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ABSTRACT 
 
The following thesis paper investigates the possible methods to perform a dynamic load test on a 

morphing winglet. A morphing winglet design capable of deflecting in the cant direction was 

developed by a joint partnership between Ryerson University and Bombardier Aerospace. In order 

to validate the model and complete a proof of concept, a loading fixture was required to test the 

structural integrity of the winglet under a defined load. Upon completion of an enumeration study 

of planar four-bar linkages, a passive R-P-R-P mechanism was designed to apply a constant 

perpendicular load throughout the cant motion. A design of the half size loading fixture was 

developed, optimized and manufactured to integrate with an existing cant module. The dynamic 

loading model was validated by producing a positive correlation between the theoretical analysis 

and the experimental results, leading to a successful proof of concept for a full scale test. 
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1 INTRODUCTION  
 

The efficiency and overall improvement of an aircraft’s performance is a highly researched 

field of study. The introduction of winglets proved to advance an aircraft’s efficiency by reducing 

the induced drag developed by wing tip vortices.  As a result of the wing tip circulation generated 

by an aircraft’s winglets, a sidewash is produced with a forward force component. This forward 

force acts in the same direction as the thrust, which counteracts the wing’s drag [1]. During cruise 

conditions, induced drag accounts for roughly 40% of the total aircraft drag, and 80-90% during 

the second climb segment [2]. A study performed at the NASA Dryden Flight Research Center 

found that the use of winglets reduced the amount of fuel use by 6.5% [3]. The ability to improve 

an aircraft’s efficiency is critical to modern aerodynamicists, which is why the study of various 

winglet designs has become a popular area of research. Current winglet design methodologies 

focus on a single flight segment’s optimization. Some common winglet configurations used on 

commercial airliners are represented in Figure 1-1. 

 

Figure 1-1: Commercial airliner winglet designs [4] 
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The ability to optimize an aircraft’s lift to drag ratio throughout the complete flight mission 

can lead to further improvements to aircraft efficiency. This resulted in the advancement of 

research in winglets capable of changing shape (morphing winglets). Having the capability of 

active shape change throughout various flight conditions can result in improved aerodynamic 

results, which would lead to improved fuel savings [4]. 

The three main geometric changes of a morphing winglet include a change in cant angle, 

toe angle and camber. The toe angle is the twist angle of the winglet, while the cant angle is the 

upward angle generated about the chord wise direction of the winglet. The change in camber can 

be achieved by extending the trailing edge or altering the width of the airfoil. Ryerson’s Morphing 

Winglet Team, with support from Bombardier Aerospace has currently developed a cant module 

for a morphing winglet, with a range of 10° to 80°. A half size model has also been produced in 

Ryerson’s Intelligent Systems and Robotics Laboratory and has been illustrated in Figure 5-1. 

Additional details for the cant module can be found in [5]. 

In order to improve the efficiency of an aircraft, a morphing winglet allows for optimal 

winglet configurations at various flight segments. Although a large cant angle is beneficial during 

cruise conditions, a low cant angle during landing and take-off is desired to obtain the preferred 

lift characteristics of the wing [6]. A research study conducted at the Kumaraguru College of 

Technology revealed a decrease in lift to drag as the wing’s angle of attack is increased, for both 

an aircraft flying with a constant cant angle of 30 degrees and 90 degrees [7]. Thus, a winglet with 

a constant cant angle configuration throughout a flight mission is not optimal. 

One current research program that has begun analyzing a morphing winglet is an Airbus 

funded project at the University of Bristol in the United Kingdom called MORPHLET. The study 

has shown that the morphing winglet had a 5-6% improvement in aerodynamic efficiency 



 3 

throughout the flight envelope, while a similar fixed winglet had a 3% improvement [8]. This 

additional 2-3% improvement leads to significant fuel savings for airliners and leads to the 

reduction of carbon emissions. A similar study performed by a member of Ryerson’s Morphing 

Winglet Team found a 1% improvement to the aerodynamic efficiency when using the proposed 

morphing winglet (cant module) for a flight mission defined by Bombardier. Additionally, the 

study found improvements to wing bending moments (2.4%) and winglet bending moments (63%) 

at a 2.5g symmetric maneuver condition when comparing to an aircraft without winglets [9].  

1.1 SCOPE AND OUTLINE 
1.1.1 PROBLEM STATEMENT AND OBJECTIVE 
 

To demonstrate the functionality of the morphing winglet developed by Ryerson’s 

Morphing Winglet Team, a structural test would need to be completed. For flight application, the 

winglet is required to successfully adjust its cant angle through its complete range of 10° to 80° 

throughout the flight envelope. Bombardier Aerospace has provided the typical flight mission and 

the associated pressures acting on the winglet. It was found that a maximum of 1,700-pounds of 

lift force will act on the mean aerodynamic center (MAC) of the winglet. The purpose of the test 

is to verify the structural integrity of the complete winglet system and the synchronization between 

the cant module’s dual linkage mechanisms under load. In order to reflect the flight conditions on 

the prototype without a wind tunnel, a load test fixture will be required with the following two 

requirements: 

1. Apply a constant 1,700-pound force at the MAC to simulate lift 

2. Applied force must maintain perpendicularity (normal to winglet surface) throughout the 

cant–motion (10° - 80°) 

The above requirements are necessary to ensure the generated moment about the winglet’s 

cant axis remains constant. In addition to the two requirements mentioned, the final design should 
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aim to minimize the number of active joints to simplify the synchronization of the complete model 

and to minimize the required workspace to reduce cost and manufacturing complexities. To meet 

the above requirements and create a functional design, both passive and active mechanism designs 

were considered. A prototype loading fixture will be required to test on the existing half scale cant 

module [5] to verify the developed design meets the project requirements, which will serve as a 

proof of concept for the full scale model. 

1.1.2 THESIS OUTLINE 
 

The following section describes the organization of this thesis paper and a summary of 

each section. This paper is organized by the following: 

2. LITERATURE REVIEW 

3. DESIGN METHODOLOGY  

4. FINAL DESIGN 

5. PROTOTYPE DESIGN 

6. EXPERIMENTAL RESULTS 

7. CONCLUSION 

The thesis paper begins with Section 2, which describes the current findings and 

technology developed for loading analysis. The literature review begins with a brief description of 

the structural regulations and the required tests to certify aircraft components, including winglets. 

Subsequently, the current methods used to perform load tests on aircraft components are outlined. 

While it is uncommon for original equipment manufacturers (OEMs) to publish their loading 

designs to the public, various sources were explored to obtain a survey of existing methods. Load 

testing designs were researched for the following aircraft components: wings, ailerons, rudders, 

winglets, and also for wind turbine blades. 
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Section 3 describes the design methodology used to obtain various active and passive four 

bar morphing winglet loading designs. The design procedure required the analysis of all four bar 

mechanism combinations that could meet the defined design problem. Each enumeration was 

designed and analyzed to assess its validity and feasibility.  

Following the design methodology, Section 4 describes in detail the final design for both 

an active and passive loading mechanism. For the active model, both a position and a velocity 

analysis were conducted. For the passive model, a geometric study was also conducted to describe 

the required dimensions to meet the design problem. 

Section 5 outlines the prototype design for the final passive model. This section includes a 

geometry optimization section and the detailed design of the overall model. In order to increase 

the structural integrity of the fixture and improve the accuracy of test results, an optimization of 

the geometry was completed. Through the use of CAD and FEA, a geometrically accurate and 

optimized model was developed for the purpose of prototyping. With the use of a 3D printer, a 

laser cutter and “off the shelf” components, a half size prototype was manufactured.  

In Section 6, the existing results from the kinematic analysis of the dual actuator 

mechanism on the cant module were compared to the experimental results obtained with the 

manufactured prototype. Through the cant mechanism’s dynamic analysis, the theoretical loads in 

the forward and aft actuator were determined as a function of cant angle. Subsequently, with the 

half size loading model, the experimental actuator loads were obtained as a function of the cant 

angle. The theoretical and experimental results were compared to demonstrate the accuracy of the 

dynamic model for the cant module’s mechanism. 

Finally, the thesis concludes with Section 7, which summarizes the findings and potential 

work which can follow to further the research.  
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2 LITERATURE REVIEW 
2.1 WING AND WINGLET STRUCTURAL REGULATIONS 
 

In order to ensure the structural integrity of an aircraft, various tests are required to be 

completed. According to the Federal Aviation Administration (FAA), the structure of an aircraft 

must be shown to comply with various strength and deformation requirements. This includes 

enduring ultimate and limit loads without failure or permanent deformation. Compliance for 

loading conditions can be shown through testing or through analysis supported by previously 

completed tests. While methods such as finite element modeling or analytical calculation are 

utilized in the design phase of a project, full scale tests are required to certify new aircraft structures 

[10]. 

A research group at the CIRA Italian Aerospace Research Council presented the design 

process of a morphing winglet for a regional aircraft. The study states that an adaptive winglet is 

a safety critical component, which requires the completion of a functional safety analysis [11]. 

Since a morphing winglet system is utilized to alleviate loads and assist in control functions, safety 

considerations will drive the structural design.  While the failure of an adaptive winglet may have 

minor consequences on the safe operations of an aircraft and its occupants, a fault tree analysis can 

ensure the risk of failure is minimized. The paper suggests to utilize a redundant design through a 

dual command and monitoring lane with independent control units to minimize the probability of 

failure. Additionally, the use of linear variable displacement transducers (LVDTs) mounted to the 

designed critical joints would aid in the operational reliability of the active winglet [11]. 
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2.2 WINGLET LOADING 
 

A project funded by the European Union that has completed research in various topics 

related to advanced aircraft structures is called SARISTU (Smart Intelligent Aircraft Structures). 

Within the scope of the project, the study of the design, optimization, testing, verification, and 

validation of a wingtip active trailing edge was completed. While the design does not consider the 

change in cant angle, there are various concepts that can be applied to Ryerson’s Morphing Winglet 

project. While there are various projects focused on a morphing winglet concept design, few have 

provided an engineering solution for a full-scale and close to flight-worthy model. The design 

developed and analyzed by the research group focuses on the application of an active winglet 

trailing edge, capable of a -15° to 15° deflection, to be used on a short range aircraft. A full scale 

model was manufactured with the use of both carbon fiber reinforced polymer composites (CFRP) 

and metals, and assembled for testing. To validate the design and determine the ability to withstand 

loading, a ground static test was performed [12]. 

For the ground static test, the winglet was fixed to the test rig, with the active tab locked in 

positons based on the test case. The load was distributed through a whippletree capable of applying 

both a tension and compressive force. The load to be applied was based on aerodynamic data and 

FEA results. The first load case applied a downward bending load at +10° tab deflection and a 

second case applied an upward bending at -15° tab deflection. Through the use of three actuators 

with load cells, the whippletree was loaded to simulate the desired wing loading.  The test fixture 

model has been illustrated in Figure 2-1 [12]. 
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Figure 2-1: SARISTU ground static test setup [12] 

Additionally, various strain gauges were used to measure the resultant strain, while the 

deflection was measured with the use of an optical system called PONTOS. The results from the 

ground static tests were compared to the FEA results, leading to a 20% overestimation in 

deformation by the FEA solution. The comparative results from the actual test to the finite model 

can be found in Figure 2-2 [12]. 

 

Figure 2-2: SARISTU comparative load results [12] 

While a separate test was performed to determine the functionality of the adaptive winglet’s 

trailing edge, the ground static test failed to test the motion under load. Rather, the model needed 
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to be fixed in various positions prior to applying the load. To more accurately represent the loading 

conditions during operation, a dynamic loading model would need to be utilized.     

A research paper by Bourdin, Gatto and Friswell [13] studied the aircraft controls of a 

variable cant angle winglet design. A model was developed to study the aerodynamic behavior of 

the wing design, capable of a 0° to 90° cant motion. Although the test was conducted with the use 

of a wind tunnel, the cant position was changed in the no-load condition. Figure 2-3 illustrates the 

wing model within the wind tunnel [13]. 

 

Figure 2-3: Wind tunnel test for variable cant angle winglet [13] 

While the research conducted at the University of Bristol was not interested in the dynamic 

loading of the winglet in motion, the use of a wind tunnel could allow for a more accurate 

representation of the cant motion in flight. 

2.3 AIRCRAFT COMPONENT DYNAMIC LOADING 
 

Prior to an aircraft’s first-flight and certification process, various on-ground tests are 

essential for the success of a new aircraft program. Testing control surfaces such as: ailerons, flaps, 

rudders and active winglet designs, requires a dynamic load test, which simulates the aerodynamic 

loads encountered throughout the flight envelope. In order to complete such testing, a dynamic 

load simulator (DLS) is often used. A DLS utilizes an actuation system to counteract the actuators 
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used to alter the control surfaces. Thus, allowing the analysis of hinge moments and other critical 

features during motion [14]. 

In a paper by Nam and Hong, the importance and theory regarding dynamic load simulators 

is discussed in details. The paper discusses possible designs to test an active surface on an aircraft 

and also, a force controller design to replicate the wide spectrum of the resultant hinge moment 

variation. Figure 2-4 illustrates the load actuation system being incorporated in the pitch axis of 

the control surface. This allows for simpler control and accurate loading throughout the various 

load cases. Additionally, to more accurately generate the loads, the force controller designed in the 

paper utilized quantitative feedback theory (QFT). The efficiency of the QFT force controller, with 

the consideration of aircraft dynamics, control law and the hydraulic system was proven accurate 

by numerical solutions [14]. 

 
 

Figure 2-4: Schematic of dynamic load simulator [14] 
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2.4 WING LOADING 
 

To ensure the functionality of a morphing winglet structure and have the design certified, 

a load test is required. The load application should depict the ultimate and limit loads of the 

aircraft’s flight envelope. While a full scale flight test is required to certify an aircraft, preliminary 

tests should be conducted to ensure a proof of concept and proof of functionality. These 

preliminary tests are often completed with the use of wind tunnels or test fixtures. While the use 

of a wind tunnel could more accurately represent the lift distribution on a wing, geometric 

constraints and economic challenges exist. A secondary solution is to utilize a load test fixture 

with an intricate design to best represent the loads. However, these designs that have been 

developed by OEMs are often classified under trade secrets. In order to research existing solutions 

to winglet loading methods, the bending test for an aircraft wing could be investigated. 

A method that is used on smaller aircrafts, adapted from the 1960s is to flip the aircraft 

upside down, elevated at the fuselage and use gravity to apply a load. One method to load the wing 

is with the use of sandbags or weights. Figure 2-5 illustrates an inverted loading test that was 

utilized on a homebuilt aircraft. However, the use of hydraulic jacks and a whippletree system 

allows for a cleaner and safer solution. The use of hydraulics allows for a relief valve to remove 

the load in emergencies and also the ability to apply higher loads through larger actuators [15].  
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Figure 2-5: Inverted wing static test [15] 

While the detailed designs of current wing loading methods are disclosed, the following 

illustrates four test setups that have been utilized by current OEMs. Many of the methods have a 

similar approach to loading the aircraft wing, through the use of multiple hydraulic actuators 

attached to a whippletree to distribute the load accordingly: 

1. Figure 2-6 illustrates the wing load test for a Boeing 777.  

  

Figure 2-6: Boeing 777 wing loading test setup [16] 
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2. Figure 2-7 illustrates the test setup for the Airbus A350 XWB.  

 
Figure 2-7: Airbus A350 XWB wing loading test setup [16] 

3. Figure 2-8 is the wing loading test setup for the Boeing 787 

   
Figure 2-8: Boeing 787 wing loading test setup [16] 

4. Figure 2-9 is a stress test on the wing of a DG Flugzeugbau DG-800/1000 (glider). The 

setup utilizes a design similar to a crane to apply the load. 

   
Figure 2-9: DG Flugzeugbau DG-800/1000 wing loading test setup [16] 
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2.5 AILERON LOADING 
 

Methods for the dynamic loading of an adaptive winglet could be explored through other 

control surfaces on an aircraft. Similar to a morphing winglet, an aircraft’s aileron requires a 

change in angle throughout the flight. A research project called Vector for Innovative Sustainable 

Air Transportation (VITAS), has investigated the replacement of an aluminum aileron on the P180 

Avanti with one made from CFRP. Determining its structural properties required the development 

of a full scale model for both a torsional stiffness test and an ultimate static load test. The 

deflections during both tests were obtained through 14 positon transducers placed in pairs (leading 

edge and trailing edge) in order to compute the torsional deformation. Fifteen strain gauges 

(rectangular rosettes) were also installed to measure the strain in all directions. During the torsional 

stiffness test, a dummy torque was applied about the ailerons axis of rotation. The test fixture for 

the torsional stiffness test has been illustrated in Figure 2-10.  [17] 

 

Figure 2-10: Torsional stiffness test setup [13] 
For the ultimate static load test, a whippletree loaded by a hydraulic jack was connected to 

the upper surface of the aileron by means of eight rubber pads. The whippletree was designed to 
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best represent the desired loading on the aileron. By analyzing the test setup in Figure 2-11 and 

results obtained from the research paper, an assumption can be made that the applied load was not 

adjusted to ensure perpendicularity during the aileron’s motion. Therefore, it is likely that an 

undesired moment was present during the test [13]. 

