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Abstract

Gillespie’s algorithm, also known as the Stochastic Simulation Algorithm (SSA),
is an exact simulation method for the Chemical Master Equation model of well-stirred
biochemical systems. However, this method is computationally intensive when some
fast reactions are present in the system. The tau-leap scheme developed by Gillespie
can speed up the stochastic simulation of these biochemically reacting systems with
negligible loss in accuracy. A number of tau-leaping methods were proposed, including
the explicit tau-leaping and the implicit tau-leaping strategies. Nonetheless, these
schemes have low order of accuracy. In this thesis, we investigate tau-leap strategies
which achieve high accuracy at reduced computational cost. These strategies are

tested on several biochemical systems of practical interest.
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Chapter 1

Introduction

Mathematical modeling [29] [I, 2] has been successfully used in several biological
disciplines for decades. Among the earliest quantitative biological models studied
extensively in the literature is the Lotka-Volterra model of species competition and
predator-prey relationships. In cell biology, many studies were dedicated to develop
accurate models and advanced simulation tools for examining the structure and
dynamics within a cell. Among the models considered were deterministic and stochastic
ones. Computational modelling in cell biology [40] has been widely used to make
significant progress leading to practical innovations in medicine, drug discovery and
other related research. At the same time, the modern software and computational
tools [28] contributed to the development and analysis of more realistic and complex
models of cellular processes.

In earlier studies, the mathematical modeling approaches of biological systems
were employed deterministic such as differential equations, which considered given
initial conditions and neglected the noise and randomness within the system, and
produces the similar results.

Among the deterministic models, an important class is that of systems of ordinary
differential equations (ODE) [23]. For example, ODEs are utilized to model networks

of well-stirred biochemical reactions, for which all molecular species have large population



numbers. This ODE model, known as the reaction rate equations (RRE), governs
the behavior of the vector of concentrations of all species, as functions of time.
Nonetheless, when some molecular species in the cell have low population numbers
(such as in genetic networks), then the continuous deterministic model of the RRE
fails to accurately describe the system dynamics. Indeed, important species in genetic
networks come in low molecular counts (between 1 and a few tens), but these species
often significantly influence the system behavior. For such systems, stochastic discrete
models are required for capturing the random fluctuations which were observed in
experiments [5, 6, 1T, 13, 14, B2, B34]. One refined stochastic discrete model of
well-stirred biochemical systems is the Chemical Master Equation (CME) [I8] 29)].
The Chemical Master Equation models the dynamics of the system state. The system
state X (t) is a vector with entries the number of molecules of each species at the
current time, t, rather than the species concentrations. More precisely, the CME
is a system of ordinary differential equations, in which each equation represents the
evolution in the probability of the system to be in a particular state. Since often in
application the number of all possible system states is very large, so is the dimensions
of the CME.

Studying the CME directly is very challenging. A simplifying assumptions is that
of large population numbers in each species (hundred or more molecules/ species). In
this case, the Chemical Master Equation model may be reduced to an approximate
time-evolution equation of Langevin type, called the Chemical Langevin Equation
(CLE) [20). In this model, the stochastic process X (¢) has entries which are real
values, rather than integers, as was the case for Chemical Master Equation. The
Chemical Langevin Equation is a system of stochastic differential equations, with one
equation for each reactant species in the biochemical system. This model is therefore
an easier to simulate numerically and analyze.

Further, under the assumption of the thermodynamic limit, in which the system

volume and the species populations tend to infinity, such that the species concentrations



are bounded, the deterministic part dominates the stochastic part of the CLE. Then
we can neglect the stochastic terms of the Chemical Langevin Equation and we can
reduce the CLE to get a system of ODEs, namely the Reaction Rate Equations (RRE).

Since the Chemical Master Equation is very challenging to solve directly, many
studies were dedicated to the development of indirect methods to simulate the solution
of this model. Stochastic simulation strategies for the Chemical Master Equations are
classified as: exact and approximate methods. The Stochastic Simulation Algorithm
(SSA), proposed by Daniel Gillespie in 1976 [16], [I7] is an exact such method, in the
sense that it generates trajectories of the stochastic process X (t), having a probability
in exact agreement with that modeled by the Chemical Master Equation. The SSA is
thus a Monte Carlo simulation strategy, Nonetheless, when the biochemical system is
subjected to some reactions which are very fast, the exact method is computationally
intensive. The next reaction method published in 2000 by Gibson and Bruck [15]
is another exact scheme for the CME, which has improved computational cost of
simulation compared to SSA. In the next reaction method, the unused reaction
times are reused and the algorithm employs a dependency graph for storing the
reaction propensities. Only the propensities affected by a reaction fires in the next
step are updated. While the next reaction method is more efficient than the SSA,
it is still very slow on stiff models of cellular processes. An exact methods for
the Chemical Master Equation were quite inefficient on stiff models of biochemical
systems, there was a growing demand for faster simulation methods, allowing some
minor sacrifice in accuracy in exchange for significant speed up. Examples of faster
approximate simulation methods for CME include hybrid methods and tau-leaping
schemes. Hybrid methods may combine exact or approximate methods for the CME,
with numerical methods for the CLE or the RRE to more efficiently simulate the
solution of a model of well-stirred biochemical system [I], 2 25| 206, [35], 38].

The tau-leaping methods for the CME are based on the following idea: if a larger

step-size 7 may be chosen, to jump over many reactions of each type and the number



of each reactions may be accurate be approximated, then the system state can be
updated accordingly. The explicit tau-leaping method was developed in 2001 by
Gillespie [2I]. This approximate strategy is applicable when the leap condition is
valid, that is the leap size 7 is chosen small enough such that no propensity is varied
significantly over that step. When the condition is obeyed the number of reactions of
the j' type firing in [t, t+7) is approximated by a Poisson distribution with mean and
variance equal to a;(X(t)).7, where a; is the propensity function of the j™ reaction
and X (t) is the system state at the beginning of the interval. When many reactions
occur over a step 7, the tau-leaping method is more efficient than the exact methods
for the CME. But the explicit tau-leaping scheme is inefficient on stiff problems. For
such problems Rathinam et al. [37] introduced the implicit tau-leaping scheme.

Both the explicit and implicit tau-leaping methods were shown to have low order
of accuracy by Rathinam et al. [37]. More accurate numerical strategies for stochastic
discrete biochemical systems are required, to assist researchers in the development and
analysis of refined models of cellular processes. Two such higher order of accuracy
method are analyzed in this thesis: the midpoint tau-leaping scheme [21] and the
trapezoidal tau-leaping strategy [9]. The midpoint tau-leaping scheme is half degree
higher order of accuracy than the explicit tau-leaping technique. The trapezoidal
tau-leaping is an implicit method, as is the implicit tau-leaping strategy, but of higher
order of accuracy. Also the trapezoidal rule is A-stable and does not have the damping
of noise effect as the implicit tau-leaping.

Our studies of the two higher order accuracy tau-leaping methods are numerical
in nature. We tested these methods on several models of biochemical networks of
practical interest and compared the results with those obtained using the explicit
and implicit tau-leaping schemes and the exact SSA.

