 

mm in diameter by visual observation. The oil globules spread out to about one-third of 

the oil trap system length before they rose up. Thus, the transformer oil still did not 

escape from the system.

• Fourth experiment

When large amount {15 L) of transformer oil entered into the system rapidly with pump 

operation, the shapes of the oil globules were similar to the second experiment. Their 

sizes were around 10 mm and were smaller than those in the second experiment. The 

oil globules traveled along the outside of the inlet pipe instead of the surface of the inlet 

pipe in the second experimental results. This observation may be caused by the water 

inflow to the oil trap system which forced the oil globules to move further away from 

the inlet pipe. Since the oil globules were larger sizes in this experiment, they could not 

travel as far as the oil globules in the third experiment. Thus, the transformer oil still 

did not escape from the system.
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Figure 3.16 ; Small amount of transformer oil entered into the system with pump 
operation.

Figure 3.17: A closeup for the small amount of transformer oil entered into the system 
with pump operation.
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Figure 3.18 : Large amount of transformer oil Entered into the system with pump 
operation.

Figure 3.19; Close shot for the large amount of transformer oil entered into the system 
with pump operation.
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C hap ter 4 NUMERICAL EXPERIMENTS ON THE OIL 
BACK-UP SYSTEM

An oil back-up system could be installed underneath each concrete pad of Hydro One’s 

transformer station in Burlington (Figure 1.3). The first section of this chapter reviews 

the mass balance concept of oil and water used in the development of a mathematical 

model using the MATLAB 6.1 program. The subsequent sections present the 

development of the mathematical model, the determination of the input information, the 

MATLAB programs and the numerical analysis and results. Hie purpose of the 

mathematical model is to determine the heights of the oil and water layers over certain 

period of time (Figures 4.2 and 4.3). The parameters and variables involved in the oil 

back-up system model are shown in Tables 4.1 and 4.2. Figures 4.1 and 4.3 

demonstrate the definition of the parameters and variables.

4.1 The Mass Balance Concepts of Transformer Oil and Water for 
the Oil Back-up System

The mass balance concept is applied in two parts, the catchbasin and the oil back-up 

system, for analyzing the hydraulic conditions during a transformer oil spill.
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Table 4.1 : Parameters involved in the oil back-up system.

Parameters
Corresponding 

Parameters Used 
in MATLAB

Definition o f  Parameters

■^hpl areajhpl cross-sectional area of horizontal pipe hpl 
between the catchbasin and the oil 
back-up system in m^

I^h p l diameter_hpl diameter of horizontal pipe hpl between 
the catchbasin and the oil back-up system 
in metre

A hp2 area_hp2 cross-sectional area of horizontal pipe hp2 
inside the oil back-up system in m^

D hp2 diameter_hp2 diameter o f horizontal pipe hp2 inside the 
oil back-up system in metre

Lhp2 length_hp2 length of horizontal pipe hp2 inside the oil 
back-up system in metre

■^int area_intemaljpipe cross-sectional area of internal pipe 
column in rr?

D in t diameter_intemal_pipe diameter o f internal pipe column in metre

■'^exl area_extemal_pipe cross-sectional area o f external pipe 
column in

D ext diameter_extemal_pipe diameter o f external pipe column in metre

■^catchbasin areacatchbasin base area of the catchbasin in rt^

■^system areasystem base area of the oil back-up system in

hcolumn hcolum n height between datum and the bottom of 
the oil back-up system in metre

h h height between the bottom of horizontal 
pipe inside the oil back-up system and the 
bottom of the oil back-up system in metre
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Table 4.1: Parameters involved in the oil back-up system (cont).

Parameters
Corresponding 

Parameters Used 
in MATLAB

Definition o f  Parameters

g gravity gravitational acceleration, 9.806 m/sec^

c c roughness coefficient o f the construction 
material used for the oil back-up system,
(̂ concrete 0.6

A/ delta_time time step used for determination o f the 
variables in the mathematical model in 
seconds

Poi7 densityoil density of transformer oil in kg/m^

Pwo/er density_water density of water in kg/m^

Qin inflow inflow rate o f transformer oil to the oil 
back-up system from the concrete pad of 
the transformer station in m^/sec

ApaJ area_concrete_pad area o f concrete area in
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Table 4.2; Variables Involved in the oil back-up system.*

Variables Definition o f  Variables

H lfnJ  height between the datum and the surface of fluid at the 
catchbasin at the beginning of a time step

Hl[n+1]  height between the datum and the surface of fluid at the 
catchbasin at the end of a time step

H2[n] height o f the oil layer in the oil back-up system at the beginning 
of a time step

H2[n+1]  height o f the oil layer in the oil back-up system at the end of a 
time step

H3[n] height o f water layer between the datum and the interface of oil 
and water in the oil back-up system at the beginning of a time 
step

H3[n+1]  height of water layer between the datum and the interface of oil 
and water in the oil back-up system at the end of a time step

H4[n] height of water in the internal pipe column at the beginning of a 
time step

H4[n+1]  height o f water in the internal pipe column at the end of a time 
step

* The units o f all the variables in Tables 4.2 are in metres.
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concrete pad at transformer station

■grate

pipe hp2
pipe hpl

catchbasin

internal pipe column

external pipe column

rainwater

datum

Figure 4.1; Definition of parameters in the oil back-up system.
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H4 =  ?

H3 = ?

EIZ3 oil
rainwater

datum

Figure 4.2: Case 1 ( hcoiumn < H3[n])  of the oil back-up system.
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' -^hp2
-^system

pink dotted Jme

‘̂ ccroîtiri

oil
rainwater 

datum

Figure 4.3; Case 2 (  hcoiumn > H3[n] )  of the Oil Back-up System.
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The initial condition of the oil back-up system is shown in Figure 4.1, where the system 

contains only rainwater. Also, horizontal pipes hpl and hp2 are at the same elevation. 

Generally, the spilled transformer oil will first enter into the catchbasin from the 

concrete pad (variable Qin in Figure 4.1). Then, it will enter the oil back-up system 

through the horizontal pipe hpl. The purpose of the oil back-up system is to prevent the 

spilled transformer oil from reaching the datum (Figures 4.2 and 4.3). The datum is 

defined as the horizontal elevation at the bottom of the internal pipe column. Once the 

transformer oil reaches the datum, the oil back-up system will fail and the spilled 

transformer oil will enter into the local sewer system. Therefore, it is important to find 

out the changes of heights of oil and water layers at different time intervals in order to 

determine whether the design dimensions of the oil back-up system (Figure 4.4) can 

prevent the failure of the system.

The general conservation of mass flow balance equation is shown below.

^Qi„ *^t==^Qou,*àt + ^ S
AS = [  â̂ Qin —^QoutJ [31]

where AQi„ is the average inflow entering into the system at one time step in m^/s\ 

SQoui is the average outflow exiting from the system at one time step in m ^/s; AS is the 

changes of storage in the system at one time step in m^; and At is the time step in sec.

The general mass balance equation (Equation [31]) discussed above is applied to: (1) 

the transformer oil at catchbasin, (2) the transformer oil at the oil back-up system and 

(3) the water at the oil back-up system.
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oil back-up system = 1 3  m X 1.3 rn I concrete pad == lb. 181 rn^

~  100 mm

to local sewer

1.35 m

:atchbasin = 0.61 m X 0,61 rn

iUU mm

'UU mm

iffl rainwater

datum

Figure 4.4; Design dimensions of the oil back-up system.
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4.1.1 Mass Balance of Transformer Oil at the Catchbasin

For the mass balance of transformer oil at catchbasin, the change of storage of 

transformer oil, A S  , at catchbasin is;

A S  = Acatchbasin ( HI[n+1] -  HI[n])  [32]

where Acatchbasin IS the base area of the catchbasin in m' (Table 4.1); Hl[n+1]  is height 

between the datum and the surface of fluid at the catchbasin at the end of a time step in 

metres (Table 4.2); and Hl[n] is the height between the datum and the surface of fluid 

at the catchbasin at the beginning of a time step in metres (Table 4.2).

The average inflow of transformer oil enters into the catchbasin from the concrete pad 

of the transformer station is calculated as;

Agm = [33]

where [n] is the inflow rate entering into the catchbasin at the beginning of a time 

step in m^/sec. Qm[n+l]\s, the inflow rate entering into ‘he catchbasin at the end of a 

time step in m^/sec.

The outflow rate is determined using the orifice equation.

Q = c A j 2 p g H '  [34]
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where Q is the flow coming out from the pipe in m^/sec; c is the orifice coefficient of 

the pipe in dimensionless form; A is the cross-sectional area of the pipe in trî ; p is the 

density of fluid in kg/m^; g is the gravitational acceleration, which is 9.8] m/sec^; and 

H  is the head or the oil surface elevation above the centre of the pipe in metres.

Thus, the average outflow rate of transformer oil from the catchbasin to the oil back-up 

system through the horizontal pipe hpl is:

AQout = ~y (  + Qout M )

= - ^  f c  A ^ j J 2 Pail g  (H l[n+ I] - H2[n+1] — H3[n-^I] ) ' 

+ c J 2  Pall g  (H lfn J -H 2 [n ]  -  H3[n]) '}

= - —  ^  { jH l[ n + l] -H 2 [ n + I]  -  H3[n+IJ '

+ jH I[n ] -H 2 [n ]  -  H2[n] '}

where Qout[n+I] is the outflow rate exiting the catchbasin at the end of a time step in 

m^/s; and Qoui [n] is the outflow rate exiting the catchbasin at the beginning of a time 

step in m^/s. Both Qoui [n+1] and Qout [n] are derived from Equation [34]. 

The terms, (H l[n ]-H 2 [n ]-H 3 [n ])  and (H I[n+ I]-H 2[n+ lJ -  H3[n+1]), represent 

the transformer oil surface elevations in the catchbasin at the beginning and the end of a 

time step in metres respectively.
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Therefore, the conservation of mass flow balance equation for the transformer oil at the 

catchbasin is defined as;

A S  = [AQin—AQi^uiJ^t: [36]
■Aatehbasin (H l[n+ 1]—H l[n])  = A t ( Qm[f^+Ü

-  c_A ^ j j 2  ( jH I[n + l] -H 2 [ n + lJ  -  H3[n+IJ '

+ J m [ n ] -H 2 [ n ]  -  H3[n] ') j

4.1.2 Mass Balance of Transformer Oil at Oil Back-up System

The average outflow rate, Ù̂Qout , in this scenario is equal to zero since transformer oil 

should not escape from the oil back-up system. The average inflow rate, Agm , equals 

to the average outflow rate of transformer oil from the catchbasin (Equation [35]) 

because the catchbasin and the oil back-up system are connected by the horizontal pipe 

hpl. There are two cases for calculating the change of storage at the oil back-up 

system: hcoiumn < H3[n] and hcoiumn > H3[n]. Figures 4.2 and 4.3 illustrate the details of 

these two cases. The change of the storage for the Case 1, _ is given by:

/S.S(i) = (Asystem~- '̂mt)( 132[n+1] — H2[n] )  [37]

where Â srnm is the base area of the oil back-up system in m^; A,„t is the cross-sectional 

area o f internal pipe column in tn ; H2[n+1 ]  is the height of the oil layer in the oil back­

up system at the end of a time step in metres', H2[n] is the height of the oil layer in the 

oil back-up system at the beginning of a time step in metres (Tables 4.1 and 4.2).
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The change of storage in Case 2, A .S ( 2 j, is given by:

A S (2 ) =  { (  ( A s y s i e m - A i „ i ) ( H 2 [ n  +  l]  + H 3 [ n + ] J - h c o i u m n )

— ( A h p 2 ) ( L  h p l )  )  +  ( A e x t — A i m ) (  h c o i u m n — H 3 [n + lJ  )  }

- { ( (Asys,em -Ai„,)(H 2[n]  +  H 3[n] -  hcoiumn)

— ( A h p 2 ) ( L  h p l )  )  +  ( A e x t — A i m )  ( h c o i u m n  — H 3[n] )  }  [38]

where hcoiumn is the height between datum and the bottom of the oil back-up system in 

metres; A h p i  is the cross-sectional area of horizontal pipe hp2 inside the oil back-up 

system in m^; L h p i  is the length of horizontal pipe hp2 inside the oil back-up system in 

metres; Aex, is the cross-sectional area of external pipe column in ; H 3[n]  is the 

height of water layer between the datum and the interface of oil and water in the oil 

back-up system at the beginning of a time step in metres; and H 3[n+ 1]  is the height of 

water layer between the datum and the interface of oil and water in the oil back-up 

system at the end of a time step in metres (Tables 4.1 and 4.2).

