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Abstract

The characteristic (or frequency) equation of a flexible manipulator with a rigid tip mass is
derived. The manipulator is modeled as an Euler-Bernoulli beam and it permits flexural
(bending) deformation in two planes and torsional deformation. The position of the centroid
of the tip mass may not necessarily be coincident with the elastic axis of the beam. This is
represented by the use of offset coordinates. The natural frequencies of the manipulator are
obtained by solving the characteristic equation. The results are compared to the results in the
literature, where possible, and also to those obtained using a commercial finite element
software ANSYS. The effects of the magnitude of the tip load, offset of the tip mass centre of
gravity from its point of attachment, the length of the beam and slenderness ratio on the

natural frequencies are examined.
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; Nomenclature

i L = Length of the beam, m
; A = Cross-sectional area of the beam, m*
I = Second moment of area about the bending axis, m*
‘ «* = Polar moment of inertia, m*
J = Torsional constant, m*
p = Density of beam material, kg/m®
E = Modulus of elasticity, N/m”
G = Shear modulus, N/m?
m; = Mass of rigid tip load, kg
I = Inertia tensor, kg.m2

.. = Inertial or Newtonian dextral frame with &, 4, and 4, unit vectors

s = The dextral beam body-fixed reference frame with l;, , l;z and 53 unit vectors.

%. = The dextral body-fixed reference frame with¢,, ¢, and ¢, unit vectors
Z.,=The dextral payload body-fixed reference frame with d s d , and c§3 unit vectors

Z. = The dextral payload body-fixed reference frame with ¢, &, and é, unit vectors

v (x, t) = Bending deformation (transverse displacement) in XY-plane
w (X, t) = Bending deformation (transverse displacement) in XZ-plane
¢ (x, t) = Torsional deformation

v = Angle of rotation due to bending, rad

i o = Angle of distortion due to shear, rad
! k = Shear factor

0y , 0y, 0, = Offsets of the payload centre of mass
: p® = Slenderness ratio

M, = Non-dimensional payload mass
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Chapter 1
, 1.0 Introduction

Flexural-torsional coupled vibration of a rotating structure can occur in many engineering
applications such as turbo machinery blades, slewing robot arms, aircraft propellers,
helicopter rotor blades, spacecraft antennae, spinning spacecraft, gun barrels and subsystems
of more complex structures. To design these systems, the dynamic characteristic, especially
near the resonant condition, needs to be well examined to ensure safe operation. Hence, the
determination of the natural frequencies is of fundamental importance.

Flexural-torsional coupled vibration occurs when the centroidal and the shear center of the
cross sections of the beam are not coincident. This lack of coincidence is observed when the
beam has fewer than two axes of symmetry or has anisotropy in the material. This makes the
torsional axis different from the elastic axis and thus couples torsional vibration with flexural
vibration. Flexural-torsional coupled vibration is also observed in a cantilevered beam with a
tip mass when the centroid of the tip mass is not coincident with the elastic axis of the beam.
This is the scenario of interest in this project.

Beams are often idealized as one-dimensional structural elements. In reality, however, all
i structures are three-dimensional bodies with every point in the structure, if not restrained,

capable of displacement along any three mutually perpendicular directions. Hence, the goal in
beam models is the reduction of the various three-dimensional properties into one dimension.
An exact formulation of the beam problem in terms of general elasticity equations is
presented in Ref. [1]. However, it is generally difficult to solve the full problem and
approximate solutions for transverse displacement are usually sufficient in most applications.
The natural frequencies of a manipulator are obtained by modeling the manipulator as a
beam. The Euler-Bernoulli beam theory is assumed to be adequate to model the manipulator.
The cantilevered beam is also assumed to experience small torsional deformation and planar
elastic bending deformation in two directions (i.e., in XY and XZ planes, respectively) and
warping effects are ignored. The centre of gravity of the rigid tip mass is not coincident with
the point of attachment and Hamilton’s principle is used to derive the system governing
equations. A close-form expfession of the characteristic (frequency) equation is derived and

this is solved by using root finding techniques in MATLAB. The main advantage of a close-

“Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



form solution is that it readily highlights the “interdependencies of design variables or
parameters that otherwise may not be discernable from numerical analyses” [2]. The results
are compared to those in the literature and to results obtained using the ANSYS finite element
software. The results show that the system natural frequency is dependent on many
| parameters such as magnitude of tip mass load, offset of the tip mass centre of gravity with

| point of attachment with beam, the length of the beam, the slendemess ratio and the bending

stiffness and torsional rigidity of the beam. The results are tabulated in order to allow
computational comparison and presented graphically to provide a snapshot of the influence of

the abovementioned factors.
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Chapter 2

2._0 Literature Review

The large amount of literature in the field of beam vibrations makes it almost impossible
to list all. An attempt is, however, made here to mention the necessary and relevant articles
and books in order to give'an insight into the research done on the subject. In the early study
of beams, bending was identified as the single most important factor in a transversely
vibrating beam. This forms the basis of the Euler-Bernoulli beam theory [1]. It is the most
commonly used theory because of its simplicity and its ability to provide reasonable
engineering approximations to many problems. However, the theory does not provide good
estimates of higher mode natural frequencies and of the natural frequencies of non-slender
(i.e., thick and stout) bearns, which are susceptible to shear. Other theories have been
proposed to overcome these limitations. These include Rayleigh beam theory [3] and
Timoshenko beam theory [4] and [5].