 

Figure 2-11: Ultimate static load test of an aileron [13] 

In a paper by Prasal and Gangadharan, an aileron endurance test rig (ETR) was designed 

with a dynamic load simulator. The dynamic load simulator was used to simulate the aerodynamic 

load and ensure functionality, performance and stability of the aileron’s actuators under load. 

Electro-hydraulic systems are often used to counteract aerodynamic loads acting on control 

surfaces. These systems allow for high power to weight ratios, optimal response rates and ability 

to withstand loading, which are all desired for the aerospace application. An ETR is used to test 

the fatigue and endurance characteristics for aircraft components. While the component being 

studied was controlled by its position, the load system was required to run in a force control loop. 

The loading design in the aileron’s ETR system utilized a load actuator that was controlled by an 

electro-hydraulic servo valve. The applied load was acting on a lever that was also connected to 

the aileron. The schematic for the loading mechanism has been highlighted in Figure 2-12 [18]. 
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Figure 2-12: Structural diagram for the aileron endurance test setup [18] 
Figure 2-12 illustrates the two systems (aileron actuation system and loading system) 

interacting and delivering equivalent aerodynamic loads about the aileron’s hinge (pivot). The 

paper focused on the interaction between the load system and the control surface actuation system. 

As shown, the load cylinder applies a force onto the lever, producing a moment about the pivot. 

This generated moment is the applied loading, which must be counteracted by the force of the 

aileron actuator. 

A physical test rig was developed to verify and validate the theoretical results from the 

paper.  Figure 2-13 shows the CAD model developed to aid in the design and fabrication of the 

aileron endurance test rig. The aerodynamic load data was based on a typical flight spectrum 

obtained from an aircraft manufacturer [18]. 
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Figure 2-13: Aileron endurance test rig CAD model [18] 

The paper presents a method to apply a moment about the control surfaces axis of rotation, 

through a common lever arm. However, as the aileron is actuated, the angle between the moment 

arm and the applied load does not remain perpendicular. Failing to apply a perpendicular load 

introduces an undesired side load on the actuator’s hinge point. 

  



 18 

2.6 RUDDER LOADING 
 

The static load testing of an aircraft rudder was conducted by AEROSUD, an established 

leader in the South African aviation industry. In March of 2016, a CFRP rudder was manufactured 

and tested using a test jig illustrated in Figure 2-14 consisting of an actuator, load cell and 

whippletree system to apply the load.  

 

Figure 2-14: AEROSUD rudder static test [19] 

The test requirement was to apply a 304 kg load on the static winglet for 3 seconds without 

failure. While the model passed the test, it fails to test the rudder in dynamic conditions (yaw 

motion) [19]. Although the static testing of a rudder will ensure the structural integrity of its design, 

a dynamic load simulator would ensure the functionality and integrity of the control mechanism 

used to adjust the rudder’s deflection [19]. The above model provides insight into test fixture 

designs and the types of supports and reinforcements that would be required. 
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2.7 WIND TURBINE LOADING 
 

Loading mechanisms can also be found for the testing of large wind turbine blades. Similar 

to aircraft wings and winglets, the wind turbine blade produces a lift force and must undergo a 

static strength test. At the National Renewable Energy Center (NREC) in the United Kingdom, the 

static testing of a turbine blade is performed through the use of electric winches which drive cables 

attached to non-critical points on the blade. The tests utilize strain gauges to measure stresses and 

lasers to measure the deflections along the blade [20]. 

 

 

Figure 2-15: Wind turbine blade static test fixture [20] 

 Figure 2-15 illustrates a typical wind turbine static test setup used at the NREC. As 

illustrated, the applied loading acts in one direction along the span of the blade. As the blade bends 

during the test, the resultant moment at the root varies and a side loading is present since the 

applied loading on the blade does not maintain perpendicularity.   
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2.8 DISTRIBUTED LOAD VS POINT LOAD 
 

As summarized in the literature review, the loading fixtures on various aircraft control 

surfaces utilize either a point load about the mean aerodynamic center or a distributed load system. 

The resultant moment from both loading systems about the point of interest are identical.  

However, the use of a distributed load will best represent the lift profile acting on the control 

surface.  

Two common methods to simulate a distributed load include pressure loading and a system 

of closely spaced discrete loads. Pressure loading utilizes the force of gravity acting on sand and/or 

water bags [21]. Commonly performed in the aerospace industry at smaller scales, sandbags are 

used to represent the load distributed along a wing, as shown in Figure 2-5 [22]. The second 

method utilizes a series of discrete loads to accurately simulate the distributed load. A whippletree 

system which is illustrated in Figure 2-16 is a commonly used model to represent a distributed 

load. Through a series of linkages, a whippletree mechanism distributes the force evenly and can 

be utilized in both tension and compression [23]. While effective, the whippletree system would 

require sufficient stiffness when utilizing large loads [21]. 

 

Figure 2-16: Whippletree load distribution model [21] 
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A method proposed by Wong, Teng and Wang [21] utilized an intricate pulley system to 

distribute the loading. The ability to change the load direction, amplify a load and convert a force 

into a number of equal forces through a pulley system is proposed to be a simpler solution to 

simulating a distributed load. Figure 2-17 illustrates the proposed method [21]. 

 

Figure 2-17: Pulley based loading system [21] 

 For the purpose of analyzing the resultant moment about an axis of interest, where the 

structure of the surface is not of interest, a point load would be adequate. By obtaining the resultant 

force, a point load about the mean aerodynamic center will produce the equivalent moment as a 

distributed load, simplifying the fixture design. 
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3 DESIGN METHODOLOGY  
 

The following section outlines the methodology used to develop the final loading model to 

assess the structural integrity of the morphing winglet’s cant module. To perform a structural 

strength test on a dynamic surface such as a winglet, the use of a mechanism based loading system 

was required. Since the loading models currently used in industry focus on static testing (see 

Section 2), the direction of the applied load remains constant. As the winglet travels through the 

cant motion, the direction of the applied load needed to vary to ensure the resultant moment about 

the winglet’s axis of rotation remained constant. The lower and upper limits of the winglet’s cant 

motion have been illustrated in Figure 3-1a and Figure 3-1b respectively, with the load direction 

illustrated.  

 

Figure 3-1: Load directional requirement - a) cant angle=10° b) cant angle=80° 
An enumerative design procedure was implemented to determine a functioning dynamic 

loading model for the morphing winglet. Focusing on the use of a closed planar four bar 

mechanism to meet the requirements, all combinations of both prismatic (P) and revolute (R) joints 

were studied [24]. A four bar linkage design consists of the following elements: a fixed link called 

the frame, the input link called the crank, the output link known as the rocker or follower link and 

finally, the coupler which transfers the motion from the input to the output link [25]. The most 

a) b)

Force	
Vector Force	

Vector

Winglet Winglet
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common four bar linkage consists of four revolute joints, illustrated in Figure 3-2a. By replacing 

one of the linkages with a prismatic joint, the linkage system becomes a slider-crank mechanism, 

illustrated in Figure 3-2b. This linkage design can be found in various applications, such as a single 

piston engine. Finally, if two of the turning pairs are replaced by prismatic joints, the resulting 

mechanism converts to a double slider-crank mechanism, which has been illustrated in Figure 3-2c  

[25]. 

 
Figure 3-2: Linkage designs: a) four bar mechanism b) slider crank mechanism [25] 

Given the unique loading requirements for the morphing winglet, uncommon linkage 

designs were also analyzed. By selecting a different link on the four bar chain to become the 

reference or frame, a unique kinematic chain could be derived. This transformation is called 

kinematic inversion [26]. Furthermore, by varying the lengths of the linkages, restrictions can be 

placed on the input and output angles, resulting in a desired motion [27]. 

Given the first joint for the winglet system (Link 1) is revolute as illustrated in Figure 3-3, 

only the following combinations of revolute and prismatic joints were necessary for analysis: 

• R-R-R-R 

• R-R-P-R 

• R-P-R-R 

• R-P-P-R 

a) b) c)
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• R-R-R-P 

• R-P-P-P 

• R-R-P-P 

• R-P-R-P 

 

Figure 3-3: Winglet kinematic model 

 The acceptability criteria for each design was based on the two requirements for the 

dynamic loading model, which would ensure a constant moment about the cant module’s axis of 

rotation: 

1. Ability to apply a constant force at the MAC to simulate lift 

2. Ability to maintain perpendicularity between the load and the winglet throughout the cant–

motion (10° - 80°) to produce a constant moment about the cant module’s axis of rotation 

To reduce the complexities associated with the synchronization of multiple active joints and 

to minimize the challenges associated with manufacturing, the following objectives were also 

considered when proceeding through each enumeration design: 

1. Minimizing the number of active joints 

2. Minimizing the loading mechanism’s workspace 

Upon completion of the analysis of each four bar linkage enumeration, a table was 

produced to summarize which designs were admissible and not-admissible. 

!"#$%R1
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3.1 R-R-R-R DESIGN 
 

The first dynamic loading model utilized a common four-bar linkage system with four 

revolute joints. Figure 3-4 illustrates four conventional planar R-R-R-R mechanism designs which 

produce unique path trajectories depending on the length of the linkages. Given the required 

motion of the input link must travel from 10° to 80°, the “Crank-rocker” and “Parallelogram 

linkage” (2nd and 4th image) were used as potential kinematic loading designs for the morphing 

winglet. 

 
Figure 3-4: Common R-R-R-R mechanism designs [24] 

 The second requirement stated that the applied loading must remain constant throughout 

the winglet’s cant motion. Therefore, Link 2 would need to be perpendicular to Link 1 as the input 

angle varies from 10° to 80°. To ensure the loading acts perpendicular to the winglet throughout 

the motion, Link 1 was modified to become an “L” shaped link. Figure 3-5 illustrates the complete 

R-R-R-R kinematic design which attempts to ensure the applied loading remains perpendicular 

throughout the cant motion. The proposed R-R-R-R mechanism did not require additional active 

joints, which simplifies the synchronization and control of the loading model.  
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Figure 3-5: Modified R-R-R-R design 

The load in this design would need to be applied on the vertical portion of Link 1. Through 

the use of a pulley system, the applied load can be guided through the revolute joints and attached 

to the load point. This has been illustrated in Figure 3-6.   

 
Figure 3-6: R-R-R-R pulley system design 

Figure 3-5  shows the limitation of utilizing an R-R-R-R mechanism to apply a constant 

perpendicular load through the full cant motion of the winglet. As the input angle (𝜃R) changes, 𝜃S 

also varies. Therefore, the angle at which the load is transferred onto the second revolute joint 

varies and produces an undesired loading at R1. This leads to a non-uniform moment about the 

winglets axis of rotation. Since the second requirement could not be met, the R-R-R-R mechanism 

was eliminated from the list of potential design solutions.  
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3.2 R-R-P-R DESIGN 
 

A second kinematic dynamic loading model for the morphing winglet utilized a passive R-

R-P-R mechanism, which had a revolute joint at the winglet’s connection point and a fixed, 

perpendicular slider/guide connection. However, this required the upper rail to rotate in the same 

planar direction as the winglet. The second revolute joint at the loading point was necessary to 

create the necessary degree of freedom. The first iteration for the loading design was modeled in 

Figure 3-7 without the pulley system for simplicity. 

 

 
Figure 3-7: R-R-P-R model for iteration 1-a) Kinematic model b) CAD model 

Since the connection point at the winglet end and slider bar was a revolute joint (R2), the 

beam was free to rotate. With the current model that was arbitrarily dimensioned, the design failed 

to achieve the complete cant motion. The design also produced an undesired side loading since R2 

significantly deviated from 90°. This limitation was highlighted in Figure 3-8.  
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Figure 3-8: Limitations of iteration 1 

The above limitation was also analyzed with the use of the following kinematic model 

and equations, where ‘S’ represents the applied load’s moment arm: 

 
Figure 3-9: R-R-P-R iteration 1 kinematic model 

 
 𝑥R = 𝑆S + ℎS − 2(𝑆) ℎ cos	(90° − 𝜃R) (Eq. 3-1) 

 𝜃c = sinfR ℎ∗sin 90°−𝜃1
𝑥1

   (Eq. 3-2) 

 𝑥S = 𝑥RS − ℎS  (Eq. 3-3) 
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 𝜃S = sinfR
ℎ
𝑥R

 
(Eq. 3-4) 

 𝜃h = sinfR
𝑆 ∗ sin	(90° − 𝜃R)

𝑥R
 

(Eq. 3-5) 

 𝜃i = 𝜃S + 𝜃h − 90° (Eq. 3-6) 

With the above model, the only variable that could be optimized was the ratio between the vertical 

distance (h) between R1 and R4 and the moment arm (S):  

 ℎ − 𝑟𝑎𝑡𝑖𝑜 =
ℎ
𝑆

 
(Eq. 3-7) 

By varying the height with a constant moment arm of 20-inches (𝑆), which was initially 

provided by the Ryerson Morphing Winglet Team, and studying the load angle being generated 

(𝜃c + 𝜃j) and the actuator displacement throughout the cant motion, the relationships in Figure 

3-10 were found. 

 
Figure 3-10: Cant angle vs slider displacement/load angle 
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The inflection points in the first plot represents the limitation for the slider displacement. 

Although a ratio smaller than 0.5 will eliminate this constraint, the second plot highlights the 

significant variation in load angle as the cant angle increases. As a result, the first R-R-P-R iteration 

for the loading mechanism was limited by its geometry. 

In order to eliminate the geometric constraint and minimize the load angle, a second 

variable was introduced to the design, ∆𝑥 (See Figure 3-11). 

 
Figure 3-11: Kinematic model for iteration 2 

The following equations were used to study the kinematic model for the second iteration: 

 ∆𝑧 = ∆𝑥S + ∆𝑦S (Eq. 3-8) 

 𝜃S = tanfR
∆𝑦
∆𝑥

 (Eq. 3-9) 

 𝜃i = tanfR
∆𝑥
∆𝑦

 (Eq. 3-10) 

 𝜃n = 180° − 𝜃R − 𝜃S (Eq. 3-11) 
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 𝑥R = 𝑆S + ∆𝑧S − 2 𝑆 ∆𝑧 𝑐𝑜𝑠𝜃n (Eq. 3-12) 

 𝜃c = sinfR 𝑆∗sin	(𝜃3)
𝑥1

  (Eq. 3-13) 

 
𝑥S = 𝑥RS − ℎS 

(Eq. 3-14) 

 𝜃j = tanfR
ℎ
𝑥R

 
(Eq. 3-15) 

 𝜃h = 𝜃c + 𝜃j + 𝜃i − 90°            (Eq. 3-16) 

 𝜃r = sinfR
∆𝑧 ∗ sin	(𝜃n)

𝑥R
 

(Eq. 3-17) 

 𝜃s = cosfR
ℎ
𝑥R

 
(Eq. 3-18) 

 𝜃Rt = 𝜃r + 𝜃s (Eq. 3-19) 

With the above relationships and the use of MATLAB, a graphical approach was used to 

iterate to a final model. By setting a constant y-ratio and iterating through various x-ratios, an 

improved R-R-P-R design was developed. By using a constant 20-inch moment arm and a 

ℎuv>w<
∆x
y

 of 0.4 the plots in Figure 3-12 were generated to study various 𝑥uv>w< ∆z
y

. 
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Figure 3-12: R-R-P-R geometry investigation 

Figure 3-12 illustrates the relationship between the slider guide angle, slider displacement 

and load angle, as a function of the cant angle. From the first and third plot, a conclusion could be 

made as to which x-ratio would provide optimal results. By avoiding inflection points in the first 

plot, and aiming for a 90° load angle throughout the cant motion in the third plot, a x-ratio of 1.0 

was chosen for iteration 2. This design produced a maximum load angle of 99.5° when the winglet 

is in the 54.5° cant position. Therefore, the applied load deviates from perpendicularity, failing to 

meet the requirements for the winglet loading design. However, since the resultant side load was 

minimal, the Morphing Winglet Team decided to further investigate the design. By utilizing the 

above results, the following model was developed on CAD: 
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Figure 3-13: Iteration 2 CAD model 

Apart from the side loading present in iteration 2, the joints and slider system would need 

to be reinforced to ensure structural stability under load. Additionally, minimizing friction between 

the slider and the rail is essential for the functionality of the model. The above model also required 

a large workspace (vertical), due to the final revolute joint (R4), which fails one of the problem’s 

objectives. Thus, the R-R-P-R model was deemed impractical and was decided by Ryerson’s 

Morphing Winglet Team to focus only on designs which utilize a prismatic joint at the R4 location 

to minimize the system’s workspace. This decision led to the elimination of the R-P-R-R and R-

P-P-R potential four bar linkage designs. 