The conservation of mass flow balance equations for the transformer oil at the oil 

back-up system for the two cases are given by

AS(j )  -  [ AQi„—AQout]At [39]
AS(j)  = (AQi„)At
( A i y „ e m - A i m ) ( H 2 [ n + l ] - H 2 [ n ] )  =

A t  — - ( J H l[ n + l] —H2[n+l]  — H3[n+1]  ' 

+ jH l[ n ] -H 2 [ n ]  -  H3[n] ')
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AS(2) = [  AQin—̂ Q outJ^ t  [40]

{  ( (A ^ ,u „ -A i„ ) (H 2 [n + l]  + H 3[n+IJ
( A f^ 2 ) (L  f ^j )  }  (A g x t~ A irt)( hcô iff̂  — H 3 [ n + I ] )  j

— { ( ( A ^ttm -A n t) ( H2[n] + H3[n] — KoSumn)
— (2lfp2)(^ kt )̂ ) + (Axt—Ant)( hoolunn— H3[n]) } -

A t  — '^2 ^  "  flyH l[n + l]—H 2[n+l]  — H 3[n+ iJ ' 

+ jH l[ n ] -H 2 [ n ]  -  H3[n] ')

4.1.3 Mass Balance of Water at Oil Back-up System

The mathematical model discussed in this chapter is designed for transformer oil spills 

without the occurrence of rain storms, where Q-,n is defined as the inflow rate of 

transformer oil to the oil back-up system (Table 4.1). Therefore, the average inflow 

rate, Ag,>,, for the mass balance of water at the oil back-up system is equal to zero.

The average outflow rate of water exiting the oil back-up system is measured at 

horizontal pipe hp2 (pink dotted line in Figure 4.3). Orifice equation (Equation [34]) is 

used to determine the average outflow rate such that

AQout = - j (  Qout +Qout [y^])

2 ( ^ A^tpiQ2 Pŷ attr ̂  ^J — ̂ cdurm ^ )

+ C Afip2^  ̂pwater § ~ ̂ oiutm — ̂ )' j

+JH 4 [n ]-h cd u tm -h  }
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There are two different equations for the change of storage in this scenario. The first 

equation (Equation [42]) can be applied for Case 1 in Section 4.1.2.

A S f j j  =  { ( A ^ s t e m ) ( H 3 [ n + ] J  -  h c o i u m n )  +  ( A i „ , ) ( H 4 [ n + 1 ]

-  H 3 [ n + 1 ] )  + ( A e x t ) (  hcoium n) + ( A h p 2 )  ( L h p i )  }

— {  ( A s y s i e m ) ( H 3 [ n ]  — hcoium n) + ( A i n i ) ( H 4 [ n ]

-H 3[n]) + ( A e x t ) (  h c o i u m n )  +  ( A h p 2 ) ( L h p 2 )  } [42]

The second equation is used for Case 2 in Section 4.1.2 given by:

+ ( A h p 2 ) ( L h p 2 ) }  - { ( A ex t ) ( H 3 [ n ] )  +  ( A i „ , ) ( H 4 [ n ]

[43]

Therefore, the mass balance of water at the oil back-up system is determined as:

ASfi)  = [  Ag,« -A Q ouiJA t [44]
~ {—AQoui)At 

{ (A ^,um )(^S[n+ lJ  -  hcoiun )̂ + (Ai„)(H 4[n+I] 
-  H 2[n+IJ) + (A^^,){hc^^^) +{Ahp2)(Lhp2) } 
~ { ( A y  atm )(H 3[n] -  hcolum) + (Ai„t ) (H  4[n]
— H3[n])  +  (A x t) (hcoiumn) +  (A>p2)(L}^2) }  =

- A f  ■ P w a to rg '

+ JH 4 [n ] -  hcdurm -  h  ' }
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^S(2) = [AQ i„—AQ t,m ]At [45]
AS(2) = {—AQouijAt

(  + (A n t)(^ ^ [ f^ + Ü - ^ 3 [ n + I ] )  + (Ahp3)(Lhp2) }
— { (-Aaxt)(H3[nJ) + (A i^X H 4[n] - H3[n]) + (Ahp2)(Lhpi)} -

- A (  & ( j H 4 [ n + l ] - h ^ - h '

a/ ̂  X o l u r m  ~  ̂  ' J

4.2 Development of the Mathematical Model

The purpose of the matherriatical model discussed below is to determine the heights of 

oil and water layers, (  Hl[n+1] , H2[n+1] , H3[n+1] , H4[n+1] ), at different time 

intervals. Since there are four unknowns in the mathematical model and only three sets 

of mass balance equations were developed in the previous section, one more equation is 

needed in order to solve all the unknowns. The last equation involved in the model is 

the hydrostatic pressure at the interface of transformer oil and water.

(  p o i i ) (  H2[n+1] ) = ( p , ,a ie r ) (  H4[n+1]-H3[n+1] )  [46]

(  P o i i ) (  H2[n] ) = ( p ,,a ie r ) (  H4[n] -  H3[n]) [47]

The Newton-Raphson method will be used to solve the four algebraic equations 

simultaneously. Since most of the unknowns in the mass balance equations are in 

rational exponent forms, substitution method must be applied to simplify the unknowns 

before solving the system of algebraic equations. By assuming
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X I = J H I  - H 2 - H 3 '  [48]
X2 = H2
X 3 = H 3 ____________
X 4  = V  ̂ 4  — — h '

HI  and H4  can be rewritten as

H 1 ^ X 1 ^ + X 2 + X 3  [49]

+ + A [50]

The mass balance equation for the transformer oil at the catchbasin (Equation [36]) can 

be modified as;

A S  = [AQi„ — AQc,m ] A t  [51]

Acajfkbasi»( Xl^[n+1 ]  +X2[n+1] + X 3[n+ I] —Xl^[n]

- Z 2 W  -  J G w ; = A r ^  w ;

The calculation for the average inflow rate of transformer oil, (AQtrJoU , to the 

catchbasin is demonstrated in Section 4.3 where

(àQi„)oii = 1/2 ( Qin[n+1] + Qin[n]) [52]
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Further expanding of Equation [51] gives,

+ (A:tachbcain)(X2[n+1]) + (Aca£hbasin)ÇC2[n+î]) 

~  (-Aaschbasin) ( ~  fÆaiMasin) ( 2C2[ïl]) — (Acatchbasin) (X 3 [n ] )

+ (X l[n ] )  = 0

+ (Acatchbmin) (X2[n+lJ) + (Acatchbasin) (X2[n+1]) -  (Acatchbasin) (X I ̂ fnj)

+ (XI[n])  -(A .M ^ J (X 2 [n ] )-(A ,^ ,« ^ „ „ )(X 3 [n J )

— A t  (AQir)ail =  0

The mass balance of transformer oil at the oil back-up system for Case 1 (Equation 

[39]) can be modified to;

-  [  ̂ Q in—̂ Qoitt ]
(AQinjAf

(Atystim—2 ^in t)(X 2 [n + IJ)  -  (Ay,ctem ~Ai^g) (X 2 [n ])

+  m / M j ;  + = o  [54]
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For Case 2, the mass balance of transformer oil at the oil back-up system (Equation 40) 

can be rewritten as;

= [^Q in — ̂ Q outjA t 

A5(3; “  (AginjAf

(Aÿiitgm —A ira )(X 2 [n + l] )  -t- (Ay,i:em —A i^ ) { '^ ’'3[n+ IJ)

±-(X pir^S7i^7 (At,iT-Ant)(X3[n+i])
— (Aiyitm—Aint)(X2[n]) - (Afyiiem-Aim)(

—_X‘̂ ^xr){^^hrm) ’̂ /Aintyfl'koli^nn) F  A rs)(X 3[nJ)

(Ay,s,em—A ir t) (X 2 [ n + iJ )  + (A ^sum )(X 3[n+ 1])

— fAgxtJi X3[n+I]) +j)Ai»-)fX3ffT=f7jJ— (Asy,tem—Aint)(X2 [n])

(X i[n + l])

^ £^ sA X ^ M L (xn „]) 

cA^,AtJ2p^g_ (xi[n+i]) (̂A ,̂^^^A )̂(x2[n+I])

+ (A « -A ,,^„ )(X 3 [n + l])  + (XI[n])

'^(Asyitem Aim)(X2[n]) +(A^}/ffi A^xt)(X3[ïlT)  = Q [55]
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By substituting Equations [49] and [50] into Equation [44], the modification of Case 1 

for the mass balance of water at the oil back-up system scenario becomes;

^^(J) -  [  —AQouiJAt
AS'jï; = {—AQoui)At

-  H3[n +1]) + CÂ xtJ (  hcĉ ujm) + (Aip2) (  ffpz )  }
- ( ( A yitim )(H S[n]- hcdnrm) + (AtH)(H4[n] 
-H 3 [n ]) +(At^,)(hcolijmn) +(-^p2){L}^2)  } =

- A t  ( j H 4 [ n + l ] - h ^ - h '

+ jH 4 [n ]  -  heolurm ~ h  ' j

' ’̂X A rs 'X W  ~  (A ra )(X 3 [n + l])  +  (A,^i)(}%oiu7m)
~~ (Aystém)(^^[^]) + (A^ttanT){A^nrm)

~  ( A r s ) ( ^ ‘̂ ^ M )  ~ 2 A » S -)W +  (A r t)(X 3 [n ])

-  (Ar.t)(Aoltjmn) T-CAipîX('£lp2)  = ----- "̂̂—^ ^ (X 4 [n + I])
_  ^ Atp2 A t J 2  Pwater g  (X4[n])

+ (X4[nH]) + (A>, -  A,..„XX3[n])

-  (A,)(X4^[nJ) + (X4[nj) = o [56]

Page 87

R eproduced  with perm ission of the  copyright ow ner. Further reproduction prohibited without perm ission.



