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ABSTRACT 
 

Asset expansion planning in Distribution System is important and should be expanded 

to consider utility scale energy storage systems such as batteries, flywheels, compressed 

air, thermal, etc. Battery Energy Storage Systems (BESS) are maturing for utility scale 

applications and are considered in this thesis for asset planning exercise.  

Unlike other electromechanical assets such as generators, transformers, motors, 

feeders, distribution lines, etc., usage parameters such as number of storage cycles and 

depth of discharge have a dramatic nonlinear effect on the life of Battery Energy Storage 

Systems. Hence, in the optimal asset planning formulation of electric power distribution 

systems considering BESS, it is imperative to include their relationship between life in 

years, number of storage cycles and extent of usage in terms of depth of discharge.  

A new optimal asset expansion planning formulation and algorithm for distribution 

systems is developed and presented in this thesis that considers (1) new sources of energy 

supply, and (2) BESS, while modeling nonlinear relationship life-cycling-usage of BESS.  

The formulation aims to minimize annualized cost of the optimal expansion plan while 

satisfying forecasted demand and other distribution system service requirements. The 

proposed method in this thesis is then used to develop optimal expansion plans for a 6-

bus synthetic system and an IEEE 33-bus distribution network. The results show the 

effect of considering the life-cycling-usage relationship of BESS on optimal asset 

expansion plans. 

Further, using sensitivity analysis, the effect of ratio off-peak load to peak load on total 

asset costs are analyzed and reported.   
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 CHAPTER 1

1 INTRODUCTION 
Asset planning in distribution systems is to determine the best expansion plan that 

costs the least while providing adequate quality of service and satisfying the demand of 

connected loads. Optimal asset expansion plans should be cognizant of several new 

elements connected to distribution systems such as renewables (wind and solar), electric 

cars, smart meters, CDM (conservation and demand management) solutions, etc. 

Importantly, utility scale energy storage is now commercially viable and utilities could 

include them in the optimal asset expansion plan where appropriate. Battery Energy 

Storage Systems, BESS, are particularly of interest as they can help manage flow of 

energy by storing energy when demand is low and consequently the driving energy prices 

are low and releasing it when demand is high and driving energy prices are high. After 

all, optimal distribution system asset planning strategy is to deliver energy to customers 

with the minimum cost at the service quality required by prevalent standards. 

BESS holds a potential for utility distribution system applications. These include 

load leveling, distribution system asset cost deferral, CDM, volt-var control, etc. An 

aspect of BESS that is uniquely different in contrast with other regular distribution 

system assets is that usage, cycling and life are closely interlinked and their relationship 

is highly nonlinear. Hence, a careful consideration of BESS characteristics must be 

included in distribution system asset expansion planning exercise. 

 

1.1 Energy Storage Capabilities 

Increasing electricity demand and resulting pollution has lead energy policy makers 

and researchers to consider alternative energy resources such as solar and wind. 

Especially after the energy crisis of the 1970s, more and more studies have been 

conducted in this area and researchers are looking for ways to increase the renewable 

energy generation in an economically beneficial way [1]. 
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Other factors contributing to the increased interest in renewable energy include 

increased energy prices, the negative environmental impact of fossil fuel electricity 

generation and climate change. Fossil fuel electricity generation accounts for more than 

40% of global CO2 emissions and this makes it one of the major issues in the energy 

sector [2, 3].  

As an example for renewable energy, wind power, is a suitable alternative for fossil 

fuel generated electricity for some geological areas and yet, its intermittent nature can 

provide some problems for the power system, specifically when we are interested in high 

penetration of wind power [4]. Energy storage systems can help with the ramp control 

and frequency control of wind turbines. Therefore, if appropriate and affordable energy 

storage was at hand, the development of renewable energy would be going forward at a 

much faster pace [5, 6]. 

Energy Storage systems are very useful as they can store energy when it is in 

excess and release when it is in short supply. With increased research and development, 

energy storage systems are becoming cost competitive. Moreover, it has been predicted 

that worldwide electricity demand will double by 2050. In short, energy storage devices 

would be beneficial in terms of both economic value and environmental benefits in 

distribution system applications [7]. 

 

1.2 Energy Storage Types 

Energy Storage Systems (ESS) can be installed in the power grid in many different 

capacities. In order to explore how ESS can benefit the power grid in terms of reliability 

and economic savings, it is necessary to study the characteristics of ESS in depth [8]. 

Some of the energy storage system applications considering both transmission and 

distribution sectors are [9]: 

 electric energy time shift or energy arbitrage, 

 frequency regulation, 
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 spinning, non-spinning, and supplemental reserves, 

 voltage and reactive power support, 

 black start, 

 transmission upgrade deferral, 

 transmission congestion relief, 

 distribution upgrade deferral, 

 power quality improvement, 

 power reliability improvement, 

 retail energy time-shift, and 

 demand charge management. 

There are four general types of energy storage systems commonly used for large-scale 

applications, mechanical, electrical, chemical, and electrochemical [10]. In the next 

section, we will briefly cover some of the most commonly used forms of energy storage 

systems. 

1.2.1 Mechanical storage devices 

 In this form of energy storage system, energy is stored in mechanical system in 

the form of potential or kinetic energy. Compressed air, pumped hydro and flywheel 

systems are among the most important solutions in this category and have prevalent 

application for bulk electric power systems. 

1.2.1.1 Compressed Air Energy Storage (CAES) 

In this mechanical energy storage system, off-peak electrical power is used to 

compress air and store it in large storage reservoirs such as salt caverns, large balloons 

submerged in water, steel tanks, etc. This energy storage mechanism is highly dependent 

on site geology and the process is not 100% pollutant free. Adiabatic compressed air 

energy storage is also used where heat from compressed air is recovered in order to aid in 

the energy storage process and improve efficiency of the energy storage system. A 

schematic of this type of energy storage system is shown in Figure ‎1-1. 
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Figure ‎1-1 Compressed Air Energy Storage (CAES) with underground reservoir [9] 

 

1.2.1.2 Flywheel Energy Storage (FES) 

Electricity is used to accelerate the rotor and therefore stored as kinetic energy 

(Figure ‎1-2). As a result, charging time can be fast and the state‎of‎charge‎doesn’t‎affect‎

the efficiency.  Such characteristics on top of low maintenance cost, long life cycle, high 

efficiency, being environmentally friendly, wide operating temperature range and ability 

to survive in harsh conditions make FES suitable for many applications. However, idling 

losses are high which means the FES systems are often neglected in favor of other more 

efficient energy storage devices in applications where long storage duration is required. 

FES systems are usually used for short storage duration such as power regulation, 

frequency regulation, ramping, etc. where a burst of energy is required. 
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Figure ‎1-2 Flywheel Energy Storage (FES) [9] 

 

1.2.1.3 Pumped Hydro Energy Storage (PHES) 

In this mechanical storage system, electricity is used to pump water to an up-hill 

storage location during hours when electricity demand is low thereby storing energy as 

potential energy. When the water is released down-hill, it will be used to produce 

electricity by driving a generator that might be used during hours with high electricity 

demand. Although this type of energy storage has the potential to have very large 

capacity, its usage is very limited due to large capital cost and geographical restrictions. 