 

10° 80°

Weight
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3.3 R-R-R-P DESIGN 
 

The following section outlines an R-R-R-P four bar mechanism design for the purpose of 

dynamically loading the winglet. Figure 3-14 illustrates a kinematic model with the joints and 

linkages labeled for two different cant angle configurations.  

 
Figure 3-14: R-R-R-P kinematic model 

As the cant angle varies, it can be seen from Figure 3-14 that the angle between Link 1 and 

Link 2 deviated from the desired 90°. This would result in an undesired side loading onto the 

winglet’s root. In order to avoid this condition, the loading mechanism would require the removal 

of R2 at the tip of the winglet and create a fixed right angled linkage. This would ensure the load 

being guided to the loading point on the winglet would be perpendicular throughout the cant 

motion. Based on the inability to maintain a perpendicular load onto the winglet as the winglet 

travels, the defined R-R-R-P mechanism was deemed inadmissible for the purpose of a dynamic 

loading model.    

3.4 R-P-P-P DESIGN 
 

The R-P-P-P planar four bar linkage enumeration design illustrated in Figure 3-15 was also 

found to not be feasible for the dynamic loading model. Upon completion of the literature review, 

a closed planar R-P-P-P mechanisms was found to produce an over constraint linkage system. 

2

3

4

R1

R2

R3P4

4

1

2

3

R1 R2

P4

4

4

R3



 35 

Given the use of three prismatic joints results in a locked linkage system, the R-P-P-P design was 

deemed an invalid solution for the loading model. 

 
Figure 3-15: R-P-P-P kinematic model 

3.5 R-R-P-P DESIGN 
 

The four bar mechanism loading design illustrated in Figure 3-16 utilizes a passive, R-R-

P-P model to meet both project requirements. Maintaining perpendicularity at the loading point 

(MAC) required a fixed 90-degree link, similar to the R-R-R-R design.  

 

Figure 3-16: R-R-P-P kinematic model 
As the cant angle is increased, the resultant side force acting through Link 1 passively 

causes the prismatic joint to move along the rail to maintain perpendicularity. To ensure the 

feasibility of the model, a kinematic CAD model was created with the use of a guide rod (P3) and 
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a slider (P4). Figure 3-17 demonstrates the CAD model of the winglet in the lower and upper limits 

of the cant motion. 

 

Figure 3-17: R-R-P-P CAD model - 10 degree and 80 degree configuration 

Figure 3-18 illustrates the details at the guide rod and rail system’s interface. Using a 

revolute joint that allows for the guide rod to slide through, the perpindicularity was maintained at 

the winglet.  

 

Figure 3-18: Guide rod/rail interface 

In order to further demonstrate the functionality of the design with the incorpriated pulley 

system, a small prototype was built and illustrated in Figure 3-19.  
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Figure 3-19: R-R-P-P prototype model 

 
Figure 3-20: R-R-P-P prototype cant motion 

After the addition of the pulley system, the design was able to meet both problem 

requriements, as demonstrated in Figure 3-20. While this prototype proved its functionality, there 

were various challenges associated with the design. Firstly, the slider/pulley connection would 

need to resist high structural loads when converting to the full scale model. These loads would also 

translate to large bending moments on the guide rods, resulting in undesired loading on the winglet. 

Additionally, the loading mechanism has a low mechanical advantage at the initial and final 

positions of the winglet. Consequently, as the winglet approaches the two limits of its cant motion, 

the side force that leads to the slider’s motion reduces, producing undesired compressive loads on 

Link 1. 



 38 

3.6 R-P-R-P DESIGN 
 

The following section illustrates an active dynamic loading design for the morphing 

winglet. Through the use of an R-P-R-P mechanism design demonstrated in Figure 3-21, the two 

requirements of the problem are satisfied, while meeting the workspace constraint. However, the 

model is not passive and required an active P4 joint. 

 

Figure 3-21: R-P-R-P kinematic model 

By analyzing the kinematic model outlined in Figure 3-21, the overall system’s degrees of 

freedom/mobility (F) can be calculated by using (Eq. 3-20). 

 𝐹 = 𝜆 𝑛G − 𝑛H − 1 + 𝑓w
|}
w~R 																  (Eq. 3-20) 

where, 𝜆 is equal to 3 (planar mechanism), 𝑛G is the number of links, 𝑛H is the number of joints 

and 𝑓 represents the degrees of freedom of each joint [28]. The R-P-R-P kinematic model has a 

mobility of one, requiring only a single active joint. However, both R1 and P4 are active joints, 

making the loading model an actuation-redundant system.  

The ability to adjust the location of R3, illustrated in Figure 3-22, with the use of an actuator 

or belt drive allowed the loading to be redirected, ensuring the two requirements were met. Figure 
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3-22 demonstrates both the kinematic model which ensures the perpendicularity was maintained, 

and the pulley system used to apply the load on the winglet. 

 
Figure 3-22: Dynamic loading active model 

By referring to Figure 3-22, Link 2 and P2 from Figure 3-21 are represented by a rope, 

which simplified the overall model. As the winglet begins to rotate upwards in the cant direction, 

the horizontal actuator retracts to ensure the load direction is continuously perpendicular to the 

winglet surface. Furthermore, since the load direction along Link 3 remains parallel to the wing 

throughout the cant motion, the resultant moment applied on the loading fixture remains constant. 

The current model utilizes a static weight to apply the loading. The model can be altered 

to utilize a second actuator to apply a load throughout the motion of the winglet. The simplified 

relations  in (Eq. 3-21) and (Eq. 3-22) represent the required actuator displacement and the distance 

the weight will travel as a function of the winglet’s cant angle (assuming the pulley is a single 

point with no rope engagement): 

 ∆𝑥�=���x 𝜃 = 𝑆 ∗ (1 − cos𝜃) + (ℎ − 𝑆 ∗ sin𝜃)𝑡𝑎𝑛𝜃																  (Eq. 3-21) 

 
∆𝐻��w��> 𝜃 = ∆𝑥�=���x +

ℎ − 𝑆 ∗ 𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃

 
(Eq. 3-22) 
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To determine the maximum stroke of the actuator (P4) and the distance the weight will 

travel, the following equations were derived: 

 𝑇𝑜𝑡𝑎𝑙	𝐴𝑐𝑡𝑢𝑎𝑡𝑜𝑟	𝐷𝑖𝑠𝑝𝑎𝑙𝑐𝑒𝑚𝑒𝑛𝑡 = ∆𝑥�=���x 80° − ∆𝑥�=���x 10° 									 (Eq. 3-23) 

 𝑇𝑜𝑡𝑎𝑙	𝑊𝑒𝑖𝑔ℎ𝑡	𝑇𝑟𝑎𝑣𝑒𝑙 = ∆𝐻��w��> 80° − ∆𝐻��w��> 10°  (Eq. 3-24) 

By setting the moment arm (S) constant in (Eq. 3-21) and (Eq. 3-22), the actuator’s stroke 

requirements to achieve a 10° − 80° motion becomes a function of the distance between R1 and 

P4. By using the provided moment arm of 20-inches, the plots in Figure 3-23 were obtained. 

 
Figure 3-23: Actuator displacement and distance weight traveled vs wing to actuator height 

 
As shown in Figure 3-23, the required actuator displacement increases as the height is 

increased. However, a minimum height will be required to ensure the winglet does not interfere 
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with the loading fixture. Two possible methods to move the pulley in the horizontal direction (P4) 

are with the use of a belt drive or a linear actuator.  

3.6.1 BELT DRIVEN MODEL 
 

Figure 3-24 demonstrates a belt drive being used for P4, to provide the required movement 

of the pulley. The use of a belt drive allows for a larger pulley displacement, however, the ability 

to withstand large loading is sacrificed. Additional images for the CAD model can be found within 

Appendix B. 

 
 

Figure 3-24: R-P-R-P belt drive CAD model 

Furthermore, to minimize the required weight to complete the dynamic load test, a double 

pulley system could be utilized [29]. A double pulley system reduces the required load by two, but 

doubles the distance travelled by the weights, as a result of conservation of mass (see Figure 3-25 

and (Eq. 3-25)). 
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Figure 3-25: Double pulley system free body diagram 

 
 𝑇 ∗ 𝑑R = 2𝑇 ∗ 𝑑S																				𝑑R = 2 ∗ 𝑑S (Eq. 3-25) 

           Figure 3-26 illustrates the detailed features of the belt drive loading model, where T 

represents the tension in the rope, W represents the weight, N represents the reaction force and d 

represents the distance travelled. The CAD model utilizes a double pulley system with a stepper 

motor driven belt drive. The developed test fixture would be capable of providing a constant load 

on the winglet throughout the complete cant motion. 

 
Figure 3-26: Belt driven active model 
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3.6.2 ACTUATOR DRIVEN MODEL 
 

The following design utilized many of the features illustrated in Figure 3-26, however, a 

linear actuator was used to represent P4. In addition, a linear actuator was modeled to apply the 

required loading, rather than the static weights which had been modeled for the belt driven design. 

Figure 3-27 shows a detailed CAD rendering of the actuator driver loading model. 

 
Figure 3-27: Actuator driven active model 

 
Figure 3-28: R-P-R-P actuator driver CAD model at 10 and 80 degree  
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(Eq. 3-21) and (Eq. 3-22) apply directly to the model within Figure 3-28. By analyzing the 

cant angle, the horizontal actuator would adjust to ensure the loading direction remains 

perpendicular, as demonstrated in Figure 3-28. In addition to the improved load resistance by a 

linear actuator, the rail could be retracted completely within the loading fixture, ensuring the 

winglet would not interfere with the test rig. By utilizing a linear actuator to apply a load, a 

synchronization with the cant module’s kinematics would be required to ensure constant loading 

throughout the cant motion of the winglet. Additional multi-view renderings of the actuator driven 

model can be found within Appendix B.   

To demonstrate the functionality of the R-P-R-P kinematic loading model, a small-scale 

fixture was developed. The model was used to validate the use of the double pulley system and to 

ensure constant, perpendicular loading would be maintained throughout the winglet motion.  

 

 
Figure 3-29: Small scale model for Ideation 5 

Note: The model was not built with the use of an actuator; rather manual repositioning of 

R3 was required. It was concluded that the R-P-R-P design would successfully meet the problem’s 

requirements. However, the design solution would require the use of an additional active joint, 

which would require synchronization between the two active joints: R1 and P4.      

 
  

Actuator/Belt	Driven
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3.7 DESIGN METHODOLOGY SUMMARY 
 

The following section summarizes the findings from each four bar mechanism 

enumeration. Table 3-1 summarized whether each enumeration was admissible or not admissible 

as a dynamic loading design for the morphing winglet’s cant module.  

Table 3-1: Four bar mechanism enumeration assessment 

Enumeration Admissible / Not-Admissible Reason 

R-R-R-R Not-Admissible  Fails to generate a constant moment 

R-R-P-R Not-Admissible  Fails to generate a constant moment 
Requires large workspace 

R-P-R-R Not-Admissible  Similar to R-R-P-R 
Requires large workspace  

R-P-P-R Not-Admissible  Similar to R-R-P-R 
Requires large workspace 

R-R-R-P Not-Admissible   Fails to maintain perpendicularity  
R-P-P-P Not-Admissible   Over constraint linkage system 
R-R-P-P  Admissible   Meets design requirements 
R-P-R-P  Admissible   Meets design requirements 

 

Through the enumeration study of four bar linkage systems consisting of revolute (R) and 

prismatic (P) joints, two kinematic models were found to be admissible design solutions for the 

winglet loading model: R-R-P-P and R-P-R-P.   
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4 FINAL DESIGN 
 

As a result of the enumeration study of all potential four bar linkage solutions, it was found 

that both the R-R-P-P and R-P-R-P kinematic models successfully met the two problem 

requirements. However, the R-R-P-P model required the force transfer from the first link to the 

second to ensure perpendicularity is maintained. Additionally, at the limits of the cant motion, the 

kinematic model had a low mechanical advantage, resulting in large stresses at the R2-P3 joint and 

low force transmissibility. Thus, the R-P-R-P design solution was found to have a higher 

probability of success over the R-R-P-P design. The following section provides further analysis of 

the R-P-R-P design that was proposed in Section 3.6.  

4.1 R-P-R-P ACTIVE LOADING DESIGN 
 

The following section will outline the position analysis and velocity analysis for the R-P-R-

P design in Figure 3-24 and Figure 3-26. 

4.1.1 POSITION ANALYSIS 

4.1.1.1 METHOD 1 
 

To utilize the finalized design, a detailed kinematic model was required to improve the 

accuracy of the location of R3 in Figure 3-21. By having an accurate location of R3, the active P4 

joint could be synchronized to ensure perpendicularity is maintained between Link 1 and Link 2. 

Additionally, the model would aid in the pulley sizing and the measurement of rope engagement 

throughout the cant motion. Figure 4-1 was utilized to produce the positon and velocity analysis 

for P4 for a given pulley radius. 
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Figure 4-1: R-P-R-P detailed kinematic model 

In Figure 4-1, the initial engagement point, which ensured tangency between Line 2 and 

the circle is marked in yellow. By ensuring Line 2 is tangent to the circle throughout the cant 

motion, the precise positon of the center of the circle can be determined for the purpose of P4’s 

position and velocity analysis. With a known origin (0, 0) and height between the pulley center 

and winglet root (ℎ), there are three remaining unknowns of interest: 𝑥S, 𝑦S	and 𝑥�. Therefore, 

three equations were required: the equation for Line 2, the equation of Line 3 and the equation of 

Circle 4. The following equation was used to define Line 1: 

 𝑦 = 𝑥 ∗ 𝑡𝑎𝑛𝜃 (Eq. 4-1) 

In order to determine the equation for Line 2, the negative reciprocal of Line 1 was 

required. Using the point of intersection as 𝑥R	and 𝑦R (𝑆 ∗ 𝑐𝑜𝑠𝜃, 𝑆 ∗ 𝑠𝑖𝑛𝜃), the following equation 

was obtained: 

 𝑦 = −𝑥 ∗ cot 𝜃 + y
�w|�

		 (Eq. 4-2) 
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The equation of Line 3 was determined by using the slope of Line 1 since they are collinear, 

and the coordinates of the center of the circle. 