H y d r a u l ic  A n a l y s is  o f  O il  S p il l  C o n t r o l  S y s t e m s  in  T r a n s f o r m e r  S t a t io n s

For Case 2 ,  the mass balance of water at the oil back-up system scenario (Equation 

[45]) can be modified using the similar procedure in Equation [56] such that:

A S  (2) = [  AQin - A Q o u iJ A t  

AS(2) = (—A Q o a )^i

{ M&xfX H 3[n+ i]) + (Ai„,)(H4[n+l] -  H3[n+1]) + (Afp2) (  Lhp2)  } 
-  (  f X  ̂ 3 [n J )  +  (A i^X  H4[n] -  H3[n]) + (Ahpi) (  f W  )  =

-  A f  (Jm[n+l]-h;- -̂-fP
+ J li4 [n ]-h c d iirm -h  j

(A^:xi)(X3[nHj) + (A ijtX ^^[f^+ Ü ) tJ A iT fX ^ c d ^ )
+--(AifsX^) -  (A m )(X 3 [n + I]) jt4 A ip 2 X 'ih ^
-  (A^t){X3[n]) — (Ai^XX4^ M )  —XAffsX^^urm)

+  (Aint)(X3[nJ) j:XAhpT)f̂ ^Ç2 j  -

(X4[n+lJ) + (Ai^ -  Atxi)(X3[n])

Since one of the hydrostatic pressure equations at the interface of transformer oil and 

water does not contain any unknowns, only Equation [46] will be used for the nonlinear 

system. Equation [46] can be rewTitten as:

( poii)(X 2[n+ l] )  -  (py^aier)(X4^[n+l] +  hcoiumn + h ~ X 3 [ n + l] )

( P o i l ) ( X 2 [ n + l ] )  + ( p y ^ .a te r ) ( X 3 [ n + l] )  -  ( P w a le r ) ( X 4 ^ [ n + l ] )

(P v a te r )( hcoiumn) ~  (P w a le r )(h) 0 [58]
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Equations [53] to [58] are the fundamental nonlinear system of algebraic equations for 

the mathematical model. Since there are four sets of nonlinear equations, the Jacobian 

matrix in Newton-Raphson method will contain sixteen elements. The elements of the 

Jacobian matrix for Case 1 are demonstrated below. These elements are derived from 

Equations [53], [54], [56] and [58].

(<̂ 12)ca 

(<̂ ia}cc

0̂ 33)005»

(O,24)oase

(^3l)oais

(<̂33)cast

(dâ cass

{dstfjaise

(d<fj)case

(di!3)ca!e

{d tf^caa

(d4‘})caie

'^ É § !+ U  “

'àFj Q

_ c ^ % i M j 2 p c i i g '
■ èX l[n+ î] 2

.

. a f :  _ .

. ^F2 _ .

■ ^F3 _

■ _ 
bX2[n+I]

^X3[n+!J  ^
  -

^X3[n+Î ]

â T # ü 7  '  W . + i i )  +

^ F , _
bXl[n+ lJ

— l f > — = n
3%2/M+J 7 

à i - |C t 7 7 =
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The elements of Jacobian matrix for Case 2 are shown below.

(dîOcaiél = ~ V  2 ^ 5 ^ lZ L

(<^22)caie2 ~  ^ X 2 [ n + 1 ]

(Cil3)ca}e3 ~  =  ̂ a c h h a iin

(aj<!)cc>,2 :^X4[n+IJ ^

,  s _ c Afpi A t  J  2 Pm  g '

(o.72)ca»2 -  -^X2[n+1] ~

(a2^caie2 -  ^X3[n+1 ]  ~

= ^X 4 [n + I]  ^  ^

= 0

{a3i)c ,̂,2 = ^ x 2 [n H ]

(c ia ^ca it 2 '^ X 3 [ y i '¥ l  ]  ~  ~

W . . . :  = 5 5 ^ h T  '  P Y ^

/  \ -  _
(a<!2)cc>t2 ^ X 2 [ n + 1 ]

(a^s)case2 ~  '^ X 3 [ n + 1 ]  ~  

fp

Page 90

R eproduced  with perm ission of the  copyright ow ner. Further reproduction prohibited without perm ission.



HYDRAULIC A n a l y s is  o f  O il  S p il l  C o n t r o l  S y s t e m s  in  T r a n s f o r m e r  S t a t io n s

4.3 D eterm ination  of th e  Inpu t D ata

The density of transformer oil, pou, and the inflow rate of oil, Qi„ , are the two input 

data for the mathematical model. The density of transformer oil can be determined by 

conducting an experiment described below. First, the mass of an empty 100 mL 

graduated cylinder is measured on an electrical balance (row 2 of Table 4.3). Then, 

(  J 00 ± 0 .5 ) mL of transformer oil is filled in the graduated cylinder and its weight is 

measured again (row 3 of Table 4.3). Finally, the density of oil is calculated by 

dividing the net weight of transformer oil over its volume (row 4 of Table 4.3;.

Table 4.3; Experimental results for the Density of the Transformer Oil.

Description Trial #1 Trial #2

mass of 100 mL graduated cylinder, in 
grams 67.38 ±0.01 67.51 ±0.01

mass of 100 mL transformer oil in the 
100 mL graduated cylinder, in grams 153.49 ±0.01 153.61 ±0.01

net weight of 100 mL transformer oil, 
in grams 86.11 ±0.02 86.1 ±0.02

density of transformer oil, in kg/L 0.8611 ±0.00451 0.861 ±0.00451

After taking the average of the two trials in Table 4.3, the density of transformer oil 

used, in the mathematical model is 0.86 kg/L.
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The determination of the inflow rate, , is shown in Appendix G. The concrete pad 

and containment wall at the transformer station is acted as a big container with 15.18 rr? 

(Equation [26]) in base area and I m in height. A transformer oil spill must first reach 

the concrete pad before it gets into the catchbasin and the oil back-up system. Any 

spilled transformer oil that cannot go to the concrete pad is assumed to be spilled out to 

the ground. This is only happened on the spill events with enormous amount of 

transformer oil. First, a certain height of spilled transformer oil at the concrete pad at 

t = 0 (row 2 column 3 on Appendix G) is assumed in order to determine the inflow rate. 

Thus, the total volume of transformer oil remains on the concrete pad (row 2 column 4 

on Appendix G) and the inflow rate (row 2 column 5 on Appendix G) at that time 

interval can be determined. The inflow rate is calculated from the orifice equation 

(Equation [34]) by letting the cross-sectional area be the total area of grate (Figure 4.5) 

that transformer oil spills exiting from the concrete pad (horizontal red line and vertical 

Qin arrow above the concrete pad in Figure 4.2). The calculation of tire total area of 

grate is demonstrated below.

■̂ grate = 4 * (area M) + 4 * (area N) + 4 * (area P) + 8 * (area 0)

+ 4 / r̂o.235 + 0 . 2 7 5 X 0 . 0 2 5 X 0 . +  g (0.55X0 0^^;

=  0.11 [61]
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Figure 4.5: Typical Grate Located at the Concrete Pad.

Secondly, the volume of transformer oil goes into the catchbasin within the time step 

(row 3 column 2 on Appendix G) is calculated by multiplying the inflow rate with the 

length of the time step. The new height of spilled transformer oil at the concrete pad 

(row 3 column 3 on Appendix G) is found by dividing the volume of transformer oil 

remains on the concrete pad at the previous time step with the base area of the concrete 

pad. The data in columns 4 and 5 always follow the same calculation procedures that 

were discussed above. Finally, the average inflow rate entering into the catchbasin 

within the first time step (row 3 column 6 on Appendix G) is determined by taking the 

average inflow of the first time interval (column 5 rows 2 and 3 on Appendix G).

Page 93

R eproduced  with perm ission  of th e  copyright ow ner. Further reproduction prohibited without perm ission.



H y d r a u l ic  A n a l y s i s  o f  O il  S p il l  C o n t r o l  S y s t e m s  in  T r a n s f o r m e r  S t a t io n s

The determination of inflow rate is a function of the surface elevation of the transformer 

oil layer at catchbasin. A typical catchbasin's sump is 1.8 m in height. The height 

between the bottom part of the catchbasin and the bottom part of the outlet pipe is 

usually 0.45 m. Therefore, the inflow rate equation is used when the surface elevation 

of the oil layer is within

1.8 m -  0.45 m = 1.35 m

Once the surface elevation exceeds this height, the head of the transformer oil at the 

concrete pad will dominate the flow entering the oil back-up system.

Appendix H demonstrates the four MATLAB programs involved for the 

implementation of the mathematical model of the oil back-up system.

4.4 Numerical Analysis and Results

The numerical modeling results can be found in Appendix I. Figures 4.6 to 4.9 

illustrate the heights of the layers at different time intervals. Figure 4.10 indicates the 

variation of water and oil levels over time during a transformation oil spill.

In the numerical experiment of 0.5 m depth of spilled transformer oil on the concrete 

pad at t = 0 seconds (Figure 4.6), HI increases rapidly between 0 to 6 seconds (column 

6 rows 2 to 5 in Appendix I) and the transformer oil levels inside the catchbasin and on 

the concrete pad merge together (Figure 4.7). After HI reaches its highest elevation at
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48 seconds (row 6 column 6 in Appendix G), it decreases slowly and stops at 146 

seconds where H I is equal to 10.92 m (Figure 4.9). The spilled transformer oil is 

eventually backed up at a depth o f 0.12 m by the oil back-up.

The total height of oil and water layers {H2 + H3) at the oil back-up system peaks at 48 

seconds (Figure 4.8). The mathematical model o f the oil back-up system is designed 

without defining the height of the tank because the height o f the tank can always be 

determined from the model results. For instance, {H2 + H3) is around 11 m at 48 

seconds (Figure 4.8). Therefore, the minimum height requirement for the oil back-up 

system is 11 m from datum. Since the height between the datum and the bottom part of 

the tank is 8.23 m, the minimum height of the tank is 2.77 m. Once (H2+H3) reaches 

its highest elevation, it decreases slowly and stops at the height o f 10.92 m at 146 

seconds.

When the variations of H2 and H3 are observed separately, the rate of change in the 

first half o f the numerical experiment, t ^  0 Xo 100 seconds, are much slower than the 

second half, t = 100 to 146 seconds (Figure 4.10). Also, the rate of change of each 

height is opposite to each other, where H2 (oil layer height) increases and H3 (water 

layer height) decreases throughout the experiment. These results seem reasonable and 

satisfy the hydrostatic pressure properties between transformer oil and water (Equation 

[58]). Thus, the numerical model of oil back-up system perform logically.
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The height of H3 at 146 seconds equals 0.31 m (Figure 4.9). Since it is greater than 

zero, the oil back-up system with the design dimensions (Figure 4.4) will not fail for an 

initial 0.5 m depth of spilled transformer oil on the concrete pad. Finally, this numerical 

experiment stops at t = 146 seconds since the solutions of H I and H4 are in negative 

after this time interval (Appendix G). The reason for the negative results after t = 146 

seconds is because the heights of the layers become stable and the numerical scheme 

become unstable.
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t  — 0  s e c o n d s

H I =  9.45 m
H3 =  H4 =  9.45 m

datum

Figure 4.6: Numerical result o f the oil back-up system at f =  0 seconds.
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i  ~  6  s e c o n d s

H2 =  363 mm

H4 =  9.74 m H3 =  9.43 m

datum

Figure 4.7: Numerical result of the oil back-up system at / = ^ seconds.
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t  — 4 8  s e c o n d s

r .
hT--’ ...