Figure ‎1-3 shows an illustration of this type of mechanical energy storage system.  



 

INTRODUCTION   CHAPTER 1 

 

6 

 

 

Figure ‎1-3 Pumped Hydro Energy Storage (PHES) [9] 

 

1.2.2 Electrical storage systems 

The main energy storage systems in this category of storage devices store energy 

in a magnetic field which will be released upon need. A prime example of this technology 

is Superconductive-Magnetic Energy Storage (SMES). In this technology, a 

superconducting coil is first cooled to below its superconducting critical temperature and 

then the energy is stored in a lossless fashion in the form of magnetic energy. SMES have 

high round trip energy efficiency as well as fast dynamic response [11]. High cost of 

super conducting wire as well as special requirements for cryogenic cooling, limit the 

usage of this technology to short-term energy storage purposes such as UPS [12, 13]. 

1.2.3 Chemical energy storage 

Chemical Energy storage devices have become popular in recent years mainly for 

their ability to perform without having significant green-house emissions and very high 

storage capacity. An example of chemical energy storage systems is Hydrogen energy 
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storage. One problem hindering the application of this type of energy storage is its low 

round trip efficiency.  

1.2.4 Electro-chemical energy storage 

A well-known storage mechanism for electric energy is in the form of electro-

chemical storage system and almost everyone have seen and used this type of storage 

devices in their lifetime. Batteries and super-capacitors are the most common form of this 

category. Innumerable types of battery technologies are available and used with features 

that suit certain applications. Whilst some are more suitable than others, the following 

literature discusses most popular technologies with grid scale utility applications 

considering bulk energy storage capability. 

1.2.4.1 Battery Energy Storage System (BESS) 

BESS are usually chosen for their special features including being 

environmentally friendly during operation, high efficiency, high energy density, small 

foot print, long life-cycle, low maintenance, etc. [14, 15]. Also, because of their often 

small size, they are easier to relocate and thus suitable for distribution systems and also 

for the purpose of integrating renewable energy. Common types of batteries include: 

Sodium-Sulfur, Sodium-Nickel-Chloride, Vanadium-Redox, Iron-Chromium, Zinc-

Bromine, Zinc-air, Lead-Acid and Lithium-ion. Among these types, Li-ion batteries have 

characteristics such as relatively higher energy density, very slow self-discharge, long 

life-cycle and high efficiency which are the reasons many consider them to be promising 

among the other battery types [16, 17]. Figure ‎1-4 shows a schematic of a typical BESS 

and Figure ‎1-5 shows the internal structure of a Lithium-ion battery. A comparison 

between specific energy of different battery types is presented in  

Table ‎1-1 [18] and Table ‎1-2 shows the characteristics of a Lithium-ion BESS 

(LiFePO4).   
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Table ‎1-1 Specific energy for different battery chemistry 

 Lead-

Acid 

Ni-

Cd 

Ni-

MH 

Li-

Phosphate 

Li-MN 

Oxide 

Li-Ni-Mn 

Co Oxide 

Li-Co 

Oxide 

Typical Specific 

Energy (Wh/kg) 

40 60 90 110 120 140 170 

 

 

 

 

Figure ‎1-4 Schematic of a Battery Energy Storage System (BESS) [9] 



 

INTRODUCTION   CHAPTER 1 

 

9 

 

 

Figure ‎1-5 Lithium-ion battery internal structure [9] 

 

Table ‎1-2 Characteristics of a Li-ion BESS (LiFePO4) [18] 

Lithium-Iron-Phosphate 

Nominal Voltage (V) 3.2-3.3 

Specific Energy 

(Capacity) (Wh/Kg) 90-120 

Charge (C-rate) 1 C typical,  charges to 3.65V; 3h charge time typical 

Discharge (C-rate)  

1 C, 25 C on some cells; 40A pulse (2s); 2.5 volt cut-off 

(lower than 2 V causes damage) 

Cycle life  1000-2000 

Thermal runaway    ‎  C; Very safe even at 100% SOC 

Applications 

Portable and stationary needing high load currents and 

endurance 

Specifics 

Flat voltage discharge curve but low capacity 

One of safest Li-ions 

Elevated self-discharge 
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1.2.4.2 Super-Capacitor Energy Storage (SCES) 

In this type of storage device, energy is stored between a pair of charged plates as 

in a capacitor. A benefit of SCES is that they can be repeatedly charged and discharged 

without any effect on their efficiency within guaranteed life. Also, high efficiency and 

long life-cycle have further paved the way for the utilization of this technology [19]. 

SCES have a very high power and low energy capacity. They are typically suited for fast 

charging and discharging applications. 

 

1.3 Energy Storage Applications in Power Systems 

Many researchers have strived to optimize the energy storage systems operation for 

their different application and in different capacities. Each type of energy storage system 

used in an application would affect the optimization problem in a singular way. In an 

optimization problem, it is important to know what the objective is and in this thesis, we 

are addressing asset planning optimization wherein we attempt to minimize cost of 

energy assets such as generators and BESS to meet customer demand in distribution 

system. Therefore, the important thing about energy storage systems, and in this case 

BESS, is to keep in mind that battery efficiency and dependability is affected by its 

operation and how it is programmed to respond to the demands of the grid. 

Applications of energy storage systems in power systems are studied extensively in 

the literature and there is a wide selection of research articles that have targeted the 

optimization of the ESS’s‎operation.  Here, we will briefly discuss some of the related 

research works that have been done in this area and will highlight the differences of this 

work with them. 

As an example of other types of storage systems in distribution system,   authors  in 

[11] have introduced a new superconductive magnetic energy storage (SMES). Their 

scheme decreases transmission line loading, losses, fuel costs and also improves the 

electric power transmission especially if the SMES is located near heavy-load customers. 
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In [20], authors used multipass dynamic programming algorithms with time shift to 

calculate the economic dispatch of BESS and find optimal BESS power and energy 

capacities in a power system. Results of their research show that the use of BESS can 

reduce the cost for the utility systems as well as the end customers. 

Another study has used similar method to achieve the optimal charging curve of a 

battery energy storage system [21]. Maximum payoff for load redistribution and peak 

load shaving is determined to ensure the minimization of the electricity bill. This work 

also offers a method to optimize the size the ESS for a specific application. 

In [22], authors have presented a multi objective optimization to study the effects 

of using BESS on the‎“Net‎Present‎Value”‎of‎these‎installments in a distribution system. 

They have succeeded in defining the relationship between energy storage installment and 

battery specific costs. In this paper, several applications of energy storage system and 

their contribution to the economic benefits have been studied at the same time. 