 𝑦 = tan 𝜃 ∗ 𝑥 + (ℎ − 𝑡𝑎𝑛𝜃 ∗ 𝑥�) (Eq. 4-3) 

Finally, the equation of Circle 4 was defined as the following: 

 𝑥 − 𝑥� S + 𝑦 − ℎ S = 𝑟S	  (Eq. 4-4) 

where r is the radius of the pulley (circle). With the given three equations (Line 2, Line 3 and 

Circle 4) and common point of intersection, the points 𝑥S, 𝑦S	and 𝑥� could be determined.. While 

there are two possible solutions where the line is tangent to the circle (on the inside or outside of 

line 2), only one solution is of interest (see Figure 4-1). With the three equations, three unknowns 

and the help of Matlab’s computation ability, the following equation was derived to determine the 

location of the center of the circle as a function of the cant angle: 

 𝑥� =
2 ∗ 𝑆 ∗ 𝑐𝑜𝑠 𝜃 − ℎ ∗ 𝑠𝑖𝑛 2𝜃 − 4 ∗ 𝑐𝑜𝑠 𝜃

2 ∗ 𝑐𝑜𝑠S(𝜃)
	= 	

𝑆 − 2 − ℎ ∗ sin	(𝜃)
cos	(𝜃)

 (Eq. 4-5) 

Additionally, the point of intersection (𝑥n	and	𝑦n) can be determined with the following 

expressions: 

 
𝑥S = −

ℎ
2 ∗ 𝑠𝑖𝑛 2𝜃 − 𝑆 ∗ 𝑐𝑜𝑠 𝜃 + 𝑟 ∗ 𝑐𝑜𝑠n 𝜃 − 𝑟 ∗ 𝑐𝑜𝑠	(𝜃)

𝑐𝑜𝑠S(𝜃)
	

(Eq. 4-6) 

 𝑦S = ℎ + 𝑟 ∗ 𝑠𝑖𝑛 𝜃 	 (Eq. 4-7) 

To validate the above expressions, a kinematic model was created on MATLAB, which 

resulted in the plot in Figure 4-2. 
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Figure 4-2: Kinematic model (position) for R-P-R-P design 

4.1.1.2 METHOD 2 
 

A second method to determine the position of 𝑥S, 𝑦S and 𝑥� was completed by utilizing 

the equations of Line 2 and Circle 4. The instance where (Eq. 4-2) is tangent to (Eq. 4-4), the 

load direction on the winglet would be perpendicular. In order to simplify the derivation, the 

following substitution was utilized: 

 𝑦 = −cot 𝜃 ∗ 𝑥 + y
�w|�

= 𝑎𝑥 + 𝑏             	  (Eq. 4-8) 

where, 

 𝑎 = −cot 𝜃 					𝑎𝑛𝑑					𝑏 = 	 y
�w|�

             	  (Eq. 4-9) 
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First, by substituting (Eq. 4-8) into (Eq. 4-4), the following expression was obtained: 

 𝑥 − 𝑥� S + 𝑎𝑥 + 𝑏 − ℎ S = 𝑟S            	  (Eq. 4-10) 

After expanding and simplifying, (Eq. 4-10) could be re-written in the following form: 

 1 + 𝑎S 𝑥S + −2𝑥� + 2𝑎𝑏 − 2𝑎ℎ 𝑥 + 𝑥�S + 𝑏S − 2𝑏ℎ + ℎS − 𝑟S = 0								       (Eq. 4-11) 

Next, to determine 𝑥� where tangency occurs, the discriminant of the above expression 

was set to zero: 

 𝑏S = 4𝑎𝑐	 (Eq. 4-12) 

The following quadratic expression was obtained: 

 −4𝑎S 𝑥�S + 8𝑎ℎ − 8𝑎𝑏 𝑥� + 8𝑏ℎ − 4𝑏S − 4ℎS + 4𝑟S + 4𝑎S𝑟S = 0 (Eq. 4-13) 

Similarly to Method 1, the above expression resulted in two 𝑥� locations where tangency 

occurred. By utilizing the horizontal positon that led to the circle positioned on the left hand side, 

𝑥S and 𝑦S were evaluated in order to validate the results. By producing an identical plot as Figure 

4-2, it was found that the two methods used in the position analysis produced identical results. 
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4.1.2 VELOCITY ANALYSIS 
 

In addition to the positon analysis, a velocity analysis was completed. To control the linear 

actuator (P4), the velocity of the end effector would be required. As highlighted in Figure 4-3 in 

yellow, the velocity of the actuator as a function of the angular rate of the winglet would ensure 

perpendicularity throughout the winglet’s cant motion. 

 
Figure 4-3: Actuator displacement model 

To determine the speed as a function of the winglet’s cant angle, the derivative of (Eq. 4-5) 

was taken with respect to time. The following equation represents the velocity of the actuator’s 

end effector: 

 
 𝑥� =

(𝑆−2)∗𝑠𝑖𝑛 𝜃 −ℎ
cos2(𝜃)

∗ 𝜃  (Eq. 4-14) 

where, 𝜃 represents the angular rate of the winglet. The velocity of the actuator is non-linear, 

making the synchronization of the system challenging. To mitigate this challenge, further 

investigations were completed to convert the active loading model to a passive system.  

W
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4.1.3 LOAD APPLICATION SYSTEM 
 

The R-P-R-P linkage system defined in Figure 3-21 ensures perpendicularity throughout 

the cant motion through an actuation-redundant kinematic system. While P4 is used to ensure the 

load direction remains normal to the winglet, a parallel actuation system is required to apply the 

load. The complete loading kinematic model is illustrated in Figure 4-4. 

 
Figure 4-4: R-P-R-P kinematic model with loading actuator 

In Figure 4-4, P5 is used to apply the load onto the winglet throughout the cant motion 

through a pulley system.  Through the use of an independent force control, P5 can be synchronized 

with the active joints, R1 and P4, to meet the design requirement of applying a constant loading. 

By incorporating the load application system, the kinematic system becomes a 5-bar linkage with 

5 joints, which results in a mobility of 2. Given the system has three active joints, it remains an 

actuation redundant design, failing to minimize the number of active joints. 

Upon analysis of the R-P-R-P active model, a redesign was required to reduce the complexity 

of the system. Having three active joints, with two being codependent, a high degree of 

controllability would be required to ensure the load remained constant and perpendicular. 

Additionally, given the velocity analysis of P4 resulted in a non-linear equation, synchronization 

of R1 and P4 becomes challenging. To mitigate this challenge, The R-P-R-P linkage system in 

Figure 4-4 was re-evaluated to produce a passive system. 
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4.2 R-P-R-P PASSIVE LOADING DESIGN  
 

By utilizing a circular linkage system to combine the P2, R3 and P4 joints, the active 

loading design in Figure 4-5a was transformed to a passive design illustrated in Figure 4-5b.      

 
Figure 4-5: R-P-R-P loading model a) Active design b) Passive design 

In Figure 4-5b, P4 is the active joint used to apply the loading on the winglet, similar to P5 

in Figure 4-5a. Through the use of a combined P2-R3 joint at the end of the circular linkage, P4 

remains parallel to the base and tangent to Link 2 throughout the cant motion. To better 

demonstrate the passive R-P-R-P model, the illustration in Figure 4-6 was created. In this model, 

the curved linkage which consists of P2 and R3 will be referred to as the “shark-fin” linkage, given 

its resemblance to a shark’s dorsal fin. 
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Figure 4-6: R-P-R-P passive loading model a) 10°	b) 80° 
In the passive R-P-R-P model, the shark-fin radius is centered about the axis of rotation. 

Additionally, the radius is equal to the span from the root of the winglet to the loading point. This 

ensures the release angle of the rope at Link 3 remained parallel to the wing and tangent to the 

shark-fin throughout the cant motion, similar to the active model.  

By converting the active joint, P4, in Figure 4-5a with the shark-fin, the number of active 

joints is reduced. Given the system in Figure 4-5b becomes a 4-bar linkage system with 4 joints, 

the mobility of the system becomes 1. While the model remains an actuation redundant system, as 

a result of the active R1 and P4 joints, the synchronization challenge is reduced. Since the shark-

fin rotates with the winglet structure, the applied loading direction passively maintains 

perpendicularity throughout the cant motion.  Additionally, the load application system can be 

simplified by utilizing a force control feedback system between P4 and an installed load cell at the 

loading point. This would ensure the applied load remains constant throughout the motion and 

simplifies the controllability by making the two active joints independent from each other. 

Furthermore, the loading model can be converted to a completely passive system through the use 

of static loads, rather than an actuator at P4.   
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4.2.1 POSITION ANALYSIS 
 

When utilizing a linear actuator to apply the load, a position analysis is required to calibrate 

the loading actuator with the cant module. The schematic in Figure 4-7 was utilized to understand 

the positon analysis of the R-P-R-P model. 

 

Figure 4-7: R-P-R-P position analysis schematic 

The location of the loading actuator (P4) with respect to the axis of rotation is required to 

compute the position analysis of the actuator. This parameter is dependent on the location of the 

mean aerodynamic center, where the load will be applied. The required height (h) of the actuator 

to ensure it remains parallel to the wing and tangent to the shark-fin throughout the cant motion is 

equal to the distance to the loading location on the winglet. Additionally, this parameter is equal 

to the diameter of the shark-fin.  

To obtain an expression to describe the position of the linear actuator, an equation for ∆𝑥 

is required, which is based on the arc length of the shark-fin: 

 ∆𝑥 = 𝑆 ∗ 90° − 𝜃�v|> ∗ �
Rrt
	 (Eq. 4-15) 

P4

!"#$%

&'

h

+&

)



 56 

Thus, the stroke of the actuator with respect to the cant angle can be represented by the 

following expression: 

 𝑥v�> = 𝑥t + 𝑆 ∗ 90° − 𝜃�v|> ∗ �
Rrt
	 (Eq. 4-16) 

4.2.2 VELOCITY ANALYSIS 
 

Similar to Section 4.1.2, the velocity for the actuator’s (P4) end effector can be derived to 

synchronize the loading model with the cant module to ensure constant perpendicular loading 

throughout the cant motion. The first derivative of (Eq. 4-16) with respect to time was evaluated. 

 𝑥v�> = −𝑆 ∗ 𝜃�v|>	 (Eq. 4-17) 

where 𝜃�v|> is the angular rate of change of the cant module in radians per second.  From the above 

expression, it is clear that the velocity analysis leads to a linear relationship, making the 

synchronization of the loading fixture with the cant module only a function of the angular rate of 

change. 
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5 PROTOTYPE DESIGN 
 

To validate the final dynamic loading design, a prototype was required to study the actuator 

loads to compare with theoretical findings, and to ensure the problem’s requirements were met. 

Since a half size model of the cant module was developed by Ryerson’s Morphing Winglet Team, 

it was decided to scale the loading fixture to fit the existing structure. The cant module prototype 

which was used for testing has been illustrated in Figure 5-1. 

 

Figure 5-1: Cant module prototype [5]  
Optimization of the shark-fin design was required to ensure the results from experimental 

findings best matched the full scale loading rig. To ensure the compatibility of the shark-fin model 

with the existing structure, a final CAD model was also required.  
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5.1 SHARK-FIN CAD DESIGN 
 

The components used to develop the Shark-fin model were designed and assembled using 

CATIA.  Producing a geometrically accurate model in CATIA enabled the use of both a 3D printer 

and a laser cutter to develop a majority of the components for the prototype. Ryerson’s Intelligent 

Systems and Robotics Laboratory is equipped with a Markforged Mark Two 3D printer which has 

a build volume of 320 mm x 132 mm x 154 mm. This build volume needed to be considered during 

the design stage to ensure all required components would fit within the 3D printer’s workspace. 

Off the shelf components were also required, and were included in the final CAD model.  

Figure 5-2 and Figure 5-3 illustrate the exploded views of the required components to 

produce the final prototype. The detailed drafts for each component can be found in Appendix B. 

The shark-fin geometry represented in the CATIA models were a result of an optimization study 

conducted in Section 5.2. 
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Figure 5-2: Exploded view of final prototype assembly 

 

Figure 5-3: Exploded view of sub-assemblies - a) L bracket b) shark-fin c) winglet 

a) b)

c)
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 In addition to the loading model, a test fixture was required to ensure the applied loading 

on the winglet remained constant throughout the cant motion. The test fixture has been illustrated 

in Figure 5-4. The hole in the winglet for the eye-bolt to pass through is a loose fit to allow the 

load to be transferred. By applying an upward force on the eye-bolt through the pulley system, the 

load cell holder is raised by the installed nut. As the load cell holder is raised under load, it becomes 

constraint by the L-tab. The resultant reaction force acting on the load cell by the L-tab was used 

to ensure the load on the winglet remained constant throughout the winglet’s motion and equal to 

the weight being used at the end of the pulley system. 

 

Figure 5-4: Load verification test fixture 
Through the use of CATIA’s assembly toolbox, the half size shark-fin loading system’s 

assembly models were developed. The required frame to load the winglet through the use of a 

pulley system was designed using Aluminum extrusions and was included in the complete 

assembly. Figure 5-5a and Figure 5-5b illustrate renderings for the shark-fin assembly CAD at the 

cant angle’s lower and upper limits respectively, with additional illustrations in Appendix B.  
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Figure 5-5: Shark-fin loading model assembly rendering – a) 10° b)	75° 
 
5.2 SHARK-FIN OPTIMIZATION 
 

Given the applied loading on the prototype model will be limited due to its structural 

stiffness, the weight of the loading structure will have a large impact on the total moment at the 

winglet’s axis of rotation. For the purpose of the prototype test, the moment being generated by 

the applied loading should be greater than the moment generated by the weight of the structure 

throughout the cant motion. In order to determine the minimum applied load to maintain the 

desired moment direction, equation (Eq. 5-1) was derived from the free-body-diagram (FBD) 

presented in Figure 5-6. 

 
Figure 5-6: Loading Model FBD 

 

a) b)
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 𝑀� = 𝐿𝑑�<v� −𝑊𝑑��𝑐𝑜𝑠 𝜃�� + 𝜃�v|> = 0	 (Eq. 5-1) 

  In (Eq. 5-1), L represents the applied load (lift), d���� is the moment arm for the lift force, 

W is the weight of the loading system, d�� is the distance between the rotation axis and the center 

of gravity of the loading system, 𝜃�� is the angle to the shark-fin’s center of gravity and 𝜃�v|> is 

the cant angle. To ensure the desired moment direction about the axis of rotation is maintained 

throughout the cant motion, equation (Eq. 5-2) must hold true. 

 𝐿𝑑�<v� > 𝑊𝑑��𝑐𝑜𝑠 𝜃�� + min	(𝜃�v|>) 	 (Eq. 5-2) 

Since the half scale model will generate a significant moment variation throughout the cant 

motion as a result of the shark-fin system’s weight and the limited allowable loading, the test will 

fail to meet the project requirement. By applying larger applied loads (L), the left side of (Eq. 5-2) 

increases, while the right side remains constant, causing the percent variation in moment to reduce.  

Therefore, the full scale test is expected to display a small percent variation in moment, given the 

cant module will utilize high strength metals designed to withstand the stresses associated with the 

required 1,700 pound applied load. Ryerson’s Morphing Winglet Team has set a 1% moment 

variation limit to mitigate the effects of the loading system’s weight. 

To best represent the full scale loading model, the moment being produced by the weight 

of the half size shark-fin assembly will need to be minimized, while considering the stresses under 

loading conditions. An optimization process was used to determine the dimensioning of the 

loading fixture to best match the expected full scale model results. While a majority of the 

components being used on the shark-fin loading model were pre-defined or developed for the 

purpose of assembly, the internal geometry of the shark-fin was not constraint. Given the shark-

fin will have a significant impact on the moment variation and require stiffness to withstand the 
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reaction loads as a result of the applied loading, an optimization of its geometry was performed. 

The following two objectives were defined for the optimization problem: 

Objective 1: Minimize moment generated by the weight of the loading fixture 

 𝑀 = 𝑊��vu�−�w|𝑑��cos	(𝜃�� + 10°)	 (Eq. 5-3) 

Objective 2: Minimize the maximum principal stress on the shark-fin assembly 

The geometries of the shark-fin designs were also subject to the following constraints: 

Constraint 1: 𝜃�� > 0° 

Constraint 2: 𝑑�� > 0 

Constraint 3: 𝑆ℎ𝑎𝑟𝑘-𝑓𝑖𝑛	𝑅𝑎𝑑𝑖𝑢𝑠 = 𝑑���  

Given the full scale winglet being used by Bombardier would be approximately 68.75-

inches, the MAC location was defined as 27.5 inches from the cant interface. For the half scale 

model, the loading point was placed 13.75-inches from the cant interface (𝑑���). Therefore, given 

the required distance to the MAC, the shark-fin radius was defined as 13.75-inches. Additionally, 

upon aerodynamic simulations performed by Bombardier Aerospace on the supercritical airfoil, 

the chord-wise distance for the center of pressure was found to be approximately 50% its chord.   

With the defined radius of the shark-fin, three distinct designs were developed for the 

purpose of the optimization study, which have been illustrated in Figure 5-7. The three different 

models were produced by removing material about the shark-fin’s center of gravity, inherently 

changing the perimeter’s wall thickness. Design A was used as the base-line geometry, Design C 

was the upper limit with adequate material at the perimeter of the shark-fin and Design B was an 

intermediate geometry. Each design was modeled using CATIA to determine the variables 

required for the moment calculation (Table 5-1) and to perform a finite element analysis (FEA).  
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Table 5-1: Shark-fin parameters for moment calculation 

Shark-Fin Design Weight (lb) 𝒅𝒄𝒈  (in) 𝜽𝒄𝒈 (deg) 
Design A 4.502 lb 5.290 in 42.789 
Design B 4.337 lb 5.176 in 42.384 
Design C 3.884 lb 4.735 in 41.034 

 

  

Figure 5-7: Shark-fin geometry a) Design A b) Design B c) Design C 
Given the complex geometries of the shark-fin designs, a medium-density fibreboard 

(MDF) material was selected, given its manufacturability with a laser cutter, sufficient stiffness 

and low weight. To complete the finite element analysis of the shark-fin designs, a rope was added 

to the geometry to accurately represent the load being transferred to the shark-fin. By utilizing 

Ansys Workbench, the deflection and stress plots were obtained for the three shark-fin designs. 