■

L'-.

HI =  11.03 m

10.70 m

H3 = 8.90 m

\ /  datum

Figure 4.8; Numerical result of the oil back-up system at r = seconds.
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t  — 146 seconds 12 4  rmn triansfonxier oil 
remains on concrete pad

■H4 = 9,45 m

\ /

II

HI =  10.92 m

S 2 =  10.61m

H3 =  313 mm
datum

Figure 4.9: Numerical result of the oil back-up system att = 146 seconds.
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Figure 4.10: Heights’ variables versus time.
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Chapter 5 CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

Based on the physical and mathematical model analyses, the two hydraulically-based oil 

spill control systems can prevent spilled transformer oil entering into the local sewers. 

For the oil trap system, the physical model experiments indicate that the model can trap 

a quantity o f 36 L transformer oil without being flush out at the maximum water flow of 

0.18 L/sec. These model results are equivalent to approximately 85,000 L transformer 

oil in the prototype and a flow greater than the 100 year storm. This amount of 

transformer oil is about one-third of the total volume of transformer oil used in Hydro 

One‘s transformer station near the city of Burlington. Therefore, three oil trap systems 

will be needed to capture the most severe transformer oil spill. However, it is very 

unusual to have six individual transformer stations to spill out its total volumes of 

transformer oil at the same time.

The oil-water separation experiments conducted in the physical model of the oil trap 

system demonstrate that the spilled transformer oil cannot escape from the system for 

both dry and wet weather conditions. Without pump operation in the experiments, it 

represents the occurrence of a dry weather transformer oil spill. The oil-water 

separation in this situation is mainly dependent on the diameters of oil globules 

(Equation [1]). The diameter of the oil globule and the rising velocity are in direct 

proportional to each other. Without pump operation (i.e. dry weather condition), the oil
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globules of large spills rise faster than the oil globules of small spills. With pump 

operation, it represents the occurrence of a transformer oil spill during a rainstorm. The 

oil globules of small spills spread out to about one-third of the oil trap system length 

before they rose up. The oil globules of large spills are much larger than that of the 

previous case (without pump operation). They also rose along the outside of the inlet 

pipe area instead of spreading out to the oil trap system.

The mathematical model in Chapter 4 demonstrates that the design dimensions of the 

oil back-up system shown in Figure 4.4 can back up approximately 7600 L of spilled 

transformer oil to the concrete pad of Hydro One’s transformer station near the city of 

Burlington. The final depth of spilled transformer oil on the concrete pad is 0.12 m 

(Section 4.4). There is a gap of 0.31 m (Section 4.4) between the bottom of the internal 

pipe column and the interface of oil and water. This indicates that the spilled 

transformer oil will not escape from the system. The height of the oil back-up system is 

determined to be 77 m above datum, which is 0.2 m above the bottom of the concrete 

pad. Since the height of the concrete pad is about 7 m and it is constructed 0.5 m below 

the ground, the oil back-up system should be constructed 0.3 m below ground level. 

This mathematical model can be used to determine the designed volume of spilled 

transformer oil for dry weather condition.

Finally, the practical contribution of this research is to provide an estimate of the 

performance of the two hydraulically-based oil spill control systems to Hydro One in 

order to solve their existing problems in the transformer station near the city of
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Burlington. The scientific contribution of this research is to develop the mathematical 

model for the hydraulically-based oil back-up system. This mathematical model can 

simulate the levels of the transformer oil and water layers within the system at different 

time step and provide a design tool for this type of devices.

5.2 Recommendations

As indicated in Section 3.5, a new physical model must be constructed to minimize the 

uncertainties in the oil trap system experiments. This new model must be in closed 

system form in order to prevent the rising up of the transformer oil layer. Thus, a 

stronger construction material, such as steel, should be chosen instead of plexi-glass. 

Since steel is non-transparent, a window with sufficient strength to stand the internal 

pressure forces of a closed system should be built on one side of the physical model for 

observation purpose. Valve should be also installed on the top of the model in order to 

insert the transformer oil into the system.

Once the new physical model is ready, experiments for the determination of the failure 

flow situation versus different volumes of transformer oil within the oil trap system can 

be conducted. Different amounts of transformer oil should be added into the system 

through the valve. After inserting each amount of transformer oil, water can be pumped 

to the system from the vertical inlet pipe until waves are formed at the interface of oil 

and water. A powerful pump may be needed in order to provide a larger flow rate for 

the formation of the waves. Furthermore, different sizes of physical models for the oil
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trap system should be constructed for verification of the significance of the il-terms 

derived in Equation [22].

Another set of experiments can be developed in order to determine thi. relationship 

between the diameter of the outlet pipe and the width of the oil trap system. The 

diameter of the outlet pipe is a major factor to cause transformer oil escaping from the 

system. If the diameter of the outlet pipe is small, the exiting velocity of water in the 

system will be larger. This may increase the possibility of dragging out the transformer 

oil from the system. On the other hand, the chance for transformer oil escapes from the 

system with a small diameter of the outlet pipe is smaller than a large diameter of the 

outlet pipe. Therefore, experiments must be developed in order to find out the best ratio 

between the diameter of the outlet pipe and the width of the oil trap system to prevent 

transformer oil from escaping from the system.

The major oil spill operating condition (Section 2.5) assumes that a large amount of 

transformer oil spill enters into the system rapidly. Hence, the length of the vertical 

inlet pipe may create a back-up situation for the spilled transformer oil at this situation. 

The purpose of the oil trap system is to force spilled transformer oil entering into the 

system and trap in the system. There is a good chance that the spilled transformation oil 

be back up if the vertical inlet pipe is long. Thus, experiments should be developed to 

determine the effect on the creation of a back-up situation with different lengths of the 

vertical inlet pipe.
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Finally, the results for the oil-water separation experiments of the oil trap system are for 

observation purpose only. In order to determine whether the distance between the two 

vertical pipes are suitable for oil-water separation, the rising velocity ratio between the 

model and the prototype must be maintained (Appendix C). Therefore, a new physical 

model and a new set of experiments must be developed in order to determine the oil- 

water separation process within the oil trap system.

For the oil back-up system, it is important to verify the numerical result by conducting a 

physical model experiment in a future study. Also, this research only did one numerical 

experiment to demonstrate the operation of the mathematical model and to solve the 

problem at Hydro One's transformer station in the city of Burlington due to the lack of 

time. More numerical experiments should be conducted in order to determine the 

relationship between different amounts of spilled transformer oil at the concrete pad and 

the base area of the tank in the oil back-up system. Another relationship between 

different volumes of spilled transformer oil and the height from datum to the bottom of 

the tank in the oil back-up system (variable hcoiumn ) should be determined in future 

study as well. These two relationships are the major factors to cause the failure of the 

system. Once the sensitivity between different amounts of spilled transformer oil and 

the above two dimensions are developed, the oil back-up system design may be done 

without running the numerical model.

It is also interesting to find out whether the diameters for the internal and external pipe 

columns are a major factor to cause the failure of the oil back-up system. The volume
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between the internal and external pipe columns is small. Therefore, the size of the tank 

in the oil back-up system should dominate the failure of the system. The design of the 

pipe columns are to slow down the increasing rate of the oil layer due to hydrostatic 

pressure. More numerical models should be conducted to determine whether the 

change of the diameters for the internal and external pipe columns affect the final 

elevation of the interface between oil and water.

Finally, the numerical experiment is designed for the occurrence of a major transformer 

oil spill under dry weather condition. It does not consider the situation of a transformer 

oil spill occurring during a rainstorm. Modification for the numerical model is needed 

for the wet weather condition. Furthermore, when a major transformer oil spill occurs 

during rainstorm, the rainwater should sink to the catchbasin due to the density 

difference between oil and water. Since the catchbasin and the concrete pad have 

limited space, it may cause the transformer oil to spill out to the ground depending on 

the duration and the intensity of the rainstorm. Thus, more considerations must be 

included in the modification of the numerical model.
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Since the experimental studies were conducted on a scaled-down model o f the oil trap 

system, it is important to determine the possible relationships o f  all the system using the 

dimensional analysis, such relationships can be used variables to convert the 

experimental results back to its prototype.

Dimensional analysis is a method of partial analysis which is based on the work of 

Fourier who developed the principle of dimensional homogeneity (Sharp, 1981). His 

works stated that any equation is correct only if all terms of the equation have the same 

dimensions. More specifically, the dimensions o f any term can be represented as 

multiples o f  mass {M], length [L] and time [7]. Therefore the exponents of the mass, 

length and time dimensions must be the same in each term of the equation. For example, 

the equation for distance travelled, d ,  by an object moving firom rest through a time, ti ,  

with acceleration, a, and through a time, t2, with constant velocity, v, is given by:

d  = V2 ü t i ^  + v t 2 [A.1]

Dimensionally this can be rewritten as

[L] = Vi ( [L] /  [T] " ) (  [T] "̂ ) + ( [L] /  [T] ) (  [T] ) [A.2]

where Vi at the first term on the right side is a constant (Sharp, 1981).

Inspection o f equation [A.2] shows that the dimension in each term o f any equation must 

be the same. This principle provides immediate insight into the variables which may be 

relevant in any fluid system. However, one important concept about dimensional 

analysis is that any correct equation must be dimensionally homogeneous but any
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dimensionally homogeneous equation is not necessarily complete or corrects (Sharp, 

1981).

The application o f the Fourier’s principle has received considerable attention since it was 

proposed in the early nineteenth century. In particular, Rayleigh and Buckingham 

developed methods that are widely used today (Sharp, 1981). This research uses the 

Buckingham’s method for the dimensional analysis study o f hydraulic oil spill control 

systems.

B uckingham’s  Method

Buckingham developed the arguments at the previous section into a theorem which 

related the number o f parameters in a correct functional equation to the number o f 

variables needed to specify the phenomenon and to the number o f dimensions involved. 

Generally, he stated that if  m variables and n dimensions are involved, a correct partial 

analysis will result in (m -  n) dimensionless parameters. Buckingham called these 

parameters /7-terms. Thus, his theorem is usually called the /7-theorem (Sharp, 1981).

More specifically, with m variables and n dimensions there will be (m -  1) exponents to 

be determined from n simultaneous equations. Therefore, it is possible to solve for n 

exponents in terms of the remaining (m -1  — n) to obtain an equation of the form below.

R eproduced  with perm ission  of th e  copyright ow ner. F urther reproduction  prohibited w ithout perm ission.



A = cn i‘‘n2^nj'=....  [a .3]

where each /7-term is a dimensionless parameter and (A/C) is another 77-term. 

Altogether, there are (m — n) 77-terms.

Buckingham also suggested a method of approach in which each 77-term is derived 

independently from the others. The procedure is to select three relevant variables 

involving all dimensions present and to combine each other variable in turn with these 

three relevant variables to form a dimensionless parameter. A practical example will be 

discussed below to demonstrate Buckingham’s method (Sharp, 1981).

Consider the flow of fluid, Q, over a variety o f vee-notches, B and 77, with the dynamic 

viscosity o f the fluid, //, and the density, p.