In [23], portable energy storage units have been used in order to postpone transformer 

upgrades. The objective is cost minimization and a dynamic program has been used to 

solve the problem. Results of this study prompts a lower battery cost is required to obtain 

an economically viable solution. 

In another study authors claim that maximum economic benefits of BESS in power 

system can be achieved by using proposed method of optimizing the battery capacity 

[24]. In that study, thermal units have been taken into‎consideration‎but‎battery’s‎internal‎

characteristics have not been taken into account. Particularly, the results show that the 

BESS with high power capability and low capacity is an optimal solution in a network 

with large difference between the peak and base loads. 

Authors in [25] are using‎ an‎ “exterma”‎method‎ to‎ optimize‎ the‎ size‎ of‎ the‎ BESS‎

while minimizing the customer electricity cost by reducing the power demand costs using 

peak shaving. The authors also use dynamic programming to minimize the electricity cost 

maintaining the battery within its physical constraints. The battery is modeled with an 
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internal‎resistance‎that‎is‎a‎function‎of‎the‎battery’s‎state‎of‎charge‎as‎well‎as‎the‎direction‎

that the power is flowing, i.e. charge or discharge, based on the model used in [26]. 

In another paper  Simulated Annealing (SA) algorithm with a heuristic approach was 

used to find the optimal size of a battery storage installed in a PV/wind integrated hybrid 

energy system [27]. The algorithm has been implemented on a case study to minimize the 

hybrid energy system total cost. 

In another study, authors have introduced a method to optimize the BESS 

installation locations and also capacity of each energy storage device used for load 

leveling applications [28]. The studied system is a distribution system in Korea (the 

energy storage application relates to the utility side). The determining factor in the 

proposed method is the load factor at each main transformer in the test system. The 

optimal result is found by comparing the load factor improvements in the distribution 

subsystem. 

In another reference, three different applications of BESS have been considered 

[29]. The dynamic operating costs have been calculated in the load frequency control, 

load leveling and spinning reserve applications. Economic benefits of BESS applications 

under different unit commitment scenarios for an island system have been studied using 

the‎costing‎program‎“DYNASTORE”. 

Another research work compares three applications of the BESS, load leveling, 

control power (also known as spinning reserve) and peak shaving, in terms of their 

monetary value [30]. Batteries studied in this work are lead-acid, NiCd and Vanadium 

Redox (VR) batteries. The purpose of the study is to determine which BESS application 

has more economic benefits and their results show that‎“control‎power”‎application‎has 

the highest monetary benefits. 

In another paper, authors have used advanced multi-pass dynamic programming 

to determine the optimal capacity of BESS [31] for time-of-use rates customers. The 
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proposed algorithm has been tested for two of the Taiwan Power Company System 

customers. 

In [32] a new technique called the jump and shift method has been introduced to 

solve the Smart Energy Management System (SEMS) multi objective optimization 

problem. The method is tested on a microgrid containing PV and battery banks.  

Authors in [33]  have developed a matrix real-coded genetic algorithm in order to 

solve a single-objective optimization for the Smart Energy Management System (SEMS) 

of a microgrid. The algorithm leads to cost optimization, economic load dispatch and 

optimized operation strategies. 

In another study, mixed integer linear programming in General Algebraic 

Modeling System has been used in order to find the optimal operation of an isolated 

system consisting of a wind turbine, solar unit, fuel cell and a battery energy storage 

system [34]. A Virtual Power producer (VPP) has been used to ensure the optimal 

operation of generation units and the operation of ESS within its constraints. 

In another study, a multi-objective algorithm has been designed via non-dominated 

sorting genetic algorithm (NSGA-II) to study the monetary benefits of a stand-alone 

micro-grid in an island in china [8]. Factors considered in this model include battery loss 

cost, operation and management costs, fuel and environmental costs. The battery being 

considered for this microgrid is a lead-acid battery. The difference between this paper and 

[35] is that the authors consider the effect SOC has on the cost function. A minimum and 

maximum‎has‎been‎defined‎for‎ the‎SOC‎thus‎preventing‎battery’s‎dramatic‎decrease‎ in‎

efficiency which is seen in batteries that have been charged to 100% SOC or discharged 

to 0% SOC. However, the effect SOC or DOD on the overall cost have been modeled by 

assuming a linear relationship between battery losses and SOC which is only an 

approximation. 

Authors in [36] found that if multiple energy storage devices with complementary 

performance‎ characteristics‎ are‎ used‎ together,‎ the‎ resulting‎ ‘hybrid‎ energy-storage 
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system’‎can‎dramatically‎reduce‎the‎cost‎of‎energy‎storage‎over‎single‎storage‎systems. 

Their paper has focused on the control strategy of the energy storage systems to reduce 

costs. The cost of storing energy with a hybrid energy-storage scheme was found to be 

much less than either single storage method. Two control algorithms are studied in this 

paper for two hybrid systems, battery plus hydrogen storage and battery plus fuel cell 

storage. The algorithms are: 

1. SOC algorithm where battery is the number one storage device. The battery SOC 

is tightly controlled and the hydrogen or the fuel cell system handles the 

remaining energy demands. However, this algorithm might result in a larger than 

necessary secondary energy storage device which in turn increases the costs.  

2. Neural Net (NN) controlled algorithm that adapts to daily and seasonal changes 

and tries to level the loads between the two components of the storage system. 

This approach shows over 30% in cost saving over the simple SOC based 

algorithm. 

One shortcomings of [36] is that: size and cost relationship is considered linear, 

which is a rough estimation. In both cases battery usage is favored over the other grid 

connected storage units even if it is economically unadvisable. In short, the objective 

isn’t‎cost‎optimization‎but‎instead‎reducing‎fuel‎usage‎and‎making‎the‎application more 

environmental friendly. 

In another study, three stand-alone photovoltaic hybrid systems, 

photovoltaic/battery (PV/Battery), photovoltaic/fuel cell (PV/FC) and photovoltaic/fuel 

cell/battery (PV/FC/Battery) systems are analyzed [37]. The designed method is claimed 

to minimize system configuration and optimize the sizing of the systems. The 

relationship between system cost and system efficiency has been studied. It is shown that 

the hybrid PV/FC/Battery system provides the best trade-off in the multi-objective 

optimization for minimized system cost and maximized system efficiency compared to 

either single storage systems. 
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In [38], cost benefits of a hybrid PV-BESS in an isolated system have been 

studied by considering load, utility, battery and PV data and characteristics. However, 

there are several important factors which have not been taken into account; including:  

power quality, protection, reliability and security and SOC/DOD. 

In [35] authors have proposed a model in order to calculate the sizing, capital 

costs, control strategies, and efficiencies of different types of energy storage including 

Reversible Fuel cell (RFC), batteries and Ultra-capacitors both individually and as a 

hybrid solution for a standalone PV powered consumer. The authors have highlighted the 

significance of the choice of control strategy for the given single or hybrid energy storage 

system in the overall system efficiency and cost. The authors have chosen a simplistic 

battery model for battery control purposes and although they have noted that SOC affects 

battery characteristics at any given time, no solution has been set forward to optimize the 

hybrid systems by taking SOC or DOD into account.  