The Rayleigh Beam theory includes rotation effects, while the Timoshenko beam theory
includes both the rotation and the shear effects. The latter gives better approximations for
higher-mode responses and non-slender beams. The development and analysis of these beam

theories are reviewed in the next section.

2.1 Basic Beam Theories

There are four basic beam theories: Euler-Bernoulli, Rayleigh, shear and Timoshenko
beam theories. The common assumptions are
1. One dimension (the longitudinal direction) is considerably larger than the other two.
2. The material is linear elastic (Hookean).
3. The Poisson effect is neglected.
4. The cross-sectional area is symmetric so that the neutral and centroidal a~es coincide.

5. The angle of rotation is small so that the small angle assumption can be used.
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2.1.1 Euler-Bernoulli Beam Theory:

The simplest beam theory is the Euler-Bernoulli Beam theory which ignores both the
rotary inertia and shear effects. A schematic of a cantilevered beam in transverse vibration

(deflection, v(x,1), is in the y direction) is shown in Fig.2.1 [6 ],

y
v(x.1)
‘___ X =|JL | 0
ot err et
T T T A T T T ,
X
z :’: §
Ao
f(x)
M(x,t)+a_Ma_(;"—’)dx
| M(x,1)
U AR N X Vix,t)+ an’I) dx
? v(x, t)I V(x,1) 7
i ----------- SIS, 25 ¥ oA Z,: e,

' Figure 2.1: Simple beam in transverse vibration and a free-body diagram of a small element
' of the beam [6].
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The beam is of rectangular cross section A(x) with width hy, thickness h,, and length L. The
bending stiffness is represented by EI(x), where E is the Young’s modulus of elasticity and

I(x) is the cross-sectional area moment of inertia about the z-axis.

The strain energy of a uniform beam due to bending is

_1 f Ez(azv(" t)) dx 2.1

The kinetic energy is

_1 f (av(x z)) 2.2)

The virtual work by the transverse load is
= j F(x)Svdx (2.3)

where p and A denote the density of the beam and cross- sectional area, respectively. The
Lagrangian is given as

L=KE-PE

- f{_@;(av__(xa‘))z _ﬂ(———azv(’i’”)z}r (2.4)
2 ot 2 ox

Hamilton’s principle states that the path of admissible configurations that satisfies Newton’s
law at each instant during the interval is the path that yields a stationary value of the time

integral of the Lagrangian during the interval [7]. Therefore, extended Hamilton’s principle
requires that

s I_LL \:pA(av(x,z)) %{(ngix,t)) +f(x)dx:ldde=o (2.5)

The governing differential equation and boundary conditions are derived from the above

equation by using integration by parts. The governing equation may be written as

%v(x,1) 8*v(x, 1)
A + EI = 2.6
pA— pae S (2.6)
and the boundary conditions are deduced from
v (o)
EI Ex—za("a?j |, =0, 2.7
5
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| Bl

& z =0 (2.8)

| In regard to the physical meaning of the boundary conditions, v is the displacement, ov/0x is

2 3

the slope, EI Z_; is the bending moment, EI —Z——? is the shear. The four possible combinations
X 29

of end boundary conditions are

2 3
_6’_; =0, 6_131 =0 free end
Ox Ox
ov
=0, v=0 clamped end 2.9
ox
v . .
pecy =0, v=0 hinged (simply supported) end
: 3
| 9v_o, 2¥_o sliding end
Ox Ox

2.1.2 Rayleigh Beam Model:
The Rayleigh beam theory adds rotary inertia effects to the Euler-Bernoulli beam. The

Kinetic energy due to rotary inertia is

l O*v(x,1)
dx 2.10
f ( Otox ) ( )
Therefore, the Lagrangian may be written as
1Y (ov(xt av(x,nY’ a*v(x,0) )
L=~ pA( * )]+p1 ALER R | i a2 2.11)
23 ot Otox Ox

The use of extended Hamilton’s principle yields the equation of motion as:

2 4 4
oA o v(x,1t) Ela v(x,t) ]6 v(x,t)

= 2.12
1 o P A (12)
l The boundary conditions in this case are derived from
! aZ
| EI fa(@] =0 (2.13)
| ox~ \ox
l A}
j
} 6
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av3
ox’®

63
(E1Z—— o1 axarz Y |5 =0 (2.14)

The physical meanings of the boundary conditions are that v is the displacement, id is the

*v . o’y v . .
slope, EI —- is the moment, El ——- pf —-is the shear. The end conditions from the
Ox Ox Oxot
four combinations of boundary conditions are
2 3 3
9v_o, 2o %Y 0 freeend
ox Ox ox ot
9v_, v=0 clamped end (2.15)
ox
o*v . .
P =0, v=0 hinged (simply supported) end
v o’y &y
—=0, El—-pl =0 sliding end
o o P eor s

2.1.3 Shear Beam Model:

The shear beam model adds the effect of shear distortion to the Euler-Bernoulli model.
It is safe to ignore the shear deformation as long as the width and thickness of the beam are
small compared with the length of the beam. As the beam becomes shorter, the effects of
shear deformation become evident. An element of such a beam is shown in Fig. 2.2 [6], which
is a repeat of the element dx of Fig. 2.1 with shear deformation included.