Finally, the outline of thesis is as follows. Chapter 2 presents the backgrounds on
stochastic modeling approaches for well-stirred biochemical systems, namely the CME

and the CLE, along with the reduced deterministic model of the RRE. Stochastic



simulation methods for the CME and CLE models are given in chapter 3. Chapter 4
gives some theoretical results on the order of accuracy of several existing tau-leaping
strategies. Numerical tests of the higher order tau-leaping methods considered in this
thesis are included in chapter 5. The summary of our findings and the topics of future

research are given in chapter 6.



Chapter 2

Background on Mathematical
Models of Biochemical Systems

and Simulation Tools

Mathematical models are required to describe the behavior of biochemical systems [12]
and effective and accurate computational tools are needed to simulate their numerical
solution, to study the biological systems and reveal the factors affecting the system
like disease in organs and organisms. In addition to this, the mathematical models
also help to predict some data pattern which leads to biological discovery such as
treatment of diseases. Mathematical models of biochemical systems are classified

into two categories [30), B5]: deterministic and stochastic.

2.1 Deterministic and Stochastic Models

The deterministic model of well-stirred biochemical systems consists of systems of
ordinary differential equation (ODE) and with this model the outcomes are predictable
and remain the same if the initial conditions are kept constant. Deterministic models

are accurate for describing biochemical systems having very large molecular populations,



while stochastic models [39] 41} [43] are also accurate in predicting the dynamics of
biochemical systems involving small number of molecules in some species, e.g. in a

cell.

2.2 Description of Stochastic Models

In a well-stirred biochemical system, the molecules can be assumed distributed evenly
[24, 34, 6], [8, 44]. In other words, a well-mixed system involves randomly distributed
reactant species which are no more likely to be found in any sub-part of the system
than in another of the same size. However, the natural motion of the molecules can
change the concentration of a particular sub-volume of the system [42] and the system
becomes heterogeneous and thus, to accomplish the requirements, one should stir the
system externally.

Let us consider a well-stirred (well-mixed) biochemical system kept at thermal
equilibrium in a constant volume. It consists of N molecular species {S7, S, ..., Sy }

undergoing M reaction channels { Ry, Ry, ..., Ry }. At time ¢, the dynamical state

X(t) = ' (2.2.1)

Xn(t)

describes the biochemical system; here X;(t) is the non-negative number of S; molecules



at time ¢. Moreover, the state change vector of the reaction R; is

2V

vaJ

vNJ

where v;; =the change in the number of X; molecules produced by one R; reaction.
The array {v;;} with 1 < i < N, 1 < j < M is an N x M matrix, called the
stoichiometric matrix, where IV represents the total number of species in a model and
M represents the total number of reactions.

To each reaction channel R; it is associated a propensity function a;(x) such that
aj(x)dt is defined as the probability that one R, reaction will happen within the
volume V' in the next infinitesimal time interval [¢,t + dt), given that X (¢) = z. For

instance, if the following reaction happens,

A+B I C

with x4 and xg being the number of molecules of A and B respectively, the propensity
function is given by

Gj = CjTATB

where c; is the reaction rate constant.

The propensity function depends on the molecular amounts of the reacting species,
while the reaction rate depends on the concentration of such species. The types of
reactions considered in the thesis are outlined below. Since reactions are assumed to
be instantaneous events, no more than two molecules may interact at any moment in

the system.



First order reaction:
k; )
Sm — something.

Here, if z,,(t) denotes the number of S,, molecules at time ¢, then the propensity

function is

a;(x) = ¢jzm(t)

and the stochastic rate constant c¢; depends on the deterministic reaction rate parameters
k; according to:
Second order reaction:
k; _
S + 5, — something.

Here when m # n, if z,,(t) and x,(t) denote the number of S,, and S, molecules,

respectively, and V is the volume of the system, then the propensity function is
a;j(z) = ¢jxm(t)x,(t).

If ¢; and k; are the stochastic and deterministic reaction rate parameters, respectively,

and V is the system volume, then

Dimerization reaction:

k-,
Sy + S, — something.



Here, the propensity function may be written as

CjTm () (T (t) — 1)
5 )

a;j(r) =

and the following relationship exists between the stochastic and deterministic rate

constants:

2.3 Chemical Master Equation

If we consider a homogeneous biochemical system with fixed volume and temperature
[46], at each point in time, the state of the system is X (¢) given by (2.2.1]). Here X (¢) is
a Markov process [18, 38 [11], we will show that the stochastic process X (¢) is modelled
using a system of ordinary differential equations (ODEs), called the Chemical Master
Equation (CME) [19, 23].

Let us consider X (ty) = xq to be the initial conditions, which are assumed known.

To describe the dynamics of the system, we determine
P(l’, t|l’0, to)

the probability of the system to be in state x at time t, given that X (to) = .

For simplicity, we denote this probability by P(x,t). We wish to find P(z,t + dt)
for an infinitesimally small time dt and any system state x. In other words, here the
system jumps from X (¢) to X (t + dt) = . We have two options to be in the latter
state: either the system was already in state x at time ¢ and no reaction took place
during [¢,t + dt) or, for some 1 < j < M the system was in state (z — ;) at time ¢
and the j* reaction happened during [t,t + dt) resulting in the system being in state
xr at t + dt. In order to account for all such events, we have to use a result from the

probability theory, called the law of total probability.

10



Let us assume A to be the event of interest and suppose that the events Hy, Hy, Ha, ..., Hyr, Hppiq

are such that:
a) no more than one can happen.
b) at least one event must occur.

Using the law of total probability, we obtain,

M+1

P(A) =) P(A|H;)P(H;). (2.3.1)

J=0

where P(A|H;) is being the probability of getting A given that H; happens. Here A
is the event which describes the system in the state x at time ¢ + dt. Let us assume
that Hy is the event that the system is in state z at time ¢, and H; for 1 < j7 < M to
describe the event that the system is in state z — v; at time t. Assume that Hjy/4q is

the event that the system is in any other state at time t. Note that, for
1<j<M,

P(A|H,) represents the probability of the reaction R; happening during [¢,t + dt).

Now, using the definition of propensity function, we get

for 1 < j < M. We also remark that, P(A|Hy) represents the probability that no
reaction happens during [¢,t + dt). The probability of no reaction happening during
[t,t + dt) is 1 minus the probability of any event happening in [t,¢ + dt), hence

M
P(A|Hg) =1- aj(x (2.3.3)

Jj=1

11



We note that,
P(AlHp41) =0 (2.3.4)

since Hy;,1 refers to all the states that are two or more reactions away from x and

during [t, t+dt) we assumed that at most one reaction can occur. Now, from equations

E3D- @3D.we et

M
Pz, t+dt)=(1— Z a;(x)dt)P(z,t) + Z aj(r — v;)dtP(x — vj,1t) (2.3.5)

J=1

After simplifying the above equation, we obtain,

P(a,t+dt) — P(a,t) =
dt =Y (aj(x — ) Pz — v, 1) — a;(x) P(x, 1))

J=1

As dt — 0, the above equation becomes an ordinary differential equation:

Z {a] r —v;)P(x — v, t) —aj(x)P(z,t)|. (2.3.6)

Jj=1

Equation (2.3.6) is known as the Chemical Master Equation [19]. Recall that the

expectation is defined as of a function f(.) of the stochastic process X evaluated at ¢.