The relatively high capital cost of BESS drives the interest in extending their life-

time. Very high DOD shortens battery life-time [39]. None of the works reported in the 

literature consider the nonlinear relationship between life of the BESS, number of cycles 

per year and usage in terms of depth of discharge while optimally planning for expansion 

of distribution systems to supply demand and maintaining service as required by 

applicable standards. This is a must for an optimal economic asset expansion plan that 

considers BESS. This thesis addresses optimal asset planning for distribution systems 

considering these aspects as outlined in the next section. 

1.4 Objectives 

In this thesis a novel optimal expansion formulation and algorithm is proposed that 

considers the BESS nonlinear relationship of life-cycles-usage whilst meeting energy 

demand in the distribution system and satisfying applicable service standards. The 

objective of this optimization is to minimize the total annualized asset cost for energy 

supply.  In the end, the result would be the optimum sizes of BESS units and generators 
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to supply forecasted demand in the distribution system whilst meeting all codes and 

standards with respect to electricity supply. 

The objective also includes study of the proposed method on two systems and 

exploring the effect of nonlinear BESS relationship of life in years and usage in terms of 

number of cycles and depth of discharge on annualized asset costs. 

1.5 Chapter-wise Summary 

In Chapter 2, the problem of optimal energy asset expansion planning for 

distribution systems is outlined and the theory is explained. Theoretical and mathematical 

models are provided and solution method is proposed based on the formulation. 

In Chapter 3, the developed program has been tested on two test systems. The test 

systems are 6-bus synthetic system and an IEEE 33-bus distribution network with 1 and 2 

generators installed respectively. The obtained results have been presented in this chapter 

accompanied by relevant tables, graphs and explanations. 

Chapter 4 offers the conclusion of this work. The main achievements and novelties 

of this work are highlighted in this chapter.‎ The‎ “Future‎ works”‎ section‎ offers‎

suggestions and a guide to anyone wishing to further research this topic.  

1.6 Chapter summary 

In this chapter, the necessity and benefits of energy storage have been explored. 

Different types of energy storage have been presented and the reasons for choosing 

Lithium-ion battery as the desired type of energy storage have been stated. Similar works 

done in the literature and a brief overview of each work highlighting its pros and cons 

have been presented.   

The objective of this thesis is to find the optimum asset plan, which is size of the 

BESS units and generators to minimize the annualized asset costs.  
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CHAPTER 2 

2 THEORY AND FORMULATION 

2.1 Introduction 

Expected life-time of the battery is directly dependent on many internal and 

external factors. Manufacturing quality, type of the battery (ions being used) and 

chemistry are examples of some of the internal factors which are typically out of hand 

and we cannot interfere with. On the other hand, operating temperature, charge method, 

quality of maintenance, SOC levels in each cycle and cycling regime can be controlled by 

the operator and finding the optimum operating point of each of these parameters would 

have an impact on the battery performance [40]. 

 

2.2 BESS characteristics 

The BESS usually comprises of battery cassettes with cells in series. These 

cassettes are connected in series to form a string of a desired voltage. Several strings of 

same build are connected in parallel to adjust the module power capabilities. A review of 

literature shows that depth of discharge and number of cycles per year, impact the life-

time of the BESS [41]. In general, they have a nonlinear effect as shown in Figure ‎2-1. 

Accordingly, when the BESS is restricted within a range of operation in terms of depth of 

discharge and number of cycles per year, the resulting relationship appears as below [41]: 

                                                                                                                        

To get Number of Cycles per day, one only needs to divide Number of Cycle per 

year by 365. NC in the rest of this thesis refers to the latter. The problem formulation 

presented in this paper uses this equation to constrain its use to achieve a realistic optimal 

asset expansion plan considering BESS and new sources of energy. 
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Figure ‎2-1   BESS relationship between life in number of years with usage in terms of 

number of cycles per year and depth of discharge 

 

2.3 Problem Formulation 

This study considers the problem of sizing new generators and BESS for supplying 

energy to forecasted demand such that distribution system lines and cables are adequate 

while satisfying applicable operational requirement as per standard codes. The BESS 

performance is modeled by considering the effect of usage in terms of depth of discharge 

and number of cycles per year on the life using (2.1). 

2.3.1 Objective Function 

In this optimal asset expansion plan, the objective is to minimize annualized costs 

of generation assets and BESS assets: 

2500

3500

4500

0

2

4

6

8

10

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.9

N
u
m

b
er

 o
f 

y
ea

rs
 



 

  THEORY and FORMULATION   CHAPTER 2 

 

19 
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 ∑
               

   

  

   

 ]                                                                   

where     represents the maximum power capacity of the generator i. The terms     and 

    serve as power and energy capacities of the BESS respectively and represent the 

maximum value for energy and power of the BESS. 

The cost coefficient CG represents annualized cost coefficient for generators. The 

BESS capital cost coefficients CEP and CEE have units of $/MW and $/MWh 

respectively. The optimization challenge is to account for annualized cost for capital 

required to provide the grid with the demand. To compute annualized capital cost of the 

BESS, its related expressions in the (2.2) have been divided by the life-time of the BESS 

in years,    . The cost coefficients have been shown in Table ‎2-1. 

Table ‎2-1 Generator and BESS cost coefficients [42] 

CG ($/KW) CEE ($/KWh) CEP ($/KW) 

2,000 2,100 150 

 

2.3.2 Constraints 

In (2.2), the term     represents the maximum power capacity of the generator i 

during any time of its operation with a power     . Accordingly, it is determined via the 

following constraint: 

                                                                                                                          

In (2.2),      and     serve as power and energy capacity of BESS and represent 

the maximum value for energy and power from BESS. Therefore, (2.4) and (2.5) can be 

used as constraints in this problem to limit the two variables PE (BESS power) and EE 

(BESS energy). 



 

  THEORY and FORMULATION   CHAPTER 2 

 

20 

 

                                                                                                                   

                                                                                                        

where      and      represent power and energy of BESS at bus k in time zone h. 

Further, the energy in the BESS is restricted between 1% and 99% of its energy capacity 

[8]. In order to ensure that BESS stores and returns energy without consuming or 

supplying energy, the total energy in the end must equal that of the start, without 

specifying a value, where this value is optimized to be the most effective value via the 

optimization: 

                                                                                                                             

Further, considering a storage efficiency parameter of  that accounts for self-

discharge time, the amount of energy in a BESS as a function of past stored energy and 

energy input for the hour can be expressed as below: 

                                                                                                                      

In addition, in order to model the distribution system’s‎ network,‎ bus-wise 

complex power balance equations should be satisfied: 

                                                                                                                     

where     and      are the apparent generation and demand at bus i in time zone h. The 

term      represents the net apparent power flowing from bus i in time zone h into the 

connected transmission system. The BESS is assumed to provide only real power at unity 

power factor. 