In the figure below, the line OA is a line through the center of the element dx and
normal to the face at the right side. The line OB, on the other hand, is the line through the
tangent to the centerline of the beam. While the line OC is the centerline of the undeformed
beam. The shear angle represents the effect of shear deformation. The total rotation of the

cross section is the sum of the rotation due to the bending moment, y, and the angle of

distortion due to shear, o, and it is appror mated by the first derivative of deflection.

ov(x, 1)

w(x,t)+alxt)=
Ox

(2.16)
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f(x)dx M +0M

V+oV

0 L y(x,h)

Bl %

P RO T

»| a(x,t)

dx

Figure 2.2: Effect of shear deformation on an element of bending beam {6].

Therefore, the strain energy resulting in bending becomes:

1 ow(x,n)\
PE iy = [ (E] Wax’ )dx 2.17)

| and the strain energy resulting from shear becomes:

2
PE, =1 f kGA(avg; 1) (//(x,t)) dx 2.18)

The Lagrangian of the shear beam model is

_15 v D (x,1) (8v(x 1) 2
> H ( ) EI(—éx—j ~kGA . —w(x,t)) dx (2.19)

Equations of motion are obtained by Hamilton’s principle and are written as:

62v(x 1)
or?

oy _ Oy (x,1)
ox? ox

kGA( }= Fx)
(2.20)

EI—(B;V/—QC’—O+ kGA(iv- —z//(x,t)) =0
Py o
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The boundary conditions are obtained from:

E19Y sy |- =0, (2.21)
Ox
kGA(év— ~ y/)ﬁv |:=0 (2.22)
Ox

The physical meanings are that v is the displacement and vy is the rotation angle, EI %ﬂ is the
29

bending moment, and kGA(dv/ox —y) is the shear. The end conditions from the four possible

combinations of boundary conditions

ov =0, kGA(Qv—— y/) =0 free end
Ox ox
v=0v=0 clamped end (2.23)
oy . .
E— =0, v=0 hinged (simply supported) end
X
ov -
v =0, kGA(a— - 1//) =0 sliding end
x

2.1.4 Timoshenko Beam Model

The Timoshenko beam model includes both shear deformation and rotatory inertia.

The strain energy may be written as:

2 2
EI(M) + kGA(é}—(—x’—t} —w(x, r)) }k (2.24)
L Oox ox

The kinetic energy includes rotatory inertia and bending motion.

PE =

Ol__'t‘

| —

2 P : 2
P20 250 L @29

From Eq. (2.3), the virtual work by the distributed load f(x) is’
Sw= [f(x)ovdx

KE=1
2

Dty ™

The Lagrangian for the Timoshenko beam becomes:

15 (ot | (owxn) L fdwnnY Ov(x, 1) ’
L= 5 j{pA(—a—) +p1(~——bt——~) —151(—6——) —kGA(T—W(x,t)) dx (2.26)

0 X
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The equations of motions obtained using the extended Hamilton’s principles are:

2 2
oA i :;S,t) _kGA(a ;f;,t) B aw;;c,t)\] - F )
Py(xt) . WD) Av(x,1) @27
(,[/ x,t W x,t x,t
i —EJ —kGA ———=— L) 1=0
. ot o ( ox v ))
The boundary conditions are deduced from:
E1 Y sy =0 (2.28)
ox
kGA(—al - 1//)5\) I”=0 (2.29)
Ox

Note that these equations are the same as those for the shear beam model, i.¢., Eq. (2.23).

The results for beam vibrations with classical boundary conditions and no attachments
are presented in many standard textbooks on vibration such as Ref. [6]. The effect of end
mass or tip load on the natural frequencies of beams has been investigated by numerous
researchers. Goel [8] models tip load as a point mass and the beam by Euler-Bernoulli beam
theory. Laura et al. [9] use the same approach and determined natural frequencies and modal
shapes of a cantilevered beam which carries a finite mass at its free end.

Bruch and Mitchell [10] examine the effects of rotary inertia and shear deformation of
a flexible robot arm that is modeled as a cantilever Timoshenko beam. The tip load is
modeled as a rigid mass with moment of inertia about the axis of bending of the beam. They
observe that the “frequencies decrease with increasing mass ratio (tip mass/beam mass) for a
fixed ratio, o (radius of gyration of the tip mass/beam length). The same is true for a fixed
mass ratio and increasing .’ White and Heppler [11] generalize the study by presenting a
generalized frequency equation for the Timoshenko beam. They present ar. ¢xact closed form
expression of the frequency equation, mode shapes and the orthogonality condition for a free—
free beam with payloads at the free ends, but ignore torsional deformation and the offset of
centre of gravicy of payload.