= f(z)P(x,1) (2.3.7)

Applying the expectation to equation ([2.3.6) and using equation (2.3.7)), we derive

t ) = ZUUE<GJ(X<Z€>>>7

fory=1,..., M.

Suppose that all the reactions are at most of first order, then the propensity

12



functions will be linear functions of the state variables or constants and thus

E(0,(X0)) = o (BCX0D)

If there are some bi-molecular reactions, we may obtain

B(0,(X(0) # o) (EXW).

If all the reactions are of at most first order, then we derive
d M
SE(X(1) = 3 vjay(E(X) 2.3.)
j=1

If Y(t) = E(X(t)), then equation (2.3.8) is the Reaction Rate Equation (RRE) in the
average trajectory, Y (t). The reaction rate equation is a set of N coupled first-order
ODEs. This model was traditionally employed for studying chemical kinetics, where

molecular populations of all species are in large molecules.

2.4 Tau-Leaping Method:

In 2001, Gillespie proposed the tau-leaping method [2I]. This method may significantly
reduce the computational cost of Gillespie algorithm without loss of accuracy. In
this strategy the step size 7 is previously chosen. (with applying Leap Condition).
Moreover, it is an approximate method.

The tau-leap scheme may be applied when the following leap condition is obeyed:

7 > 0 is small enough such that a;(X(s)) ~ a;(X(¢)) for any 1 < j < M and any
t < s <t+7. The number of events that happens in [¢,t+7) is P;( :H a;(X(s)ds)) ~
P;(a;(X(t)).7), where P; is a Poisson distribution. We assumed that the leap condition
applies. Provided that X (¢) = z, the number of reaction R; that fire during the

interval [¢,¢+ 7] has a Poisson distribution with parameter a;(X (¢))7. Using the leap

13



condition, we can write the basic tau-leaping method as

X(t+71)= x—i—ZPj(aj(x)T)I/j (2.4.1)

J=1

if X(t) =x.

2.5 Chemical Langevin Equation

Under certain assumptions, the biochemical systems may be described using a simplified

stochastic model [20} 25| 26]. These assumptions are:

(1). The step size 7 is small enough such that each propensity function a;(X(¢))

changes insignificantly over [t,t + 7).

(2). 7 is large enough such that the product a;(X(¢)).7 is much larger than 1 for
any 1 < j3 < M.

Derivation of the Chemical Langevin Equation (CLE): Since a;(X(t)).7 >>
1, then we can approximate the Poisson random variable P;(a;(X (¢).7) with a normal
random variable N;(a;(X (t))7), a;(X(t))7) with the same mean and variance, namely

a;j(X(t))7, in the tau-leaping method. Thus

Pya;(X()7)) ~ a;(X(#)7 + 1/ a;(X (1)) 725,

and substituting in (2.4.1]) we obtain

X(t+7)=X(t)+7 Z vi(a;(X (1)) + \/?Z vivJa; (X ()2, (2.5.1)

where Z; are independent normal distributions with mean 0 and variance 1. Here,

the entries of the state vector are real numbers, since the amount of molecular species

14



are computed using real-valued normal random variables rather than integer valued
Poisson random variables.
Equation ([2.5.1) represents the Euler-Maruyama method for a stochastic differential
equation (SDE).
Taking, 7 — dt an infinitesimal step, in the limit, we obtain, the following stochastic
differential equation,

M M

dX(t) =Y " wila;(X(1)dt + > viy/a; (X (£)dW(t) (2.5.2)
: e

Jj=1

where W;(t) are independent scalar Wiener processes for 1 < j < M. The stochastic
differential equation is known as the Chemical Langevin Equation(CLE) [20].
This model is used when conditions (1) and (2) above simultaneously apply. These
two conditions can be applied if all the molecular populations for all species are
sufficiently large.

We remind the reader that a Weiner process is a stochastic process W : [0, 1] such

that
1. W(0) = 0 with probability one.

2. for any 0 < s < t, W(t) — W(s) is normally distributed with mean 0 and

variance (t — s).

3. forany 0 <u <wv <s <t W(t)— W(s) and W(v) — W(u) are independent

random variables.

Note that the Chemical Langevin Equation is an N-dimensional SDE and it may be
derived by reducing the CME in the regime of large population numbers.

15



2.6 Reaction Rate Equation

The law of mass action governs the reaction rates in biochemistry, in other words it is
the fundamental empirical law and it states that, for a reaction in a well-mixed and
free medium, the reaction rate is proportional to the concentrations of the individual
reactants involved. This law leads to the deterministic model of biochemical system

known as the Reaction Rate Equations (RRE).

Thermodynamic limit: This is defined as the state at which the molecular amount
. . . X; :
of each species and the volume V' of the system approach infinity such that $* is
bounded for any 1 < i < N. In this limit, the size of the stochastic term in equation
(2.5.2)) is much smaller compared to the size of the deterministic term, thus it may be
ignored. Therefore, the CLE (2.5.2)) may be simplified to the reaction rate equation:
M
dX(t)
=Y wla (X)) (2.6.1)

Jj=1

Equation ([2.6.1)) is valid when the molecular amounts of all species are very large.

2.6.1 Derivation of Reaction Rate Equation:

Indeed, if the molecular population is very large, the stochastic part of Chemical
Langevin Equation (CLE) can be neglected and the new equation is an ordinary

differential equation, called the reaction rate equation [27]. In order to get the reaction

16



rate equation, let us take the expectation in equation ([2 , and we get

E(dX(t) = ﬁ:u] (a;(X dt+E{Zuj\/TdW }

=

E(dX (1) = iw:nz(yj(a] dt—l—zyj [\/ ))dW()]

E(dX(t)) = ZVjE((aj(X(t))))dt

Dividing both sides by dt, we get,
M

d
SE(X) = 3 uE((a(X 1)
j=1
For a first order reaction with a propensity function of the form a;(z) = ¢;X,, or

aj(x) = ¢; we have, then E(a;(x)) = a;(E(x)). However, for a second order reaction

Ty (Tm—1)

with a propensity function either a;(x) = c;zmx, for m # n or a;(z) = ¢;=5

for m = n, in general E(a;(x)) # a;(E(z)). Consequently, for biochemical systems
with reactions of order zero or one, the behavior of the average trajectory of the CME

satisfies the RRE: u
= > wia(xX(t) 262)

In conclusion, equation (2.6.2)) representing the RRE, can be derived from Chemical
Langevin Equation or from the Chemical Master Equation when all the reactions are

first or zero order.

2.7 Stochastic Simulation Algorithm

The Chemical Master Equation is a system of ordinary differential equations of very
large dimension. It has one equation in P(x,t) for each possible state of the system, x.
Due to its very large dimension, it can not be solved directly, in general, by analytical

or numerical methods [27]. However, there exist Monte Carlo simulation methods for
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generating trajectories in exact agreement with the solution of the Chemical Master
Equation. The Stochastic Simulation Algorithm (SSA) is one such method and it
was proposed by Gillespie[16], [17].