Q = < p ( g , H . B ,  p , p )  [A.4]

From the above starting equation, six variables (m=6) and three dimensions (n=3) are 

presented. So, three 77-terms (m-n — 6-3-3)  are necessary in a complete functional 

equation. Taking p , p  and g  as the three relevant variables, since they contain all 

dimensions ( [M\ , [7,] , [7] ) involved in the problem (Equation [A.4]) and cannot form 

77-term themselves. The 77-terms are obtained by combining 77, B  and Q with the three 

relevant variables one at a time so that each combination is dimensionless. Thus,

77; [A.5]

where a, b, c and d are constants. Writing equation [A.5] in dimensional form:
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where [Ai] : a + b — 0

[L] : —a — 3b + c + d = 0

[7] : a + 2c = 0

Solving for a , b and d  in terms of c so that equation [A.6] can be rewritten as:

=  = [A.71

The value o f c is unimportant because the power of a dimensionless number is irrelevant 

when included in a functional equation. The two 77-terms may be formed in the same 

manner above (Sharp, 1981).

= y  [A.8]
3 n3 

3o3
775 =  ̂ “p * g '  Q ^ = f x - ^ p ^  g ‘ = ( - " 5 ~ ) '  [A.9]

Thus, the solution for this example is;

x 4 2 i =  „ , ^ 4 » ! ;  iA 101
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Similitude and dimensional analyses are both methods of partial analysis. Each provides 

an incomplete answer. Generally, the final result of both methods is a dimensionless, 

functional equation suitable for planning experimental studies or designing hydraulic 

models. However, dimensional analysis is directed towards experimentation, the model 

laws being obtained by inspection of the dimensionless equation. Similitude analysis 

concentrates primarily on developing model laws fi'om which a dimensionless, functional 

equation may be derived (Sharp, 1981).

The three general types of similarity are geometric, kinematic and dynamic. Geometric 

similarity requires the shape of the model to be the same as the prototype. This is 

probably the most obvious requirement for a model. It is achieved by making sure that 

each length of the prototype is reduced by a constant factor called the scale. Kinematic 

similarity requires that the shape o f the streamlines at any particular time is the same in 

both model and prototype. In order to achieve the same boundaries of the fluid system, 

the boundaries in the model and prototype must be similar. Therefore, geometric 

similarity is a prerequisite of kinematic similarity. The basic requirement for dynamic 

similarity is that the ratio of any two forces acting in the model must be equal to the 

corresponding force ratio in the prototype. Furthermore, the forces acting on a fluid 

system includes; (1) forces external to the fluid, such as gravity forces or forces resulting 

fi’om pressure differences; (2) forces related to the physical properties of the fluid, such 

as viscous or surface tension forces; (3) resultant forces, such as drag force on a 

submerged object or the force of the fluid on a hydraulic structure and (4) hypothetical 

inertia force, such as inertia forces experienced by accelerative fluid systems (Kline,
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1965). Table B.l contains the standard dimensionless products relevant to fluid 

mechanics.

The application of the above similarity theory to the derivation of functional equations is 

known as similitude analysis. There are two basic approaches for similitude analysis. 

The first method uses the Buckingham 77-theorem to predict the necessary number of 

dimensionless parameters. These 77-terms are then developed using similarity theory. 

The second method is generally less applicable but valuable in certain specific 

circumstances. In cases where the dependent variable is a force, it is possible to write a 

dimensionally homogeneous equation in which every term has dimensions of force. This 

thesis will use the first method for similitude analysis (Sharp, 1981).
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Table B.l: Standard Dimensionless Products Relevant to Fluid Mechanics (Sharp, 1981).

Name Format Comment

Froude number May also be defined as the square of this 
quantity.
Relevant to gravity forces.

Reynolds number VL/v Relevant to viscous force action.

Weber number May also be defined as the square o f this 
quantity.
Refers to the action o f surface tension forces.

Euler number Also expressed as V/(2^J*/p)’̂ .̂ 
Important when pressure forces exist. 
A f = pressure difference.

Cauchy number Relevant to system where compressibility is 
important. K  = bulk modulus of fluid.

Mach number v/c Refers to compressibility effects, high-speed 
flow.
C = local velocity of sound wave in fluid.

Richardson
number

Relevant in cases where fluids mix or interact. 
p ’ and P  represent vertical density and velocity 
gradients, i.e. dp/dH and ôV/dH

Froude-Reynolds
number

Combined gravity and viscous effects.

Thoma number (P,-Pr)/(P2-Pl) A form of cavitation parameter. Pi and P2 are 
absolute pressures on the low- and high- 
pressure sides of a hydraulic machine. Py is the 
vapour pressure of the liquid.
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The fundamental scale for any hydraulic model is the geometric scale. That is, the ratio 

o f some length in the model to the corresponding length in the prototype. Choice of a 

suitable geometric scale depends on the type of fluid system to be studied and on the 

space available to build the model. However, once the scale o f the model has been fixed, 

the requirements for dynamic similarity may be used to determine other model scales. 

These are needed in order to operate the model so that it will be dynamically similar to 

the prototype. Thus, measurements made in the model can be then used to determine 

prototype values (Pankhurst, 1964).

Although scaling criteria vary depending on the particular model laws to be followed, the 

procedure used to generate these scales does not change. Therefore, it is sufficient to 

demonstrate this procedure using the following model law, gravitational forces, which is 

the most appropriate to hydraulic models.

When gravity forces are important it has been shown that the Froude number (Table B.l), 

in some form or another, must be the same in model and prototype. For instance,

[lgiÿ̂ L~[ïgiÿ̂ ]p

where subscripts m and p  refer to model and prototype.

Assuming that gravitational acceleration, g, is constant over the surface of the earth, 

rearrangement of Equation [C.l] gives the following velocity scale.
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The ratio L„/Lp on equation [C.2] is the geometrie scale. This is often a source of 

unnecessary confusion because the geometric scale may be quoted as LJLp or as 

However, a model would be referred to as, for example, a 1/20 scale model in which the 

scale is obviously LJLp.

Equation [C.2] may be employed in two different ways. First, it can be used to determine 

the velocity at which the model should be run to ensure that it will accurately simulate 

prototype velocities. For instance.

[C.3]

Alternatively, it may be used to predict prototype velocities from measured model 

velocities:

= K.4]

Other scales may be derived by transforming the Freudian requirement into different 

forms. For example, discharge, Q, is proportional to the product of velocity and area so 

that

VocQ /L^  [C.5]
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Substituting equation [C.5] into equation [C.2] gives

This is the discharge scale, commonly employed to determine the discharge at which the 

model should be run to simulate a known prototype discharge (Sharp, 1981).
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Oil back-up system discussed in Chapter 4 involves simultaneous nonlinear equations 

with several variables. The Newton-Raphson method will be applied in order to solve 

these nonlinear equations. This method is derived from the Newton-Raphson method for 

solving equation of one variable. Its concept is discussed below.

Newton’s Method for Solving Equation with One Variable

The Newton-Raphson method is calculus based and is one of the most popular root- 

solving methods for equations in the form of

= o [D.i]

In this method, information about a function f(x) and its first derivative f ( x )  are used to 

improve estimates of a root of Equation [D.I] above. Let Xo be an initial estimate or 

guess of the root. A change of h will be determined such that f(Xo+ h) is zero.

The Taylor series expansion for a function about a point Xo is the infinite series.

/ f c +  h ) ~ f ( x j + + ' "  + ■ [D.2I

where n! is the factorial product given by

«! = [D.3]
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If it is assumed that the function f(x) can be approximated locally by a straight line so that 

the second and higher derivatives of the Taylor series expansion (Equation [D.2]) are 

taken to be zero, the equation can be truncated immediately after the first derivative term. 

The local straight line approximation is then equivalent to the tangent line at Xg. The 

value of h for which f(xo+ h) is zero can be approximated by

The improved estimate, Xmproved, of the root is therefore given by

XiMprcned [D. 5]

After Ximproved IS fouod from Equation [D.5], it is replaced by Xp and Equation [D.5] is 

applied again. This iterative process continues until convergence is achieved as indicated 

by the condition \ f(xo) | ^ E , where £ is some small quantity for the stopping conditions 

(Fausett, 1999).

The reason of why the Newton-Raphson method so popular is that although the 

determination of the derivative may be tedious for complicated equations, the 

implementation of the method is simple and convergence is fairly rapid. Nevertheless, 

the method may fail for a variety of reasons. One obvious difficulty occurs w h en /’fXg) in 

the denominator of Equation [D.5] is zero. This situation may occur at the start of the 

procedure because of an unfortunate choice for the starting value Xp. The corrective
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action is to reset Xg to a different value whenever \f(Xo) | exceeds A\f'(xo)  | , where A  is 

some large value based on the overflow characteristics of the computer (Akai, 1994).

Oscillations of Ximproved values may indicate that there is no real root of an equation as 

shown in Figure D .I. They may also occur when there is a root as shown in Figure D.2. 

For the case in Figure D.2, round-off errors will break the cycle; but then divergence is 

just as likely to occur as convergence. Divergence is shown for a function with two real 

roots in Figure D.3. For the functions in Figures D.2 and D.3, appropriate care in 

choosing the starting value Xg is necessary to guarantee convergence (Akai, 1994).
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Figure D.I; Oscillations for a function with no real root (Akai, 1994).
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Figure D.2: Oscillations for a function with a real root (Akai, 1994).
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Figure D-3: Divergence for a function with two real roots (Akai, 1994).
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It is also noticed that the Newton-Raphson method will not necessarily converge to a root 

that is nearest to the starting point. For example, the equation

sin X  = 0 where x is in radians [D.6]

has an infinite number of roots n i l , where n is an integer. If the starting value of Xo is 

1.5, the method converges to the root (-4n). It is therefore prudent to verify that the root 

found by the Newton-Raphson method is the desired one (Akai, 1994).