Given the highest stresses and maximum undesired moment would occur at the minimum cant 

angle, a static analysis of the shark-fin assembly was analyzed in its 10° cant configuration.    

The Ansys model and mesh used to evaluate the three geometries with the rope have been 

illustrated in Figure 5-8a and Figure 5-8b respectively (only Design C shown). The boundary 

a) b)

c)
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conditions (BC) and loads applied in the Workbench model have been illustrated in Figure 5-9. In 

Figure 5-9a, BC 1 is a fixed support (all DOF) where the toggle joints attach to the cant interface 

and BC 2 in Figure 5-9b is a second fixed support (all DOF) where the rod ends are fixed by the 

two pillow bearings. In Figure 5-9c and Figure 5-9d, load 1 represents the applied force of gravity 

on the system and load 2 defines the applied load by the pulley system respectively. A 2.2046-

pound (1 kg) force was used for the optimization section, which was the maximum load used on 

the half size prototype test.  

 
Figure 5-8: Shark-fin Ansys model - a) geometry b) mesh 

 

a) b)
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Figure 5-9: Ansys model a) BC 1 and 2 b) BC 3 c) Load 1 d) Load 2 

 To ensure the load from the string onto the shark-fin was being transferred, a “no-

separation” contact region was defined between the rope and the H-rail, which has been illustrated 

in Figure 5-10. Additionally, the interfaces along the bottom rod and the pin at the winglet end 

were defined as frictionless contacts, while the remaining connection points were represented as 

bonded contacts, to best match the physical model [30].  

a) b)

c) d)
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Figure 5-10: Rope and H-rail contact region definition 
With the material properties of the Onyx filament [31], the MDF wood [32], the steel rod 

(Ansys built-in material) and the polypropylene rope [33] defined, the static structural analysis 

was completed on the three designs. Figure 5-11 illustrates the total deflection of the loading model 

and the isolated shark-fin deflections for the three designs. This demonstrates that the defined 

boundary conditions, loads and contacts in Ansys successfully emulate the expected deflections of 

the shark-fin loading model under load. To obtain results for the second objective function, the 

maximum principal stress for the shark-fin assembly was evaluated and illustrated in Figure 5-12. 

The results indicate that the critical stress location occur on the lower bar, at the fixed pillow 

bearing location. Given the shark-fin loading system was designed to transfer the loads to the 

pillow bearings, the results from the analysis match with the theoretical expectation.  
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Figure 5-11: Shark-fin loading design FEA results - deflection 
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Figure 5-12: Shark-fin loading design FEA results – Max Principal Stress 
Table 5-2 summarizes the evaluated results for the objectives and constraints defined for 

the optimization of the shark-fin model.  

Table 5-2: Design A, B, C shark-fin results 

Parameter Design A Design B Design C 
Objective 1 – Moment (lb*in) 14.404 13.701 11.56 
Objective 2 – Max Principal Stress (psi) 3084.9 3207.7 3564.3 
Constraint 1 - 𝜃�� met met met 
Constraint 2 –	𝑑�¤  met met met 
Constraint 3 - 𝑑���  met met met 
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Given the design problem consists of two objectives of varying units, the parameters were 

first normalized to the maximum of the three designs. An optimization function was required to 

weigh the importance of each objective. Through discussions with Ryerson’s Morphing Winglet 

Team, the importance of the two objectives: limiting unwanted moment  about the cant’s axis of 

rotation (𝑋R) and ensuring structural integrity (𝑋S) were concluded to being equally important. 

Therefore, an objective function with coefficients of 0.5 was derived: 

 𝑚𝑖𝑛	𝑍 = 0.5 ∗ 𝑋R + 0.5 ∗ 𝑋S	 (Eq. 5-4) 

where 𝑋R represents the maximum normalized moment generated by the system’s weight and 𝑋S 

represents the maximum normalized stress on the shark-fin assembly [34]. Table 5-3 summarizes 

the normalized results for the objective functions and the resultant score for each design. 

Table 5-3: Shark-fin optimization results 

Parameter Design A Design B Design C 
𝑿𝟏 1 0.951 0.802 
𝑿𝟐 0.865 0.899 1 

Optimization Function (Z) 0.932 0.925 0.901 
 

Given all three designs meet the optimization problem’s constraints, the calculated results 

in the final row of Table 5-3 indicates Design C to be the optimal shark-fin geometry.  
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5.3 ASSEMBLY DESIGN 
 

After selecting the optimal shark-fin design and ensuring the dimensional accuracy of the 

manufactured components, the shark-fin loading fixture was assembled at Ryerson’s Intelligent 

Systems and Robotics Laboratory. Figure 5-13a demonstrates the winglet in the lowest positon at 

10° and  Figure 5-13b shows the winglet at its maximum positon at 75°.  

 

 
Figure 5-13: Half size dynamic loading model - a) minimum position b) maximum position 

The winglet was limited to a maximum cant angle of 75° due to the 3D printer’s maximum 

print size constraint. Since the full scale loading fixture will utilize machined components, the 

winglet will be free to travel the complete motion up to 80°.  For the purpose of validating the 

loading model, the half size model’s limitation was deemed acceptable at this stage of the project.  

 
  

a) b)
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6 EXPERIMENTAL RESULTS 
 

Validating the final loading model required the comparison of theoretical and experimental 

data. The purpose of the loading mechanism was to analyze the forward and aft actuators’ force 

characteristics under an applied load during the cant motion. By utilizing a kinematic model, the 

theoretical actuator load readings were derived as a function of the cant angle. Following the 

derivation, the dynamic loading prototype was used to obtain experimental data for comparison.  

6.1 THEORETICAL SHARK-FIN MODEL  
 

Prior to the development of a dynamic loading model presented in this paper, the design, 

analysis and production of the cant module was completed by Ryerson’s Morphing Winglet Team 

[35]. To determine the theoretical loading on the forward and aft actuators, the cant module’s 

kinematic analysis was required. The derivation for the dynamic analysis is provided in Appendix 

C. The resultant actuator force equation (Eq. C-0-24) was utilized in the following sections to 

compare with the experimental findings [35]. However, given (Eq. C-0-24) does not consider the 

moment generated by the weight of the winglet or loading fixture, (Eq. C-0-23) was replaced by 

(Eq. 5-1). This ensures the theoretical results would account for the center of gravity variation 

which would be experienced during the experimental tests. 

 
6.2 EXPERIMENTAL SHARK-FIN MODEL  
 

By utilizing the half size shark-fin loading model developed for the morphing winglet load 

test, experimental results were obtained for the actuator loads as a function of cant angle. To obtain 

an experimental plot of the load versus cant angle, the raw data extracted from the encoder and the 

actuators required calibration and transformation. Additionally, the Simulink model used to actuate 

the winglet required additional modules to obtain the necessary data.   
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6.2.1 ROTARY POTENTIOMETER CALIBRATION 
 

The Simulink model developed for the cant module’s kinematic study acquires the 

winglet’s cant angle from the dual four bar linkage system’s forward kinematics [35]. However, 

the reading is theoretical and does not account for manufacturing inaccuracies or material 

deformation which occurs when the system is under load. A rotary potentiometer was installed on 

the axis of rotation, to accurately measure the system’s cant angle. The rotary potentiometer 

consists of a variable resistor which is used to create an adjustable voltage divider. The 

potentiometer consists of a mechanical knob (wiper) which is used to divide the defined 10 kΩ 

resistor into two. By providing an input voltage with a known ratio between the two resistors in 

series, there exists a varying voltage output at the wiper as a function of the knobs angular position. 

[36] To obtain the cant angle, the knob of the potentiometer was bonded to the (L bracket), to 

ensure coaxial rotation with the winglet. Therefore, as the winglet is actuated, the potentiometer’s 

knob will simultaneously rotate, resulting in a varying voltage measurement. 

Obtaining an accurate model for the cant angle as a function of the potentiometer’s voltage 

required the use of a digitizer. By utilizing the 3D Creator Precision Optical Digitizer developed 

by Boulders Innovators Group, with the Encoder Calibration Matlab Code (Appendix A), the 

winglet’s cant angle was verified. The digitizer utilizes a camera and a portable probe, illustrated 

in Figure 6-1, to measure the 3D coordinates of any point in space to an accuracy of 0.001mm.      
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Figure 6-1: 3D creator digitizer 

 
To obtain accurate and consistent cant angle measurements from the digitizer, 3D printed 

markers were placed onto varying locations on the winglet. Three markers were required on the 

wing to represent the zero-degree reference plane, two markers were placed about the axis of 

rotation and the final marker was placed at the tip of the winglet. 

Utilizing the X, Y and Z coordinates of the defined markers and the MATLAB script 

provided in Appendix A, the cant angle range was measured and validated. By setting the winglet 

at varying positions and obtaining the cant angle and voltage reading, (Eq. 6-1) was obtained. 

 
 𝜃�v|> = 7.7817 ∗ 𝑉 + 75	 (Eq. 6-1) 

where, the input voltage (𝑉) is in volts and the resultant cant angle is in degrees. 
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6.2.2 ACTUATOR CALIBRATION 
 

Obtaining the load from the cant module’s linear actuators required an additional module 

in the Simulink design. First, the raw current outputted by the forward and aft actuator in amperes 

required filtering to minimize the noise in the signal. The following first order low pass filter was 

utilized to filter the current readings: St
�©St

. The low pass filter was used to eliminate the high 

frequency noise being produced by the Quanser box. The cutoff frequency for the filter was 

determined through trial and error by Ryerson’s Morphing Winglet Team [37]. Second, a 

conversion function was required to transform the current to a force reading. To obtain an accurate 

model, experimental calibration tests were conducted on each actuator. 

During the experimental calibration, multiple test conditions were required, due to the 

operation and nature of the cant module’s linear actuators. It was found that the actuators had 

different responses when they were operating under tension and compression, and when the load 

was in the direction of motion and against the direction motion. Therefore, the following four tests 

were performed on both the forward and aft actuator: 

1. Tension Test: 

a) Load in Direction of Motion 

b) Load Against Direction of Motion 

2. Compression Test: 

c) Load in Direction of Motion 

d) Load Against Direction of Motion 

The test setups used for the experiment under tension and compression have been illustrated 

in Figure 6-2. By applying a static load at the actuator’s end effector (for tension and compression), 

and actuating for the complete stroke range, the required test data for the four conditions were 

obtained.  
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Figure 6-2: Actuator calibration test setup. a) tension test b) compression test 

 
For each test condition, varying controlled weights were loaded and the current versus 

theoretical cant angles, based on the cant module’s forward kinematics were recorded. Figure 6-3 

illustrates the raw data outputted from the actuators, the moving average over 50 readings and the 

mean current reading over the complete cant motion for one of the required tests. The mean current 

value from the filtered signal was extracted and used as a data point for each load test to determine 

the current versus load function.  
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Figure 6-3: Actuator experimental calibration test-signal processing example 

By performing all the test conditions at varying loads, a precise current to load conversion 

was obtained for both the forward and aft actuators. The test results have been plotted in Figure 

6-4 and Figure 6-5. In Figure 6-4 and Figure 6-5, a negative current represents the actuator 

retracting and a positive current represents the actuator extending, while a positive force represents 

the applied load causing tension while a negative force represents a compressive force. 

 
Figure 6-4: FWD actuator load vs current test results 
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Figure 6-5: AFT actuator load vs current test results 

The current to force functions have been summarized in Table 6-1 and Table 6-2. These 

functions were utilized to convert the recorded current reading from the Simulink model to a 

force in Section 6.2.4. 

Table 6-1: FWD actuation load to current function 

Test Condition Forward Actuator 
Tension Compression 

Load In Direction of 
Motion 𝐹 = 	627.25𝐴 + 14.764	 𝐹 = 	605.66𝐴 − 15.941	

Load Against 
Direction of Motion 𝐹	 = 	109.3𝐴 − 2.5316	 𝐹	 = 	66.166𝐴 + 1.4759	

 
Table 6-2: AFT actuation load to current function 

Test Condition Aft Actuator 
Tension Compression 

Load In Direction of 
Motion 𝐹	 = 	878.2𝐴 + 18.736	 𝐹	 = 	867.96𝐴 − 21.065	

Load Against 
Direction of Motion 𝐹	 = 	119.07𝐴 − 2.8891	 𝐹	 = 	87.988𝐴 + 1.8042	

 
In Table 6-1 and Table 6-2, A is the current in amperes and F is the load in pounds. 

y	=	87.988x	+	1.8042

y	=	119.07x	- 2.8891

y	=	878.2x	+	18.736

y	=	867.96x	- 21.065

-3 
-2 
-1 
0

1

2

3

4

5

6

-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

Fo
rc
e	
(lb

)

Current	 (A)

Actuator	Experimental	Calibration	Test	(AFT	Actuator)
Load	Against	Direction Load	Against	Direction
Load	In	Direction Load	In	Direction

TENSION

COMPRESSION



 79 

6.2.3 CONTROL SYSTEM FOR CANT-MECHANISM 
 
In order to obtain the desired experimental results, the installed rotary potentiometer and 

the developed transformation functions were incorporated into the existing cant module’s Simulink 

model, which had been developed by Gabriel Campos and Upasana Choudhuri [5]. The block 

diagram used for the data acquisition for the shark-fin loading model has been illustrated in Figure 

6-6. 

 

Figure 6-6: Block diagram for Simulink data acquisition [5] 
 The controller utilizes a ‘master-slave’ relationship to synchronize the dual linkage 

mechanism. The feedback system in the forward linkage is required to ensure the actuators remain 

synchronized throughout the cant motion and to prevent fighting between the two linkage systems. 

Further detail for the cant module’s control system can be found in [5]. 
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6.2.4 EXPERIMENTAL SHARK-FIN RESULTS  
 

To determine the minimum load to apply at the end of the pulley system to eliminate the 

influence of the moment generated by the weight of the shark-fin fixture, the results for Design C 

in Table 5-1 were required. By entering the obtained measurements into (Eq. 5-2), a minimum 

load of 308 grams (0.679 pound) was calculated to ensure the desired moment throughout the cant 

motion. By ensuring the applied load remains greater than the critical load, the direction of the 

moment remains constant and the nature of the force (compression or tension) acting on the 

actuators remain constant. This ensures the actuators are not damaged during the test. Figure 6-7 

illustrates the variation in moment (quadratic) about the axis of rotation as the cant angle is 

increased for various loading conditions. 

 
Figure 6-7: Moment variation as a function of cant angle 

 
Analyzing a no load condition can verify the accuracy of the loading model and data 

analysis methodology. Theoretically under a no load condition, as the loading fixture’s center of 

gravity aligns with the axis of rotation, the forward and aft actuators should produce a zero force 
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reading. As demonstrated in Figure 6-8, the cant angle at which the center of gravity aligns with 

the axis of rotation is 48.96°. To validate the loading model, a test will be conducted with no 

applied load to ensure a zero force reading on each actuator or a large drop in force at the center 

of gravity crossing. 

 

Figure 6-8: No load winglet configuration 

Through the developed Simulink model for the shark-fin loading fixture, various tests were 

conducted with multiple loads for both the winglet traveling from 10° − 80° and 80° − 10° at 1° 

per second.  The developed Simulink model extracted the measured cant angle and current from 

each actuator simultaneously as a function of time. The data files extracted from each test were 

analyzed and plotted using the Matlab script included in Appendix A. Figure 6-9 and Figure 6-10 

illustrate the current from each actuator as a function of the cant angle for varying loads, as the 

winglet travels downward and upward respectively.  
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Figure 6-9: Current vs cant angle (downward) 
 

 

Figure 6-10: Current vs cant angle (upward) 
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Converting the current in Figure 6-9 and Figure 6-10 to a load value required the 

appropriate conversion factor from Table 6-1 and Table 6-2. These conversion factors are 

dependent on the amount of load applied during the test, the direction of the cant motion and the 

linkage system being monitored. To determine the actuator’s load direction and the direction of 

motion, a load path analysis was conducted. A flow chart was developed to organize the findings 

from this study for loads greater than 308 grams (0.679 pounds) and has been presented in Figure 

6-11. Additionally, a load path study was required for the no load condition, in order to verify the 

accuracy of the loading model being used. Due to the change in moment direction as the center of 

gravity crosses the axis of rotation, a piecewise load function would need to be utilized.  Figure 

6-12 illustrates the actuator properties for the various test conditions.  