Low [12] uses Euler-Bernoulli beam theory to model a rotating beam and examines
the effect of hub inertia and mass load on its vibration. The natural frequencies are observed
to decrease with increasing hub inertia. Oguamanam et al. [13] consider the case of a two link

flexible Euler~Bemoulli beam system with one end clamped and a point mass at the free end.

10
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Hamilton’s principle is used to derive equations of motion. The frequency equation, mode
shapes and the orthogonality condition are also presented along with numerical examples.

Bhat and Wagner [14] determined the natural frequencies of a uniforfn cantilever
beam with a tip mass whose centre of gravity is not coincident with the point of attachment to
the beam. This work is further extended by To [15] to include base excitation effects on
natural frequencies and mode shapes. The case of a non-uniform cross-sectional beam is
examined by Laura and Gutierrez [16]. Storch and Gates {17] examine transverse vibration
and buckling of a cantilevered beam subjected to constant longitudinal acceleration with rigid
tip mass. Two possible locations of the tip mass mass center are investigated: when the mass
center is located along the beam tip tangent line, and when mass center is arbitrarily offset
with respect to the beam attachment point (but not lying along the beam tip tangent line). In
the former case, critical buckling loads and shapes as well as natural frequencies and mode
shapes are determined analytically. Steady state solutions are shown to exist in the latter case
except for certain critical values of acceleration. The free vibration problem for this latter case
of tip loads is addressed in the paper.

Dokumaci [18] presents an exact determination of coupled bending and torsional
vibration characteristics of uniform beams having single cross-sectional symmetry. The
simplest continuous mathematical model for the analysis of coupled bending and torsion
vibrations is obtained by combining the Euler-Bernoulli theory for bending and St-Venant
theory for torsion. Further, it is shown that the roots of the characteristic equation of the
goverﬁing differential equations of motions can be separated to obtain real exact solutions.
This study is extended to include warping by Bishop et al. [19]. The inclusion of the warping
effect is observed to make an appreciable difference in the results of a thin-walled beam of
open section. Kirk and Wiedemann [20] use Euler-Bernoulli beam theory to determine
analytical solution for the natural frequencies, mode shapes and the orthogonality condition of
a free-free beam with large offset masses connected to the beam. Results are presented for
different magnitudes of masses with various fixed orientations while ignoring torsional
effects.

Oguamanam [2] uses Euler-Bernoulli beam theory for the determination of the natural
frequencies, modal shapes and the orthogonality condition of a cantilever beam with a finite

mass rigid load whose centre of gravity is not coincident with its point of attachment to the

11
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beam. This work is extended in this project to include out-of-plane flexural deformation. The
natural frequencies are calculated for a manipulator with rigid tip mass and experiencing
flexural-flexural-torsional coupling. It is observed that the natural frequency is dependent on
many parameters such as the magnitude of the tip mass, the offset of the tip mass centre of
gravity from the point of attachment, the moments of inertia of the tip mass about the centre
of gravity, the length of the beam, the slenderness ratio, and the bending stiffness and

torsional rigidity of the beam.

12
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CHAPTER 3
3.0 System Description

The flexible manipulator, modeled as a cantilever beam with a rigid tip load, is shown
in Fig. 3.1. The length of the beam is denoted by L, the cross-sectional area is denoted by A,

the second moment of area about the bending axis is represented by /, and the polar

AL BT

\. (. Tt

Fig.3.1 Schematic of flexible manipulator [21].

moment of inertia is denoted by J. The density, Young’s modulus, and shear modulus of the
beam material are respectively denoted by p, E, and G. The mass of the rigid tip load is

denoted by M, and its inertia tensor about the centre of gravity is represented by 1.

The deformation of the system from its original arrangement is described by the use of

five orthogonal dextral references frames which are denoted by 7, ./, #, F,and #.. The
reference frame .%, is an inertial or a Newtonian frame with its origin fixed to the clamped

end O of the flexible beam. 1t is represented by X -, Y -, and Z-coordinate axes with the

corresponding unit vectors 4,4, andd,, respectively. The X-axis coincides with the

longitudinal/elastic axis of the beam before deformation.

13
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The payload is attached to the tip of the beam at point O. The dextral beam body-fixed

reference frame .%; with unit vectors &, b, and 53 is attached to the point O in such a manner
that each unit vector B; is parallel to the corresponding &, before deformation. The dextral
body-fixed reference frame %, with unit vectors ¢,,¢, andé; is affixed to point O of the
payload with each unit vector ¢, parallel to the corresponding ;. The dextral payload body-
fixed reference frame %, with unit vectors c;’, ,d, and 433 is attached at the point of attachment
of the payload. The fifth dextral payload body-fixed reference frame %, having unit vectors
é,é,andé, is attached to the centre of gravity of the payload and all its unit vectors are
always parallel to the corresponding unit vectors of reference frame 7.

