
LINEAR POWER-FLOW ANALYSIS METHOD FOR  

AC-DC ELECTRIC POWER NETWORKS 

 

by 

 

Mohammadreza Vatani 

 

Bachelor of Science, University of Tehran, 2010 

Master of Science, Amirkabir University of Technology, 2013 
 

A thesis 

presented to Ryerson University 

in partial fulfillment of the 

requirements for the degree of  

Master of Applied Science 

in the program of 

Electrical and Computer Engineering 
 

 

 

Toronto, Ontario, Canada 2018 

©Mohammadreza Vatani, 2018 

 



ii 

 

 

AUTHOR'S DECLARATION FOR ELECTRONIC SUBMISSION OF A THESIS  

  

 

I hereby declare that I am the sole author of this thesis. This is a true copy of 

the thesis, including any required final revisions, as accepted by my examiners.  

  

I authorize Ryerson University to lend this thesis to other institutions or 

individuals for the purpose of scholarly research.  

  

I further authorize Ryerson University to reproduce this thesis by 

photocopying or by other means, in total or in part, at the request of other 

institutions or individuals for the purpose of scholarly research.  

  

I understand that my thesis may be made electronically available to the 

public. 

  



iii 

 

 Linear Power-Flow Analysis Method for  

AC-DC Electric Power Networks 

 

Mohammadreza Vatani 

Master of Applied Science 

Electrical and Computer Engineering 

Ryerson University, Toronto, 2018 

 

 

 ABSTRACT CHAPTER 1.

 

AC-DC power systems have been operating more than sixty years. Nonlinear bus-wise 

power balance equations provide accurate model of AC-DC power systems. However, 

optimization tools for planning and operation require linear version, even if approximate, for 

creating tractable algorithms, considering modern elements such as DERs (distributed energy 

resources). Hitherto, linear models of only AC power systems are available, which 

coincidentally are called DC power flow. To address this drawback, linear bus-wise power 

balance equations are developed for AC-DC power systems and presented. As a first 

contribution, while AC and DC lines are represented by susceptance and conductance elements, 

AC-DC power converters are represented by a proposed linear relationship. As a second 

contribution, a three-step linear AC-DC power flow method is proposed. The first step solves 
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the whole network considering it as a linear AC network, yielding bus phase angles at all 

busses. The second step computes attributes of the proposed linear model of all AC-DC power 

converters. The third step solves the linear model of the AC-DC system including converters, 

yielding bus phase angles at AC busses and voltage magnitudes at DC busses. The benefit of 

the proposed linear power flow model of AC-DC power system, while an approximation of the 

nonlinear model, enables representation of bus-wise power balance of AC-DC systems in 

complex planning and operational optimization formulations and hence holds the promise of 

phenomenal progress. The proposed linear AC-DC power systems is tested on numerous IEEE 

test systems and demonstrated to be fast, reliable, and consistent. 
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CHAPTER 1.  

 

 

INTRODUCTION 

 

 

 

1.1 Introduction 

AC-DC power systems have operated well over a half a century. Optimal planning and 

operations for AC-DC large-scale power systems are very important. These mixed integer 

optimization formulations include expansion planning for transmission systems, unit 

commitment and optimal power flow. These formulation model AC-DC transmission system 

elements using a set of bus-wise power balance equations, which are nonlinear and non-

convex. 

In several instances, considering large-scale power AC power systems, transmission 

system is usually modelled using a linear equivalent model, called DC power flow equations. It 
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makes these large scale problems more tractable. However, linear model of AC-DC power 

systems does not exist and hence their optimization formulations for planning and operations 

remain a computational challenge. 

Due to the recent advances in energy storage devices and techniques, DC cables, electric 

vehicles, and AC-DC power converters, more DC devices are interfaced with the legacy power 

system. DC networks exhibit advantages over AC ones in terms of voltage regulation, power 

losses, power quality, reliability, and more straightforward accommodation of renewable 

energy resources [1]. In this regard, lately, the attention toward medium-voltage (MV) DC 

microgrids has increased among researchers. Thus, the future power system is expected to have 

AC-DC architecture in which loads and generation in both AC and DC forms with different 

sizes and voltage levels co-exist [2]. For instance, the first MV grid-connected battery energy 

storage system was commissioned in 2016 [3]. City infeed [4] and the connection of offshore 

wind farms to power systems [5] are two other examples of MV AC-DC networks. 

In order to have a successful transition from the legacy AC power system to an AC-DC 

power system, some existing analysis tools should be modified while some new ones are to be 

produced. The power-flow analysis is one such a basic tool for power system simulation, 

analysis, and design. Non-linear AC-DC power flow is currently being developed through 

research studies. However, there is a strong need for a linear power-flow analysis method for 

AC-DC electrical networks. 

Power-flow analysis is required for almost any power system project from establishing a 

new power plant or transmission line to optimally manage the generation of generators for loss 

reduction purposes. So much significant is the role of power-flow analysis in industry, 
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electrical utilities, and academia that different power systems analysis software companies have 

spent noticeable efforts to develop and increase the efficiency and accuracy of their power-flow 

analysis toolbox. They should keep pace with new technologies, configurations, and operations 

which are applied to power systems.  

Considering the above explanation about the importance of power flow tools in power 

system study, planning, and operation; this thesis intends to solve the problem of linear AC-DC 

power-flow analysis in AC-DC electrical networks. The linear power-flow analysis has a wide 

range‎of‎applications‎in‎power‎system‎and‎energy‎markets.‎However,‎to‎the‎best‎of‎the‎author‟s‎

knowledge, there is still no reliable and straightforward method as a solution to this problem. 

1.2 Literature Survey 

The operation of AC-DC electrical networks requires more knowledge about its 

capabilities and possible configurations. In [6, 7], the main benefits of AC-DC networks are 

pointed. For instance, it makes it easier and more efficient to integrate the AC- or DC-based 

devices (e.g., loads, generators, energy storage, and electric vehicles) to the network because it 

minimizes the need for interface devices and reduces the conversion stages. Moreover, voltage 

transformation and support can be achieved in DC subgrids by the use of DC-DC converters 

without use AC transformers. However, there are some significant challenges for AC-DC 

networks like reliability, protection and control complexity. 

The recent works related to the title of this thesis are briefly introduced and reviewed in 

this section. They are classified into three different topics including AC-DC electrical 

networks, non-linear AC-DC power flow, and linear AC power flow. Having a general 
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overview of AC-DC network, its applications, configurations, and definitions is essential. 

Moreover, surveying the recent works about non-linear AC-DC power flow gives us the ideas 

and models based on which the new linear methods and algorithms may be established. Finally, 

reviewing the linear AC power-flow analysis method enables us to be familiar with the 

approximations and assumptions which should be made for linearizing the load models and 

power flow equations. 

1.2.1 Non-Linear AC-DC Power Flow 

Different sequential and unified non-linear techniques have been proposed for AC-DC 

power-flow analysis for distribution systems, industrial networks, MV microgrids, and high-

voltage direct-current (HVDC) transmission systems. In [2], a unified approach for AC-DC 

power-flow analysis in islanded microgrids is proposed. AC and DC subgrids, their 

components, and their AC-DC power converters are mathematically modelled. The linear and 

non-linear equations are then solved simultaneously by using a globally convergent Newton 

trust-region method. Moreover, some special conditions of an islanded AC-DC microgrid such 

as the bidirectionality of the power flow and the droop-based control systems of converter-

based distributed generations are considered.  

An improved method for AC-DC power-flow analysis with multi-infeed DC systems is 

proposed in [8]. This method enhances the performance and the accuracy of calculation by 

avoiding unfeasible solutions and interruptions when AC-DC power flow is calculated. Three 

suggestions are introduced to improve convergence properties and speed of AC-DC power flow 

calculation by adjusting the AC-DC power converter transformer tap positions. The burden of 

AC-DC power flow calculation is noticeably reduced by calculating each DC system as an 
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individual calculation unit and independent to other DC systems. A generalized steady-state 

model for the multi-terminal voltage-sourced converter (VSC) with is introduced in [9]. The 

converter equations are derived with further elaborations on converter step-up transformer, 

filter, and operation limits. The introduced model can be used in sequential AC-DC power-flow 

analysis algorithms. Additionally, connection of multiple DC subgrids within one AC network 

is considered in this model.  

A unified power flow algorithm based on Newton-Raphson method with a detailed model 

of the VSC including the converter power losses is presented in [10]. A model of DC subgrid is 

constructed which is compatible with different DC voltage control modes and any AC-DC 

networks topologies. Three separate sets of mismatch equations and unknown variables 

corresponding to AC, VSC, and DC models are defined. Finally, the quadratic convergence of 

the algorithm is obtained by using the Newton-Raphson‎method.‎ A‎ π-model of controllable 

AC-DC converters is proposed in [11]. This model can be applied even to unbalanced three-

phase systems in which the AC-DC power converters are controlled through current 

controllers. Independent to the control strategy of the AC-DC power converter, it is modelled 

as an impedance in series with an ideal AC-DC converter.  

A unified admittance matrix can be obtained for the entire AC-DC‎system‎by‎using‎the‎π-

model of the AC-DC controllable converter proposed in [11]. Then, the Newton-Raphson 

power-flow analysis method can be utilized by having an admittance matrix for the overall AC-

DC network. A method for AC-DC power flow studies in industrial AC-DC power systems is 

suggested in [12]. Special features of certain industrial AC-DC distribution systems such as 

large commutation resistances as well as the approximation of a fixed-magnitude relation 
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between AC and DC currents of an AC-DC converter are taken into account in this paper. The 

effects of the aforementioned parameters on system power flow are indicated by deriving a 

detailed model of the converter for use in a Newton-Raphson power flow program.  