The complex vector     for hour h can be computed by using the vector of 

voltage phasors and bus admittance matrix: 
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Further, magnitude of bus voltage phasors should be within applicable standards 

as described below: 

   |   |                                                                                                                                     

In addition, apparent power flow through lines should be restricted within their 

respective maximum capacities as below: 

|        [(               )    ]
 
|                                                                 

where     represents the maximum MVA line flow through line l which is connected 

between busses i and j. The line l admittance is described by   .  

 Further, the main novelty of this work is taking BESS relationship between life in 

number of years and usage quantified via depth of discharge (DOD) and number of 

cycles per year into consideration. DOD represents the depth of discharge and can be 

calculated from the equation below: 

     
                   

   
̅̅ ̅̅ ̅

                                                                                     

where           represents the maximum energy stored in the BESS of bus k 

considering all hours of operation.  The exact relationship between DOD and BESS life is 

needed to determine the optimum cycling regime. The relationship can be seen in (2.1), 

where NC is the number of cycles per day and NY is the number of years the BESS is 

expected to be in a healthy condition. This equation has been derived from the work done 

by the authors in [41]. 

 Also,‎battery’s‎number‎of‎cycles‎per‎day‎can‎be‎found‎from‎(2.13) where charging 

is compared with energy capacity of BESS. As can be seen, the number of cycles per day 

depends on the size and energy capacity of the BESS. 
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The formulation with the objective described in (2.2) and constraints (2.1), (2.3)-

(2.13) can be solved using any optimization software.  

 

2.4 Solution method 

The OPF problem is now formulated as an objective function (2.2) and a set of 

constraints (2.1) and (2.3) – (2.13).  Objective of this problem is to find the optimal BESS 

and generator sizes. Since the program contains non-linear constraints, it was found best 

to‎use‎MATLAB’s‎fmincon‎solver.‎Fmincon is an iterative solver and for the purpose of 

this problem, the‎ “interior‎ point”‎ algorithm‎ (former‎ Barrier‎ Method) was used. This 

algorithm is used to solve linear and non-linear convex optimization problems. The steps 

in this algorithm are as below [43]: 

 Step 1: Initialization 

Start with a feasible point and set the iteration counter s=1. 

 Step 2: Optimality Test 

The gap between the dual and primal objectives defined by the algorithm 

is calculated and then compared to the tolerance value ɛ. If gap is smaller 

than ɛ, stop; else proceed to step 3. 

 Step 3: Compute the Direction 

 Step 4: Find Step Length 

Step length or X is found. X consists of all the variables PG, QG, PE, 

EE, EEMax, PEMax, NY, V (voltage magnitude) and DEL (voltage 

angle); therefore all the variations of these parameters are found. 

 Step 5: Update Solution 

  Using the X found in the previous step, the new value of X is calculated. 

 X
s+1 

= X
s
 + X 
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 Step 6: Update iteration step from s to s+1 and repeat step 2. 

The vector X is the vector of variables in this program and consists of the following 

variables: PG, QG, PE, EE,   ̅̅ ̅̅ ,   ̅̅ ̅̅ , NY, NC, DOD, V and DEL (Voltage angle). After 

the final iteration, the final results for each of the elements in the X vector are found. 

The problem with this algorithm is that it can sometimes give a local minimum 

answer as the final result. In order to overcome this problem, GlobalSearch has been used 

in MATLAB. By utilizing this function, several initial values are chosen and the 

solutions are compared and the answer resulting in the lowest fval is declared as the best 

answer.  

 

2.5 Chapter summary 

In this chapter the theory behind this work has been explained. Problem outline has 

been explained and mathematical formulations have been offered in terms of the 

objective function, linear and nonlinear constraints. 

In the next chapter, the problem has been studied on two different test systems. 

These test systems and their differences have been explained and the MATLAB 

simulation results are provided. 
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CHAPTER 3 

3 RESULTS 

3.1 Introduction 

In this chapter, the asset expansion problem with the objective function (2.2) is 

evaluated on two test systems. The first system has been especially designed by the 

author for the purpose of testing the formulation and program. The second system is an 

IEEE 33-bus radial distribution system. The battery in both cases is assumed to have 

100% efficiency and other than self-discharging, the only factors affecting its degrading, 

are considered to be depth of discharge and the number of cycles. The main concern in 

both cases is the sudden load peak in the second time zone and it is of interest to us to 

study‎the‎battery’s‎behavior‎when‎the‎load‎profile contains a sudden peak. It can be seen 

that the introduction of a BESS into the system means that the battery costs are included 

in the overall costs and still the total cost decreases. 

 

3.2 Test System 1: 6 Bus Synthetic System 

This test system consists of 6 buses and 1 generator. A battery has also been placed 

at bus 3 (Figure ‎3-1). 

The bus-wise load profiles have been scaled up and down during the day as 

shown in Figure ‎3-2 and Figure ‎3-3 for real and reactive power. The purpose of this is to 

synthesize a daily load profile.  

In order to solve the asset expansion problem in this system, the 24 hours in a day 

have been divided into three time zones with off-peak from hours 1 to 12, mid-peak from 

hours 13 to 20 and on-peak from hours 21 to 24. 
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Figure ‎3-1 Test System 1: 6 Bus synthetic system 
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Figure ‎3-2 Real power loads at each bus in every time zone 

 

Figure ‎3-3 Reactive power loads at each bus in every time zone 
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It can be seen that load on the bus 2 has a very large peak. For this reason, the 

BESS has strategically been placed at this bus. As can be seen, zone one represents off-

peak. In Ontario (Canada), off-peak usually starts late evenings from 10 pm and lasts 

until 8 am in following morning. Mid-peak starts from 9 am and lasts until 5 pm; on-peak 

is during the evening hours of 6 pm to 9 pm.  

The first bus in the system has the generator and is thus load-free. The buses 

numbered 1-5 are the load buses which correspond with buses 2-6 in Figure ‎3-1. 

The results of running program on this test system have been offered in Table ‎3-1 and 

Table ‎3-2 below. Table ‎3-3 shows the voltage phasors for each of the buses in each of the 

3 time zones. The slack bus voltage is assumed to be 10 per unit in order to solve this 

problem. The generator and BESS results have been presented in Figure ‎3-4 and 

Figure ‎3-5. 