 
Figure 6-11: Load path summary for load >308 grams 

 
Figure 6-12: Load path summary for no load 
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By corresponding Figure 6-11 and Figure 6-12, with Table 6-1 and Table 6-2, the required 

load versus cant angle plots were determined. First, the no load condition was analyzed to ensure 

the loading system was modeled and calibrated accurately. Figure 6-13 illustrates the force reading 

on the forward and aft actuator for the no load test throughout the cant motion. The experimental 

data was reduced at the winglet’s upper and lower bounds, due to a high degree of signal variation 

caused by the slack in the system, which will be discussed in Section 6.2.5. For the purpose of the 

experimental analysis, only the results from a cant angle range of 25° to 70° were utilized. By 

analyzing the no load experimental results, it was apparent that there existed an inflection point at 

approximately 50° which corresponded well with the theoretical result of 48.96°. Therefore, the 

developed dynamic loading model correlated well with the theoretical findings.     

 
Figure 6-13: Force vs cant angle for no load 

The large variance in load readings past the inflection point was a result of the nature of 

the loading changing on the actuators. As the center of gravity passes the axis of rotation, the 
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actuator’s would experience a sudden change from an applied tension load to a compression load 

or vice versa. This required the use of a piecewise function to plot the force, which contributes to 

the large fluctuation past the inflection point. In Figure 6-13, this change in load direction is 

demonstrated as the load curve changes signs. Additionally, from 50° − 59°, the actuators are not 

counteracting any load. Due to the limitation of the linear actuators and manufacturing 

inaccuracies, the inflection point causes the winglet to experience a sudden rate increase in cant 

angle, which fails to meet the cant module’s defined design requirement [5]. This can be 

demonstrated by plotting the cant angle versus time in Figure 6-14 and analyzing the unexpected 

change in slope.  

 

Figure 6-14: Cant angle vs time for no load 
 

By proving the accuracy of the loading model with the no load condition, higher loads can 

be analyzed to compare with theoretical results. A set of controlled weights based on SI units were 

used for the experimental tests. Therefore, the results in the following section will be presented in 

SI units. 

First, to validate that the shark-fin loading mechanism successfully applied a constant load 

throughout the cant motion, a load verification test was completed. The load test fixture illustrated 

50° 59°
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in Figure 6-15 was used to extract the applied load as a function of the winglet’s cant angle. To 

confirm the theory, the winglet was actuated from its minimum to maximum cant angle at three 

different load conditions: 300 grams, 500 grams and 1000 grams. The load cell utilized for the 

experiment required a calibration test, which resulted in the following function: 

 𝐿 = 4.5 ∗ 𝐹<=> − 1.0508 ∗ 101.97	 (Eq. 6-2) 

where, L represents the load in grams and 𝐹<=> represents the output from the load cell in Newtons. 

 

Figure 6-15: Load verification test setup 
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Figure 6-16: Load verification test - cant angle vs applied load 

The results from the load verification test were summarized in Figure 6-16 and 

demonstrated that the load remained constant throughout the cant angle range, for both the upward 

and downward motion. However, there was a discrepancy between the load cell reading and the 

applied load. Additionally, the upward and downward motion for the same load resulted in 

different load readings. Since the upward motion has the weight traveling in the same direction as 

the winglet, it results in a smaller force reading than the downward motion. Furthermore, the load 

verification test fixture relied on the eye bolt to travel freely through the winglet. If the applied 

load does not maintain perpendicularity with the winglet surface as a result of manufacturing 

inaccuracies or material deformation, the load cell readings would vary, due to frictional loss. This 

friction loss remains constant throughout the cant motion, resulting in a constant delta between the 

applied load and the load cell reading. To compensate for this error, normalized forces would be 

utilized when comparing the theoretical to experimental results 

Although various tests were conducted by incrementally increasing the applied load, for 

the purposes of this paper, a single load of 700 grams was chosen to be analyzed. By utilizing 

Table 6-1 and Table 6-2 to convert the current in Figure 6-9 to a load reading, Figure 6-17 was 
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obtained. The blue line (positive axis) represents the forward actuator, showing a positive quadratic 

relation, and the orange line (negative axis) represents the aft actuator, which shows a reduction in 

load with cant angle. Due to manufacturing inaccuracies and low stiffness components, the slack 

in the overall system resulted in  

 
Figure 6-17: Normalized actuator force vs cant angle for 700 gram load 

To produce an accurate theoretical load vs cant angle plot, the experimental distribution 

factor (k) referenced in Appendix C was utilized in (Eq. C-0-24). This required the ratio of force 

in the toggle of Linkage A with respect to the force in the Linkage B toggle. Multiplying the load 

within the actuators by the mechanical advantage of each linkage mechanism provides the load in 

each toggle. The mechanical advantage as a function of the cant angle was determined through the 

CAD model and plotted in Figure 6-18. A second order equation of best fit for both Linkage A and 

B was also included. 
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Figure 6-18: Mechanical advantage vs cant angle 

The equation for the mechanical advantage for Linkage A and Linkage B as a function of 

the cant angle have been included in (Eq. 6-3) and (Eq. 6-4) respectively. 

 𝑀𝐴��� 	= 	−0.0002 ∗ 𝜃�v|>S 	+ 	0.0266 ∗ 𝜃�v|> 	+ 	1.5585	 (Eq. 6-3) 

 𝑀𝐴v�> 	= 	−6 ∗ 10fj ∗ 𝜃�v|>S 	− 	0.0024 ∗ 𝜃�v|> 	+ 	2.6174	 (Eq. 6-4) 

    By utilizing the mechanical advantage equations in accordance with Figure 6-17, the toggle 

loads can be extracted as a function of cant angle, shown in Figure 6-19.  

 
Figure 6-19: Normalized toggle load vs cant angle for 700 gram load 
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Finally, by plotting the proportion of loading in the forward toggle, with respect to the aft 

toggle (Eq. 6-5), the k ratio as a function of cant angle was obtained. This procedure was performed 

for both the winglet traveling upward (75° − 10°) and downward (10° − 75°) and was plotted in 

Figure 6-20.  

 
𝑘 =

𝑎𝑏𝑠 𝐹𝑜𝑟𝑐𝑒��� ∗ 𝑀𝐴���
𝑎𝑏𝑠 𝐹𝑜𝑟𝑐𝑒v�> ∗ 𝑀𝐴v�> + 𝐹𝑜𝑟𝑐𝑒��� ∗ 𝑀𝐴���

	 (Eq. 6-5) 

 

Figure 6-20: Load distribution factor vs cant angle for 700 grams 

The experimental function for k(θ) was approximated by a third order line of best fit and 

then incorporated into the theoretical model. To compare the theoretical and experimental results, 

the load values were normalized to unity and overlaid in Figure 6-21 and Figure 6-22 for the 

winglet traveling in both the downward and upward directions respectively.  
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Figure 6-21: Experimental vs theoretical - normalized actuator load vs cant angle downward 

 
Figure 6-22: Experimental vs theoretical - normalized actuator load vs cant angle upward 

As observed from Figure 6-21 and Figure 6-22, the theoretical and the experimental results 

show a good correlation for the forward actuator, while the aft actuator seemed to deviate at the 

systems limits.  
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6.2.5 ERROR ANALYSIS 
 

To quantify the discrepancy in results, the percent error was determined  through (Eq. 6-6) 

and plotted as a function of the cant angle in Figure 6-23 and Figure 6-24. 

 
%	𝐸𝑟𝑟𝑜𝑟 =

𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙	𝐿𝑜𝑎𝑑 − 𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙	𝐿𝑜𝑎𝑑
𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙	𝐿𝑜𝑎𝑑

∗ 100%	 (Eq. 6-6) 

 
Figure 6-23: Theoretical vs experimental actuator load error - downward 

 
Figure 6-24: Theoretical vs experimental actuator load error - upward 

For the downward motion of the winglet, the average percent error in the experimental load 

curve for the forward and aft actuators were found to be 7% and 26% respectively. For the upward 

motion, the error for the forward and aft actuators was found to be 14% and 28% respectively.  
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The load in the forward actuator showed a stronger correlation to the theoretical results in 

comparison to the aft actuator. This can be attributed to the cant module’s control system which 

utilized a master-slave control strategy. The master-slave system compensates for any 

discrepancies in position and velocity by monitoring the error in the forward actuator and adjusting 

the aft actuator accordingly. Given the forward actuator was defined as the master, it more closely 

matched the theoretical results.  

An additional source of error can be attributed to the prototype’s cant system experiencing 

deformation during the load test. As a result of manufacturing inaccuracies and the use of low 

stiffness components on the half size model, the forward and aft linkage system’s workspace would 

deform throughout the motion. As a result, the forward and inverse kinematics become inaccurate, 

leading to erroneous output results which have been plotted in Figure 6-23 and Figure 6-24.  

Furthermore, given the cant mechanism’s control system was designed to experience a 

constant moment about the winglet’s axis of rotation throughout the cant motion, a large variation 

in resultant moment would lead to an additional source of error in the experimental findings. As 

illustrated in Figure 6-7, a large variation in moment was present for the experimental findings, 

due to the structural limitations of the half size prototype limiting the applied load. This variation 

leads to non-optimal controls for the cant module’s dual 6-bar mechanism, causing the 

experimental values to deviate from the theoretical results.  

Lastly, when comparing the error between Figure 6-23 and Figure 6-24, a larger error was 

present during the upward motion. This can be a result of the upward motion’s applied load reading 

having a larger deviation to the theoretical applied load, as illustrated in Figure 6-16. Given the 

full scale load fixture will utilize a linear actuator with a feedback system to apply a constant load, 

the force reading on the winglet’s loading point will be equal to the theoretical load set by the user. 
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7 CONCLUSION 
7.1 CONTRIBUTIONS 
 

This thesis provided a design solution to validate the structural integrity of Ryerson’s 

Morphing Winglet Team’s cant mechanism system. In order to reproduce the aerodynamic loads 

that a morphing winglet would encounter throughout the flight envelop, a dynamic loading system 

was required to apply a constant, perpendicular load throughout the cant motion. An enumeration 

study was completed, analyzing various planar four bar linkage mechanisms consisting of 

prismatic and revolute joints to meet the design problem. The study found that an R-P-R-P shark-

fin linkage design met both the design requirements stated in Section 1.1.1.  

The finalized dynamic loading system for the morphing winglet was modeled using CATIA, 

while the geometry of the shark-fin was developed through a multi-objective study. To validate 

the loading fixture, a half size model was manufactured, which integrated with an existing half 

scale cant module. By developing the required loading fixture, the structural integrity of the 

winglet was successfully tested with an applied load and the control system for the cant module’s 

dual actuator system was validated with the theoretical results. As a result of a successful proof of 

concept on the half scale model, the developed shark-fin loading system is being implemented on 

the full scale winglet being developed by Bombardier Aerospace and Ryerson University.  

To ensure the success of the full scale test, (Eq. 5-2) should be utilized to determine the 

minimum applied load necessary to eliminate the effects of the center of gravity. From the half 

scale testing, the inflection point resulted in the over extension of the cant module’s linkages, 

resulting in a large variation in actuator loads. By avoiding sudden changes in actuator load, the 

probability of failure in the actuators or linkages is minimized. Furthermore, Section 7.2 outlines 

the lessons learnt from the experiments conducted on the half size cant module and various 

methods to improve results and obtain data which minimizes the percent error.   
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7.2 FUTURE WORK 
 

While the developed shark-fin loading fixture was successfully implemented on the half size 

cant module, design improvements can be incorporated for the full scale test. Given the required 

loading for the full scale model would be significantly larger, the structural integrity of each 

component becomes critical. The use of high strength materials, while optimizing for weight and 

stiffness would be necessary to eliminate the risk of component deformation or fractures. Although 

a FEA model was developed for the optimization of the shark-fin, a more detailed stress analysis 

would be required for the full scale loading fixture components.  

Second, improvements could be made to better correlate the theoretical findings with the 

experimental results. The provided half scale cant module did not utilize high precision joints, 

which resulted in slack in the dual six bar linkage system. Also, by improving the filtering 

functions and the quality of the sensors used to extract the current from the actuators, the amount 

of fluctuation in load reading could be reduced. To better isolate for the desired signal frequencies, 

other filters can be investigated, such as a narrow bandpass filter [37].  Also, the potential source 

of error produced by the cant module’s master-slave system can be validated by reprograming the 

controls to change the master from Linkage A (forward) to Linkage B (aft), as shown in Figure 

5-1.  

Third, the developed control system used for the cant module was calibrated for a single 

loading condition. To improve the cant system’s controls, calibration tests would need to be 

conducted for various loading conditions to account for the applied load and inertial effects. Next, 

a feedback system would be required to determine the actual loading condition and to adjust the 

forward and inverse kinematics accordingly.  
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Finally, for the full scale load test, the method of load application becomes a challenge. 

Given significantly larger loads would need to be applied, a linear actuator would need to be 

incorporated, as modeled in Section 4.2. This would result in the full scale test requiring 

synchronization between the load application joint (P4) and the winglet’s base joint (R1). This 

synchronization can be simplified by utilizing a force feedback system for P4. By incorporating a 

feedback system through the use of a load cell at the loading point on the winglet, the applied load 

can be adjusted to ensure the loading throughout the cant motion remains constant and accurate. 

Also, the full scale model will aim to produce a moment variation that is less than 1%. By achieving 

this target, the effects of the loading system’s center of gravity become minimized and the 

generated moment about the axis of rotation is close to being constant, which improves the cant 

module’s controls during motion.  

By implementing the above recommended improvements for the full scale loading test, the 

theoretical results are expected to show a stronger correlation to the experimental results. 
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APPENDICES 
A. MATLAB CODE 

R-R-P-R DESIGN  
h-ratio 
 
%% Iteration 1 
% Define Variables 
index=100; 
n=5; 
minratio=0.5; 
maxratio=2.5; 
% Defining required variables 
for ratio=linspace(minratio,maxratio,n); 
    S=20; 
    h=S*ratio; 
    mintheta=0*pi/180; 
    maxtheta=90*pi/180; 
    theta1 = linspace(mintheta,maxtheta,index); 
  
    x1=(S.^2+h.^2-(2*S*h*cos((pi/2)-theta1))).^0.5; 
    theta4=asin((h*sin(((pi/2)-theta1)))./x1); 
    x2=(x1.^2-h.^2).^0.5; 
    theta5=acos(h./x1); 
  
    theta2=asin(h./x1); 
    theta7=asin(S*sin((pi/2)-theta1)./x1); 
    theta6=real(theta2-((pi/2)-theta7)); 
  
    S=linspace(S,S,index); 
    rightangle=linspace(90,90,index); 
  
subplot(2,1,1) 
hold on 
  
    plot(theta1*180/pi,(S-x2)); 
    title('Cant Angle vs Slider Displacement','fontsize',16); 
    xlabel('Cant Angle [\theta]','fontsize',16); 
    ylabel('Slider Displacement (\Deltax) [in]','fontsize',16); 
    set(gca,'FontSize',16); 
    grid on 
     
            %Legend Formatting 
        inc = (maxratio-minratio)/(n-1); 
        legend(['h-ratio = ', num2str(minratio)], ['h-ratio = ', 
num2str(minratio+inc)],... 
        ['h-ratio = ', num2str(minratio+2*inc)], ['h-ratio = ', 
num2str(minratio+3*inc)],... 
        ['h-ratio = ', num2str(minratio+4*inc)]); 
        legend('location','southeast') 
     
subplot(2,1,2) 
hold on 
  
    plot(theta1*180/pi,((theta4*180/pi)+(theta5*180/pi))); 



 98 

    title('Cant Angle vs Load Angle','fontsize',16); 
    xlabel('Cant Angle [\theta]','fontsize',16); 
    ylabel('Load Angle [\theta_{4} + \theta_{5}]','fontsize',16); 
    set(gca,'FontSize',16); 
    grid on 
     
            %Legend Formatting 
        inc = (maxratio-minratio)/(n-1); 
        legend(['h-ratio = ', num2str(minratio)], ['h-ratio = ', 
num2str(minratio+inc)],... 
        ['h-ratio = ', num2str(minratio+2*inc)], ['h-ratio = ', 
num2str(minratio+3*inc)],... 
        ['h-ratio = ', num2str(minratio+4*inc)]); 
        legend('location','southwest') 
end 
 
x-ratio 
 
%% Iteration 2 - x ratio 
% Define Variables 
Span=20; 
hratio=0.5; 
h=hratio*Span; 
minratio = 0; 
maxratio = 2; 
n = 5; 
  
for xratio=linspace(minratio,maxratio,n); 
    deltax=h*xratio; 
     
% Define loop parameters 
index=100; 
mintheta=10*pi/180; 
maxtheta=80*pi/180; 
theta1 = linspace(mintheta,maxtheta,index); 
  