The position vector from the point of attachment of the payload O to the centre of
gravity of the payload G is denoted by r, and it has the Cartesian components oy, 0y, and 0,. A
differential beam element located at position (x,y) from the clamped end O of the beam is
assumed to experience both torsional deformation ¢ (x, t) and bending deformations v(x, t)

and w(x, t) in the XY plane and the XZ plane, respectively.

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



| 3.1 The System Governing Equations:

The governing equations and boundary conditions of the system are derived in [21], and these

are presented below:

Equations of motion:

pAV+EI2v™ =0 (3.1)
pAw+ EILw™ =0 - (3.2
pxp~Glp" =0 (3.3)
and boundary conditions
v(0,8)=v'(0,1)=0 (3.4)
m(L,t)+m,0 V' (L,t)+mo,G(L,ty— EIZv"(L,t) =0 (3.5)

mo (L) +(,, +m (0> +02 )W (LD +(I, +mo0.0,)p(L,t)+
17 x 7z 1 x ¥ xz (i b 4 ¢’

(. +m,0,0,)W(L,t)+EILV(L,t)=0 (3.6)
w(0,1) = w'(0,£) =0’ G.7)
m WL, t)+m,0, W (L,t)—m,0,6(L,t)~EILw"(L,H)=m,g (3.8)

m,0, WL, t)+ (I, +m, (0] + oI WW(L,0)+ (I, —m,o0,0,)H(L,t)+
(U, +m0,0. W (L,1)+ EIZwW'(L,1) = m,go, (3.9
0(0,6)=0 (3.10)

m,0 V(L,t)—m,o0, W L,t)+(1 o +m,(0; + 0] )p(L,1)+

(1, +m,0,0 ) (L,0)+ (I, ~m0,0 )W (L,1)+

GJ'(L,t)=—-m,go, (3.11)

Where ( )’:-aa— and () =2
X
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The above governing equations Eqgs. . :};—3.3) are vncoupled, but the system dynamics are

coupled via the boundary conditions. The meihod of separation of variables can not be used to

solve these equations because of the presence of non-homogeneous boundary conditions.

Homogeneity can be ensured by introducing new variables Y and w, , which are defined as

me .,

’t= -
yx.D=¢ T

mg 2 mg 3
o ,t = ,t — 4 + l +
W, (x ) W(x ) B X (0 ) B X

pod »w

(3.12)

(3.13)

For ease of analysis and presentation, the following non-dimensional parameters are

introduced.
x o . pAL'w* . pAL'W?
==, a=-—+ie{xyz, 1= , A=
d L L A EI} Ert
IB 2 EIB et Kz m 1 ..
a4=__:*'_ = ":, “ = = Mlz——’——-’ i.= cd L, ]eix,y,z
]}‘; x GJ # Al” PAL v pAD J & txyz)

The separable solutions are assumed in the forms:

vix,t)= LV(f)e“‘" , wo(x, )= LW.()e™ and y(x,t) =T (&)e™

(3.14)

(3.15)

Equation (3.15), in conjunction with Egs. (3.12)-(3.14), is substituted into Egs. (3.1)-(3.11) to

obtain the following non-dimensional system governing equations

- =0
WrilaWw, =0
1—"’_2‘4#2%21—:0

which are subjected to the following boundary conditions:

V(0)=Vr'(0)=0

MO +a V') +al1)+V"(1)=0
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(3.16)
(3.17)

(3.18)

(3.19)

(3.20)



, FMa, @ M@+ O+, +Ma,a )T O+
(1,. +M,a,a WD} -V'(1)=0

W.(0)=W.(0)=0

AatM,W.0)+a W (1) ~a, T D))+W=0

Pat{Ma W)+, + M@ +a )W)+, -Maa,)1)+

(,.+Ma,a)V'(1)}-W(1)=0

r(d) =0

AyiMay®)-Ma W)+, +M(a+a)I1)+

(1. +MaaW 1) -1, -Maa)WDO}-T'1)=0

“xty
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(3.21)
(3.22)
(3.23)

(3.24)
(3.25)

(3.26)



Chapter 4

4.0 Characteristic Equation

Taking into consideration the boundary conditions, Eqs.(3.19) and (3.25), the general solution
to the governing equations (i.e., Egs. (3.16)- (3.18)) can be written as

V(&)= A4 /(sin(A) —sinh(A£)) + 4, (cos(AS) — cosh(4AS)) 4.1)
W.(£) = B, (sin(A&) — sinh(A£)) + B, (cos(AL) - cosh(A£)) (4.2)

[(¢) = Csin(X zu8) (4.3)

The above equations are substituted into the remaining boundary conditions Egs.