A unified power flow model for AC-DC distribution systems is proposed in [13] which 

introduces a new classification of the system buses for power flow analysis. In this paper, the 

AC-DC distribution system is based on VSCs. Possible topologies of AC-DC distribution 

systems are analyzed and described by three binary matrices. These matrices are utilized to 

form the unified power equations allowing the method to have a high degree of flexibility. 

They identify the type of the configuration in power equations at a certain time. This method is 

applicable to both grid-connected and islanded operation modes of distribution systems. 

Another unified power flow algorithm for AC-DC power systems is presented in [14]. The AC-

DC converter is modelled by the minimum combination of state variables which are voltage 

magnitude and phase angle of the AC node and the voltage magnitude of the DC node of the 

AC-DC converter. This decreases the complexity of the unified power flow algorithm. The 

aforementioned state variables are defined and calculated under diverse control strategies of 

VSC. Then, the bus-power-equilibrium equations of AC and DC nodes of VSC are modified 

for the unified power flow algorithm.  

In [15], A new algorithm for power-flow analysis for AC-DC power systems with 

offshore wind farms is proposed. The AC mismatch equations are updated by the transferred 

power at the AC-DC converter-interfacing buses. The modulation index control of the AC-DC 

converter is modelled. The proposed algorithm in this paper is suitable to be implemented for 

optimal power flow analysis, load flow congestion studies, unity dispatch and static security 
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assessment problems of hybrid networks. A new power flow calculation approach for AC-DC 

grids including VSC-based multi-terminal DC networks is introduced in [16]. The converter 

losses are considered in this approach while it can be categorized as a unified AC-DC power 

flow approach. The AC-DC converter losses and control modes are handled by introducing a 

new state variable. The method is built upon a unit called general unified AC-DC unit. Then, 

two different analysis methods are introduced and compared based on modification 

requirements and computational time. Another AC-DC power flow model with VSC multi-

terminal HVDC is suggested in [17]. The proposed method consists of two nodal equations and 

two power constraints for each AC bus and one nodal equation and one power constraint for 

each DC bus. The VSC equation is split into the AC and DC network model which decreases 

the total number of equations for the complete AC-DC network and consequently enhances the 

computational efficiency. The method is independent of VSC control strategy and 

configuration. 

1.2.2 Linear AC Power Flow 

Linear power-flow analysis plays a significant role in power system planning and 

operation. It is widely used for contingency analysis [18, 19], real-time security-constrained 

economic dispatch [20], unit commitment [21], and medium-to-long term transmission 

expansion planning [22]. The aim of linear power-flow analysis is to calculate the amount of 

active power passing through each transmission lines. Various approximations and assumptions 

have been proposed for linearizing the AC power balance equations or load models [23, 24]. 

The impact of these assumptions on the accuracy of the linear power flow results is studied in 

[23]. 
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 In [25], a new load model is introduced which considers the load voltage dependency. 

The load is divided in this paper into an impedance and a current source based on a simple 

curve-fitting technique. This model can be used for linear power flow analysis with some 

numerical approximations on the imaginary parts of the nodal voltages. The method in [25] is 

modified in [26] to meet the load unbalance conditions of distribution systems. Assuming the 

negligible voltage angles and magnitudes variations in distribution systems, a three-phase linear 

power flow formulation is presented. In [24], another linear power flow method for unbalanced 

and balanced three-phase power distribution systems is suggested which considers the ZIP 

models of the loads. This method is appropriate for the networks with high R/X ratio. Another 

linear power flow method for unbalanced active distribution network is proposed in [27]. PV 

nodes and ZIP model of the loads are considered in this paper. Probabilistic power flow, 

convex optimal power flow, and volt-VAR control are good applications of this method. In 

[28], a linear power flow technique for power system reliability studies is introduced. This 

method provides the approximate values of both bus voltage magnitudes and phase angles. The 

proposed method is suitable to be used for those test systems with less than 118 buses. The 

linear AC power-flow analysis is modified in [29, 30] for phase shifting transformer 

applications in power system and optimal power-flow analysis. In [31], a new linear active 

power flow is introduced. This method is based on decoupling principles solving phase angle 

and magnitude of the voltage in decoupling form. Moreover, the aforesaid method takes the 

resistance of transmission lines into the account. It means that it does not assume the high value 

of X/R ratio. However, the procedure of the proposed method is not as simple as the classical 

linear AC power-flow analysis method. 
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As the summary of literature survey, it can be said that AC-DC power systems have 

gained‎researchers‟‎attention‎ in‎diverse‎fields‎such‎as‎configurations,‎control‎strategy, energy 

management, and power electronics. As a power system study point of view, power-flow 

analysis methods should be available for planning and operation of AC-DC electrical networks. 

Although different unified and sequential non-linear AC-DC power-flow analysis methods 

have recently proposed or developed for different types of applications, to the best of the 

author‟s‎knowledge,‎no‎linear‎AC-DC power-flow analysis method can be found in the recent 

literature and a new method is required.  

1.3 Motivation of the Thesis 

Nowadays; due to the existence of energy market, real-time pricing, different contingency 

analysis methods, and etc.; the operation of power systems has become more dependent upon 

fast power system analysis toolboxes like linear power flow. Moreover, the recent advancement 

of technologies has enabled us to utilize the high-voltage high-power semiconductor switches 

and devices increasing the efficiency of power systems through its operation in AC-DC 

configuration. However, technical tools and methods are required to pave the way toward the 

aforementioned purpose. One of these important tools is linear power-flow analysis. Although 

different methods for non-linear AC-DC power-flow analysis are suggested, to the best of the 

authors‟‎ knowledge,‎ the linear AC-DC power flow is not studied. Therefore, it was a 

motivation to fill the gap among the researches related to AC-DC power-flow analysis.  
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1.4 Objective of the Thesis 

In this thesis, the main focus is to provide a linear power-flow analysis method for AC-

DC electrical networks. The method is based on finding a matrix representing the entire AC-

DC network including AC subgrid, DC subgrid, and AC-DC power converter. Another focus is 

to find a linear model of AC-DC power converter to be incorporated in the aforementioned 

matrix. Finally, a straightforward procedure of the proposed method is presented.   

1.5 Introduction to the Next Chapters 

In Chapter 2, a general overview of the problem and require background are stated. Then, 

the problem is mathematically defined and the general form of the solution is formulated. The 

assumptions which should be taken in account for solving the problem are introduced. After 

that, the proposed method is described in detail as a solution for the defined problem. The 

proposed linear model of an AC-DC power converter is demonstrated. Then, the incorporation 

of this model into the AC-DC networks is explained. Finally, the procedure of the proposed 

linear AC-DC power-flow analysis method is presented and the flowchart of the procedure is 

illustrated. 

Chapter 3 is devoted to reporting the simulation results of the proposed method. First, a 

numerical example of a 4-bus test system is presented. The step-by-step procedure of the 

proposed method is elaborated on this test system. MATLAB/Simulink software is utilized to 

simulate the 4-bus test system. The proposed method is programmed in MATLAB software. 

Moreover, several test systems of different sizes are used to confirm the performance of the 

proposed method. Different indices are defined to comprehensively present the results. The 
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results of the proposed method are compared with a non-linear AC-DC power-flow analysis 

method‎ using‎ π-model of AC-DC controllable converters [11].‎ The‎ π-model of the AC-DC 

converters is also programmed in MATLAB software. The accuracy and the performance of the 

proposed method are discussed for each test system. 

In Chapter 4, the conclusion of each chapter is expressed. Then, the major contributions 

of the research work are described and the main conclusion of the entire work is given. Finally, 

some recommendations are suggested for future works.  

1.6 Chapter Summary 

In this chapter, the topic of this thesis is introduced. The industrial and academic 

relevance of the topic is described. Then, the problem which is intended to solve and the 

importance of its solution for electric utilities are presented. The recent researches on this topic 

are studied. The literature review points the main contributions and drawbacks of the recent 

work and helps to find the gap among them. Then, the motivation and objective of the thesis 

are mentioned. Finally, the introduction to the titles of the next chapters and their contents are 

given.   
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CHAPTER 2. 

 

 PROBLEM STATEMENT AND CHAPTER 2.

PROPOSED SOLUTION 

 

 

 

2.1 Introduction 

This chapter is devoted to stating the problem associated with the linear power-flow 

analysis in AC-DC electric power networks as well as to proposing a method for solving the 

introduced problem.  Different linear power-flow analysis methods for AC and DC networks 

are already utilized in diverse power system analysis software and also in academic research. 

Hence, the missing part is a linear model of AC-DC power converters to be joint to the linear 

models and equations of AC and DC subgrids. In this regard, a review of linear power-flow 
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analysis methods for both AC and DC subgrids are presented. The related assumptions, 

equations, and procedure are also expressed since they may be referred to or used in the next 

parts. Then, the general form of linear AC-DC power-flow equation is conceptually obtained 

based on the linear power-flow formulations of AC and DC subgrids.  

The aim of this chapter is to propose a method for linear AC-DC power-flow analysis. As 

the first step, a linear model of AC-DC power converter is introduced and then, the linear active 

powers bidirectionality flowing through the AC-DC power converter are achieved. These two 

linear equations represent the linear active power flowing through AC-DC power converter 

from the AC side to DC side and vice versa. The linear power flow equations of AC-DC power 

converter are formulated in nodal injection form when AC and DC subgrids are connected to 

the AC-DC power converter. Consequently, a matrix which is referred in this thesis to as [BG] 

matrix is introduced which represents the entire AC-DC network. 