% Length/Angle Calculations 
deltaz=(deltax^2+h^2)^0.5; 
theta2=atan(h/deltax); 
theta6=atan(deltax/h); 
theta3=pi-theta1-theta2; 
  
x1=(Span.^2+deltaz.^2-(2*Span*deltaz*cos(theta3))).^0.5; 
theta4=asin((Span*sin(theta3))./x1); 
x2=(x1.^2-h.^2).^0.5; 
theta5=asin(h./x1); 
theta7=(theta5+theta4+theta6)-(pi/2); 
theta8=asin((deltaz*sin(theta3))./x1); 
theta9=acos(h./x1); 
theta10=theta8+theta9; 
  
% Plot Results 
subplot(2,1,1) 
hold on 
  
    plot(theta1*180/pi,theta7*180/pi); 
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    title('Cant Angle vs Slider Guide Angle','fontsize',18); 
    xlabel('Cant Angle [\theta]','fontsize',18); 
    ylabel('Slider Guide Angle [\theta_{7}]','fontsize',18); 
    set(gca,'FontSize',18); 
    grid on 
     
    %Legend Formatting 
        inc = (maxratio-minratio)/(n-1); 
        legend(['x-ratio = ', num2str(minratio)], ['x-ratio = ', 
num2str(minratio+inc)],... 
        ['x-ratio = ', num2str(minratio+2*inc)], ['x-ratio = ', 
num2str(minratio+3*inc)],... 
        ['x-ratio = ', num2str(minratio+4*inc)]); 
        legend('location','northwest') 
     
subplot(2,1,2) 
hold on 
    plot(theta1*180/pi,((theta8*180/pi)+(theta9*180/pi))); 
    title('Cant Angle vs Load Angle','fontsize',18); 
    xlabel('Cant Angle [\theta]','fontsize',18); 
    ylabel('Load Angle [\theta_{8}+ \theta_{9}]','fontsize',18); 
    set(gca,'FontSize',18); 
    grid on 
     
    %Legend Formatting 
        inc = (maxratio-minratio)/(n-1); 
        legend(['x-ratio = ', num2str(minratio)], ['x-ratio = ', 
num2str(minratio+inc)],... 
        ['x-ratio = ', num2str(minratio+2*inc)], ['x-ratio = ', 
num2str(minratio+3*inc)],... 
        ['x-ratio = ', num2str(minratio+4*inc)]); 
        legend('location','southwest') 
end 
 

R-P-R-P DESIGN  
Actuator to Winglet Height Study 
 
%% Actuator vs Height Study - Winglet Loading 
%Setting variables 
theta1=10*pi/180; 
theta2=80*pi/180; 
s=10; %Moment Arm 
i = 1; 
  
h = linspace(s,s+5,100); 
  
deltax1=s-(s.*cos(theta1))+(h-s.*sin(theta1)).*tan(theta1); 
deltaxr1=(h-s.*sin(theta1)).*tan(theta1); 
r1=sqrt(deltaxr1.^2+(h-(s.*sin(theta1))).^2); 
  
deltax2=s-(s.*cos(theta2))+(h-s.*sin(theta2)).*tan(theta2); 
deltaxr2=(h-s.*sin(theta2)).*tan(theta2); 
r2=sqrt(deltaxr2.^2+(h-(s.*sin(theta2))).^2); 
  
actdisp=(deltax2-deltax1)/12; 
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deltarope=(r1-r2)/12; 
weightH=(deltarope)+actdisp; 
  
figure 
subplot(2,1,1) 
    plot(h,actdisp*12); 
    title('Pulley Height (h) vs Pulley Displacement 
(\Deltax)','fontsize',16); 
    xlabel('Pulley Height (h) [in]','fontsize',14); 
    ylabel('Pulley Displacement (\Deltax) [in]','fontsize',14); 
    set(gca,'FontSize',14); 
    hold on 
    grid on 
     
subplot(2,1,2) 
    plot(h,weightH*12); 
    title('Pulley Height (h) vs Weight Travelled (\DeltaH)','fontsize',16); 
    xlabel('Pulley Height (h) [in]','fontsize',14); 
    ylabel('Weight Travelled (\DeltaH) [in]','fontsize',14); 
    set(gca,'FontSize',14); 
    grid on 
 
Position Analysis Method 1 
 
%% Winglet Kinematic Model Method 1 
clear; clc; 
deg2rad=pi/180; 
rad2deg=180/sym(pi); 
theta1=10*deg2rad; 
theta2=80*deg2rad; 
  
for theta=(theta1:10*pi/180:theta2) 
  
S=20; 
h=25; 
syms A B C x y xc 
  
% Find POI and determining center of circle 
pulley_R=2; 
  
A=-cot(theta)*x+(S*(sin(theta)+cot(theta)*cos(theta)))-y; 
B=(x-xc)^2+(y-h)^2-pulley_R^2; 
C=tan(theta)*x+h-tan(theta)*xc-y; 
solution=solve(A,B,C); 
    X=vpa(solution.x,3); 
    Y=vpa(solution.y,3); 
    Xc=vpa(solution.xc,3); 
     
    if X(1,1)<X(2,1) 
        X=X(1,1); 
    else 
        X=X(2,1); 
    end 
     
    if Y(1,1)>Y(2,1) 
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        Y=Y(1,1); 
    else 
        Y=Y(2,1); 
    end 
     
    if Xc(1,1)<Xc(2,1) 
        Xc=Xc(1,1); 
    else 
        Xc=Xc(2,1); 
    end 
  
% Define Line 1 (winglet) 
x1=[0:0.1:S*cos(theta)]; 
y1=tan(theta)*x1; 
  
% Define Line 2 
x2=[S*cos(theta):-0.1:X]; 
y2=(-1/tan(theta))*x2+S*(sin(theta)+(cot(theta)*cos(theta))); 
     
% Plot results 
figure (1) 
plot(x1,y1) 
hold on 
plot(x2,y2) 
hold on 
circle(Xc,h,pulley_R) 
  
    title('Kinematic Model','fontsize',16); 
    xlabel('x','fontsize',14); 
    ylabel('y','fontsize',14); 
    set(gca,'FontSize',14); 
    grid on 
    axis equal 
end 
 
 
%% Plotting circle Function 
function circle(x,y,r) 
ang=0:0.01:2*pi;  
xp=r*cos(ang); 
yp=r*sin(ang); 
plot(x+xp,y+yp); 
end 
 
Position Analysis Method 2 
 
%% Winglet Kinematic Model Method 2 
S=20; 
theta=30*(pi)/180; 
h=25; 
R=2; 
syms xc 
  
a=-cot(theta); 
b=S*(sin(theta)+(cot(theta)*cos(theta))); 
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aa=1+a^2; 
bb=((-2*xc)+(2*a*b)-(2*a*h)); 
cc=((xc^2)+(b^2)-(2*b*h)+(h^2)-(R^2)); 
  
x1=(-bb+(bb^2-4*aa*cc)^0.5)/(2*aa) 
x2=(-bb-(bb^2-4*aa*cc)^0.5)/(2*aa) 
disc=bb^2-4*aa*cc 
  
Xc=vpa(solve(disc,xc),3) 
 
 

ENCODER CALIBRATION 
 
%Oct 31 2018 
%Raffi Data 
%First prototype, no load, calibration for rotatory potentiometer 10Komh 
  
%% Clear and Figure properties 
% Clear data 
close all 
clear 
clc 
format long 
%Figure Properties 
figure 
hold on 
grid on 
xlabel('x');ylabel('y');zlabel('z'); 
pbaspect([1 1 1]) %Aspect Ratio 
%Mark origin 
scatter3(0,0,0,'h','MarkerEdgeColor','k','MarkerFaceColor',[1 0 0])  
  
%% Raw Data 
  
%Axis of Rotation 
axis=[3.329004E+002 1.913728E+002 -1.750212E+003; 
   3.674470E+002 -3.374318E+002 -1.818263E+003]; 
%Tip 
tip=[3.332088E+002 -1.202358E+002 -1.416958E+003;%10deg (pot volt.: 5.653V) 
    2.428491E+002 -1.226242E+002 -1.433568E+003;%30deg (pot volt.: 2.839V) 
    1.004943E+001 -1.112245E+002 -1.644554E+003];%75deg (pot volt: -6.209V) 
  
%Draw Plate for base (Visual reference only) 
plate=[3.609721E+002 -2.248955E+002 -1.958075E+003; 
3.606151E+002 -2.225541E+002 -1.925230E+003; 
3.589207E+002 -1.972445E+002 -1.947766E+003; 
3.601835E+002 -2.084821E+002 -1.968884E+003]; 
  
%% Set new oringin to Trailing screwhead 
%Set axis coordinates 
x=axis(:,1)-axis(1,1); 
y=axis(:,2)-axis(1,2); 
z=axis(:,3)-axis(1,3); 
%Plot pivot axis points and fit pivot line 
scatter3(x,y,z,'ro') 
plot3(x,y,z,'r') 
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%Pivot line equation and plot 
xl=-30:2:30; 
yl=xl*(y(2)/x(2)); 
zl=xl*(z(2)/x(2)); 
plot3(xl,yl,zl,'--') %Rotation Axis 
%Set Plate to new origin and plot in silver color 
xplate=plate(:,1)-axis(1,1); 
yplate=plate(:,2)-axis(1,2); 
zplate=plate(:,3)-axis(1,3); 
fill3(xplate,yplate,zplate,[0.662745, 0.662745, 0.662745]) %Plate 
%Set Tip to new origin and plot 
xtip=tip(:,1)-axis(1,1); 
ytip=tip(:,2)-axis(1,2); 
ztip=tip(:,3)-axis(1,3); 
scatter3(xtip,ytip,ztip,'h','MarkerEdgeColor','k',... 
    'MarkerFaceColor',[.49 1 .63]) %Tip 
  
%% Find Plane from (3) Tip points and plot plane in blue 
%u and d are coefficients for eq of plane ax + by + cz = d; 
%plot_line v1.1 function from by Nitish Tripathi from matworks 
[normal,d]=plot_line(tip(1,:)-axis(1,:),tip(2,:)-axis(1,:),... 
    tip(3,:)-axis(1,:)); 
syms xplane yplane zplane t 
plane_eq=normal(1)*xplane+normal(2)*yplane+normal(3)*zplane==-d; %Eq1 
%% Find rotation point (intersection between plane and pivot line) 
%Rotation point 
%direction vector that goes through two point of pivot axis. Assume 
%x0,y0,z0=for point 3 in xl for parametric representation of line 
u=[xl(2)-xl(1);yl(2)-yl(1);zl(2)-zl(1)]; 
  
xline=xl(1)-u(1)*t; yline=yl(1)-u(2)*t; zline=zl(1)-u(3)*t; %Eq 2 
%Sub Eq 2 into equation of plane Eq 1 
rr=subs(plane_eq,{xplane,yplane,zplane},[xline,yline,zline]) 
%Rearrange and Find parameter t 
tt=double(solve(rr,t)); %Eq3 
%Sub Eq 3 into Eq2 to find roation point and plot location of point 
p=[xl(1)-u(1)*tt;yl(1)-u(2)*tt; zl(1)-u(3)*tt]'; 
plot3(p(1),p(2),p(3),'bX','MarkerSize',20) %Rotation point on Rotation Axis 
%% Find maximum rotation angle  
%Set vector ap and bp where a is the first point of tip and b is the last 
%point of tip 
vect_u=(tip(1,:)-axis(1,:))-p; 
vect_v=(tip(length(tip),:)-axis(1,:))-p; 
max_theta=acosd(dot(vect_u,vect_v)/(dot(norm(vect_u),norm(vect_v)))) 
%Draw angle range 
xtip((length(tip)+1))=p(1)'; 
ytip((length(tip)+1))=p(2)'; 
ztip((length(tip)+1))=p(3)'; 
fill3(xtip,ytip,ztip,'r') 
 
function [normal, d] = plot_line(p1, p2, p3) 
  
% This function plots a line from three points.  
% I/P arguments:  
%   p1, p2, p3 eg, p1 = [x y z] 
%  
% 
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% O/P is:  
% normal: it contains a,b,c coeff , normal = [a b c] 
% d : coeff 
normal = cross(p1 - p2, p1 - p3); 
d = p1(1)*normal(1) + p1(2)*normal(2) + p1(3)*normal(3); 
d = -d; 
x = -80:5:5; y = -150:5:0; 
[X,Y] = meshgrid(x,y); 
Z = (-d - (normal(1)*X) - (normal(2)*Y))/normal(3); 
mesh(X,Y,Z) 
colormap ([0 0 1]) %[0 0 1] RGB blue 
 

EXPERIMENTAL DATA EXTRACTION 
 
%% Half Size Loading Design Analysis 
%% Winglet Moving Down 
clear;clc; 
a0down=load('0g_down.mat'); 
a100down=load('100g_down.mat'); 
a300down=load('300g_down.mat'); 
a500down=load('500g_down.mat'); 
a700down=load('700g_down.mat'); 
  
%0g 
b0down = struct2array(a0down); 
theta0d=b0down(11,:); 
A_fwd_0_d=b0down(2,:); 
A_aft_0_d=b0down(6,:); 
  
%100g 
b100down = struct2array(a100down); 
theta100d=b100down(11,:); 
A_fwd_100_d=b100down(2,:); 
A_aft_100_d=b100down(6,:); 
  
%300g 
b300down = struct2array(a300down); 
theta300d=b300down(11,:); 
A_fwd_300_d=b300down(2,:); 
A_aft_300_d=b300down(6,:); 
  
%500g 
b500down = struct2array(a500down); 
theta500d=b500down(11,:); 
A_fwd_500_d=b500down(2,:); 
A_aft_500_d=b500down(6,:); 
  
%700g 
b700down = struct2array(a700down); 
theta700d=b700down(11,:); 
A_fwd_700_d=b700down(2,:); 
A_aft_700_d=b700down(6,:); 
  
%% Winglet Moving Up 
a0up=load('0g_up.mat'); 
a100up=load('100g_up.mat'); 
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a300up=load('300g_up.mat'); 
a500up=load('500g_up.mat'); 
a700up=load('700g_up.mat'); 
  
%0g 
b0up = struct2array(a0up); 
theta0u=b0up(11,:); 
A_fwd_0_u=b0up(2,:); 
A_aft_0_u=b0up(6,:); 
time0u=b0up(1,:); 
  
%100g 
b100up = struct2array(a100up); 
theta100u=b100up(11,:); 
A_fwd_100_u=b100up(2,:); 
A_aft_100_u=b100up(6,:); 
  
%300g 
b300up = struct2array(a300up); 
theta300u=b300up(11,:); 
A_fwd_300_u=b300up(2,:); 
A_aft_300_u=b300up(6,:); 
  
%500g 
b500up = struct2array(a500up); 
theta500u=b500up(11,:); 
A_fwd_500_u=b500up(2,:); 
A_aft_500_u=b500up(6,:); 
  
%700g 
b700up = struct2array(a700up); 
theta700u=b700up(11,:); 
A_fwd_700_u=b700up(2,:); 
A_aft_700_u=b700up(6,:); 
  
%% Current/Force vs Cant Angle  
% Force functions 
% 700g 
F_fwd_700_d=109.3*(A_fwd_700_d)-2.5316; 
F_aft_700_d=-87.988*(A_aft_700_d)-1.8042; 
F_fwd_700_u=627.25*(A_fwd_700_u)+14.764; 
F_aft_700_u=-867.96*(A_aft_700_u)+21.065; 
 
%% Force 
% 0 grams 
figure(4) 
for i=1:length(theta0u) 
    if theta0u(i)>50 & theta0u(i)<50.1 
        cgangle0u=i; 
    end 
end 
  
% % cgangle0u 
F_fwd_0_u1=movmean(-(-66.166*(A_fwd_0_u(1:cgangle0u))-1.4759),500); 
F_fwd_0_u2=movmean(627.25*(A_fwd_0_u(cgangle0u+1:end))+14.764,2000); 
F_fwd_0_u=[F_fwd_0_u1 F_fwd_0_u2]; 
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F_aft_0_u1=movmean(119.07*(A_aft_0_u(1:cgangle0u))-2.8891,500); 
F_aft_0_u2=movmean(-(-867.96*(A_aft_0_u(cgangle0u+1:end))+21.065),1000); 
F_aft_0_u=[F_aft_0_u1 F_aft_0_u2]; 
 
for i=1:length(theta0d) 
    if theta0d(i)>31 & theta0d(i)<31.1 
        cgangle0d=i; 
    end 
end 
F_fwd_0_d1=109.3*(A_fwd_0_d(1:cgangle0d))-2.5316; 
F_fwd_0_d2=-(-605.66*(A_fwd_0_d(cgangle0d+1:end))+15.941); 
F_fwd_0_d=[F_fwd_0_d1 F_fwd_0_d2]; 
  