(3.20),(3.21),(3.23),(3.24) and (3.26)) to yield a set of equations that is expressed by using

compact matrix notation as
Ay X5, =0 4.4)

Where X=[C A; A, By By]" is column vector of the coefficients of the general solutions, Eqs.
(4.1)-(4.3). The frequency (or characteristic) equation is obtained by equating the determinant

of matrix A in Eq. (4.4) to zero; it may be written as

(mchfv - A‘:ZIxx(Schfv - ’P#Imchcrv + ,7,5;(3“ (Ixx(Im - Iin )Fcn )Fcfw -

Ro(pe  Fp— A ys, A1, 1) F - Aue ] I_F, +

wtToztt e

;{'sxsu (IL\'II):VII:I —Iy_wI;:/ -1 I:/)'Fcﬁ- +Ix_wa:rI

apt

M =

yat

M, [AMuc,F.,, +2Aua.c,s,sh, — s F -2 _cF,  +2 x, (a1l ~

=t ccv

a1 )s,5h, + 225, (L, = B )F.0) + Ac(uc, F,

(=23

+2Aaua c,s,5h, —

HowW

,?.Z;(ImsuFm, - /13a3,ulw,chm - 2/13a;(slu (anyy, +a.l

xoxxr

)s. sh, +
2 75,y = ) P g + X' (A (15,8,5h,(2a, (L Ly, 15 -
a: (ZIx:IIyyl - Iﬁrlxyt )) + luculnyI:IE'a' + ’{leu (InlIyyl - Iil )F

(<2

/'EMI”'I(F;J\’ + ZAaXSI'ShV))EI'W + l4a(zSuSK'Shw(zaX (1IXII::I - Ii:l) +
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ay(zlxle::I - Ix:tIy:l )) +azluculyyrI:IF::cw) + ’lzxsu (IX.XII:I - Ii:t )F

(=3

el (Fo, + 220,58 SEO)E,, + X 5,1, 0, 1,00 11, +

Xyt =zt

LI )FLLF,, o, F )]~

M"-’[lf’ (Zaz-suF;x\v + Z'Micul:cn' - ’132.’3., (ailxrl - 2a):a:Ix:l + aSI:I )F;m')F;ﬂ +

ABa(ya’s,F,, +Aduale,F,  — 2o’ ys,(all

y u’ esw x

+2aal_ +all VE,)EF 4 +

xxt x%yt yoyt
Aats,shs,sh (X s, (4alal, +al  —al.)-a,al )-4uaic,)~

Xape, (F. F,, +22a (s,shF,, +as,sh

csv T osw

TN+ Aays (F, F.. +2a (s shF,+

[ 1 3

05, 5, Foy W, + 20 (10, (B +270,5,5h,)Fr, = MA%, Fr, + 2075, F ) Fop )L +

Ba(uc, (Fp, +2400,5,5h,)F,p, = MAG p2C, Fp, + 435, F )Eop ) +

2Xays, (ca s, sh,F,l,, —asshF,1.)-1a ys,(aF,F,, —Aa (AaF,F, ~

W csv T xyt esw T xst £V cow X ey oorw

2as,5h, Fo o N Ly, = 15) - X axs, (F,, Fp,, —alda, (Aa*a,F,F,

xtermvtcow ™

2s,sh F N1, -10)- A yas (asshF,, — Aa F, F, )11, -21 1 )+

v ocew X7 cevT orw xzt = yyt

Aa’ya WSu(SShF., - Aa*a F, F,_)1_1_ -21 R L Ao’ (ope, F._F.. —

X7 oen'T cow cv T oW

Ays,(aa}F, F, +alF F N, 1 +3% s, F F, (1.1,1., -1.1

u covd cow N\t ywr =ttty T
)
Ixle:: + IX}'IIx:lI}':I )] -

NaM-Auaie,(F,, +2Aoa,s, sh)F,, - ya3s,(F,, +22a,)F,, ~

sy (2318

Ad’pale,(F,, +2a s sh)F,. - yals (F, +2lca )F, +

[l (=1 (<31}

Xyals, (F.F.,.+a’F, F._)+2aa (s, shF, +a’sshF N+

cevs osw s cow w? cow veocow

Xa*(Apaie, + ys,(a; +a})F,. +2Aya.a

2
csv 7y S

s.sh)F. 1 +

uy cow™

X(Ad’paic,F,, + x5, (a, +al)F,, +2aya.als,s, sh)F, 1., +

csw (12

2Xaya.as, (@ F,, +24a,s,sh)F,, +Aa.s sh F )1, -

xy ccn wo cov

24 ya.a_s,((F., +2Aca_s,sh,)F,., + Acd’a s,shF, ), -

veocow
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Xayaa,a.s,(s,shF,, +a’s,shF ) +

wo ooy v cow

ot ys (@G, +1L, -1 1, -1 1 )-aa.d,1,, -21,1 )+
a.a,(,.1,, -2, )F,F.]+

Naa;M [Apa’aie,F, F, +a,xs,F. F, +a zals

xTuT cevT ocew u~ ccvT osw u

FLF,

oW

/'{3a3xsu (a:Im + aflm + afI:, +2a.al,,~2a.al_ - aya__Im)F F_1=0
4.5)

where

gy =\tcpchy, Fop=sychy+coshy, Fup=5s0hy—cpshy, Frop=1-cch,
s, =sin(A2zu), s, =sin(4a), ¢, = cos(4), sh, =sinh(1), ch, = cosh(1)
¢, =cos{Zzu) s, =sin(Ae) ,c, = cos(ia),sh, =sinh(ar), ch, = cosh(ia)
I,=I.+M/\a+a?), 1, =1,+M(+a), I, =1, +Ma’+a’)

I, =—M,axay A =Maa,, I, =M,a,a, and f ¢ {v,m}

If the bending rigidity in the y-axis is very large compared with that in the z-axis.