The procedure of the proposed linear AC-DC power-flow analysis method is explained in 

the last part of this chapter. The procedure includes three steps. The aim of the first and the 

second steps is to find the parameter λ. This parameter should be determined to make us able to 

establish the [BG] matrix. Once the value of λ is calculated, the [BG] matrix can be formed and 

the linear AC-DC power-flow equation can be solved. Then, the unknown variables of AC and 

DC subgrids can be obtained. 

2.2 Problem Statement 

An AC-DC network consists of an AC subgrid, a DC subgrid, and an AC-DC power 

converter which interlink those subgrids. The linear power-flows equations for AC and DC 
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subgrids are presented first in this section. Then, the general form of linear power-flow 

equations for the overall AC-DC network is presented by taking the AC-DC power converter 

into the account. The general form of linear AC-DC power-flow equation is defined based on a 

matrix representing the AC-DC network entirely. This matrix is called [BG] matrix in this 

thesis. 

2.2.1 Power Flow of AC Subgrid 

The active power injection of an AC bus,   in an AC sub-grid is given by: 

     ∑    (                       )

       

 ∑     

     

               ( ‎2.1) 

where PCAc is the value of power flowing into power converter at the AC bus, i. 

The aim of the linear power flow is to find the active power flowing through each line. To 

linearize (2.1), the following assumptions were adopted as those presented in [32] should be 

taken into account.  

Assumption #1: The ratio of line reactance to resistance is assumed to be high, typically 

greater than 4 (i.e., 
 

 
  ). The value of four (4) limits the error caused by this assumption [23] 

and can be found in lines with voltages equal to or higher than 25 kV.  

The admittance of each line can be represented by the following equation: 

[  ]   [ ]|             
( ‎2.2) 
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Assumption #2: In a healthy power system, the voltage magnitudes of the buses, in per 

unit, are close to unity and hence assumed to be unity. In practice, the voltage magnitudes are 

in a range between 0.95 p.u to 1.05 p.u.  

Assumption #3: It is also assumed that the phase angles of voltage phasors are close to 

each other and, therefore, the following approximation can be made, when expressed in 

radians: 

   (     )        
( ‎2.3) 

In order to validate the given approximation in (2.3), the comparison between the angle 

value and its sinusoidal function is shown in Figure ‎2.1. The angle is represented in degree and 

the output function of x is expressed in radian. This figure indicates that the value of sin(x) is 

very close to x for small values of angle. The difference value between these two functions 

increases when the angle value gets larger. The error value between sin(x) and x as a function 

of angle is illustrated in Figure ‎2.2. It can be observed that the percent error value is negligible 

when the angle is less than 5 degrees. However, the error value can be limited to 5% if the 

angle x is less than 30 degrees. 
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Figure ‎2.1: Comparison of x and sin(x) for small angle approximation 

 

Figure ‎2.2: Percent error of small angle approximation 
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In most normal operating conditions, δik is smaller than 30 degrees ensuring a low value 

of error caused by this assumption. 

Based on the aforementioned assumptions, the linear form of (2.1) is given by  

   ∑       

       

 ∑    

   

                
( ‎2.4) 

which can be presented in a matrix form as 

[   ]  [  ][   ]  [  ][   ] 
( ‎2.5) 

where [  ] is B-prime matrix. [   ] and [ ] are vectors of bus-wise active power injections and 

phase angle of voltage phasors, respectively. [  ] and [   ] are incident matrix of power 

converters on AC busses and vector of powers flowing into power converters at the AC busses. 

Matrix [  ] is defined as below: 

     {
                                       
          

 
( ‎2.6) 

 

2.2.2 Power Flow of DC Subgrid 

The transmission lines in a DC subgrid are purely resistive. Moreover, the voltages and 

powers are real numbers. Thus, the power injection of a DC bus i, in a DC subgrid is given by: 

           ∑       

       

 ∑    

   

                 
( ‎2.7) 
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where Gik is the element of conductance matrix positioned at ith row and kth column.. The 

product of the voltages causes a non-linearity in (2.7). However, if    is assumed to be equal to 

1 p.u., the following linear equation approximates the power flow of the DC network:  

   ∑       

       

 ∑    

   

                    
( ‎2.8) 

Equation (2.8) can be written in a matrix form as: 

[   ]  [ ][   ]  [  ][   ] 
( ‎2.9) 

where [ ] is conductance matrix of the DC sub-grid and [   ] and [   ] denote the nodal 

active power injection vector and nodal voltage vector in DC subgrid, respectively. [  ] and 

[   ] are incident matrix of power converters on DC busses and vector of powers flowing into 

power converters at the DC busses. Matrix [  ] is defined as below: 

     {
                                       
          

 
( ‎2.10) 

 

2.2.3 Linear Power Flow Formulation of AC-DC Networks 

Equations (2.5) and (2.9) give the matrix forms of linear power-flow equations for the AC 

and DC subgrids. There also exists an AC-DC power converter that interlinks these AC and DC 

subgrids. The AC-DC power converter has an AC bus and one DC bus. Any types of AC loads 

and generations may be connected to the AC side of the AC-DC power converter. The DC 

loads and generators also may be connected to the DC side of the converter. Therefore, the DC 

and AC sides of this converter must be included in the nodal power injection vector. Similarly, 

two more variables are included in the vector of unknown variables. The corresponding 
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unknown variable to the AC side of the AC-DC power converter is the phase angle of the 

voltage and the corresponding unknown variable to the DC side of the AC side of the AC-DC 

power converter is the magnitude of the voltage. 

Like the B-prime matrix of the AC subgrids and the G-prime matrix of DC subgrids, a 

matrix should be defined here to relate the nodal active power injection vector to the unknown 

variables of the AC-DC network and also to presents the entire AC-DC network in just one 

matrix. This matrix is referred in this thesis to as [BG] matrix. It is called BG since it has the 

same function as [B′] and [G′] in the AC and DC subgrids, respectively and it also includes 

both of them. The linear equations for AC-DC power flow can be expressed in a matrix form 

as: 

[
   

   
]  [  ] [

   

   
] 

( ‎2.11) 

in which PAC and PDC are the nodal power injections of AC and DC subgrids including the 

nodal power injections of AC and DC sides of the AC-DC power converter, respectively. 

Moreover,  δAC and VDC are the unknown variables of AC and DC subgrids including the phase 

angle of AC bus voltage and voltage magnitude of DC bus of the AC-DC power converter, 

respectively. However, the nodal power injection of AC-DC power converter buses must be 

expressed in terms of its unknown variables. These relationships are established in Section 

2.3.2. Equation (2.11) has the same appearance of linear AC power-flow analysis method in 

which the unknown variables are related to the nodal active power injection vector through a 

matrix. This matrix can represent the entire AC-DC network in linear power-flow analysis. 

Hence, we should look for a matrix which is called here as [BG] matrix. The AC and DC 

subgrids in an AC-DC network are represented by their corresponding matrices [B′] and [G′], 
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respectively. Therefore, we should find a way to incorporate the AC-DC power converter 

model in [BG] matrix. 

2.3 Proposed Solution Method 

In this section, the proposed method for AC-DC power-flow analysis is presented. The 

proposed method is based on the linear model of AC-DC power converters. Therefore, in the 

first part of this section, the proposed linear model of the AC-DC power converter is 

introduced. Then, the inclusion of the linear model of the converter to a typical AC-DC 

network is given. This is an essential step since we aim to achieve the linear model for the 

entire AC-DC network. Finally, the procedure of the proposed method for linear AC-DC power 

flow analysis is described. The procedure consists of three steps which make a straightforward 

process for obtaining the results. 

2.3.1 Linear Model of AC-DC Power Converter 

The proposed method in this study is limited to the steady state operation of the AC-DC 

power converters. Moreover, it is assumed that the converter is lossless. Therefore, the active 

power is balanced between the AC and DC sides of the AC-DC power converter. Consider the 

c
th

 AC-DC power converter connecting the i
th

 bus of the AC sub-grid and k
th

 bus of the DC 

sub-grid. The unknown variables of the AC-DC power converter for linear power flow analysis 

are the phase angle of the AC bus voltage    and the magnitude of the DC bus voltage   . The 

aim of the converter model for linear power-flow analysis is to describe the active power at 

both sides of the converter in terms of the aforementioned unknown variables. 
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Equations (5) and (9) give the matrix forms of linear power-flow equations for the AC 

and DC sub-grids. However, there also exist AC-DC power converters that interlink these sub-

grids and terms [   ] and [   ] require a linear framework. Therefore, for each power 

converter, an internal fictitious AC bus is created with a state      . The load at this bus equals 

zero. For the purpose of this representation,           

The schematic diagram shown in Figure ‎2.3 is used to derive the AC-DC power converter 

model for linear AC-DC power-flow analysis. The diagram consists of two components: the 

reactance xcc and the voltage conversion block represented by an ideal AC-DC power 

converter, respectively. They account for the equivalent reactance and the voltage 

transformation of the converter, respectively [11, 33]. A fictitious bus labelled as x is 

introduced to connect these two elements of Figure ‎2.3 As shown in this figure, the voltage 

magnitude of AC bus voltages, including the fictitious bus x, is equal to 1 p.u. based on the 

second assumption in Section 2.1. It is worth mentioning here that the fictitious bus x is 

considered as an AC bus since it is connected to the AC side of the ideal AC-DC converter. 