The SSA is based on the idea of generating trajectories of X () obeying a certain
probability P(r,j|x,t). Here, P(r,j|z,t), is the probability that, provided that
X(t) = x, the next reaction will be fired in the infinitesimal time interval [t + 7, +
T + dr) where dr is an infinitesimal time and this reaction will be R;. We so obtain
later that, in fact, P(7, j|x,t) is the joint probability density function of two random
variables which are as follows: 7 = time to the new reaction and j= index of the new
reaction.

Assume that Py(7|x,t) is the probability of no reaction firing in the time interval
[t,t + 7), given that X (¢) = x. From the laws of probability, we can write,

P(7, j|z,t)= probability of no reaction in [¢,¢ + 7)X probability of reaction R; in
[t+1,t+7+dr). Thus

P(t,jlz, t)dr = Py(T|z, t)a;(x)dr. (2.7.1)

Now we compute the conditional probability Py(7|z,t). The probability Py(|z,1)
equals the probability of no reaction during [t,¢ + 7 + d7), or, equivalently, the
probability of no reaction during [t,¢ + 7) and the probability of no reaction over
[t+ 7,t+ 7+ d1). However, the probability of no reaction over the infinitesimal time
interval [t +7,t+7+d7) is 1 minus sum of probabilities of each reaction R; occurring

in[t+7,t+7+dr), 1 <j <M, which is

M
11— Z aj(x)dr
=1

To summarize,

Po(r + drla, t) = Py(r]z, 1) (1 - i:la;(x)ah‘)
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After doing some algebraic simplifications on the latter equation with the limit dr —

0, we obtain an ordinary differential equations of the form,

| H o
T.I’ Za

J'=1

with the initial condition P(0|x,t) = 1. Solving this equation leads to :
Py(7|z,t) = el7a0@m),
where

=3 ()

=1

Substituting this into equation (2.7.1f) ,we get
P(r.lo.t) = aj(a)el 0

We can re-write this equation as

P(r,jlx,t) = Zj(x) : {ao(z)e(_‘m(”m} (2.7.2)

Equation (2.7.2)) is the mathematical foundation for the SSA procedure [12]. Indeed,
(2.7.2)) says that the joint density function of time to the next reaction, 7, and the

index of the next reaction, j can be expressed as the product of the 7 density function,

which is ag(x)exp(—ao(z)T), and the j— density function which is a;(z)/ag(x). Consequently,

we can generate random samples from the above density functions by using the
inversion method of the Monte-Carlo theory [15]. If r; and 7o are random numbers

from the uniform distribution in the unit time interval, then 7 may be computed as

1 1
In — (2.7.3)

ap(z) 1

T =
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while 7 may be calculated as the smallest integer 1 < 7 < M such that
j_

v

J

J
aj(x) < reap(r) < Zaj/(x) (2.7.4)
=1 j'=1
To justify the computation of the index j to the next reaction in the SSA, we give

below some theoretical results. These results explain the choice in equation ([2.7.4)).

Proposition 2.7.1. [/J] If X; = Exp(a;), i = 1,2,..., M are independent random
variables distributed exponentially with parameters a;, then the minimum of them is

exponentially distributed with parameter ag as follows,

M
Xo = min{ X;} ~ Exp(ag), where ag = Z a;.
i=1
Proof. Note that for an exponential distribution X with parameters a , X ~ Exp(a)

we have P(X > 7) = e~(@7) for 7 real scalar.

Now, consider

P(XD > 7') = P(minizl 77777 M{Xz} > T)
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As a consequence, we derived that,
PXo<T1)=1- e~ (a07)

and hence Xy ~ Exp(ap), is an exponential distribution with parameter ag = Zf\il a;.

]

Lemma 2.7.1. [/5] Suppose that X ~ Exp(a) and Y ~ Exzp(b) are independent
random variables exponentially distributed with parameters a and b. Then the following

18 true,
a

a+b

P(X<Y)=
Proof. We can write the following derivation
PX<Y) = [ POX<YIY =u)r)dy
0
— | P <)y
0
= / (1—e ) be ™dy
0

Therefore,

P(X <Y)=—.

]

Proposition 2.7.2. [}J] Assume X; ~ Ezp(a;), j = 1,2,...,M are independent
random variables exponentially distributed each with parameter a;, and let i be the

index of the smallest of the X;. Then i is a discrete random variable with probability
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mass function

a.

w; = -~ where ay = a;.

J ) E: J
Qo —

Proof. Note that,

i = .P(AXVZ < mzn#Z{Xj})
— P(X, <)
Here we denoted Y = min;i{X;},

so that Y ~ Exp(a_;) and a_; Z a;

J#i
a;

= —
a; +a_;

Then finally using lemma ([2.7.1)),

This leads to the SSA [17] as follows:

1 Take t =ty and x = x as initial time and state of the system respectively.
2 Calculate a;j(x) and ao(z) at time t and state x.

3 Find values for 7 and j using equatlons and ( -

4 Update the system by replacing ¢t <— ¢t + 7 and x < z + v;.

5 Save (z,t) as desired and repeat it by going to step 2 or, otherwise, end the

simulation.

We note that the SSA is slow for some biochemical systems involving some fast

reactions but easy to implement. The reason for its inefficiency on many systems
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arising in applications is due to the factor 1/ag(x) in equation (2.7.3]). This factor
becomes very small if the population of the reactant species is large. Another cause
of the high computational cost of the SSA is due to searching for the index j of the
first reaction and updating all the propensities functions after each time step, in case
the biochemical system has many reactions (M large).

Gibson and Bruck [15], in 2000, proposed the Next Reaction Method which is
an improvement interms of efficiency over the Gillespie algorithm [I7]. The Next
Reaction Method reduces the computational cost of computing exact trajectories for
the CME by updating only the parts of the system changed by a reaction and by
storing them in a special structure. At each time-step, Gillespie’s First Reaction
Method [16, [I7] consists of generating all the possible time at which each reaction
Ry, fires, namely 7, for each Ry, and then choosing j such that 7, = ming=1,__ 7.
The system is thus updated as  <—  + A\; and ¢ < 7;. The three time consuming
steps (which occur during every iteration of Gillespies First Reaction Method) are

proportional to the number of reactions R;:
1. updating of all reactions associated with propensity functions a;
2. generating a possible time, 7 for the next reaction Ry and
3. identifying the smallest possible time, 7; = ming=1,. m7k

The Next Reaction Method [15] discards each of these steps and uses new ideas which

are as follows:
1. Store not only a; but also 7,

2. Recalculate a; with 7; only if they are changed by the reaction that occurred
( use a dependency graph, which allows to update the minimum number of

propensities a;)

3. Re-use 7; wherever appropriate.
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Further, the algorithm of the Next Reaction Method proceeds as follows:

10

11

Initialize the initial number of molecules X = X at time t = 0.
Find the propensity function,a;(X) for each reaction R;.
Generate M independent, uniform(0,1) random numbers r;.

1

Find 7; ,7; = LinL ., for each reaction R;,j =1,..., M.
a Ty

Compute ¢ = min;{7;} and suppose 7, be the time where the minimum is

realized.
The molecular amount of each species is updated according to reaction Ry.

Update all the propensity functions affected by the occurrence of reaction Ry,

let them be a;».