(i.e,x—0) which implies that F, —2 and F_,—F,,, andF,, ,,, the frequency

equation Eq.(4.5) reduces to:

wluﬂf - /q'zx[xrtsluf‘;:f - )L}:u[zzlclulrcr + ﬂ'sxslu<jx.xl zt 12"':’ )'F:'-‘r - Mt [/?'/.JC“, ch
+ 2/12/_141",6_‘“,.5‘1.5'}1] - A3Z].u‘lsthC5 - Z‘A#Izztclul:‘cc + 22“4Z‘S‘lu (azIzzt - ax‘[.xxl )SIShl -
+ loxslu (I.rxl[zzr - 12“:’ )Fcc ] - 11412 [R'SZaz Shl ch + ;“4/‘10.36111}7 - ’162'5114( (azl

2a,al_ +all_, )F, ]=0 (4.6)

This equation is the same as Eq. (25) of Ref. [2]. Similarly, the frequency equation of a
uniform cantilever beam with a tip mass that is slender in the longitudinal direction that is
derived by Bhat and Wagner [12] can be replicated by assuming only bending stiffness with
negligible torsional deformation (i.e., ¥ — 0), with the following conditions: a, = a, =0 and

Ix.rl =Inl =O'
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The characteristic (frequency) equation, Eq. (4.5), reduces to
F-RI_F, -MAMF,, +2a,ssh, + £a’F,, - PI,F,)=0 @
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Chapter 5

5.0 Numerical Simulation and Discussion

The Characteristic (frequency) equation of a cantilever beam with rigid tip mass
experiencing flexural-flexural-torsional coupling is solved for a beam with the following
material properties and geometric parameters: Young’s modulus E= 210 GPa., Poisson’s
ratio v= 0.3, Density p = 7000 kgm™, Cross-sectional area A= 100 mm?>, Length L=5m
and Torsional constant J = 7.0865x10"" m*. The torsional constant is computed from the
formula [22]

1 645b 7h
J ~bh - - ——"tanh| — 5.1
(3_ = (21))) G-

The results are compared with the results obtained from commercial finite element software
ANSYS. The ANSYS results are based on 500 “BEAM4” elements. The results are tabulated
in Table 1. It is observed that the ANSY'S results are in excellent agreement (up to the fourth

decimal place).
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Parameters Analysis Non-dimensional natural f=quency A
Method
Al “ A2 A3 v AS

M, = ANSYS | 1.8751 | 3.7502 4.6941 7.8548 9.3882
Iu=ILy=1IL. =0 | Present | 1.8751| 3.7502 4.6941 7.8548 9.3882
M, =0.5 ANSYS | 1.4200 | 2.8400 4.1112 7.1904 8.2223
Ioa=1,=1IL. =0 | Present | 1.4200] 2.8399 4.1111 7.1903 8.2223
M, =0.5, [.=0.2 | ANSYS {14200 | 1.5958 2.8400 4.1112 7.1904
ILy,=I.=0 Present | 1.4200 | 1.5958 2.8400 4.1111 7.1903
M, =05, ,,=0.2 | ANSYS | 1.4200 | 2.4975 4.1112 4.5663 7.1904
Le=1.=0 Present | 1.4200 | 2.4974 4.1111 4.5662 7.1903
M, =0.5, .= 0.2 | ANSYS | 1.2487 | 2.2831 2.8400 5.0360 8.0591
Le=1, =0 Present | 1.2487 | 2.2831 2.8400 5.0360 8.0590
M, =0.5, [, = 0.2 | ANSYS | 1.2487 | 1.5958 2.2831 2.4975 34.5663
Io=1.=02 Present | 1.2487 | 1.5958 2.2831 2.4974 4.5662

Table 5.1: Validation of the analysis for ax=a,=a,=0.0,x =0.5, pn =1.1902319x10 and
x =0.8780
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5.1 Effect of varying the offset on the natural frequency

The effect of varying the offsets is examined using the following parameters: o = 0.5,

Mi=05and/_ =1, =1, =0.2. When any two offsets are varying, the non-varying offset is

set to zero. The results for varying ay and a, (with a, = 0) are depicted in Fig. 5.1. It is
observed that the natural frequency decreases with increasing a, (a, ) values for given values
of a, (ay).