Hence, it has a voltage magnitude equal to 1 p.u. and a phase angle of the voltage defined as δx. 

This variable will be utilized to relate the AC bus of the AC-DC power converter to its DC bus 

and thereafter, δx will be eliminated from the equations 
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Figure ‎2.3: AC-DC power converter model for linear AC-DC power-flow analysis 

 

Assume the following relationship between the variables of the AC and DC sides of the 

ideal AC-DC converter (i.e., δx and Vks): 

       
( ‎2.12) 

The procedure of finding the value of λ will be presented later.  

Based on the equations for linear AC power flow, the power transferred from AC to 

DCside of the AC-DC power converter is 

     
     

   
 

( ‎2.13) 

Substituting from (2.12) to (2.13) produces: 

𝒙𝒄𝒄 

Ideal 

Power 

 Converter 

𝑽𝒙 𝜹𝒙 
𝑽𝒊 𝜹𝒊 𝑽𝒌 

𝑷𝑪𝑨𝒄 𝑷𝑪𝑫𝒄 

Bus i Bus k 
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    ( ‎2.14) 

Equation (2.14) presents the active power flowing from AC side of the AC-DC power 

converter to its DC side. 

In the matrix form, (2.14) is as below: 

    [ (  )]   [  ]    [ ( )]  [ (  )]   [  ]    
( ‎2.15) 

Assuming a lossless AC-DC power converter, the following equations can be written: 

            
( ‎2.16) 

      
 

   
   

  

   
   

( ‎2.17) 

Equation (2.17) expresses the active power flowing from the DC side of the AC-DC 

power converter to its AC side. It can be written in the matrix form as: 

     [ (  )]   [  ]    [ ( )]  [ (  )]   [  ]    
( ‎2.18) 

 Equations (2.15) and (2.18) are the basic materials for establishing the BG-prime matrix 

and the general form of linear AC-DC power-flow analysis as presented in (2.11). 

2.3.2 Linear Model for the AC-DC Network 

Equations (2.15) and (2.18) are linear equations of active power flowing through the AC-

DC power converter from AC side to DC side and vice versa. However, the aim of this thesis is 

to propose a method for linear AC-DC power-flow analysis the general form of which is 

presented in (2.11). It should be noted that the proposed method is independent of number of 

AC-DC power converters in the AC-DC network. In general, the AC-DC power converter can 
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be connected to any number of buses of AC or DC subgrids. Moreover, one or more AC or DC 

subgrids can be connected to the AC-DC power converter. Each AC or DC subgrid might have 

a radial or interconnected configuration.  

Equations (2.15) and (2.18) are used in Equations (2.5) and (2.9) to create a linear model 

of the entire AC-DC power system as below:  

[   ]  [  ][   ]  [  ]  [
[ (  )]   [  ]   

 [ ( )]  [ (  )]   [  ]   
 ] 

( ‎2.19) 

[   ]     [ ][ ]  [  ] [
 [ (  )]   [  ]   

 [ ( )]  [ (  )]   [  ]   
 ] 

( ‎2.20) 

Eq. (18) and (19) may be combined to be written in a Matrix form as below: 

[
   

   
]  

[
 
 
 
 
 [

[  ]  

[  ]  [ (  )]   [  ] 
] [

 [  ]  [ ( )]

 [ (  )]   [  ] 
]

 [  ]  [ (  )]   [  ] [

[ ]  
[  ]  [ ( )]

 [ (  )]   [  ] 
]

]
 
 
 
 
 

[
   

   
] 

( ‎2.21) 

It can be reduced to: 

[
   

   
]  [

[   ] [   ]

[   ] [   ]
] [

   

   
] 

( ‎2.22) 

Collating various submatrices, a single matrix is created: [  ] as below: 

[
   

   
]  [  ] [

   

   
] 

( ‎2.23) 

The only unknown value in (2.21) or (2.23) is λ whose calculation procedure is explained 

in the next section. 
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2.4 Proposed Three-Step Algorithm 

Equation (2.23) presents the equation of linear AC-DC power-flow analysis method. It 

means that having the nodal active power injection vector and also the [BG] matrix, the 

unknown variables of an AC-DC network can be calculated. The [BG] matrix, shown in matrix 

equation (2.21), includes the reactances and resistances of the AC and DC lines, as well as the 

parameter λ. The latter is an unknown parameter and should be calculated to fully establish the 

[BG] matrix.  

In this section, the procedure of the proposed method for linear AC-DC power flow 

analysis is described. The procedure of the proposed linear AC-DC power-flow analysis 

method includes three steps, which includes procedure to compute [  ] matrix based on the 

known parameters of the AC-DC networks and then to solve (2.23). 

The first step solves the whole network considering it as a linear AC network, yielding bus 

phase angles at all busses. The second step computes attributes of the proposed linear model of 

all AC-DC power converters. Here, the procedure for obtaining the parameter   is introduced.  

The third step solves the linear model of the AC-DC system including converters, 

yielding bus phase angles at AC busses and voltage magnitudes at DC busses. In this third step, 

the AC sections of full AC-DC power system are represented by real powers and bus phase 

angles related by respective bus susceptance matrices, the DC sections are represented by real 

power and bus voltage magnitudes related by respective conductance matrices, and relations 

between AC and DC section busses are related by respective   parameters representing linear 

models of AC-DC power converters. Aggregating these AC, DC and AC-DC relations, a set of 

linear power flow equations is presented in a matrix form to represent the entire AC-DC 
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network. This matrix is referred in this paper to as [  ] matrix. Finally, having [  ] matrix and 

the nodal active power injection vector at both AC and DC busses, the unknown variables of 

the AC-DC linear power flow analysis, which are phase angles of voltage phasors at AC busses 

and voltage magnitudes at DC busses, can be calculated. The known and unknown variables of 

the AC-DC power system are listed below. 

 

Table ‎2.1: Comparison of inputs and output of linear power-flow analysis between AC and DC 

subgrids 

Variables and parameters AC subgrid DC subgrid 

Unknown variable in linear power-flow analysis Phase angle, δ Voltage magnitude, V 

Network parameter Reactance, x Resistance, r 

Connected load Active power, P Active power, P 

 

 

Step #1- AC only solution 

 Without the knowledge of   parameter of linear model of AC-DC power converters, [  ] 

matrix cannot be formed. To address this, steps #1 and #2 are used to compute the   parameter. 

For this purpose, the DC sub-grid should be modified in this step #1 to be treated as a AC 

network. For this purpose, each resistive element of the DC sub-grid is represented by a 

reactance element of equal impedance and real power loads at DC busses are retained as real 

power loads at AC busses. 

Now, the original AC-DC network becomes a pure AC network, which is referred to as 

modified network in this study and it bus-wise susceptance matrix is denoted as [    
 ]. The 
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linear AC power flow can be run by using the same nodal active power injection vector as 

presented in (22). Then, considering the c
th

 AC-DC power converter connecting the i
th

 bus of 

the AC sub-grid and k
th

 bus of the DC sub-grid, the value of    is equal to the AC linear power 

flow result corresponding to the bus which accounts for the DC side of the converter. 

Step #2- Determining λ parameter for AC-DC power converters 

 Considering (2.12) and assuming that the value of    is equal to 1 p.u., the value of    

can be calculated having the value of    obtained in the previous step. It should be noted that 

the value of   must be determined for each AC-DC power converter of the AC-DC network. 

Step #3 – Linear AC-DC power flow 

 Determining the value of   for all AC-DC power converters, [  ] matrix can be 

completely formed. This matrix can represent the entire AC-DC network. Using the nodal 

active power injection vector (which is the same as used in the first step), (2.23) can be solved 

for the unknown variables. These variables are phase angles of AC bus voltage phasors and 

magnitude of voltage at all DC busses. The compact form of the equation for solving (2.47) is 

written below: 

[
   

   
]  [  ]  [

   

   
] 

( ‎2.24) 

The flowchart of the proposed three-step linear AC-DC power flow method is shown in 

Figure ‎2.4. Furthermore, a numerical example of a 4-bus test system is presented in next 

chapter to demonstrate the procedure of the proposed method.  
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  Data 

  ↓ 

Step #1  
Compute [

   

   
]. It is the difference between 

generation and load 

 ↓ 

 Create modified AC network and compute 

[    
 ] for it 

 ↓ 

 Compute phase angles for voltage phasors at all 

AC busses with AC-DC power converters 

  ↓ 

Step #2  Determine Value of   for all AC-DC power 

converters 

  ↓ 

Step #3  Compute [  ] matrix for AC-DC power system 

 ↓ 

 
Compute [

   

   
] using (22) 

  ↓ 

  Report results 

  ↓ 

  End 

 

Figure ‎2.4: Flowchart of the proposed method for linear AC-DC power-flow analysis 
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2.5 Chapter Summary 

In this chapter the problem associated with linear AC-DC power-flow analysis and the 

proposed solution were presented. In the first part, the problem statement was explained. In 

order to have a clear understanding of the problem, a brief review of linear power-flow analysis 

methods for AC and DC networks were given. The assumptions and formulations of those 

methods were also presented. It was mentioned that the entire AC and DC networks can be 

represented by B-prime and G-prime matrices, respectively in the linear power-flow analysis. 