NEWTON'S Method for Solving S imultaneous Nonlinear Equations

Solving simultaneous nonlinear equations using Newton-Raphson method is derived 

from the above method. For systems consist of n equations in n variables 

( x ] ,  X 2 , . . .  , Xn)  with its general form

f i  ( X i , X 2 , X3 , . . .  , Xn)  =  0 ;

f l f x i  , X 2 , X 3  , . . .  , X n )  =  0 ;

fsixi ,X2.X3, . . .  ,X„) = 0 ;

f n ( X l  , X 2 . X 3 ,  . . .  , X n ) = 0  [D.7]

The development of the procedure for solving systems of nonlinear equations requires the 

concepts of matrices, vectors, norms and solutions of linear systems. First, a column 

vector X  is defined as
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X ^=[X ; X2 Xi . . .  X„] [D.8]

Then, the system of equations can be rewritten in a more compactly form as

_ / i t ( X )  = 0 ; where k = 1, 2, . . .  ,n  [D.9]

As in the Newton-Raphson method for solving equation with one variable, the solution

process is started with an initial estimate Xo of the solution vector. The initial vector is

written as

(Xo)^ = [ ••• Mo~\ [D.IO]

and the improved estimate is

împroved Xq h [D. 1 1 ]

where

(Ximproved) “  [ ( ^ j ) i m p r o v e d  0 ^ 2 ) i m p r o v e d  • • • ( ^ n ) i m p r o v e d ^  [D.I2 ]

= h2 . . .  h„] [D.13]

(%t)improvcd = (Xk) 0 + hk ; where k = 1 , 2 ,  ,n  [D.I 4]

The procedure for determining h  is based on the truncated Taylor series for a function of 

several variables. If the truncation takes place immediately following the first derivative 

terms of the series, the equation of _/*(xo+ h) becomes

/i(Xo+ h ) =/i(Xo) + £ [  ] ;  [D.I5]
3 = 1

where k ~ Î , 2 ,  . . .  ,n
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The matrix form of Equation [D.I 5] is

J • h = - f [D.16]

in which f is the column vector given by

f^  = [j//W  f2(Xo) . . .

and J is the partial derivative matrix known as the Jacobian and is given by

Ô/i(Xo)/dX; • • ■ S/XKo)/c%
Ô / i ( X e ) / Ô X j  . ■ •  Ô / j Cx  J / Ô X „

J  =

[D.17]

[D. 18]

The vector h in Equation [D.16] may be easily found using Equation [D .ll] when n is 

small.

h Ximproved “  X© [D.19]

The procedure for the multivariable Newton-Raphson method is as follows:

1. Choose a starting vector Xq.

2. Computey^Xo) for A: = 7 , 2, . . .  , n

3. If II f II :S e , Xo is the estimated solution. Otherwise, go on to step 4.

4. Obtain h from equation [D.16] and compute Ximproved from equation [D .ll].

5. Set Xo equal to Ximproved and return to step 2.
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The convergence criterion used in step 3 of the above procedure is similar to the one used 

in the previous section, except that the absolute value of a single function is now replaced 

by the norm of the vector whose components are the n function values /i(Xo). The 

00-norm, which is the component with the largest magnitude, provides an upper bound on 

the magnitudes of all components of f The corrective actions in the event of failure for 

multivariable Newton-Raphson method are the same as the single-variable version. 

However, the presence of several variables instead of only one may make corrective steps 

more difficult to accomplish (Akai, 1994).
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The development of the mathematical model for the oil back-up system is basically 

applying the MATLAB function for solving nonlinear equations using Newton’s method 

below (Fausett, 1999).

function x  = Newton_sys(F, JF, xO, toi, m axjt)
% Solve the nonlinear system F(x) = 0 using Newton's method 
% vectors x and xO are row vectors (for display purposes)
% function F  returns a column vector, [fl(x), ..fh(x)J '
% stop i f  norm o f change in solution vector is less than toi 
% solve JF(x) y  =-F(x) using Matlab's "backslash operator" 
% y = -feval(JF, x_old) 1 feval(F, x_old);
% the next approximate solution is x_new = x_old + y  

x_old = xO; 
disp([0 x_old ]); 
iter = 1;
while (iter <— max_it)

y  — - feval(JF, x_old) \ feval(F, x_old); 
x jie w  -  x  old + y  
dif= norm(x_new -  x_old); 
disp([iter x jiew  difj); 
i f  d if <= toi 

X  = x_new:
disp(‘Newton method has converged )  
return; 

else
x_old = x_new; 

end
iter = iter + 1;

end
disp(‘Newton method did not converge )  
x = x  new;

Lines 2 to 8 are explanations of the purpose of the MATLAB function. Line 9 is 

equivalent to step 1 of the procedure discussed on Appendix D. Line 13 is the 

determination of vector h (Appendix D). Line 14 is same as Equation [D .ll], Line 15
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equals to step 3 of the procedure discussed on Appendix D. Variable toi at line 17 is the 

stopping condition, e, set by the programmer (Appendix D).
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Base Area, in Height, in 

metres Volume, in litres
Time, in 
seconds

Flow Rate for Each 
Trial, in LJsec

Average Flow Rate 
fo r Each Dial, in 

L/sec

5 0.0952±0.00031 0.062±0.0005 5.902±0.06682 60.4410.05 0.0976610.001186

0.085±0.0005 8.092±0.07395 70.5510.05 0.114710.001129

0.0855±0.0005 8.140±0.07411 75.5310.05 0.107810.001053

0.0925±0.0005 8.806±0.07628 80.4810.05 0.109410.001016 0.107410.001096

6 0.0484±0.00022 0.044±0.0005 2.130±0.03388 30.5710.05 0.0696610.001222

0.052±0.0005 2.517±0.03564 35.5810.05 0.0707410.001101

0.061±0.0005 2.952±0.03762 40.6010.05 0.0727210.001016

0.049±0.0005 2.372±0.03498 32.5710.05 0.0728210.001186 0.0714810.001132

7 0.0484±0.00022 0.041±0.0005 1.984±0.03322 30.5710.05 0.0649110.001193

0.05Ü0.0005 2.468±0.03542 40.4810.05 0.0609810.0009503

0.058±0.0005 2.807±0.03696 50.6710.05 0.0554010.0007841

0.053±0.0005 2.565±0.03586 45.6010.05 0.0562510.0008481 0.0593910.0009439

8 0.0484±0.00022 0.049±0.0005 2.372±0.03498 60.4110.05 0.0392610.0006115

0.0675±0.0005 3.267±0.03905 80.4410.05 0.0406110.0005107

0.051±0.0005 2.468±0.03542 70.3010.05 0.0351110.0005288

0.054±0.0005 2.61410.03608 75.5110.05 0.0346110.0005007 0.0374010.0005379
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Time,
in

seconds

Volume of Transformer 
OU Goes into 

Catchbasin fo r  One 
Time Step, in m^

Height o f Transformer 
Oil at Concrete Pad, 

in metres

Total Volume o f 
Transformer Oil Remains 
at Concrete Pad, in m^

Flow Enters 
to Catchbasin, 

in rr^/sec

Average Flow 
Enters to 

Catchbasin at Each 
Time Step, in m^lsec

0 0.5 7.5905 0.2147

2 0.4293 0.4717 7.161 0.2085 0.2116

4 0.4170 0.4443 6.744 0.2023 0.2054

6 0.4047 6.339 0.1962 0.1993

8 0.3924 0.3917 5.947 0.1900 0.1931

10 0.3800 0.3667 5.567 0.1838 0.1869

12 0.3677 0.3425 5.199 &1777 0.1808

14 0.3553 0.3191 4.844 0.1715 0.1746

16 0.3430 0.2965 4.501 0.1653 0.1684

18 0.3306 0.2747 4.171 0.1591 0.1622

20 0.3182 0.2538 3.852 0.1529 0.1560

22 0.3059 0.2336 3.546 0.1467 0.1498

24 0.2935 0.2143 3.253 0.1405 0.1436

26 0.2811 0.1958 2.972 0.1343 0.1374

28 0,2686 0.1781 2.703 0.1281 0.1312

30 0.2562 0.1612 2.447 0.1219 0.1250
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Time,
in

seconds

Volume o f Transformer 
OU Goes into 

Catchbasin for One 
Time Step, in m^

Height o f  Transformer 
Oil at Concrete Pad, 

in metres

Total Volume o f  
Transformer Oil Remains 
at Concrete Pad, in

F/ow Enters 
to Catchbasin, 

in m^/sec

Average Flow 
Enters to 

Catchbasin at Each 
Time Step, in m^/sec

32 0.2438 0.1451 2.203 0.1157 0.1188

34 0.2313 0.1299 1.972 0.1094 0.1125

36 0.2188 0.1155 1.753 0.1032 0.1063

38 0.2063 0.1019 1.547 0.09691 0.1000

40 0.1938 0.08913 1.353 0.09063 0.09377

42 0.1813 0.07719 1.172 0.08434 0.08749

44 0.1687 0.06608 1.003 0.07804 0.08119

46 0.1561 0.05580 0.8470 0.07171 0.07487

48 0.1434 0.04635 0.7036 0.06536 0.06853

50 0.1307 0.03774 0.5729 0.05897 0.06217

52 0.1179 0.02997 0.4550 0.05255 0.05576

54 0.1051 0.02305 0.3499 0.04609 0.04932

56 0,0922 0.01697 0.2577 0.03955 0.04282

58 0.07910 0.01176 0.1786 0.03293 0.03624

60 0.06585 0.007426 0.1127 0.02616 0.02954

62 0.05232 0.003979 0.06041 0.01915 0.02266

64 0.03830 0.001456 0.02211 0.01159 0.01537
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There are four MATLAB programs used for the mathematical model of the oil back-up 

system. Each program represents different stages and conditions o f  the time steps. The 

mathematical model starts with the initial.m file (Figure H .l), where boundary conditions 

are applied to the heights at t = 0 (lines 27 to 31 in Figure H.l). Equations discussed in 

Section 4.2 are the nonlinear equations and the elements of the Jacobian matrix used in 

this program. In Figure H .l, lines 3 to 25 are the design dimensions of the oil back-up 

system assuming the initial height o f spilled transformer oil at the concrete pad at / = 0 is 

0.5 m (Appendix G). Lines 33 to 37 are the transformation o f the variables. The 

numbers shown in lines 39 to 43 are the initial guesses for the Newton-Raphson method 

(Appendix D). Lines 44 to 65 are the preliminary setup of the variables and matrices 

involving in the Newton-Raphson method, where lines 56 to 59 are the function matrix of 

the four simultaneous nonlinear equations and lines 62 to 65 demonstrates the Jacobian 

matrix. MATLAB program uses space to separate the elements within a row. Thus, the 

yellow indications in lines 62 to 65 represent the starting point o f each element in the 

Jacobian matrix. Lines 67 to 83 show the code from Appendix E for solving 

simultaneous nonlinear equations using Newton’s method. Figure H.2 illustrates the 

commands between lines 43 to 83 o f the initial.m file inside the MATLAB program. In 

reality, each row of the equation matrix (lines 56 to 59 in Figure H.2) and the Jacobian 

matrix (lines 62 to 65 in Figure H.2) in MATLAB program must be displayed within one 

line. This is different than the illustrations in Figure H.l due to the lack o f space.
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Line
1
2
3
4
5
6
7
8
9
10 
11 
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25
26
27
28
29
30
31
32
33

34
35
36
37
38
39
40

% Solve nonlinear system F(x)—0 using Newton's method

% input data 
inflow = 0.211582; 
delta_time = 2; 
gravity = 9.806; 
c = 0.6;
densityJ3Ü -  0.8611;
density_water = 1;
area_catchbasin = 0.61^2;
area_system = i.5'^2;
diameterJntemal_pipe = 0.1;
diameter_extemal_pipe = 0.3;
diameterJipl = 0.25;
diameter_hp2 = diameter_internal_pipe;
area_subtracted = 0;
length_hp2 = 0.6;
h = i.222;
h_column = 8.228;

% cross-sectional areas o f  different pipes in the system 
area_intemal_pipe = pi* ((diameterflntemal_pipe/2)'^2); 
area_extemal_pipe = pi*((diameter_external_pipe/2)'^2); 
area jip l = pi *((diameter_hpl/2)^2); 
area_hp2 = area_intemaljpipe;

% heights at t-0 , boundary situation 
H l j i  — h_column+h;
H2_n = 0;
H3_n — h_column+h;
H4_n = h_column+h;

% substitute height variables into x  variables in order to eliminate square root 
expression in orifice equation 
X I _n = sqrt(Hl_n-H2_n-H3_n);
X 2 j i  = H2_n;
X3_n = H3_n;
X4_n = sqrt(H4_n-h-h_column)

% set initial iteration for the next time step, variables X j t l  
X I n l =0.88754914631796;
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41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