The results obtained for varying a, and a,, on the one hand, and a, and a,, on the other
hand, are respectively illustrated in Figs. 5.2 and 5.3.The natural frequency in both scenarios
decreases with increasing a, or a, for a given value of a,. The offset along the longitudinal -

axis of the beam a, has no significant effect on the natural frequency for a given value of a, or

ay -

Non-dimensional frequency

0.10

xy

Fig. 5.1: Effect of varying the offset along the y-and z-axes for a = 0.5, M= 0.5, a, =0.0.
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Non -dimensional frequency

//\ nic

0.08

QO
OAN

ax

Fig. 5..2: Effect of varying the offset along the x-and z-axes for o = 0.5, M= 0.5, a;, =0.0.
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Non-dimensional frequency

N6

ay N [4)

ax

Fig.5.3: Effect of varying the offset along the x-and y-axes for o = 0.5, M= 0.5, a, =0.0.

5.2 Effect of varying the moment of inertia on the natural
frequency

The effect of varying the moment of inertia about the center of gravity is examined
using the following parameters: a = 0.5, y =8.7802x 107!, # =1.1902319% 107, a, =0.0,
a, =a, =0.05 and M, =0.5. With I, fixed at 0.20, the results for varying /,, and 7 are
illustrated in Fig. 5.4. The natural frequency decreases with increasing values of 7. for given
values of I . The variations in /,, do not, for the range of values examined, have any
significant effect on the natural frequency for given values of 7 _ .

The effect of varying 7, and [ for /,, =0.20 (see Fig. 5.5) shows that the natural

frequency decreases with increasing values of /_ for a given value of/_. For a fixed/,,,

especially for higher values, the natural frequency is invariant for a range of /_ . For small
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fixed I_ values, howevef, there is a range of I over which the natural frequency is invariant,
before decreasing with increasing I _ .

The effect of varying I, and/,, for I, =0.20 is illustrated in Fig. 5.6. It is observed
that for any given value of7 ,, there is a range of I_over which the natural frequency is
invariant. Outside this range, the natural frequency decreases with increasing /. The effect of

varying I, for given I is negligible.

Non-dimensional frequency

Lo ’ %

0.9 )
LU

(X3 . -

/“
G e [

—
O .;\\ / ne
0 e N P A
- \// u.x
I o
tyy )

Fig. 5.4: Effect of varying the moments of inertia, / ,and I_ of the tip mass about its centre

of gravity fore =0.5, y =8.7802x107!, 1 =1.1902319x107, 1, = 0.20,a, = 0.0,

a, =a, =0.05

27

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ujd
g 1.3 4
5
g
- 24
=
3
: 114 s
2 P
®
g | RN
o
ﬂ.‘?:, -
Ly \
R
e
Ixx na

Fig. 5.5: Effect of varying the moments of inertia, [ _and I_ of the tip mass about its centre

of gravity fora = 0.5, y = 8.7802x 107", £ =1.1902319 x IO'B,IW =0.20,a, = 0.0,
a,=a,=005
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Non-dimensional frequency

10

0 0 iyy

Fig. 5.6: Effect of varying the moments of inertia, / .and I, of the tip mass about its centre

of gravity fora = 0.5, y =8.7802x107", £ =1.1902319x 107, I,, = 0.20,a, = 0.0,

a,=a, =005

5.3 Effect of payload mass on the natural frequency

The effect of varying the payload mass on the natural frequency is examined using the
following parameters: & = 0.5, y =8.7802x107", 4 =1.1902319%107, I, =1, =
1,. =0.20. The non varying offsets are set equal to zero. Fig. 5.7-5.9 respectively illustrate the
effects of varying the payload mass M, witha_,a, or a,. In all scenarios, the natural frequency
is observed to decrease with increasing payload mass M, thus reflecting the increased system
inertia. However, variations in a,,a,or a, do not result in any significant change in the

natural frequency. This could be because the extra inertia components are negligible.
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Fig. 5.7: Effect of varying the payload mass M; and the offset about the x-axis ax, for
a=0.5,y=87802x10"", 1 =1.1902319x107,1, =1 , = I.. = 0.20,

a,=a,=0.0
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Fig. 5.8: Effect of varying the payload mass M, and the offset about the y-axis ay, for
@ =05,y =8.7802x107", 4 =1.1902319x107, I =, = I,. =0.20,a, =a. = 0.0
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Chapter 6

6.0 Conclusion

The goal of this project is to calculate natural frequency of a manipulator which is
modeled as a cantilever Euler-Bernoulli beam. The manipulator experiences torsional and
bending deformation in XY and XZ planes. The analysis is restricted to small deformations,
and Hamilton’s principle is used to obtain the system governing equations. A closed form
expression of the characteristic equation is derived, and this is solved by a root finding
technique using a MATLAB computer program.

The effect of varying different parameters on the frequency equation of the system is
observed. The accuracy of the frequency equation is supported by the results that are obtained
from finite element software ANSYS. The ANSYS results are based on finite element
analysis using 500 “BEAM4” elements and are in excellent agreement (up to the fourth

decimal) with the present work. The possible extension to the project includes the use of other

beam models and the inclusion of warping.
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