Set all 7; = % (7; —t) +t for each j # k.
J
If r is uniform random number in (0,1), then set 7, = --Int 4 ¢.
k

Set a; = a’; for each j.

Go to step 5 or else end the simulation.
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Chapter 3

Stochastic Methods for

Well-stirred Biochemical Systems

3.1 The Tau leaping Method for the Chemical
Master Equation

In 2001, Gillespie proposed the tau-leap method [2I] to achieve significant speed-up
of the computation without significant loss in accuracy. Gillespie’s algorithm is slow
when the system is subject to very fast reactions, as it simulates all reactions in the
system, one at a time. By contrast, the tau-leaping method [3], 10] collects details
of how many reactions of each type occur in a certain time interval. If the time
interval is large enough for many reactions to happen, that leads to noticeable gain
in the computational time. On the other hand, in order to maintain accuracy, an
appropriate length of the time interval, 7, has to be chosen, which should be small
enough so that the change in each propensity function is negligible. This is called the

leap condition.

The leap condition: It requires that the size of 7 is chosen such that the relative

changes induced in the propensity functions during 7 are small. In other words, for
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the current state x, it requires 7 to be small enough that the change in the state
during [¢,t+7) will be so small that no propensity function will suffer an appreciable
change in its value. Tau-leaping proceeds with a pre-selected time 7, during which
many reactions fire. If 7 is chosen sufficiently small to satisfy the leap condition and
X(t) = x (which makes propensity function almost constant), then each reaction R;
happens nearly Pj(a;(X(t))7) times in [t,t + 7), where Pj(a;(X(¢))7) is a Poisson

distribution of mean and variance a;(X (¢))7. The exact formula is

X(t+71)=a+ évjpj ( /tm aj(X(s))ds>

but due to the leap condition,

n( GO ) = Pia (X (), 7).

Therefore, we can write the following approximate formula
M
X(t+7)=2+Y v;Pia;(X(t),7). (3.1.1)
j=1

For this algorithm M Poisson random numbers need to be generated for every leap.
Formula is called the tau-leaping method. It is more efficient than SSA when
many reactions are fired during a leap. If 7 — 0, the tau-leaping schemes becomes the
SSA. Then it becomes very inefficient as most random numbers in equation
will be zero.

The tau-leaping method is an approximate Monte Carlo strategy for simulating
the solution of the CME. The scheme is known also as the explicit tau-leaping
method and it is appropriate for simulating stochastic models of non-stiff biochemical
systems. Stiffness arises in biochemical systems when both fast and slow reactions are

present, the fastest dynamics being stable. Stiffness presents challenges for solving
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deterministic models of biochemical systems and these challenges are more significant
when stochastic models are solved. In the deterministic setting, implicit strategies
are more efficient for solving numerically stiff problems than the explicit technique.
This is also true when dealing with stiff stochastic models of biochemical systems.
For these, the so-called implicit tau-leaping method was proposed Rathinam et al.[30].
In fact, in the implicit tau-leaping scheme only the deterministic term is implicit, the
stochastic term of mean zero is in an explicit form. The implicit tau-leaping scheme
outperforms in terms of efficiency the explicit tau-leaping strategy and the SSA for

stiff biochemical systems.

Explicit tau-leaping method : Asdiscussed before, if 7 satisfies the leap condition

then the explicit tau-leap method is given by,

X(t+m) =2+ Pla;(X(1),m);

i=1

where X (t) = x. Here P;(a;(X(t)), ) are independent Poisson random variables with
means and variances (a;(X (£))7).
For stability, the explicit tau-leaping method requires a small step size when fast

reactions are present.

Algorithm of Explicit tau-leaping method

1 Select 7 satisfying the leap condition and an initial state of z < xo at time

t <+ to.

2 Generate the number of firings k; of channel R; in [t,t + 7) as k; = P(a;(x)7)
with (j =1,..., M).

3 Update t <~ t + 7 and x <+ l‘—l-zjj\il kjv;.
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4 Record (z,t). Then return to step (1) or else end the simulation.

Here, if the generated value of k; are noticeably large, the explicit tau-leaping method

will be faster than the SSA.

Implicit tau-leaping method : Recall that when solving numerically an ordinary

differential equation (ODE) of the form

dX
= f(X, 1) (3.1.2)

We can apply explicit Euler method [22]
X(t+ At) = X(t) + f(X(t),t)At.

When the ODE (3.1.2)) is stiff, the implicit Euler method is preferred, as it is unconditionally

stable. This method may be written as
X(t+ At) = X(t) + f(X(t+ At), t + At)At.

To compute X (¢ + At an implicit equation needs to be solved. To solve the implicit
equation in X (¢t + At), we can use the Newton iteration method or something similar
may be applied to the tau-leaping method. The implicit tau-leaping scheme can be

written as
X(t+7)=a+ Z[Pj(aj(X(t)), 7) = a;(X ()7 + (a; (X (¢ + 7))7]v;
where X (t) = .

Here, the mean of the Poisson random variable P;(a;(X(t)),7) is subtracted and

changed to be the value at time (¢t + 7). The explicit tau-leaping method may be
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written in the form:

X(t+7)= X(0)+ Y via, X (O + Y nPi(a(X(0).7) - a(X (D)7

where Zj\il vja; X (t)7 is the deterministic part and Z]]Vil vi[P;(a;j(X(t)), 7)—a;(X(t))7]
is the stochastic part of mean zero.

Now, we can make the method implicit in the deterministic part as below:

X(t+7) = X(0) + D wilP(a;X (8),7) = (X ()] + D _wia;(X (¢ +7)7). (3.1.3)

Equation (3.1.3) can be solved numerically to estimate X (¢ + 7) by using Newton’s
method with the initial guess X (¢). The implicit tau-leaping scheme is noticeably
faster than explicit tau-leaping method on stiff systems as it allows larger step sizes.

The former method is unconditionally stable where the latter is conditionally stable.

3.2 Midpoint Tau-leaping Method for Chemical
Master Equation

In 2000, Gillespie introduced the mid-point tau-leaping method [21] to get higher
accuracy of the numerical simulation.

When solving numerically an ordinary differential equation of the form

dX
o= X))

by the explicit or implicit Euler’s method, then the accuracy of the numerical solution
is O(At). In order to use this technique along with the tau-leaping method, we first

create the increment,
M

N = (a;(x)T)v;,

j=1
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on the interval [t,¢ + 7), where X (¢) = . The midpoint is

)\/

I
x —x+[2

]

. Using this predicted midpoint, the state at the end of the interval is

X(t+r) =2+ Pila;(a), m)y;

j=1

This formula is known as the midpoint tau-leaping method [21].

Midpoint Tau-leaping Algorithm
1 Initiate the system state x <— xq at t <— t; and set rate parameters.
2 Select the 7 which satisfies the leap condition.

3 Compute the expected state change

N=r Z a;(x)v;
J

during [t, ¢ + 7].

4 Using ' = x+ [’\5/], generate for each j = 1...M a sample value k; of the Poisson

random variable P;(a;(z’)7).
5 Update t <~ t+ 7 and = < x + Z;‘il kjv;.