Then, the existence of AC-DC power converter in an AC-DC network was considered. A new 

matrix, [BG] matrix, was introduced which represents the entire AC-DC network and relates 

the nodal power injection vector to the unknown variables of AC-DC networks. 

In the second part, the proposed method for linear AC-DC power-flow analysis and its 

basics and assumptions were presented. First of all, the linear model of AC-DC power 

converter was suggested based on which the linear equations of active power flowing through 

the converter were given. The model was based on the relationship between the phase angle of 

AC side voltage and magnitude of DC side voltage of the ideal AC-DC converter. The 

relationship parameter was called λ. Then, the linear model of AC-DC power converter was 

incorporated in a typical AC-DC network and finally, the equation of linear AC-DC power-

flow analysis was yielded. In this equation the elements of [BG] matrix were formulated. The 

only unknown parameter in [BG] matrix is λ which should be determined to enable us to 

calculate the [BG] matrix. 

The last part of this chapter was devoted to the procedure of the proposed linear AC-DC 

power-flow analysis method. The procedure consists of three steps. In The first step solves the 
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whole network considering it as a linear AC network, yielding bus phase angles at all busses. 

The second step computes attributes of the proposed linear model of all AC-DC power 

converters. Here, the procedure for obtaining the parameter   is introduced.  

The third step solves the linear model of the AC-DC system including converters, 

yielding bus phase angles at AC busses and voltage magnitudes at DC busses. In this third step, 

the AC sections of full AC-DC power system are represented by real powers and bus phase 

angles related by respective bus susceptance matrices, the DC sections are represented by real 

power and bus voltage magnitudes related by respective conductance matrices, and relations 

between AC and DC section busses are related by respective   parameters representing linear 

models of AC-DC power converters. Aggregating these AC, DC and AC-DC relations, a set of 

linear power flow equations is presented in a matrix form to represent the entire AC-DC 

network. This matrix is referred in this paper to as [  ] matrix. Finally, having [  ] matrix and 

the nodal active power injection vector at both AC and DC busses, the unknown variables of 

the AC-DC linear power flow analysis, which are phase angles of voltage phasors at AC busses 

and voltage magnitudes at DC busses, can be calculated. 
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 SIMULATION RESULTS CHAPTER 3.

 

 

 

3.1 Introduction 

In this chapter, the simulation results of the proposed method are presented and its 

performance is investigated. As the first case study, a numerical example of a 4-bus test system 

is given to clarify the procedure of the proposed method. It helps to completely understand the 

step which should be taken for running the proposed linear AC-DC power-flow analysis 

method. All three steps of the proposed method are demonstrated with detailed calculations and 

explanations. The 4-bus test system is implemented in MATLAB/Simulink in a balanced 

condition. The AC-DC power converter is controlled by voltage oriented controller. The results 

of the proposed method are compared with both MATLAB/Simulink and an accurate non-
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linear AC-DC power flow method. The latter is programmed in MATLAB software where the 

admittance‎matrix‎is‎formed‎based‎on‎the‎π-model of the AC-DC converters and then, Newton-

Raphson method is used to solve the non-linear equations of the AC-DC power-flow analysis. 

In the next parts, the same procedure of 4-bus test system is used to simulate some larger 

test systems including more AC-DC power converters and DC lines. Moreover, three defined 

indices are employed to represent the performance of the proposed method. MATLAB software 

is utilized to carry out the simulation for all test systems and for both linear proposed method 

and the accurate non-linear AC-DC power flow method. The results of the proposed linear 

method are compared with the results of the accurate non-linear AC-DC power flow method 

[11]. 

The proposed linear AC-DC power flow method is applied to seven modified test systems 

including IEEE test systems. The original test systems include IEEE test systems 9, 14, 30, 57, 

118, and 300 buses as well as New England 39-bus test system. These standard test systems do 

not have DC subgrids and AC-DC power converters. Therefore, the original standard test 

systems are not AC-DC networks. Hence, they are modified in this thesis such that they can be 

utilized as AC-DC networks. One or more DC subgrids are added to the above-named AC test 

systems to make them as AC-DC test systems. The number of AC-DC power converters and 

the DC lines which are added to the original test systems are tabulated in Table 3.1. The 

parameters of the added components are presented in the related part of each test system. In 

those test systems with more than one DC subgrid, the T values of the AC-DC power 

converters are chosen such that a wide range of voltage magnitudes at DC side of the 



Chapter 3.      Simulation Results  

 

33 

 

converters are obtained. This ensures that the accuracy of the proposed method is checked out 

in worst cases. 

Table ‎3.1: Summary of the modified test systems 

No. of Buses 

in Original network 

No. of Added 

Converter 

No. of Added 

DC Line 

9 1 5 

14 1 7 

30 2 7 

39 2 12 

57 3 14 

118 4 25 

300 6 30 

 

3.2 Numerical Example of 4-Bus Test System 

The test system is shown in Figure ‎3.1. The impedance of transmission line Z12 

connecting Bus 1 to Bus 2 is 0.008 + 0.06i p.u. The DC line resistance Z34 between Bus 3 and 

Bus 4 is 0.012687 in p.u. Moreover, two loads D2 and D4 are connected at Bus 2 and Bus 4 

which are 0.6 + 0.03i and 0.1844 in p.u., respectively. The magnitude and phase angle of the 

voltage at Bus 1 as the slack bus are fixed at 1 p.u. and 0 degrees. The AC-DC power converter 

impedance is 0.0052 + 0.261i p.u. and the voltage transfer ratio T of the ideal AC-DC power 

converter‎is‎equal‎to‎0.9973∟-5.6°. 
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Figure ‎3.1: Schematic diagram of 4-bus test system 

 

 

The following three steps should be taken to run the proposed linear AC-DC power flow.  

Step #1: The AC-DC power converter is presented by its equivalent reactance in this step 

(i.e., 0.261 p.u.). Moreover, the AC line should be considered just by its reactance due to the 

assumption of high X/R ratio in AC linear power-flow analysis. The aim of this step is to 

establish the modified network and run the AC linear power-flow analysis method for the entire 

modified network. In the modified network, DC line resistance is replaced by a reactance with 

the same value. It should be done just to provide the conditions for AC linear power-flow 

analysis. It means that the modified network resembles a pure AC network for which AC linear 

power-flow analysis method can be utilized. It should be noticed again although the appearance 

of the DC line component (i.e., resistance) changes, its value is kept unchanged as the 

connected loads‟ values do not change. This guarantees that the results of AC linear power-

flow analysis method for AC subgrid will not be affected by this modification.  

Real 

Power  

Converter 

Bus 1 

Z12 

PD2+jQD2 

Bus 2 
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Then, the modified B-prime matrix should be formed for the modified network. The 

elements of the B-prime matrix are calculated below: 
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Now, the B-prime matrix of the modified network of 4-bus test system can be established 

based on the above calculations. This matrix is shown below for the 4-bus test system. 

[    
 ]  [

             
                  

                 
             

] 
( ‎3.8) 

As another input for the AC linear power-flow analysis method, the nodal power injection 

vector should be calculated in this step. This vector is defined as the active power generation 

minus the active power demand at each bus of the AC-DC network, except the slack bus #1 as 

presented in (3.9). 
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] p.u. 
( ‎3.9) 
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] p.u. 
( ‎3.10) 

Having the modified B-prime matrix in (3.8) and active power injection matrix in (3.10), 

AC linear power flow can be solved for the phase angles as the unknown variables based on 

(3.11) which are numbered in (3.12).  
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( ‎3.11) 
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( ‎3.12) 

By considering the Bus 1 as the slack bus, the unknown variables in (3.12) can be 

obtained by: 
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] 
( ‎3.13) 

The calculated result is given below: 

[

  

  

  

]  [
       
       
       

] radian 
( ‎3.14) 

At the end of this step, the value of δ3 is determined which is equal to -0.0952. 

 

Step #2:  In this step, the value of λ for the AC-DC power converter is determined. The λ 

value is calculated based on (2.12) while the value of Vk=3 is assumed to be equal to 1 p.u. in 

this numerical example. Therefore, the value of λ is equal to -0.0952. This value is required for 
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the next step to form the [BG] matrix. 

 

Step #3: By considering (2.21) and the determined value of λ in the previous step, [BG] 

matrix can be established. The schematic diagram of the test system in this step is depicted in 

Figure ‎3.2 where the AC-DC power converter is represented by its equivalent reactance xC. The 

ideal AC-DC converter is modelled and implemented in [BG] matrix and hence it is not shown 

in this diagram. Moreover, in spite of the modified 4-bus test, the DC line in the third step is 

represented by its resistance in Figure ‎3.2.  

 

 

Figure ‎3.2: Equivalent circuit of the 4-bus test system in the third step of the proposed method 

 

Considering the schematic diagram of the 4-bus test system in the third step of the 

proposed method as shown in Figure ‎3.2 and the [BG] matrix equation presented in (2.21), the 

elements of the [BG] matrix are calculated below: 

     
 

   
 

 

    
            

( ‎3.15) 

          
  

   
 

  

    
              

( ‎3.16) 

Bus 1 Bus 2 Bus 3 Bus 4

x12

0.6 p.u.

r34

0.1844 p.u.

xC

0.06 p.u. 0.012687 p.u.0.261 p.u.
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Based on the above calculations, the [BG] matrix is written in (3.23). 