F_aft_0_d1=-(-87.988*(A_aft_0_d(1:cgangle0d))-1.8042); 
F_aft_0_d2=878.2*(A_aft_0_d(cgangle0d+1:end))+18.736; 
F_aft_0_d=[F_aft_0_d1 F_aft_0_d2]; 
  
% 700 grams Upward 
F_fwd_700_u=627.25*(A_fwd_700_u)+14.764; 
F_aft_700_u=-867.96*(A_aft_700_u)+21.065; 
 
% 700 grams Downward 
F_fwd_700_d=109.3*(A_fwd_700_d)-2.5316; 
F_aft_700_d=-87.988*(A_aft_700_d)-1.8042; 
 
%% Normalized Force 
F_fwd_700_d=109.3*(A_fwd_700_d)-2.5316; 
F_aft_700_d=-87.988*(A_aft_700_d)-1.8042; 
  
F_fwd_700_d_norm1=(movmean(F_fwd_700_d,1500)); 
F_aft_700_d_norm1=(movmean(F_aft_700_d,1500)); 
  
% F_fwd_700_d_norm=(F_fwd_700_d_norm1)/max(F_fwd_700_d_norm1); 
% F_aft_700_d_norm=(F_aft_700_d_norm1)/max(F_fwd_700_d_norm1); 
F_fwd_700_d_norm=(F_fwd_700_d_norm1)/8.322; 
F_aft_700_d_norm=(F_aft_700_d_norm1)/8.322; 
  
 
F_fwd_700_u=627.25*(A_fwd_700_u)+14.764; 
F_aft_700_u=-867.96*(A_aft_700_u)+21.065; 
F_fwd_700_u1=movmean(F_fwd_700_u,1500); 
F_aft_700_u1=movmean(F_aft_700_u,1500); 
  
 
%% k Ratio 
% Downward 
% k Factor - Ratio 
MA_fwd_d_300=-6*10^-5*theta300d.^2-0.0024*theta300d+2.6174; 
MA_aft_d_300=-0.0002*theta300d.^2+0.0266*theta300d+1.5585; 
MA_fwd_d_500=-6*10^-5*theta500d.^2-0.0024*theta500d+2.6174; 
MA_aft_d_500=-0.0002*theta500d.^2+0.0266*theta500d+1.5585; 
MA_fwd_d_700=-6*10^-5*theta700d.^2-0.0024*theta700d+2.6174; 
MA_aft_d_700=-0.0002*theta700d.^2+0.0266*theta700d+1.5585; 
MA_fwd_u_300=-6*10^-5*theta300u.^2-0.0024*theta300u+2.6174; 
MA_aft_u_300=-0.0002*theta300u.^2+0.0266*theta300u+1.5585; 
MA_fwd_u_500=-6*10^-5*theta500u.^2-0.0024*theta500u+2.6174; 
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MA_aft_u_500=-0.0002*theta500u.^2+0.0266*theta500u+1.5585; 
MA_fwd_u_700=-6*10^-5*theta700u.^2-0.0024*theta700u+2.6174; 
MA_aft_u_700=-0.0002*theta700u.^2+0.0266*theta700u+1.5585; 
MA_fwd_u_700=-6*10^-5*theta700u.^2-0.0024*theta700u+2.6174; 
MA_aft_u_700=-0.0002*theta700u.^2+0.0266*theta700u+1.5585; 
  
F_fwd_300_d=movmean(109.3*(A_fwd_300_d)-2.5316,8000); 
F_aft_300_d=movmean(-87.988*(A_aft_300_d)-1.8042,8000); 
F_fwd_500_d=movmean(109.3*(A_fwd_500_d)-2.5316,8000); 
F_aft_500_d=movmean(-87.988*(A_aft_500_d)-1.8042,8000); 
F_fwd_700_d=movmean(109.3*(A_fwd_700_d)-2.5316,8000); 
F_aft_700_d=movmean(-87.988*(A_aft_700_d)-1.8042,8000); 
  
F_fwd_300_u=movmean(627.25*(A_fwd_300_u)+14.764,8000); 
F_aft_300_u=movmean(-867.96*(A_aft_300_u)+21.065,8000); 
F_fwd_500_u=movmean(627.25*(A_fwd_500_u)+14.764,8000); 
F_aft_500_u=movmean(-867.96*(A_aft_500_u)+21.065,8000); 
F_fwd_700_u1=movmean(627.25*(A_fwd_700_u)+14.764,8000); 
F_aft_700_u1=movmean(-867.96*(A_aft_700_u)+21.065,8000); 
  
F_fwd_300_d_k=MA_fwd_d_300.*F_fwd_300_d; 
F_aft_300_d_k=MA_aft_d_300.*F_aft_300_d; 
F_fwd_500_d_k=MA_fwd_d_500.*F_fwd_500_d; 
F_aft_500_d_k=MA_aft_d_500.*F_aft_500_d; 
F_fwd_700_d_k=MA_fwd_d_700.*F_fwd_700_d; 
F_aft_700_d_k=MA_aft_d_700.*F_aft_700_d; 
F_fwd_300_u_k=MA_fwd_u_300.*F_fwd_300_u; 
F_aft_300_u_k=MA_aft_u_300.*F_aft_300_u; 
F_fwd_500_u_k=MA_fwd_u_500.*F_fwd_500_u; 
F_aft_500_u_k=MA_aft_u_500.*F_aft_500_u; 
F_fwd_700_u1_k=MA_fwd_u_700.*F_fwd_700_u1; 
F_aft_700_u1_k=MA_aft_u_700.*F_aft_700_u1; 
  
ratio300_aft_d=abs((F_aft_300_d_k./(abs(F_fwd_300_d_k)+abs(F_aft_300_d_k)))); 
ratio300_fwd_d=abs((F_fwd_300_d_k./(abs(F_fwd_300_d_k)+abs(F_aft_300_d_k)))); 
ratio500_aft_d=abs((F_aft_500_d_k./(abs(F_fwd_500_d_k)+abs(F_aft_500_d_k)))); 
ratio500_fwd_d=abs((F_fwd_500_d_k./(abs(F_fwd_500_d_k)+abs(F_aft_500_d_k)))); 
ratio700_aft_d=abs((F_aft_700_d_k./(abs(F_fwd_700_d_k)+abs(F_aft_700_d_k)))); 
ratio700_fwd_d=abs((F_fwd_700_d_k./(abs(F_fwd_700_d_k)+abs(F_aft_700_d_k)))); 
ratio300_aft_u=abs((F_aft_300_u_k./(abs(F_fwd_300_u_k)+abs(F_aft_300_u_k)))); 
ratio300_fwd_u=abs((F_fwd_300_u_k./(abs(F_fwd_300_u_k)+abs(F_aft_300_u_k)))); 
ratio500_aft_u=abs((F_aft_500_u_k./(abs(F_fwd_500_u_k)+abs(F_aft_500_u_k)))); 
ratio500_fwd_u=abs((F_fwd_500_u_k./(abs(F_fwd_500_u_k)+abs(F_aft_500_u_k)))); 
ratio700_aft_u1=abs((F_aft_700_u1_k./(abs(F_fwd_700_u1_k)+abs(F_aft_700_u1_k)
))); 
ratio700_fwd_u1=abs((F_fwd_700_u1_k./(abs(F_fwd_700_u1_k)+abs(F_aft_700_u1_k)
))); 
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B. CAD MODEL 
R-P-R-P BELT DRIVEN MODEL 

10°	Degree Cant Position 
 

 
Figure. B-1: R-P-R-P Belt Driven 10 deg 

80° Degree Cant Position 
 

 
Figure. B-2: R-P-R-P Belt Driven 80 deg 
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R-P-R-P ACTUATOR DRIVEN MODEL 
10°	Degree Cant Position 
 

 
Figure. B-3: R-P-R-P Actuator driven 10 deg 

80° Degree Cant Position 
 

 
Figure. B-4: R-P-R-P Actuator driven 80 deg 
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SHARK-FIN COMPONENT DRAWINGS  

 
Figure. B-5: Shark-fin draft 

 
Figure. B-6: Dummy winglet draft 
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Figure. B-7: H-rail draft 

 
Figure. B-8: L-bracket draft 
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Figure. B-9: Steel support rod draft 

 
Figure. B-10: Support gusset draft 
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Figure. B-11: Winglet connector draft 

 
Figure. B-12: Load cell holder draft 
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Figure. B-13: Potentiometer connecting rod draft 

 
Figure. B-14: Potentiometer supporting bracket draft 
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Figure. B-15: L-tab draft 

 
Figure. B-16: Pillow bearing support draft 
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Figure. B-17: Pillow bearing draft 

 
Figure. B-18: Collar draft 
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SHARK-FIN ASSEMBLY DRAWINGS 
 

 
Figure. B-19: Shark-fin fixture assembly draft 
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C. DERIVATION 
THEORETICAL ACTUATOR FORCE  

 
The following section refers to the work completed and published by the Morphing Winglet 

Team at Ryerson University.  

Figure. C-1a illustrates the developed CAD model for the cant module, while Figure. C-1b 

shows the manufactured half size prototype, which was used for the loading prototype. 

 
Figure. C-1: Morphing winglet cant model - a) kinematic (cad) model b) prototype model 

In order to complete the dynamic analysis of the mechanism, Linkage A and Linkage B 

were assumed to being static and under no deflection. This assumption simplifies the derivation, 

and can be acceptable for small rotation speeds and properly designed linkages. To determine the 

loading in the linkages, the three dimensional mechanism was split into two separate planar 

sections.  While the winglet is rotating about the y axis, the triangular link in Linkage A rotates 

about the z axis, as shown in Figure. C-2. While the current derivation is specifically for Linkage 

A, a similar approach was used for Linkage B. 

a) b)a) b)
a) b)
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Figure. C-2: Cant module linkage a (detailed view) 

By completing the dynamic analysis for the two separate planar systems in series, the 

actuator loads can be determined as a function of the applied load and cant angle. The first planar 

section analyzed was the tertiary link defined by points pS, pn and pc in Figure. C-2. The force 

analysis derivation required the kinematic models displayed in Figure. C-3, Figure. C-4 and Figure. 

C-5.  
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Figure. C-3: Cant mechanism kinematic model for linkage a (3D view) 

 
Figure. C-4: Cant mechanism kinematic model for linkage a (xy plane) 

 
Figure. C-5: Cant mechanism kinematic model for linkage a (xz plane) 
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The mechanism has a revolute joint at point pn and rotates about the Z axis. The moment 

balance equation about this point is defined as: 

 𝐹nS¯ 𝑟S cos 𝛽S − 𝐹nc¯ 𝑟n cos 𝛽c = 0 (Eq. C-0-1) 

where angles βS and βc shown in Figure. C-5 project the geometry onto the XY plane, centered 

around pn and are defined as: 

 
𝛽S = tanfR

𝑝S± − 𝑝n±

𝑝S² − 𝑝n²
S
+ 𝑝S³ − 𝑝n³

S
 

(Eq. C-0-2) 

 
𝛽c = tanfR

𝑝c± − 𝑝n±

𝑝c² − 𝑝n²
S
+ 𝑝c³ − 𝑝n³

S
 

(Eq. C-0-3) 

The projected constraint forces acting on the tertiary link, perpendicular to the direction of 

links rS and rn projected on the XY plane are respectively defined as: 

 𝐹nS¯ = 𝐹�¯ sin 𝜃c + 𝜃n − 𝜃R  (Eq. C-0-4) 

 𝐹nc¯ = 𝐹c¯ sin 𝜃c − 𝜃j  (Eq. C-0-5) 

where 

 
𝜃R = tanfR

𝑝S³ − 𝑝R³
𝑝S² − 𝑝R²

 (Eq. C-0-6) 

 
𝜃c = tanfR

𝑝c³ − 𝑝n³
𝑝c² − 𝑝n²

 (Eq. C-0-7) 

 
𝜃n = tanfR

𝑝S³ − 𝑝n³
𝑝S² − 𝑝n²

− 𝜃c (Eq. C-0-8) 

 
𝜃j = tanfR

𝑝j³ − 𝑝c³
𝑝j² − 𝑝c²

 (Eq. C-0-9) 
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F¶¯  is the actuator force projected in the XY plane and is calculated by the following 

equation: 

 𝐹�¯ = 𝐹� cos 𝛽R (Eq. C-0-10) 

where F¶ is the force of interest, acting along the actuator link rR. The angle βR projects F¶ onto 

the XY plane and is defined as: 

 
𝛽R = tanfR

𝑝S± − 𝑝R±

𝑝S² − 𝑝R²
S
+ 𝑝S³ − 𝑝R³

S
 (Eq. C-0-11) 

Projecting Fc onto the XY plane with pc as the origin gives Fc¯ : 

 𝐹c¯ = 𝐹c cos 𝛽j (Eq. C-0-12) 

where Fc is the force acting along the link rc and angle βj projects Fc onto the X-Y plane. 

 
𝛽j = tanfR

𝑝j± − 𝑝c±

𝑝j² − 𝑝c²
S
+ 𝑝j³ − 𝑝c³

S
 (Eq. C-0-13) 

Combining equations (Eq. C-0-2) to (Eq. C-0-13) with equation (Eq. C-0-1) results in the 

following: 

 𝐹� cos 𝛽R sin 𝜃c + 𝜃n − 𝜃R 𝑟S𝑐𝑜𝑠𝛽S − 𝐹c𝑐𝑜𝑠𝛽j sin 𝜃c − 𝜃j 𝑟ncos𝛽c = 0 (Eq. C-0-14) 

 
𝐹� = 𝐹c

𝑐𝑜𝑠𝛽j
cos 𝛽R

sin 𝜃c − 𝜃j
sin 𝜃c + 𝜃n − 𝜃R

𝑟n
𝑟S

cos𝛽c
𝑐𝑜𝑠𝛽S

 (Eq. C-0-15) 

For the second planar section, the summation of moments is calculated about pi. This 

summation equates the moment generated by the applied loading and the force required by the 

linkage system from the actuator: 

 𝑀�𝑘 − 𝐹j¯𝑟i = 0 (Eq. C-0-16) 

where Fj¯ 	is Fc¯¯ projected normal to link rj, centered around pj 
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 𝐹j¯ = 𝐹c¯¯ sin 𝛼i − 𝛼j  (Eq. C-0-17) 

The angles, 𝛼j and 𝛼i are defined as: 

 
𝛼i = tanfR

𝑝i± − 𝑝j±
𝑝i² − 𝑝j²

 (Eq. C-0-18) 

 
𝛼j = tanfR

𝑝c± − 𝑝j±
𝑝c² − 𝑝j²

 (Eq. C-0-19) 

To find Fc¯¯, Fc is projected onto the XZ plane:  

 𝐹c¯¯ = 𝐹c𝑐𝑜𝑠𝜓j (Eq. C-0-20) 

where 

 𝜓j = sinfR
𝑝j³ − 𝑝c³

𝑟j
 (Eq. C-0-21) 

 𝐹c is calculated by the following: 

 𝐹c =
𝑀�𝑘

𝑐𝑜𝑠𝜓j sin 𝛼i − 𝛼j 𝑟i
 (Eq. C-0-22) 

In equation (Eq. C-0-22, 𝑀�  represents the moment generated by winglet under load, which 

is: 

 𝑀� = 𝐿𝑑�<v�	 (Eq. C-0-23) 

Equation (Eq. C-0-22) assumes the moment generated by the applied loading is 

significantly larger than the moment generated by the mass of the winglet.  

 In equation (Eq. C-0-22),	𝑘 represents the load distribution between the two linkage 

systems (A and B). While 𝑀� represents the total external moment, the portion on Linkage A is 

𝑀�𝑘, and the portion on Linkage B is 𝑀�(1 − 𝑘) , where 𝑘 ∈ 0,1  is the distribution factor. Due 

to the indeterminate nature of the redundant system, the load distribution between the two actuators 
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are determined by the relative stiffness of the two linkages. This value can be determined 

theoretically via finite element methods or experimentally through test. 

Finally, the magnitude of the force in the actuator for Linkage A can be determined by 

substituting (Eq. C-0-22) into (Eq. C-0-15): 

 
𝐹�¹ =

𝑀�𝑘
𝑐𝑜𝑠𝜓j sin 𝛼j − 𝛼i 𝑟i

𝑐𝑜𝑠𝛽j
𝑐𝑜𝑠𝛽R

𝑠𝑖𝑛 𝜃c − 𝜃j
𝑠𝑖𝑛 𝜃c + θn − 𝜃R

𝑟n
𝑟S

𝑐𝑜𝑠𝛽c
𝑐𝑜𝑠𝛽S

 (Eq. C-0-24) 
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