57

58

59

60 
61 
62

63

64

65
66
67
68

X2_nl = 0.06386127788409;
X 3 j i l  = 9.44693059030206;
X4_nl = 0.22786907583763;
X j i l  old = [XI n l 

X2_nl 
X3_nl 
X4_nl];

% set stopping conditions and maximum iteration runs
error = 1 *10^-5;
max_iteration_mns = 10;
iteration = 1;
disp([0 X_nl_pld]);

% function Ffor case #1
FI = [area_catchbasin*(Xl_nl'^2)+0.5*delta_time*c*areaJipl 

*sqrt(2 *density_oil*gravity) * X l j i l  +area_catchbasin * X 2 jil 
+area_catchhasin*X3_nl-area_catchhasin*(Xlji'^2)+0.5*deltaJime*c 
*areajtpl *sqrt(2 *density_oil*gravity) *X1 _n-area_catchbasin *X2_n 
-area_catchbasin *X3ji~deltajime ̂ inflow 
0.5*delta_time*c*area_hpl *sqrt(2*density_pil*gravity) *Xl_nl 
-(areajsystem-areajnternal_pipe) *X2_nl +0.5*deltajime*c*areajipl 
*sqrt(2*density_pil*gravity)*Xl_n+(area_system-area_intemal_pipe) 
*X2_n
(area_system-areajnternal_pipe)*X3_nl+areaJntemal_pipe*(X4_nl'^2) 
+0.5 * deltaJime *c *areajip2 *sqrt(2 *density_water *gravity) *X4_nl 
+(areaJntemal_pipe-area_system) *X3_n-areaJntemal_pipe *(X4_n'^2) 
+0.5 *deltajime *c*areajip2 *sqrt(2 *density_water *gravity) *X4_n 
density_oil*X2_n}+density_water*X3_nl-density_water*(X4_nl^2) 
-density_yvater*h_folumn-density_water*h] ;

% Jacobian matrix for F I
= ^*area_catchbasin*Xl_nl+0.5*deltajime*c*areaJipI

*sqrt(2*density_oil*gravity) ^ e a  catchbasin ^ e a  catchbasin |
B 5 *deltajime *c *areajipl *sqrt(2 *density_pil *gravity)
%reajntemalj>ipe-area system |  |
B 1 ^rea_system-areaJntemal_pipe ^fareajntemal_pipe*X4_nI 
+0.5*deltajime*c*areajip2*sqrt(2*density_water*gravity)
^  density oil ^ensity water ^*densityjwater*X4_nl];

while (iteration <=maxJteration_runs)
X_nl _new=X_nl _old-(inv(Jl)*F1);
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69 difference=norm(X_nl _new-X_nl _old);
70 disp([iteration X_nl_new’ difference]);
71 i f  d iffe ren ce  <= erro r
72 disp(’Newton method has converged')
73 dispC )
74 Hl=X_nl_new(2,l)+X_nl_new(3,l)+X_nl_new(l,l)^2
75 H2=XjiI_new(2,l)
76 H3=X_nI_new(3,l)
77 H4=h_column+h+X_nl_new(4,l)^2
78 refwr/i
79 e/se
80 X_nl_old=X_nl_new;
81 end
82 iteration=iteration+1 ;
83 end

Figure H.1: Commands in initial.m file.
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A new program in easel.m file (Figure H.3) will be applied on the mathematical model 

for calculating the heights a \t  = 4. This program is used a similar set of commands as 

the initialm  file. As the name of this file has indicated, this program represents Case 1 of 

the mathematical model (Sections 4.1 and 4.2). Simultaneous nonlinear equations and 

Jacobian matrix in this program are exactly the same as the last program in the initial.m 

file. The reason for applying another program at r = 4 is because boundary conditions are 

no longer dominate the heights. Instead, the solutions o f XI[n+1] , X2[n+1] , X3[n+1] , 

X4[n+1] found at t = 2 (row 3 columns 2 to 4 in Appendix I) will be substituted into 

X I[n ] , X2[n] , X2[n] , X4[n] at t = 4 (Lines 27 to 31 in Figure H.3). The first line of the 

casel.m file states the restrictions of the purpose of this program. This program is only 

applied when

( hcoiumn + h )  < (  H2[n] + H3[n] )  < (  hcolumn - t - h +  D h p 2 )

HI[n] < ( hcolumn +  h  + 1.35)

H S f n J  >  hcolumn [H.l]
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Line
1
2
3
4
5
6
7
8
9
10 
11 
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

% HI has not exceed the catchbasin yet and H3 is higher than h column

%oinput data 
inflow == 0.205421; 
delta_time = 2; 
gravity = 9.806; 
c = 0.6;
density_oil = 0.8611;
density_water - 1;
area_catchbasin = 0.6H2;
area_system ~ 1.3'^2;
diameter_internal_pipe = 0.1;
diameter external_pipe = 0.3;
diameterjipl = 0.25;
diameter_Jip2 = diameter_internal_pipe;
radius_hp2 = 0.5*diameter_hp2;
length_hp2 -  0.6;
h = 1.222;
hcolum n  = 8.228;

% cross-sectional areas o f  different pipes in the system 
areajnternal_pipe = pi*((diameter_internal_pipe/2ff2); 
area_external_pipe = pi*((diameter_extemalj)ipe/2ff2); 
a rea h p l  = pi*((diameter_hpl/2ff2); 
area_hp2 = area_intemal_pipe;

% substitute x  variables, which is the solutions o f  previous time step calculation 
Xl_n  = 0.88754911249787;
X2_n = 0.06386127545065 
X3_n = 9.44693066368018 
X4_n = 0.22786313437244

% set initial iteration for the next time step, variables X_nl 
X I n l = 1.06026848508006;
X2_nl = 0.20639738602528,
X3_nl = 9.43851166778697 
X4_nl = 0.40772596887888 
X jil_ o ld  = [Xl_nl 

X2_nl 
X3_nl 

X4_nl];
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42
43
44
45
46
47
48
49
50

51

52

53

54
55
56

57

58

59
60 
61 
62
63
64
65
66
67
68
69
70

% set stopping conditions and maximum iteration runs 
error ~
max_iteration_runs = 10;
iteration = 1;
disp([0 X_nl_old]);

% function F for Case la
FI = [area_catchbasin*(XI_nI^2)+0.5*deIta_time*c*area_hpI
*sqrt(2 *density_oil *gravity) *Xl_n l.+area_catchbasin *X2_nl +area_catch basin
*X3_nI~area_catchbasin*(Xl_n'^2)+0.5*delta_time*c*area_hpl
*sqrt(2 *density_oil*gravity) *X1 _n-area_catchbasin *X2_n-area_catchbasin
*X3_n-delta_time *inflow
0.5 * delta Jim e *c*areajipl *sqrt(2 *densityj)il*gravity) *XIjiI-(area_system  
-areajnternaljpipe) *X2_n 1+0.5 *deltatime *c *areajtpl 
*sqrt(2 *density_oil*gravity) *Xl_n+(area_system-areaJntemaljpipe) *X2_n 
(area_system-areaJntemal_pipe)*X3jil+area Jntemal_pipe*(X4_nI'^2)
+0.5 * delta J im e *c *areajip2 *sqrt(2 *densityjwater *gravity) *X4_n I  
+(areajnternal_pipe-area_system)*X3ji-area Jntemal_pipe*(X4ji^2)
+0.5 *deltajime *c *areajip2 *sqrt(2 *density_water *gravity) *X4_n 
density_oil*X2_nl+density_water*X3_nl-density_water*(X4^1'^2)
-density_water *h_column-density_water *h];

% Jacobian matrix for FI
J1 = t^*orea_catchbasin*XJ _nl+0.5*deltajime*c*areajipl 
*sqrt(2*density_oil*gravity) i^ea catchbasin qrea_catchbasin 0 
Q.5*deltajime*c*areaJipI *sqrt(2 *density_oil*gravity) 
areajnternaljpipe-area system § ^
I  I? qrea_system-areajnternaljjipe 2*areajnternalj)ipe*X4_nl 
+0.5*deltajime*c*areajip2*sgrt(2*density_water*gravity)
V density_oil àensityjwater ‘̂ *density_water*X4_nJJ;

while (iteration <=maxJteration_runs)
X_nI_new=X_nIjold-(inv(Jl) *F1); 
difference=norm(X_nI _new -XjïI j)ld);
disp([iteration X_nl_new' difference]); 
i f  difference<=error 

disp('Newton method has converged') 
dispC ')
H I =X_nI _new(2,1) +X_nI_new(3,1)+X_nl_new(l, 1)'^2 
H2=X_nl _new(2,1)
H3 -X_nljnew(3,1)
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71 H4=h_column+h+X_nI _new(4,l)'^2
72 return
73 else
74 X_nl _pld= X jil jiew ;
75
76 iteration=iteration+1 ;
77 ejiJ

Figure H.3: Commands in casel.m file.
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Since the second statement in Equation [H.l], HI < (  hcolumn + h + 1.35 ), failed at f = 8, 

the mathematical model is shifted to another program (Figure H.4) in the caselA.m  file. 

Equations involved in this program are exactly the same as the first two programs. There 

are two adjustments in this program. First, variable Qi„ will be equal to zero, since the 

flow of transformer oil goes into the oil back-up system th ro u ^  horizontal pipe hpJ is 

now depending by its head. Thus, XI[n] at r = 5 (line 28 in Figure H.4) is calculated 

using the height o f transformer oil at concrete pad at the previous time step (row 5 

column 3 in Appendix G) where

(X l[ n ] )^ ^ g = jH l[ n J -H 2 [ n ] -H 3 [ n ] ' [H.2]

_  /(height of transformer oil o f  concrete pad)t̂ s 
J-H2[n] -H3[n]

= J ( 0 .4175943-9.45+1.35) -0.363408-9.426267'
=  1.1949555

Secondly, the change of H I is occurred at the concrete pad instead of the catchbasin once 

the second statement in equation [H.l] failed. Therefore, the parameter, Acatckbasim in 

and in the first row of the Jacobian matrix (Line 51 in Figure H.4) will be replaced by

A p a c!.
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Line
1
2
3
4
5
6
7
8
9
10 
11 
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

%H1 exceeds the catchbasin andH3 is higher than h_column

%input data 
inflow — 0; 
delta flim e — 2; 
gravity = 9.806; 
c = 0.6;
density_oil = 0.8611;
density_water = 1;
area_catchhasin =  0.61'^2;
areasystem  = 1.3^2;
diameter Jntem al_pipe  = 0.1;
diameter_extemaljpipe = 0.3;
diam eterjip l = 0.25;
diameterJip2 — diameter Jntemal_pipe;
radiusJip2 = 0.5*diameterjip2;
length J ip  2 = 0.6;
h = 1.222;
h column — 8.228;
areaconcrete_pad = 15.181;

% cross-sectional areas o f  different pipes in the system 
areajnternal_pipe= pi* ((diameterJntemal_pipe/2fl2); 
area_extemal_pipe = pi* ((diameter_externaljpipe/2)'^2); 
a rea jip l  = p i *((diameterJipl/2)'^2) ; 
areajip2  = area Jntem aljpipe;

% substitute x  variables, which is the solutions o f  previous time step calculation 
X I _n = 1.32950888859256;
X2_n = 0.36340804118698,
X3_n = 9.42626730751471 
X4_n = 0.53777130062957.