[  ]  [

             
                   

                 
             

] 
( ‎3.23) 

As presented in (3.23), only the two boxed elements of BG′ matrix are changed in 

comparison with the modified [B′] matrix. The rows of these modified elements are the bus 

numbers corresponding to AC and DC sides of the AC-DC power converter. The column of 

those boxed elements is the bus number corresponding to the DC side of the AC-DC power 

converter. These are the elements affected by the parameter λ. The error of unknown AC 

variables is caused by the nature of AC subgrid like X/R ratio and voltage variations rather than 

the proposed linear AC-DC power-flow analysis method and the assumed parameter λ.  

Using the same nodal power injection vector in the first step as presented in (3.10), the 

following equations should be solved for the voltage of DC buses and the voltage angles of AC 

ones.  
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( ‎3.24) 
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( ‎3.25) 

By considering the Bus 1 as the slack bus, the unknown variables in (3.25) can be 

obtained by: 
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] 
( ‎3.26) 

The results of these variables in the third step are as presented in (3.27). 

[
  

  

  

]  [
       
      
      

] 
( ‎3.27) 

The first element in (3.27) is the phase angle in radian but the others are DC voltage in 

p.u. By comparing the AC variable δ2 in (3.14) and (3.27), it can be observed that they have the 

same value (i.e, -0.0471). This confirms the claim that the proposed linear AC-DC power-flow 

analysis method does not influence the AC subgrid variables. In contrast, the second and the 

third elements in (3.14) have changed to new values in (3.27).  It means that incorporation of 

the obtained λ value (in the second step) in the [BG] matrix (in the third step) has just modified 

the DC variables but not AC variable of the first step. In other words, the errors of AC variables 

are almost independent of the proposed linear method and caused by the nature of the AC 

subgrid and will appeared in linear AC power flow too.  

The results of the proposed linear method are compared with time-domain simulation in 

MATLAB/Simulink environment and the accurate conventional non-linear AC-DC power flow 

method [11].  
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The results of 4-bus test system are tabulated in Table 3.2. The linear active power 

flowing through the AC-DC power converter (PCA1) is calculated based on (2.15) and as 

follows: 

     
 

   
   

 

   
   

( ‎3.28) 
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The values of flowing active power in AC line P12 and DC line P34 are computed as 

follows: 

    
     

   
 

        

    
       

( ‎3.30) 

    
     

   
 

             

        
        

( ‎3.31) 

As can be seen in Table 3.2, the proposed nonlinear method provides a reasonably 

accurate model, similar to the linear AC model of power system (called the DC power flow). It 

is obvious that this linear model can be easily integrated into complex planning and operational 

optimization formulations for AC-DC power systems providing benefits in computation speed. 

 

 

Table ‎3.2: The results of numerical example of 4-bus test system 

Variable Units 
MATLAB/ 

Simulink 

Accurate Nonlinear 

Power Flow 

Proposed Linear 

Power Flow 

   Radians -0.04747 -0.04758 -0.0471 

V3 Per unit 1.001 0.9943 0.9999 

V4 Per unit 0.9982 0.992 0.9976 

P12 Per unit 0.793 0.79 0.785 

PCA1 Per unit 0.189 0.1833 0.1842 

P34 Per unit 0.1844 0.1848 0.1813 
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3.3 Modified IEEE 9-Bus Test System 

In the previous section, the procedure of the proposed linear AC-DC power-flow analysis 

method was applied to a 4-bus test system. The detail explanations and calculations were 

presented to make the procedure more clearly comprehensible. Now, the same procedure is 

applied to a larger network. In this section, IEEE 9-bus test system is used for investigating the 

proposed linear AC-DC Power-flow analysis method. However, the original aforementioned 

test system is a pure AC network and it requires modification to be prepared for linear AC-DC 

power-flow analysis. In this regard, one AC-DC power converter and 5 DC lines are added to 

the original IEEE 9-bus test system. The AC-DC power converter is connected to the bus 

number 8 of the original test system. The data for IEEE 9-bus test system can be found in [34]. 

In addition, the bus data and the DC lines resistances added to the original test system are 

shown in Table A.1. The AC-DC power converter impedance is 0.008+0.05i p.u. connected 

between buses 8 in AC subgrid and 10 in DC subgrid. Since the results of the proposed AC-DC 

power-flow analysis method are compared with the results of the accurate nonlinear AC-DC 

power flow method, the parameter T should be known as an input variable [11]. This value is 

equal to 1.07 -0.6 for the used AC-DC power converter in this test system. This value is 

chosen such that the voltage value of 1.003 p.u. is produced at DC side of the AC-DC power 

converter. 

Figure ‎3.3 shows the comparison of phase angle error of AC buses between linear AC and 

AC-DC power flow methods for the modified IEEE 9-bus test system. The results of the linear 

AC power-flow analysis method for the original IEEE 9-bus test system are shown in this 

figure. As the AC subgrid in the modified IEEE-9-bus test system, the nature of the original 
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IEEE 9-bus test system is almost kept unchanged. Then, the proposed linear AC-DC power-

flow analysis method is applied to the modified test system. The phase angle of AC bus 

voltages are shown in Figure ‎3.3. This figure indicates that the AC variables are not 

considerably affected by the proposed linear AC-DC power-flow analysis method.  

 

Figure ‎3.3: Comparison of phase angle error of AC buses between linear AC and AC-DC 

power flow methods for the modified IEEE 9-bus test system 

In order to support the above-mentioned sentence, the comparison of power flow error of 

AC lines between linear AC and AC-DC power flow methods for the modified IEEE 9-bus test 

system is depicted in Figure ‎3.4. In this figure, the power flow error corresponding to linear AC 

power flow is calculated based on the linear AC power-flow analysis method and Newton-

Raphson method. Furthermore, the power flow error corresponding to linear AC-DC power 

flow is calculated based on the proposed linear AC-DC power-flow analysis method and the 

accurate non-linear AC-DC power flow [11]. It is obvious in this figure that the linear AC 
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power flow in the original IEEE 9-bus test system and the proposed linear AC-DC power-flow 

analysis method in the modified test system have almost the same results. Therefore, the error 

of power flow in AC subgrid does not come from the proposed method in this thesis and is 

caused by the AC subgrid topology and parameters.  

 

Figure ‎3.4: Comparison of power flow error of AC lines between linear AC and AC-DC power 

flow methods for the modified IEEE 9-bus test system  

3.4 Modified IEEE 14-Bus Test System 

As another test system, IEEE 14-bus network is used in this section. Like the previous test 

system, IEEE 14-bus network is a pure AC network and should be modified for being utilized 

in AC-DC power flow studies. IEEE 14-bus test system data is available at [35]. Table A.2 

presents the data of the added buses and DC lines to the original IEEE 14-bus test system. One 
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DC subgrid (i.e., the added DC buses and lines). The AC-DC power converter impedance is 

0.03181+0.0845i p.u. connected between buses 8 in AC subgrid and 10 in DC subgrid. In this 

example, the X/R ration of the AC-DC power converter impedance is close to 2.66 which is less 

than 4. The AC-DC power converter transfer ratio T is equal to 1.02 -12.773 for the used AC-

DC power converter in this test system. This value is chosen such that the voltage value of 

1.0107 p.u. is produced at DC side of the AC-DC power converter. 

The simulation results related to the modified IEEE 14-bus test system are tabulated in Table 

3.3. The AC and DC variables are phase angle and magnitude of bus voltages, respectively. 

The results of the proposed linear AC-DC power-flow analysis method are compared with the 

results obtained from accurate nonlinear AC-DC power flow method. The bus numbers from 1 

to 14 correspond to AC subgrid and from 15 to 22 correspond to DC subgrid. The last column 

of Table 3.3 expresses the percent error proposed linear AC-DC power-flow analysis method 

with respect to the accurate nonlinear AC-DC power flow method. As can be observed in this 

table, the error of DC variables is limited almost to 1% while the AC variables have greater 

error value. It should be noted again that the error of AC variables is almost caused by the AC 

subgrid itself and the proposed linear AC-DC power-flow analysis method does not play a 

noticeable role. However, the error of DC variables is totally caused by the proposed method 

but is negligible. The range of the error for DC variables stays low while the variables vary 

from 1 p.u. to 0.95 p.u. Therefore, the performance of the proposed linear AC-DC power-flow 

analysis method is not influenced by the voltage of the DC buses.  
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Table ‎3.3: Comparison of AC and DC variables results between the proposed linear AC-DC 

power flow method and the accurate non-linear power flow method 

Bus 

No. 
Bus Type, Variable Unit 

Accurate 

Nonlinear 

Power (MW) 

Proposed Linear 

AC-DC 

Power flow 

Error % 

1 AC, Phase Angle radian 0 0 0 

2 AC, Phase Angle radian -0.08562 -0.08611 -0.57014 

3 AC, Phase Angle radian -0.21992 -0.22378 -1.75419 

4 AC, Phase Angle radian -0.17632 -0.18161 -3.00097 

5 AC, Phase Angle radian -0.15032 -0.15585 -3.68484 

6 AC, Phase Angle radian -0.24504 -0.25268 -3.11874 

7 AC, Phase Angle radian -0.22637 -0.23699 -4.69125 

8 AC, Phase Angle radian -0.22637 -0.23699 -4.69125 

9 AC, Phase Angle radian -0.25272 -0.26677 -5.56196 

10 AC, Phase Angle radian -0.25629 -0.27176 -6.03428 

11 AC, Phase Angle radian -0.25277 -0.26581 -5.15855 

12 AC, Phase Angle radian -0.25948 -0.27132 -4.56301 

13 AC, Phase Angle radian -0.26033 -0.27369 -5.13182 

14 AC, Phase Angle radian -0.27218 -0.28699 -5.44277 

15 DC, Voltage Magnitude Per-unit 1.010675 1 1.056201 

16 DC, Voltage Magnitude Per-unit 1.001072 0.990597 1.046364 

17 DC, Voltage Magnitude Per-unit 0.989873 0.979658 1.031932 

18 DC, Voltage Magnitude Per-unit 0.984848 0.974763 1.024015 

19 DC, Voltage Magnitude Per-unit 0.980281 0.970332 1.014928 

20 DC, Voltage Magnitude Per-unit 0.97069 0.961054 0.992762 

21 DC, Voltage Magnitude Per-unit 0.965911 0.956438 0.980648 

22 DC, Voltage Magnitude Per-unit 0.96535 0.955898 0.979209 

 

In order to analyze the sensitivity of the proposed linear AC-DC power-flow analysis 

method to different load levels, the modified IEEE 14-bus test system is simulated for three 

diverse load level: normal load, 1.5 times of the normal load, and 2 times of the normal load. 