Table ‎3-1 Generator and BESS energy in each of the three time zones 

 Time Zone 1 Time Zone 2 Time Zone 3 

Real Power Output of Generators (MW) 8.0524 8.0524 8.0505 

Reactive Power Output of Generators (MVAr) 0.4384 2.2795 2.1214 

Real Power Output of BESS (MW) -6.4563 6.6656 -0.2093 

Energy stored in the BESS (MWh) 7.1511 0.6948 7.3604 
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Table ‎3-2 BESS Characteristics for the 6 bus system 

Cycles per Day (NC) 0.8164 

Depth of Discharge, DOD (%) 0.8164 

Energy Capacity of BESS (MWh) 8.1642 

Power Capacity of BESS (MW) 6.66 

Number of Years (NY) 15 

 

Table ‎3-3 voltage magnitude and phase angle in each of the three time zone for the 6 bus 

system 

 Time Zone 1 

Voltage in p.u. 

Time Zone 2 

Voltage in p.u. 

Time Zone 3 

Voltage in p.u. 

BUS 1 10
o 

10° 10° 

BUS 2 0.9992-0.0003°  0.9991-0.0002° 0.9991-0.0002° 

BUS 3 0.9953-0.0021° 0.9951-0.001° 0.9955-0.0011° 

BUS 4 0.995-0.0022° 0.994-0.0012° 0.9937-0.0014° 

BUS 5 0.9947-0.0023° 0.9932-0.0014° 0.9924-0.0017° 

BUS 6 0.9944-0.0024° 0.9925-0.0017° 0.9912-0.0022° 
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Figure ‎3-4 Generated real and reactive power in each of the three time zones 

 

This analysis is performed to compare the cost of the system with and without the 

addition of BESS. Table ‎3-4 shows the total cost of the system under‎ this‎ test‎system’s‎

conditions and in the case where only a generator could be used without a BESS. In 

Figure ‎3-6, the comparison between the generated power with and without BESS in the 

test system 1 can be seen. 
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Figure ‎3-5 BESS real power and energy at the beginning of the time zones for the 6 bus 

synthetic system 

 

Table ‎3-4 System cost with and without the use of a BESS for the test system 1 

 Cost of energy assets with BESS in ($) Cost energy assets without BESS ($) 

Cost 17,100 35,470 
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Figure ‎3-6 Generated power with and without BESS in the 6-bus distribution system 

 

By rounding results in Table ‎3-1 for maximum energy capacity of BESS and maximum 

power capacity of BESS found in this test system, it is obvious that the optimal BESS 

size should be chosen with the characteristics shown in Table ‎3-5. 

Table ‎3-5 BESS size found for 6-bus synthetic system 

 Energy Capacity (MWh) Power Capacity (MW) 

BESS size 8.5 7 

 

0

2

4

6

8

10

12

14

16

1 2 3

R
ea

l 
P

o
w

er
 (

M
W

) 

Time Zone 

Without BESS With BESS



 

RESULTS    

 

32 

 

3.3 Test System 1 (6-Bus) Sensitivity Analysis 

A sensitivity analysis has been performed for the 6 bus system. Considering all the 

same parameters and the same maximum system load, the minimum system load is 

increased in steps. The BESS and generator size have been found for different load ratios 

(Figure ‎3-7). When the off-peak to peak load ratio is low, BESS stores energy from a 

generator. This stored energy in BESS is used to supply energy to the load along with the 

generator during peak hours. It helps to reduce generator size by using BESS. It must be 

observed that energy arbitrage provides value for BESS when compared to generator 

capital costs. 

 

 

Figure ‎3-7  BESS and Generator size for different ratio of off-peak to peak load 
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3.4 Test System 2: 33-Bus System 

The second test system used is an IEEE standard 33 bus system with one generator. 

Load profile of this test system can be seen in Figure ‎3-8 and Figure ‎3-9. Two BESS 

units have been put on two different buses 3 and 15 (2 and 14 in the graphs). These two 

locations were chosen as suitable BESS locations mostly because it had been predicted 

that they would be experiencing sudden load peaks in the second time zone. Optimal 

power exchanges for the BESS and optimal power generated from the generator have 

been listed in Table ‎3-6 and Table ‎3-7. BESS characteristics such as number of years and 

cycles resulting from BESS operation have been listed as well. The changes in power and 

energy from BESS units, real and reactive power from generator have been shown 

Figure ‎3-10, Figure ‎3-11 and Figure ‎3-12. 

 

Figure ‎3-8 Real power load profile for the 33 bus system in each time zone 
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Figure ‎3-9 Reactive power load profile for the 33-bus system in each time zone 

 

Table ‎3-6  BESS characteristics found for test system 2 

 BESS 1 BESS 2 

Cycles per Day, NC 0.5335 0.73 

Depth of Discharge, DOD (%) 0.5335 0.73 

Energy Capacity of BESS (MWh) 0.6684 1.817 

Power Capacity of BESS(MW) 0.3638 1.3265 

Number of Years (NY) 28.1 15.01 
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Table ‎3-7  Generator power and BESS power and energy found for the 33 bus test system 

  Time Zone 

1 

Time Zone 

2 

Time Zone 

3 

 Real Power Output of Generators (MW) 2.6079 2.6079 2.6079 

 Real Power Output of Generators 

(MVAr) 

0.5981 1.6798 2.3877 

BESS 1 Real Power Output (MW) -0.3566 0.0617 0.2949 

 Energy stored (MWh) 0.6674 0.3108 0.3725 

BESS 2 Real Power Output (MW) -1.3264 0.3853 0.9411 

 Energy stored (MWh) 1.8154 0.489 0.8743 

 

 

Figure ‎3-10  Generated power for tests system 2 
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Figure ‎3-11  BESS power for test system 2 (33-bus) in each of the three time zones 

 

Figure ‎3-12  BESS energy at the beginning of each time zone for test system 2 
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system. Taking results from Table ‎3-7 and rounding it up, the maximum energy capacity 

of BESS and maximum power capacity of BESS found in this test system, the optimal 

BESS size would have the parameters as shown in Table ‎3-9. 

 

 

Figure ‎3-13  Generated power with and without BESS in the 33 bus distribution system 
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Table ‎3-8   System cost with and without the use of a BESS for the 33 bus system 

System 

type 

Cost of energy assets with BESS in 

($) 

Cost energy assets without BESS 

($) 

Cost 5,450 10,103 

 

Table ‎3-9  BESS size found for the 33-bus System 

 Energy Capacity (MWh) Power Capacity (MW) 

BESS 1  0.7 0.4 

BESS 2 2 1.4 

 

3.5 Test System 2 (33-Bus) Sensitivity Analysis 

The ratio of off-peak to peak load is once again increased for the 33-bus system 

while keeping the peak load constant. Effect of this change is observed on the optimal 

sizes of BESS units and generator and is shown in Figure ‎3-14. It can be observed that 

this ratio holds the key to energy arbitrage and the usefulness of BESS units. 
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Figure ‎3-14  BESS and Generator size for different ratio of off-peak to peak load 

 

3.6 Effect of Life-Cycle-Usage Characteristics 

Considering (2.1) is expanded using (2.12) and (2.13): 
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On reviewing (3.2), certain aspects of sizing BESS units can be understood. The 

first term represents depth of discharge. The second term represents number of cycles. 