6 Record (z,t). If t < T return to step [2] or else end the simulation.

3.3 Trapezoidal Tau-Leaping Formula

In 1998, Ascher and Petzold schemed the trapezoidal rule to be A-stable [7]. In this

section we discuss the extension of the trapezoidal method for ODEs to the tau-leaping
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scheme by Cao and Petzold [9]. Though it is of first order for the variance, it is of
second order for the mean. Unlike the implicit tau-leaping scheme it is free from the
damping effect.

The trapezoidal rule has a higher convergence order that the explicit and implicit

Euler method for ODEs. Let us consider an ordinary differential equation of the form

dX

% = f(X’t)'

Then, the trapezoidal method to solve the above equation is given by,
1
X(t+ At) = X(t) + iAt(f(X(t) + f(X(t+ At))

The trapezoidal tau-leaping formula [9] is

M

Xt +7) =2+ Y 1lPla(2),7) = Saj(2) +

T

2(Lj(XtT(t—|—T))], (3.3.1)

J=1

where X (t) = x. We note that (3.3.1]) is an implicit strategy in X (¢+ 7). To solve it,
we may apply the iterative Newton’s method with the initial guess taken to be X (t).

Trapezoidal Tau-leaping Algorithm:
1 Initialize t <ty and the system state x < xg.
2 Calculate the propensity function,a;(z) for j =1,2,3,..., M.
3 Generate M independent random numbers, k; from P(a;(x)7) with j = 1,2,3, ..., M.
4 Solve for X®) by Newton’s Method.
5 Update the system state and time by step (4) and ¢ + 7, respectively.

6 If t < T return to step (2) or else end the simulation.
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Chapter 4

Analysis of Tau-Leaping Method

Tau-leaping method uses a piece-wise Poisson approximation with propensity function
assumption a;(z) + o(7) as 7 — 0 and for such a small value of 7, the behavior of
both explicit and implicit-tau leaping is obvious as suggested by Stochastic Simulation
Algorithm. Here, a quantitative estimate of error analysis as a function of stepsize 7
is done to develop idea of automatic stepsize selection and to gather information for
future study of higher-order accurate tau-leaping methods.

Let us suppose X () = z is the state at time t and for time step t + 7 where 7 > 0

is the state can be written as

M
XO@t+7)=2+ Z quJ(.e)(x, T)
=1

Here, superscript ”e” stands for explicit tau-leaping method. Where K ;e) (x,7) =
Pj(aj(z),7) for j = 1,..., M are independent Poisson random variables with mean
and variance a;(z)T.

Suppose that X (¢) = z is the state at time t, the state at time ¢ + 7 using the
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implicit tau (unrounded version) method is given by

M M
X(i)(t+7):x+21/jaj( Nt + 7)) Z T) — a;j(x)7)
j=1 j=1
where superscript ”i” is for implicit-tau leaping method.

Now we are going to see the local error using the local expansion of Taylor series

in 7. Below we follow the analysis by Rathinam et al.[37].

4.1 Local Error Analysis

Here we derive recursive integral forms for the solution of Chemical Master Equations
with local Taylor expansions of those integrals. This is the base to find the errors
generated by the tau-leaping methods [4]. Let us suppose the multi-index k =
(kv ..., ki), where k; € {1,..., M}, represents a sequence of reaction events Ry, firing in
this order. Again, suppose |k| = [ is the number of reactions and p(k;x, 7) represents
the probability that the sequence of reactions that happened in the interval (¢t + 7]
is exactly k given that X (¢) = x. Then

p(gsa,7) = e 0T

where ¢ means no reactions occurred. Let us consider the increment in the moments
be X (t+47) — X (t) given that X (¢) = x. The conditional expectation may be written

as

E(X(t+7)— X(t)X Z > pkix,7) <Zuka) (4.1.1)

1=1 k,|k|=I a=1

while the order r conditional moment is

E(X(t+7) = X@)|X() =2) = p(k;x, ) ( > yka) (4.1.2)
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For any state z and multi-index k, p(k;x,7) is an analytic function of 7. The
components of E((X(t + 7) — X (¢))"|X(t) = ) all analytic function of 7 on a
neighbourhood of O. In order to compute the above moments up to terms including

of order 2 in 7, by assuming the moments exist, we have to add terms with [ = 1 and

[ = 2 in equations (4 and (4.1.2) and then derive
M
E(X(t+7) - XX =2) = > vp((h);z,7
+ ZZ VJl +UJ2 ]1aj2);m77—)+0(7-3)
It can be shown that
p((k1, ko, ky); 2z, m) = / (ks oy ooy ki1 2, 8) Xag, (wF v, oy, e 0@t (7=9) g
0
By induction, we can show that p(k;x,7) = O(7*!) in the limit as 7 — 0. We have,

p((4);7,7) 2/0 e~ 0@, (z)em0EH)T=8) g (4.1.3)

and also

Pl die) = [ (i) X ane+ vy e 9ds (414)
0

for any j,j1,72 € {1,2,..., M}. Then using Taylor series expansion for the equations

(13) and @), we get

p((h)iz,7) —CL]T——TQZ(I] Haj, (z +v;) + a;,(2)} +O(7°)

Ji=1

and

1
_7_2aj1 (:E)an (1’ + Vj1) + O(TS)'

p((jl,j?);xﬂ_) = 2
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Also, we obtain for the r* order conditional moment
E((X(t+7) - X)X (1) Zup
+ Z Z(Vﬁ +v3,) (1, J2); 2, 7) + O(7°)

Jji=1j2=1

Using the Taylor expansion and simplifying for the mean, we get
M
E(X(t+7)— X)Xt =2) = 7 Z via;(z)

+ —7' ZZ%% Haj (@ +vj,) — a;,(x)}

Jj1=172=1

+ O(7%) (4.1.5)

Similarly, for the order » moment, we derive

E(X(t+71)—X@)'|X(¢) =2) = TZ viaj(r)

Using the expression, for p((7); x, 7) and p((j1, j2); x, 7) we can compute the conditional
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co-variance Cov(X (t + 7)|X(t) = x) as

Cov(X(t+7)|X(t)=2x) = Cov(X(t+7)— X()|X(t) =x)

= E((X(t+7) - X(0)*|X(t) = z) — (E(X(t +7) — X(1)| X (?)

We will find in what follows that the explicit tau-leaping method is weakly consistent

to first order in 7.

Theorem 4.1.1. [37/Order-1 weak consistency of the explicit tau-leaping method

Let x be any possible system state and r > 1 be any integer, then there exists a

constant M, > 0 and 6, > 0 such that

[E(X(t+ 7)) = E(XO ()X () = 2) = E((X(t+7) = X(1))"1X(t) = 2)|

for any 0< 1 < 0,.

< M,71?
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Proof. Note that, given X(®)(t) = 2, we have for the explicit tau-leap solution

B((X(0+ 1) - X)X 0 =) =
— B( L npian)
= Tzu;aj(x)+0(72). (4.1.7)

but for the exact solution we have

B((X(+7) - X(OYIX(0) =2 -

— sz;aj(x)+0(72). (4.1.8)

The theorem is proved by combining (4.1.7) and (4.1.8]). O

Since, we know that the explicit method is weakly consistent to first order, now

we need to see that the mean and covariance of local error is O(7?).