Figure ‎3.5 illustrates the results of power flow error of the modified test system lines. The error 

is calculated with respect to the accurate non-linear AC-DC power flow method. It can be seen 
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in this figure that the error values of DC lines are less affected by greater load levels than the 

AC lines. In other words, the proposed method does not have a noticeable sensitivity to the load 

levels of the AC-DC network. Since the proposed linear AC-DC power-flow analysis method 

takes care of DC buses and variables, the results of Figure ‎3.5 confirms that the proposed 

method has an acceptable performance under different load conditions. It is worth mentioning 

that the line numbers from 1 to 21 correspond to AC lines while line numbers from 22 to 27 

correspond to DC lines and finally line number 28 is assigned to the AC-DC power converter.  

 

 

Figure ‎3.5: Power flow error of the proposed linear AC-DC power-flow analysis method for 

different load levels of the modified IEEE 14-bus test system section  
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3.5 Modified IEEE 30-Bus Test System 

The original IEEE 30-bus test system data is presented in [36]. This pure AC power 

system is changed to AC-DC one by adding two AC-DC power converters and 8 DC lines. The 

data of the added buses and DC lines to the original IEEE 30-bus test system are shown in 

Table A.3. The AC-DC power converters impedances are 0.267+0.82i p.u. and 0.12+0.42i p.u. 

connected between buses 19 and 30 in AC subgrid as well as 31 and 35 in DC subgrid, 

respectively. The transfer ratios T are equal to 1.02 -17 and 0.98 -18 for the used AC-DC 

power converters in this test system. These values are chosen such that the voltage values of 

0.9899 p.u. and 1.0135 p.u. are produced at DC sides of the AC-DC power converters which 

are bus numbers 31 and 35, respectively. 

The results of active power flowing through AC and DC lines of the modified IEEE 30-

bus test system are arranged in the tabular form of Table 3.4. The results of the proposed linear 

AC-DC power-flow analysis method are compared in this table with the accurate non-linear 

AC-DC power flow. The line numbers from 1 to 41 correspond to AC lines while the line 

numbers from 42 to 48 are assigned to DC lines. In addition, the line numbers 49 and 50 

correspond to two AC-DC power converters in the modified IEEE 30-bus test system. The 

average of absolute values of error in Table 3.4 is equal to 7.05%. It can be observed in Table 

3.4 that the absolute values of error of the DC lines and AC-DC power converters are 

considerably lower than AC lines. This point confirms the robustness of the proposed linear 

AC-DC power-flow analysis method which is responsible for DC subgrid and AC-DC power 

converters variables.  
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The highest absolute values of error are 87.92%, 31.79%, and 26.03% respectively 

correspond to the line numbers 34, 33, and 40 all of them are located in AC subgrid. With 

paying more attention to the power flowing through the aforementioned lines it can be seen that 

all of them have small values. Numerically, these values are -1.35 MW, 1.74 MW, and -0.54 

MW obtained by the non-linear AC-DC power flow. These three lines have the highest 

absolute values of error while their actual power flow values are much lower than the average 

value of power flow among all AC and DC lines which is equal to 20.4 MW. In other words, 

the highest values of error correspond to the AC lines transferring the lowest amount of active 

power. On the other hand, the absolute value of the error for the AC line number 8, carrying the 

highest value of active power, is 7.02%. 

The above information is collected and presented in Table 3.5. The last two rows express 

the highest values of transferred power. In this table, the absolute values of difference for line 

numbers 8 and 9 are too much greater than the same parameter for line numbers 33, 34, and 40. 

However, the percent errors of the latter line numbers with lower power flow values are 

noticeably greater than the percent error of the grayed out rows with higher power flow values. 

Hence, it can be derived that the percent error is not a perfect index for comparing and 

analyzing the obtained results.  

Considering the above explanations about the issue accounting for percent error, a new 

parameter is defined below: 

    
    ∑

|      |

  
    

 
( ‎3.32) 
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    is the average of absolute values of power flowing through all lines of AC-DC test 

system computed using the accurate nonlinear AC-DC power flow method.  

Table ‎3.4: The results of the modified IEEE 30-bus test system 
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1 27.78 27.33 1.61 26 9.19 9.11 0.87 

2 15.89 15.90 0.09 27 5.35 5.83 9.11 

3 0.00 0.00 0.00 28 15.74 15.23 3.22 

4 27.78 27.33 1.61 29 7.59 7.25 4.39 

5 44.13 42.44 3.83 30 -1.87 -2.27 21.29 

6 0.00 0.00 0.00 31 4.96 4.38 11.71 

7 18.35 19.03 3.71 32 5.67 4.99 11.97 

8 173.19 161.03 7.02 33 1.74 1.18 31.79 

9 88.05 82.37 6.45 34 -1.35 -2.53 87.92 

10 43.65 42.49 2.67 35 3.54 3.50 1.24 

11 82.52 79.97 3.09 36 -4.90 -6.03 23.09 

12 82.25 77.97 5.20 37 6.25 6.06 2.93 

13 60.41 58.87 2.55 38 7.18 6.94 3.41 

14 72.58 72.42 0.22 39 3.77 3.66 2.69 

15 -14.89 -16.23 8.96 40 -0.54 -0.40 26.03 

16 38.23 39.03 2.10 41 18.95 19.43 2.53 

17 29.56 29.60 0.13 42 6.54 6.50 0.62 

18 7.81 7.58 2.93 43 4.51 4.50 0.25 

19 17.89 16.99 5.04 44 2.00 2.00 0.12 

20 7.23 6.67 7.76 45 7.57 7.50 0.87 

21 1.54 1.38 10.23 46 5.03 5.00 0.57 

22 3.67 3.17 13.86 47 3.01 3.00 0.35 

23 6.05 5.79 4.36 48 2.00 2.00 0.15 

24 2.82 2.59 8.07 49 8.21 8.00 2.55 

25 -6.90 -6.91 0.18 50 9.10 9.00 1.05 
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Table ‎3.5: The problem of analyzing the results just based on the percent error values 
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33 1.74 1.18 0.56 31.79 

34 -1.35 -2.53 1.18 87.92 

40 -0.54 -0.4 0.14 26.03 

8 173.19 161.03 12.16 7.02 

9 88.05 82.37 5.68 6.45 

 

 

3.6 Modified New England 39-Bus Test System 

The New England 39-bus test system is another network which is studied in this part. The 

data of the New England 39-bus test system can be found in [37]. The data of the added buses 

and DC lines to the original New England 39-bus test system are shown in Table A.4. The 

original New England 39-bus test system is changed to AC-DC one by adding two AC-DC 

power converters and 12 DC lines. The AC-DC power converters impedances are 

0.0043+0.0474i p.u. and 0.0057+0.0625i p.u. connected between buses 15 and 27 in AC 

subgrid as well as 40 and 47 in DC subgrid, respectively. The transfer ratios T are equal to 

1.02 -11 and 1.06 -11 for the used AC-DC power converters in this test system. These values 

are chosen such that the voltage values of 1.0339 p.u. and 1.0237 p.u. are produced at DC sides 

of the AC-DC power converters which are bus numbers 40 and 47, respectively. 
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Table 3.6 gives the results of active power flowing through the lines of the modified New 

England 39-bus test system. The results of the proposed linear AC-DC power-flow analysis 

method are compared in this table with the accurate non-linear AC-DC power flow. Moreover, 

for AC lines, the results of the proposed linear AC-DC power-flow analysis method are 

compared with the linear AC power flow method. It should be noted here that the lines with 

active power flow below the     
    are ignored. The table confirms that the results of power 

flow in AC lines computed by using the proposed linear AC-DC power flow analysis method 

are very close to the results computed by using the linear AC power flow. The last column of 

the table shows the percent error between the linear AC-DC power flow and the linear AC 

power flow methods in AC lines. This value is calculated based on the following equation: 

      ( )      
           

  

     
 

( ‎3.33) 

where      
   is the real power flow in lines computed using the linear AC power flow method. 

 

 

Table ‎3.6: The results of the modified IEEE 39-bus test system 

Line 

No. 

Accurate 

Nonlinear 

Power Flow 

(MW) 

Proposed 

linear 

power flow 

(MW) 

Percent Error - 

comparing Proposed 

Linear AC-DC power 

flow with Accurate 

Nonlinear Power Flow 

method (%) 

Linear 

AC 

power 

flow 

(MW) 

Percent Error - 

comparing Linear 

AC power flow 

with Accurate 

Nonlinear Power 

Flow method (%) 

1 -673.737 -622.032 7.674385 -625.03 6.41034 

2 -650 -650 4.24E-06 -650 9.75E-06 

3 -605.338 -632 -4.4044 -632 -4.41928 

4 -503.143 -508 -0.96538 -508 -0.96363 

5 -650 -650 3.73E-05 -650 3.78E-05 

6 -558.607 -560 -0.24941 -560 -0.24892 
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Line 

No. 