% set initial iteration fo r  the next time step, variables X _nl 
X l_ n l = 0.93900277273695;
X2_nl = 0.52663286562454 
X3_nl = 9.41102316871508 
X4_nl -  0.64382197204378 
X_nl_old  = [X l_n l 

X2_nl 
X3 n l
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42
43
44
45
46
47
48
49
50
51

52

53

54

55
56
57

58

59

60
61
62
63
64
65
66
67
68

X4_nl];

% set stopping conditions and maximum iteration runs 
error =
max_iteration_runs = 10;
iteration — 1;
disp([0 X_nl_old']);

%o function F  fo r  Case la
FI = [area_concrete_pad *(Xl_nl^2)+0.5*deltaJime*c*area_hpl 

*sqrt(2*density_oil*gravity)*XljnJ+ area_concrete_pad *X2_nl 
+ area_concrete_pad *X3_nl- area_concrete_pad *(Xl_n'^2)
+0.5 *delta_time *c*area_hpl *sqrt(2 *density_oil *gravity) *Xl_n 
- area_concrete_pad *X2_n- area_concrete_pad *X3_n-delta_time*inflow 
0.5 *delta_time *c *area_hpl *sqrt(2 *density_oil *gravity) *Xl_n 1 
-(areasystem-areajnternalj)ipe) *X2_nl+0.5*deltaJime *c 
*areajtpl *sqrt(2*density_oil*gravity) *X1 _n+(area_system 
-areajnternal_pipe)*X2_n
(area_system-area internal_pipe) *X3_nl +areajnternal_pipe *(X4_nl'^2) 
+0.5 *deltatime *c *areajip2 *sqrt(2 *density_water ̂ gravity) *X4_n 1 
+(areaJnternal_pipe-area_system)*X3_n-areaJntemal_pipe*(X4_n^2) 
+0.5*deltaJime*c*areaJip2*sqrt(2*density_water*gravity)*X4_n 
density_oil *X2_n 1 +density_yvater *X3_n 1 -density_water *(X4_n l'^2) 
-density_water*h column-density_water*hJ;

% Jacobian matrix fo r  FI
~ [2* orea_concrete_pad *Xl_nl+0.5*deltaJime*c*areaJipl

* sq rt(2 * d en sity_ o il* g ra v ity ) a re a  c o n c re te _ p a d  a re a _ c o n c re te _ p a d  0
H-5*deltaJime*c*areaJipl*sqrt(2*density_pil*gravity)
ayeaJntemal_pipe-area system 0 0
B Ü éf^^_pystem-areajnternaljpipe
'2 * a r e a J n te m a l_ p ip e  * X 4 _ n l + 0 .5  * d e l ta j im e  * c * a r e a j ip 2
*sqrt(2 *density_water*gravity)
B density oil densityjvater -2*density_water*X4_nl]; 

while (iteration <=m axJteration_runs)
X_nljiew= X_nljold-(inv(Jl) *F1); 
difference=norm(X_nl_new-X_nl_old); 
disp([iteration X j i l j i e w '  difference]); 
i f  difference <=error

dispfNewton method has converged') 
dispC )
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69 H I =X_nl_new(2,l)+X_nl_new(3,l) +X_nl_new(l,ly^2
70 H2=X_nl_new(2,l)
71 H 3= Xjil_new(3,l)
72 H4=h_column+h+X_nl_new(4,l)^2
73 return
74 else
75 X j t l  _old=X_nl _new;
76 encf
77 iteration=iteration+l ;
78 encf

Figure H.4: Commands in caselA.m  file.
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Finally, the mathematical model changes to another program in case2A.m file 

(Figure H.5) at t = 102 since H3 is lower than h at t = 100. This means that the interface 

o f oil and water is eventually reached the pipe column of the oil back-up system at 

t — 100. Equations in Case 2 of Section 4.2 are the nonlinear equations and the elements 

of the Jacobian matrix involved in this program. The structure o f this program is similar 

to the one in caselA.m  file.
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Line
1
2
3
4
5
6
7
8
9
10 
11 
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

%H1 exceeds catchbasin andH3 is lower than h_column

%input data 
inflow — 0; 
delta tim e  = 2; 
gravity ~ 9.806; 
c = 0.6;
density_oil = 0.8611;
density_water = 1;
area catchbasin = 0.61'^2;
area_system = 1.3'^2;
diameter Jntemal_pipe — 0.1;
diameter_external_pipe = 0.3;
diam eterjipl = 0.25;
diameterJip2 = diameter Jntem aljpipe;
radiusJip2 = 0.5*diameterjip2;
length J ip 2  = 0.6;
h = 1.222;
h_column = 8.228;
area_concrete_pad = 15.181;

% cross-sectional areas o f different pipes in the system 
areajnternal_pipe = pi* ((diameterJntemal_pipe/2)'^2); 
area_external_pipe = pi* ((diameter^external_pipe/2)^2); 
area hpl -  pi*((diameterJipl/2)'^2); 
areajip2  = areajnternal_pipe;

% substitute x  variables, which is the solutions o f  previous time step calculation 
X I _n = 0.16354985861792;
X2_n = 2.72515762854350.
X3_n = 8.20399165473126 
X4_n = 1.04910670986060,

% set initial iteration fo r the next time step, variables X_nl 
X l_ n l = 0.1631;
X 2_nl= 2.7S;
X3_nl = 8.17;
X4_nl = 1.046;
X_nl_old  = [X l_nl 

X2_nl 
X3 n l
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42
43
44
45
46
47
48
49
50
51

52

53

54

55
56
57

58

59

60 
61 
62
63
64
65
66 
67

X4_nl];

% set stopping conditions and maximum iteration runs
error = 1 *J0''-5;
max_iteration_runs = 10;
iteration = 1;
disp([0 X j i l  _old]);

% function F for Case la
FI -  [area_concrete_pad*(XI_nI'^2)+0.5*deltajime*c*areaJipI 

*sqrt(2 *density_oiî*gravity) *Xl_nl+area_concrete_pad*X2_nl 
+area_concrete_pad*X3_nl-area_concrete_pad*(Xl _n^2) 
+0.5*delta_time*c*area_hpl *sqrt(2 *density_oil*gravity) *Xl_n 
-areaj:oncrete_pad*X2_n-area_concrete_pad*X3_n-delta_time ̂ inflow 
0.5*delta_time *c *area_hpl *sqrt(2 *density_oil*gravity) *Xl_nl 
-(area system-areaJntemal_pipe)*X2_nl+(area_external_pipe 
-area_system) *X3_nJ+0.5 *deltatime *c *areajipl 
*sqrt(2*density_oil*gravity) *XI_n+(area system 
-areajnternal_pipe)*X2_n+(area_system-area_external_pipe)*X3_n 
(area_external_pipe-areaJntemal_pipe)*X3_nl+areaJntemal_pipe 
*(X4_n 1 ̂ ^2)+0.5 *deltajime *c *area_hp2 *sqrt(2 *density_water 
*gravity)*X4_nI+(areajnternaljpipe-area external_pipe)*X3_n 
-areajnternalj>ipe *(X4jC2)+0.5 * delta Jim e *c *area_hp2 
*sqrt(2 *density_water*gravity) *X4_n
density_oil *X2_n 1 +densityjwater *X3_n I -density_water *(X4_n l'^2) 
-densityjwater*h_column-densityjA'ater*h] ;

% Jacobian matrix for FI
= [2*area_concretej)ad*XI _nl+0.5*deltajime*c*areajtpl

*sqrt(2*density_oil*gravity) area concrete_pad area concretejpad 0 
p. 5 *deltajime *c *area_hpl *sqrt(2 *density_oil*gravity) 
areajnternal_pipe-area system area external_pipe-area system 0 
P P qreajextemaljripe-area internalj)ipe 2*area internal_pipe 
*X4_nI+0.5*deltaJime*c'^areaJip2*sqrt(2*density_water*gravity)
P density oil densityjwater -2*density_water*X4jil];

while (iteration<~maxJterationjmns)
X_nl _new=X_nI j)ld-(inv(Jl) *FJ); 
diJference=norm(X_nl_new-X_nl_old); 
disp([iteration X_nl_new' difference]);
ifdifference<=error

disp('Newton method has converged')
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68 dispC )
69 H1=X n l new(2,I)+X n l new(3,l)+X_nl_new(l,l)'^2
70 H2=X_nl_new(2.1)
71 H3=X_nl_new(3,l)
72 H4=h_column+h+X_nl_new(4,l)'^2
73 return
74 else
75 X_nl_old=X_nljiew;
76 eW
77 iteration-iteration+I;
78

Figure H.5: Commands in case2A.m file.
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A P P E N D IX  I

N U M E R IC A L  R E S U L T S  O F  T H E  M A T H E M A T IC A L  M O D E L
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Transformer oils are obtained by processing petroleum. Petroleum differs in chemical 

composition according to its source. This also applies to its products, especially to 

transformer oils. The hydrocarbon compounds, which constitute the major part o f the oil, 

can be divided into three main groups: paraffins, naphthenes and aromatic compounds.

Paraffins are saturated hydrocarbons with a straight chain (normal paraffins) or a 

branched chain (isoparaffins) without any cyclic structures (Figure J .l). Cycloparaffins 

or alicyclic compounds (popularly called naphthenes) are saturated hydrocarbons 

containing one or more five- or six-membered rings. Each o f these rings may have one 

or several straight or branched bicyclic, tricyclic (Figure J.2). Aromatic hydrocarbons 

contain one or several aromatic rings which may be combined with alicyclic rings. The 

rings may or may not have alkyl chains and/or paraffin side chains. The aromatic nuclei 

may be condensed as in naphthalene and phenanthrene or isolated (Figure J.3). A mixed 

alicyclic-aromatic hydrocarbon is also shown in Figure J.3.

Generally, the solubility of water in transformer oil is negligible. From the point of view 

of the molecular theory, the very low solubility o f water in petroleum products is 

explained by the great differences in sizes between the hydrocarbon arid water molecules. 

The overall field o f the intramolecular forces prevents mixing o f the liquids.
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HgC —  CCH2)h— CH3 normal paraffins

CH3 CH3

H3C —  C —  CH2 —  Ç —  (CH2)n —  CH3 isoparaffins

CH CH3
/  \

H3C CH3

Figure J.l : Paraffins group of hydrocarbon compounds.

CH2 
/  \

H2C CH — (CH2) n ~ C H 3
I  I

H2C --------CH2

CH2 CHg

.  rH2C CH CH —  (CH2)n —  CH3 bicyclic

h | c  CH CH]
\  /  \  /

CH] CH]

Figure J.2: Naphthenes group of hydrocarbon compounds.
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^ C  — (CHa)  ̂— CH3 

HC CH aromatic hydrocarbon with

HC CH

V /

one aromatic ring

CH CH
 ̂ aromatic nuclei condensed

Ç 9  *^^3 as phenanthrene

HC c  CH

H C  C  (C H a)^  C  C H  aromatic nuclei are
I I I  I  I I  isolated

H C  C H  H C  C H

CHa CH] CH
y// / / -  " s . / /

H jC  C H  C  C H

I mixed alicyclic-aromatic
H aC ^ ^ ^ H ^  ^  (CHa)n CH3 hydrocarbon

C H a C H a C H  

Figure J.3: Aromatic group of hydrocarbon compounds.
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