4.2 Local Error Formula for the Mean and Covariance
of Explicit Tau-leaping Method

If we use the equation (4.1.5) and the fact that

E(XO(t+7) = X)X (1) =) =7 vja;(x)
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then, we get the local error in the mean for the explicit tau-leaping method [37] as

E(XOt+7) - X(t+7)|XO0t)=X({t)=12) =

— —7‘2 Z Z Vhah {ah T+ VD) @jy (J})}

Jj1=172=1

+ O

Since the Poisson random numbers P;(a;(x),7) are independent, we have,

Cov(X©O(t + 1) X (t) = 2) = TZI/ aj(x (4.2.1)

Now using the equations (4.1.6) and (4.2.1)), we will get the local error in covariance

for explicit tau-leaping method as below ( see also [37])

Cov(X©(t 4+ 7)|X©(t) = x)

— Cov(X(t+7)|X(1) = 2) =

M M
1
= 37D B an(@)a o+ v) — 0y, (@)}
J1=132

=1

M M
7’ Z Z yjlyjzajl(x>{aj2(x + le) - an(l')}
J1=1j2=1

DN | —

M M
1
= 37 i) (0 4+ i) - a5, (2)}
J1=1j2=1

+ O(?).

Similar results may be obtained for the implicit tau-leaping method.

Theorem 4.2.1. [37] Consistency of rounded implicit tau-leaping method

If bounded Poisson random numbers are used then for any polynomial g : RN — R
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and any possible system state x € Z there exist C > 0 and § > 0 such that

[E(g(X 7t +7)) — (X (t+ 7)) XD () = X(1) = 2)| < OF

for all 7 €0, 6].

Here, "ir’ denotes rounded implicit of the tau-leaping method.

The proof uses the observation that X(© (¢ 4+ 7) = X(©)(¢ 4 7) with probability 1,
provided that X© () = X(©)(¢) = x, for any 7 € [0, d].

Theorem 4.2.2. [37] Consistency of unrounded implicit tau-leaping method
If bounded Poisson random numbers are used, then for any polynomial g : RY — R

and any possible system state x € Zﬂ\r’ there exist C' > 0 and d > 0 such that

B((XO(t +7)) - g(X(t + 7)IXD() = X(1) = 2)| < O~

for all 7 €0, 6].

Let us find the formula for the local error of the implicit tau-leaping method using

Taylor expansion in 7.
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4.3 Local Error Formula for the Implicit Tau-leaping
Method

Using Taylor’s formula and writing X (¢ + 7) = X’ and the intermediate state X/

where X' is a deterministic function of X/ we have:

X = X 4+ Tzvj{aj(Xé) —a;(z)}

b TSSO (X (XD — )

Jj1=172=1

+ O(r®) (4.3.1)

Assuming that bounded Poisson numbers are used, for any function ¢ : R — R that
is Lipschitz continuous on any bounded domain of RY and any possible system state

x there exist K > 0 and § > 0 such that

[B(g(XO(t +7) = g(2)| XO(t) = 2)| < K7

for all 7 € [0, 9].
This shows that double summation component in equation (4.3.1]) can be replaced
by O(73). Hence, the equation given below can be used to compare the local error in

implicit tau-leaping method to that of explicit tau-leaping scheme:
M
XO@+7) = XOU+7)+7Y v{a, (Xt +7)) —as(a)} +O(*)
j=1

Here, we assume X (¢) = X(© = 2. In order to calculate the r* moment of X ® (¢ +
T), we need to raise the above equation to the power r and take expectation on both

sides.
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Below we present some theorems of weak convergence of the explicit and implicit

tau-leaping methods.

Theorem 4.3.1. [37] Order-1 weak convergence of explicit tau-leaping method
Assuming the propensity functions are linear and x is a possible state, if the explicit

tau-leaping method is applied with X (to) = x and the time steps T1, Ty, ..., T are

77777

exist constants C' > 0 and 6 > 0 such that

E((X )t +T))") — E((X (to + T))")|| < Cr

for all 7 € (0,9).

The proof of this theorem, which is beyond the scope of this thesis, is based on
the standard result in numerical analysis stating that consistency and zero-stability

imply convergence.

Theorem 4.3.2. [37] Order-1 weak convergence of implicit tau-leaping method

Assuming the propensity functions are linear and x is a possible state, if the implicit
tau-leaping method is applied with XV (ty) = x and the time steps Ti, T, ..., Tn are
such that 377 7; = T, T = mazj=1,__.{7;}, then for any positive integer r, there

exist constants C' > 0 and 6 > 0 such that

IE((X O (to + 1)) = E((X (to + 7))l < C7

for all 7 € (0,9).

Under the assumption that all propensity functions are locally Lipschitz, Li[31]

showed that the explicit tau-leaping method has strong order of convergence 1/2 in
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L? and weak order of convergence 1. In this case, if the tau-leaping method is applied
on amesh 0 =ty <t <..<t, =T of the interval [0, 7], then there exists C' > 0
such that, for 7 = Inax (t;11 — t;) we obatin

0<i<n—-1

sup]E(|X(e)(tl) — X(tl)|2> <Cr

I<n

and

[E(9(X (1)) — E(9(X(ta)))] < O

This shows that the explicit tau-leaping scheme has strong order of convergence 1/2
and weak order of convergence 1. This is similar with the results for the Euler-Maruyama

strategy for SDE.
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Chapter 5

Numerical Experiments

In this chapter , we study the behavior of the higher order tau-leaping methods,
the midpoint and trapezoidal tau-leaping strategies, compared to the lower order
tau-leaping schemes and the exact stochastic simulation algorithm. We test these
methods on three models of biochemical systems of practical interest. On each
model, we simulate 10,000 trajectories for each method and compare the resulting
histograms with the histograms obtained using 10,000 trajectories generated with the

exact stochastic simulation algorithm of Gillespie.

5.1 Simple Reaction Channel

Consider first the simple reaction model from having four species and three reaction

channels [36]:

S; 5 S
S3 =S

51+SQ — 51+S4
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The total number of S; and S; molecules is constant (denoted by zr). If we do
not consider the by-product Sy, then this model can be expressed as system with

two variables, xz; and xy, where x; and x, are the molecular counts of S; and S,

respectively.

The initial conditions and the reaction rate parameters are

1 10°
Co 103
cs 0.0005
z1(0) 1000
z5(0) = 100
zr = 2000.

The propensity functions for the reactions above are as follows:

ap = I
az = colaxp — 1)
a3 = C3T1T2

The system is studies on the time interval [0, 22].

The state change vectors for the reactions Ry, Ry and Rj3 , respectively are

We simulated 10000 trajectories for each of the midpoint, trapezoidal, implicit and
explicit tau-leaping methods and Gillespie’s algorithm and plotted the histograms for
these strategies at T' = 0.05/4 for each of the species. Figure 5.1 shows the histograms

for the species S, while figure 5.2 presents the histograms for the species S,.
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Sample time-evaluation trajectories for the species S; and Sy are presented in
figures 5.3 and 5.4, respectively.