For a given usage, energy usage in the first term and power usage in the numerator of the 

second term, leaves the ratio of number of years (   ) and the square of energy capacity 
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(  ̅̅ ̅̅  ). On inspecting this relationship, a larger energy capacity enables a higher number 

of years whereby the annualized capital costs is reduced. The proposed formulation 

optimizes this nonlinear relationship and minimizes the cost of asset planning. 

In Figure ‎3-15, all BESS parameters have been kept constant except NY and 

energy capacity; the relationship between energy capacity of BESS and total energy cost 

can be seen. As expected, increasing the energy capacity results in an increased NY and 

reduced total energy asset costs. 

 

Figure ‎3-15 Energy Capacity vs. energy cost in 6-bus system 
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3.7 Chapter Summary 

In this chapter, the two test systems used have been explained and their 

characteristics are discussed. After solving the asset expansion problem for these two test 

systems, the respective voltage phasors as well as BESS and generator energy and power 

are shown. Energy costs and resulting asset sizing for each test system are compared in 

the systems with and without the BESS and it was shown that utilizing the BESS can 

reduce the annualized system cost and generator size.  

Each of the test systems have then been modified in terms of off-peak to peak load 

ratio to study how this ratio will affect battery sizing and costs. The results for the two 

cases of sensitivity analysis have been shown in this chapter as well. It is shown that with 

constant peak load, increasing the minimum load results in larger sized generators while 

decreasing the BESS size. 

To the best of author’s‎knowledge,‎the obtained results are the first in the literature 

to study optimal asset planning investment for a distribution system while taking the 

BESS life, depth of discharge and number of cycles into consideration.  
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CHAPTER 4 

4 CONCLUSIONS 

     

4.1 Summary and contribution  

Asset planning is an integral and important function in an electric distribution 

company. Importance of accurate equipment and asset modeling in consideration for 

asset expansion planning cannot be understated. Traditional asset expansion planning 

considered conventional equipment such as transformers, generators, switchgear, etc. 

Recent research works have proposed the use of energy storage systems such as BESS. 

However, BESS has highly nonlinear characteristics unlike typical electromechanical 

systems used in distribution systems hitherto. 

In this thesis, a novel asset expansion planning work is undertaken wherein nonlinear 

characteristics of BESS that interlinks asset life in years to usage parameters such as 

number of storage cycles per day and depth of discharge is considered in detail. This 

relation is then included in a typical expansion planning. 

The set of linear and non-linear constraints explained in chapter 2 have been used to 

solve the optimal asset expansion problem which results in minimizing the cost and 

optimizing the BESS size.  

The method is then evaluated in a synthetic 6-bus system and an IEEE 33-bus 

distribution system. Optimal results size the BESS units such that net asset costs for 

expansion are minimized. In addition, a sensitivity analysis is completed wherein, we 

show that off-peak to peak load ratio is a key parameter that controls energy arbitrage 

opportunity and thus there exists a potential for optimally sizing BESS units. For 

example, in the 6-bus test system, the total energy cost has gone down from $35,470 to 

$17,100 due to the addition of the optimized BESS. 
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In chapter 1, the application of energy storage systems and its many types have been 

explained. Reasons for choosing Lithium-ion battery as the main type of energy storage 

in this study are listed as well. Previous work done in the area of energy storage systems 

application in power systems are summarized in this chapter as well. In chapter 2, the 

problem has been outlined and solution method has been explained. In chapter 3, the test 

systems and data sets used in order to solve the problem have been characterized and 

explained. The results found for each test system through the solution method have also 

been explained in this chapter. The effects of peak load on BESS and generator size and 

cost have been studied through a sensitivity analysis as well. 

4.2 Future Work 

In this work, BESS locations were automatically chosen to be at buses with highest 

load peaks. In future works, this algorithm may be combined with BESS optimal location 

algorithm to prove if it is indeed logical to install BESS at such sites and if not, to find 

the optimum location. 

Also, the algorithm used in this work may be used in transmission upgrade deferral 

projects to determine the benefits of using energy storage to defer the necessary system 

upgrade. In which case, the problem becomes a nonlinear mixed-integer problem and 

would require more robust solvers. 

. 
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5 APPENDICES 
 

In this section the test systems data have been presented. The components of each system 

as well as their line impedances have been shown in the tables as well. For the 33-bus test 

system, the resulting voltages for each bus and in each time zone are shown in table 5-7 

and 5-8. Tables 5-4, 5-5 and 5-6 show the load data for the two systems in each time 

zone. 

Table ‎5-1 6-Bus system characteristics 

No. of Generators 1 

No. of Buses 6 

No. of Load Buses 5 

No. of Batteries 1 

No. of Transformers 0 

No. of Capacitors 0 

No. of Transmission Lines 5 

 

Table ‎5-2  33-Bus system characteristics 

No. of Generators 1 

No. of Buses 33 

No. of Load Buses 32 

No. of Batteries 2 

No. of Transformers 0 

No. of Capacitors 0 

No. of Transmission Lines 32 
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Table ‎5-3 6-Bus system line impedance values 

From Bus To Bus R (PU) X(PU) 

1 2 0.0001 0 

2 3 0.0005 0.0003 

3 4 0.0004 0.0002 

4 5 0.0004 0.0002 

5 6 0.0008 0.0007 

 

Table ‎5-4 6-Bus system real power load values 

Bus No. Time Zone 1 Time zone 2 Time Zone 3 

PD (MW) 

2 
0.3 0.9 1.5 

3 
0.4 11.2 2 

4 
0.24 0.72 1.2 

5 
0.4 1.2 2 

6 
0.22 0.66 1.1 

QD (MVAR) 

2 
0.12 0.36 0.6 

3 
0.04 1.12 0.2 

4 
0.12 0.36 0.6 

5 
0.06 0.18 0.3 

6 
0.08 0.24 0.4 
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Table ‎5-5 33-Bus system reactive power load values in each time zone 

QD(MVAR) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

2 
0.012 0.036 0.06 

3 
0.008 0.2240 0.04 

4 
0.016 0.048 0.08 

5 
0.006 0.018 0.03 

6 
0.004 0.012 0.02 

7 
0.02 0.06 0.1 

8 
0.02 0.06 0.1 

9 
0.004 0.012 0.02 

10 
0.004 0.012 0.02 

11 
0.006 0.018 0.03 

12 
0.007 0.021 0.035 

13 
0.007 0.021 0.035 

14 
0.016 0.048 0.08 

15 
0.002 0.056 0.01 

16 
0.004 0.012 0.02 

17 
0.004 0.012 0.02 

18 
0.008 0.024 0.04 

19 
0.008 0.024 0.04 
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Table 5-5 Cont’d.‎33-Bus system reactive power load values in each time zone 