From Figures 5.1 and 5.2, we see that the midpoint and trapezoidal tau-leaping
schemes are slightly more accurate for the same size of the leap 7 than the implicit
and explicit tau-leaping techniques.

In Figure 5.5, we showed the graphs of the relative global errors of each of the
tau-leaping methods at time 7' = 0.05/4, for the following sequence of step sizes
7 =3.125 x 1077,1.563 x 10~7 and 7.81 x 1078, The loglog plots are presented. We
can clearly see that the errors in the higher order methods are smaller than those for

the lower order methods.
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Figure 5.1: Simple reaction channel: Histograms of species S; computed using the

SSA, the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time
T = 0.05/4.
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Figure 5.2: Simple reaction channel: Histograms of species S5 computed using the
SSA, the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time
T = 0.05/4.
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Figure 5.3: Simple reaction channel: A sample trajectory of number of molecules of
species S; as function of time.
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Figure 5.4: Simple reaction channel: A sample trajectory of number of molecules of
species Sy as function of time.
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5.2 Decay-dimerization Reaction Channel

The second model considered in this thesis is the Decay-dimerization reaction system

[36]. The system involves three species and four reactions:

S L0
Si+5 & S,
Sy 2 5+ 5

Sy & Ss

The model is subjected to the following initial conditions:

25(0) = 798

It has the following parameter values ¢; = 1, ¢y = 10, ¢3 = 1000 and ¢4 = 0.1.

To the reaction channels above correspond the following propensities

ap = 1
ay = bri(zy—1)
az = 1000z,

as = 0.1z,

This model is integrated on the time interval [0, %2].
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The state change vectors are

As with the previous system, the decay-dimerization model is simulated using 10,000
trajectories using the midpoint, trapezoidal, implicit and explicit tau-leaping methods
with the same value of the step-size 7 and with 10,000 trajectories generated with
the SSA. The histograms at 7' = 0.02/4 obtained using each of these methods for
the species S7 and Sy are given in figure 5.6 and figure 5.7, respectively. It is worth
noting that this model is stiff, having both fast and slow reactions.

The trapezoidal tau-leaping method is the most accurate on this model. The
midpoint tau-leaping scheme is slightly less accurate on this stiff problem.

The evaluations in time of the molecular counts for species S7 and Sy on a sample
SSA are plotted in Figures 5.8 and 5.9, respectively. In addition, the loglog plot of
the relative error of each tau-leaping method at 7' = 0.02/4 compared to the reference
SSA solution, as a function of the step size 7 is shown in Figure 5.10. This Figure
confirms that higher order tau-leaping methods are more accurate than lower order

ones.
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Figure 5.6: Decay dimerization reaction: Histograms of species S; computed using
the SSA, the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time

T = 0.02/4.
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Figure 5.10: Decay dimerization reaction: Log log plot of the relative global error at
time 7" = 0.02/4 as function of step size 7, for all the tau-leaping methods.

5.3 Potassium Channel

The final model we analyze is the Potassium channel (A K* channel)system. Tt
consists of three closed states (Si,Ss,53), one open state (S;) and one activation
state (S5), the there are N = 5 chemical species (57, Sa, S3, 54, S5) reacting through

10 reactions as mentioned below [33],
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T) = 3T

T) = 4T3

T) = Cely
x) = Crry

ag(zr) = cgrs

(
(
(
(
as(x) = csxg
(
(
(
(

The molecular amount of the S; species is denoted by x;. The stoichiometric matrix

of the Potassium channel model may be written as
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-1 1 0 O o 0 0 0 0 O

1

o o 1 -1 -1 1 O O 1 -1
o o o o 1 -1 -1 1 0 O
o o0 o o o0 o0 1 -1 -1 1

. The initial conditions are set to X (0) = [100, 50, 100, 50, 100]%,

while the values of the reaction rate parameters are given by

(1) = 0.1
c2) = 0.1
c(3) = 0.1
c(4) = 0.1
¢(5) = 0.1
c(6) = 0.1
o(7) = 0.1
¢(8) = 0.1
c(9) = 0.1
(10) = 0.1

This relatively large size system is integrated on the time interval [0, 5].

A sample size of 10,000 trajectories are simulated with the tau-leaping methods
considered in this thesis, using the same leap size 7 and the results are compared to
those generated employing 10,000 trajectories of the exact SSA. The histograms at
T = 5 of each of the species 57, S, S3, .54 and S5 are given in Figures 5.11, 5.12, 5.13,
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5.14 and 5.15., respectively. All tau-leaping methods are accurate on this model
with the step-size used, the midpoint and trapezoidal tau-leaping techniques are
slightly more accurate than the lower order implicit and explicit tau-leaping schemes,
as expected. As with the previous models, for this larger model the higher order

tau-leaping algorithms have higher order of accuracy as tested numerically.
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Figure 5.11: Potassium channel: Histograms of species S; computed using the SSA,
the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time 7" = 5.
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Figure 5.12: Potassium channel: Histograms of species Sy computed using the SSA,
the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time T" = 5.
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Figure 5.13: Potassium channel: Histograms of species S3 computed using the SSA,
the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time T" = 5.
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Figure 5.14: Potassium channel: Histograms of species S; computed using the SSA,
the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time T" = 5.
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Figure 5.15: Potassium channel: Histograms of species S5 computed using the SSA,
the explicit, implicit, midpoint and trapezoidal tau-leaping methods at time T" = 5.
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Chapter 6

Conclusion

Mathematical modeling and simulation of biochemical systems are important research
areas in systems biology. In recent years, mathematical modeling and computer
simulations have been recognized as some of the key tools for studying biochemical
process taking place in a single cell. With the advance of technology, more accurate
biological data become available. Those data may be used for building more realistic
models of critical processes at the cellular trend. In the case of processes involving
some biochemical species in low molecular counts ( such as DNA and RNA), stochastic
models are necessary for an accurate description of the system dynamics. Stochastic
models are more complex than the deterministic ones and more challenging to solve
numerically.

In this thesis, we study a stochastic discrete model of well-stirred biochemical
systems known as the Chemical Master Equation. Gillespie proposed an exact Monte
Carlo method for the Chemical Master Equation, the Stochastic Simulation Algorithm
or the SSA. Nonetheless, the SSA is very expensive on many realistic biochemical
systems arising in applications. To deal with this difficulty, Gillespie introduced
the approximate tau-leaping method, which steps over many reactions during one
simulation step. While the explicit tau-leaping method is applicable to non stiff

models of biochemical reactions, the implicit tau-leaping scheme is more efficient
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for stiff model. The explicit and implicit tau-leaping techniques have low order of
accuracy. This work focuses on the study of higher order tau-leaping methods, namely
the midpoint and trapezoidal tau-leaping schemes. We study these two higher order
methods and compare their performances with that of the low order methods, the
explicit and implicit tau-leaping schemes and the exact, but expensive SSA.

Our numerical tests on several systems encountered in applications showed that
the higher order leaping strategies give more accurate numerical results than the
low order leaping schemes and are therefore preferred when high accuracy of the
simulation is required. This is important , for example, when studying biochemical
systems which are sensitive with respect to some of their parameters.

In the future, we plan to study efficient time-stepping strategies for higher order

tau-leaping methods.
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