QD(MVAR) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

20 0.008 0.024 0.04 

21 0.008 0.024 0.04 

22 0.008 0.024 0.04 

23 0.01 0.03 0.05 

24 0.04 0.12 0.2 

25 0.04 0.12 0.2 

26 0.005 0.015 0.025 

27 0.005 0.015 0.025 

28 0.004 0.012 0.02 

29 0.014 0.042 0.07 

30 0.12 0.36 0.6 

31 0.014 0.042 0.07 

32 0.02 0.06 0.1 

33 0.008 0.024 0.04 
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Table ‎5-6 33-Bus system real power load values 

PD(MW) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

2 
0.02 0.06 0.1 

3 
0.018 0.504 0.09 

4 
0.024 0.072 0.12 

5 
0.012 0.036 0.06 

6 
0.012 0.036 0.06 

7 
0.04 0.12 0.2 

8 
0.04 0.12 0.2 

9 
0.012 0.036 0.06 

10 
0.012 0.036 0.06 

11 
0.009 0.027 0.045 

12 
0.012 0.036 0.06 

13 
0.012 0.036 0.06 

14 
0.024 0.072 0.12 

15 
0.012 0.336 0.06 

16 
0.012 0.036 0.06 

17 
0.012 0.036 0.06 

18 
0.018 0.054 0.09 

19 
0.018 0.054 0.09 
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Table 5-6‎Cont’d.‎33-Bus system real power load values 

PD(MW) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

20 
0.018 0.054 0.09 

21 
0.018 0.054 0.09 

22 
0.018 0.054 0.09 

23 
0.018 0.054 0.09 

24 
0.084 0.252 0.42 

25 
0.084 0.252 0.42 

26 
0.012 0.036 0.06 

27 
0.012 0.036 0.06 

28 
0.012 0.036 0.06 

29 
0.024 0.072 0.12 

30 
0.04 0.12 0.2 

31 
0.03 0.09 0.15 

32 
0.042 0.126 0.21 

33 
0.012 0.036 0.06 
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Table ‎5-7  33-bus system resulting voltage magnitude at each bus in each time zone 

Voltage Magnitude (V) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

1 1 1 1 

2 
0.9983 0.998 0.99775 

3 
0.9897 0.9884 0.9878 

4 
0.9847 0.9841 0.9826 

5 
0.9796 0.98 0.9777 

6 
0.968 0.9695 0.9647 

7 
0.9652 0.9674 0.9624 

8 
0.9461 0.9601 0.9596 

9 
0.935 0.9567 0.9599 

10 
0.9239 0.9537 0.9606 

11 
0.92198 0.9533 0.961 

12 
0.9181 0.9526 0.9618 

13 
0.903 0.9495 0.9648 

14 
0.8974 0.9483 0.966 

15 
0.8916 0.9476 0.9682 

16 
0.8913 0.9468 0.9669 

17 
0.891 0.9456 0.965 

18 
0.8908 0.9453 0.9644 
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Table 5- ‎Cont’d.‎33-bus system resulting voltage magnitude at each bus in each time 

zone 

Voltage Magnitude (V) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

19 
0.9982 0.9977 0.9972 

20 
0.9975 0.9955 0.9936 

21 
0.9974 0.9951 0.993 

22 
0.9972 0.9947 0.9923 

23 
0.989 0.9862 0.9842 

24 
0.9877 0.9823 0.9776 

25 
0.987 0.9803 0.9743 

26 
0.9676 0.9684 0.9628 

27 
0.9671 0.9669 0.9603 

28 
0.9649 0.9603 0.949 

29 
0.9634 0.9555 0.9409 

30 
0.9627 0.9535 0.9374 

31 
0.9619 0.9511 0.9333 

32 
0.9617 0.9505 0.9324 

33 
0.9617 0.9504 0.9322 
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Table ‎5-8  33-Bus system resulting voltage phasor at each bus in each time zone 

Voltage Phase Angle (Rad) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

1 0 0 0 

2 
-0.0004 0.0002 0.0006 

3 
-0.0027 0.0013 0.0039 

4 
-0.0039 0.0022 0.0062 

5 
-0.0053 0.0031 0.0085 

6 
-0.0118 0.0028 0.0112 

7 
-0.0184 0.0009 0.0113 

8 
-0.03 0.0007 0.0166 

9 
-0.0372 0.0007 0.0201 

10 
-0.0445 0.0009 0.0238 

11 
-0.04505 0.001 0.02437 

12 
-0.0461 0.0014 0.02534 

13 
-0.058 0.0016 0.0312 

14 
-0.0655 0.0015 0.0344 

15 
-0.0711 0.0016 0.0371 

16 
-0.0712 0.0014 0.0367 

17 
-0.0715 0.0007 0.0355 

18 
-0.0715 0.0006 0.0354 
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Table 5-8‎Cont’d.‎33-Bus system resulting voltage phasor at each bus in each time zone 

Voltage Phase Angle (Rad) 

Bus No. Time Zone 1 Time Zone 2 Time Zone 3 

19 
-0.0004 0.0 0.0004 

20 
-0.0007 -0.0006 -0.0007 

21 
-0.0007 -0.0008 -0.001 

22 
-0.0008 -0.001 -0.0014 

23 
-0.0028 0.001 0.0034 

24 
-0.003 0.0 0.0019 

25 
-0.0032 -0.0003 0.0011 

26 
-0.0117 0.0032 0.012 

27 
-0.0115 0.0037 0.0129 

28 
-0.0112 0.0046 0.0143 

29 
-0.011 0.0054 0.0156 

30 
-0.0106 0.0064 0.0174 

31 
-0.0108 0.0056 0.016 

32 
-0.011 0.0053 0.0156 

33 
-0.011 0.0053 0.0154 
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Table ‎5-9  33-Bus system line impedance values 

From Bus To Bus R (PU) X(PU) 

1 2 0.0922 0.047 

2 3 0.493 0.2511 

3 4 0.366 0.1864 

4 5 0.3811 0.1941 

5 6 0.819 0.707 

6 7 0.1872 0.6188 

7 8 1.7114 1.2351 

8 9 1.03 0.74 

9 10 1.044 0.74 

10 11 0.1966 0.065 

11 12 0.3744 0.1238 

12 13 1.468 1.155 

13 14 0.5416 0.7129 

14 15 0.591 0.526 

15 16 0.7463 0.545 

16 17 1.289 1.721 

17 18 0.732 0.574 

18 19 0.164 0.1565 

19 20 1.5042 1.3554 

20 21 0.4095 0.4784 

21 22 0.7089 0.9373 

22 23 0.4512 0.3083 

23 24 0.898 0.7091 

24 25 0.896 0.7011 

25 26 0.203 0.1034 

26 27 0.2842 0.1447 

27 28 1.059 0.9337 

28 29 0.8042 0.7006 
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Table 5-9‎Cont’d.‎33-Bus system line impedance values 

From Bus To Bus R (PU) X(PU) 

29 30 0.5075 0.2585 

30 31 0.9744 0.963 

31 32 0.3105 0.3619 

32 33 0.341 0.5302 
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