Accurate 

Nonlinear 

Power Flow 

(MW) 

Proposed 

linear 

power flow 

(MW) 

Percent Error - 

comparing Proposed 

Linear AC-DC power 

flow with Accurate 

Nonlinear Power Flow 

method (%) 

Linear 

AC 

power 

flow 

(MW) 

Percent Error - 

comparing Linear 

AC power flow 

with Accurate 

Nonlinear Power 

Flow method (%) 

7 -535.184 -540 -0.89981 -540 -0.90475 

8 -815.495 -830 -1.77872 -830 -1.78815 

9 319.2542 333.7229 -4.53203 333.4301 -4.37204 

10 -264.794 -268.556 -1.42072 -268.199 -0.87781 

11 -539.364 -513.175 4.855542 -514.754 3.993091 

12 339.5923 337.0218 0.75695 337.068 0.744902 

13 454.4197 448.1434 1.381167 448.4783 1.166793 

14 -320.595 -339.286 -5.83026 -338.202 -4.82517 

15 325.9892 341.8916 -4.8782 340.9043 -3.97219 

16 324.0138 308.1084 4.90886 309.0957 4.044076 

17 319.3511 302.1836 5.375727 303.2679 4.424606 

18 -270.239 -285.374 -5.60051 -284.931 -5.5251 

19 -451.608 -460 -1.8583 -460 -1.85407 

20 -329.908 -334.776 -1.47548 -334.776 -1.46612 

21 -604.71 -608.776 -0.67239 -608.776 -0.66667 

22 353.7564 353.7242 0.009088 353.7242 0.005819 

23 -347.783 -351.365 -1.03 -351.365 -1.05812 

24 272.1243 272 0.045674   

25 226.1021 226 0.045148   

26 178.0663 178 0.037211   

27 135.025 135 0.01849   

28 87.0104 87 0.011952   

29 52.00589 52 0.011332   

30 244.46 244 0.188166   

31 205.265 205 0.129124   

32 157.2049 157 0.130346   

33 121.0964 121 0.079591   

34 81.01093 81 0.013494   

35 36.00163 36 0.004534   

36 323.3414 319 1.342662   

37 283.4958 279 1.585829   

38 -673.737 -622.032 7.674385   
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3.7 Modified IEE 57-Bus Test System 

In this section, IEEE 57-bus test system is applied for simulation of the proposed linear 

AC-DC power-flow analysis method. The data of the aforementioned test system is provided in 

[38]. 14 DC lines and 3 AC-DC power converters are added to the original IEEE 57-bus test 

system to make it as the modified AC-DC network. The data of the added DC buses and lines 

are presented in Table A.5. Moreover, the AC-DC power converters data is provided in Table 

A.6.  

Figure ‎3.6 demonstrates the percent error of power flow of the modified IEEE 57-bus test 

system lines for the lines which have power flow more than     
    (except DC lines). It is 

observable in this figure that maximum percent error between the accurate non-linear AC-DC 

power flow and the proposed linear AC-DC power-flow analysis method reaches almost 12% 

in an AC line. However, for DC lines and the AC–DC power converters the error value is 

small.  

In order to show the fact that the error in AC lines are caused by the nature of the AC 

subgrid and not by the proposed linear AC-DC power-flow analysis method, the mismatch 

between linear AC-DC and linear AC power flow values in the modified IEEE 57-bus test 

system is demonstrated in Figure ‎3.7. This figure is obtained just for the lines with power flow 

values more than     
   . It can be observed in this figure that the highest amount of mismatch 

is 0.42 MW while the accurate power flow value is equal to 148.9 MW. It means that the 

difference between the linear AC-DC power flow and the linear AC power flow for this line 

(i.e., line number 32) is just 0.42 MW. This parameter is even smaller for other AC lines in the 

modified IEEE 57-bus test system. 
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Figure ‎3.6: Power flow percent error of the modified IEEE 57-bus test system 

 

 

Figure ‎3.7: Mismatch between linear AC-DC and linear AC power flow values in the modified 

IEEE 57-bus test system 

0

2

4

6

8

10

12

14

7
1

0
1

1
1

2
1

3
1

8
1

9
2

0
2

4
2

5
3

1
3

2
3

3
3

4
3

5
3

7
4

1
4

2
4

3
5

1
6

5
6

6
7

5
8

1
8

2
8

3
8

4
8

5
8

6
8

7
8

8
8

9
9

0
9

1
9

2
9

3
9

4
9

5
9

6
9

7

P
o
w

er
 f

lo
w

 p
er

ce
n

t 
er

ro
r 

(%
) 

Line number 

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

7

1
0

1
1

1
2

1
3

1
8

1
9

2
0

2
4

2
5

3
1

3
2

3
3

3
4

3
5

3
7

4
1

4
2

4
3

5
1

6
5

6
6

7
5

P
o
w

er
 f

lo
w

 m
is

m
a
tc

h
 (

M
W

) 

Line number 



Chapter 3.      Simulation Results  

 

55 

 

3.8 Modified IEE 118-Bus Test System 

The data of IEEE 118-bus test system is given in [39]. Moreover, the data of the added 

DC buses and lines are provided in Table A.7. The data of the added AC-DC power converters 

are tabulated in Table A.8. Based on these two tables, 25 DC lines as well as 4 AC-DC power 

converters are added to the original IEEE 118-bus test system to prepare it for AC-DC power-

flow analysis.  

The percent error values of power flow in DC lines and AC-DC power converters of the 

modified IEEE 118-bus test system are presented in Figure ‎3.8. The line numbers from 187 to 

211 correspond to DC lines and from 212 to 215 correspond to the AC-DC power converters. 

This figure expresses that no matter of the     
    value, the percent error between the results of 

the proposed linear AC-DC and the accurate non-linear AC-DC power flow methods is in an 

acceptable range.  

 

3.9 Modified IEE 300-Bus Test System 

IEEE 300-bus test system data can be found in [40]. This network is one of the largest test 

systems for power flow studies. Like the previous sections, DC buses and lines should be added 

to the original test system to make an AC-DC network. The data of the added DC buses and 

DC lines are given in Table A.9 and Table A.10, respectively. Totally, 30 DC lines are added to 

the original IEEE 300-bus test system. These lines are distributed among 6 DC subgrids 

connected to the original IEEE 300-bus test system through 6 AC-DC power converters. The 

data of these AC-DC power converters are shown in Table A.11. As can be seen in this table, 
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the voltage transfer ratio (T) values are chosen such that a wide range of voltage magnitude 

from 0.9516 p.u. to 1.053 p.u. at DC side of the AC-DC power converter is achieved. This 

variety ensures that the proposed linear AC-DC power-flow analysis method is tested in 

different conditions including worst cases. 

 

Figure ‎3.8: Percent error of power flow in DC lines and power converters of the modified IEEE 

118-bus test system 

 

The percent error values of power flow in DC lines and AC-DC power converters of the 

modified IEEE 300-bus test system are presented in Figure ‎3.9. The line numbers from 412 to 

441 correspond to DC lines and from 442 to 447 correspond to the AC-DC power converters. 

This figure indicates that the percent error values in DC lines are very small and negligible. 

However, the percent error values of AC-DC power converter are greater but still in a 

reasonable range.  
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Figure ‎3.9: Percent error of power flow in DC lines and power converters of the modified IEEE 

300-bus test system 

 

The power flow results of the modified test systems are summarized in Table 3.7. The 

linear and non-linear AC-DC power flow methods are used for the modified test systems while 

the Newton-Raphson and the linear AC power flow methods are utilized for the original test 

systems. It should be noted here that only the lines with power flow values more than     
    are 

taken into account.  

As can be observed, the modified IEEE 300-bus test system has the highest amount of 

maximum percent error (i.e., 105.36%) among all seven test systems.  However, the small 

amount of percent error in the second column (i.e., 0.43%) indicates that the linear AC-DC 

power flow is very close to linear AC power flow. In other words, the high amount of percent 
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error in the modified IEEE 300-bus test system is not caused by the proposed linear AC-DC 

power-flow analysis method and appears for the same line in linear AC power flow too.  This 

fact can be seen for other maximum percent error values in the first column. It can be also 

confirmed by the last column of Table 3.7 where the maximum percent error values between 

the AC and the proposed linear AC-DC power flows in AC lines are presented. These values 

reveal that all linear AC-DC power flow values in AC lines of modified test systems are close 

to their corresponding linear AC power flow values in original test system. In four test systems, 

the maximum percent error of linear AC-DC power flow compared to non-linear AC-DC 

power flow takes place in the line which has the maximum percent error of linear AC-DC 

power flow compared to linear AC power flow method. 

 

Table ‎3.7: Summary of the Modified Test Systems 

No. 

of 

Buses 

Minimum 

X/R ratio 

of lines 

Max percent error - 

comparing proposed 

linear AC-DC power 

flow method with 

nonlinear AC-DC Power 

Flow method (%) 

Percent Error - 

comparing linear 

AC power flow 

method with 

proposed linear AC-

DC power flow 

method (%) 

Max percent 

error - comparing 

linear AC power 

flow method with 

Newton-Raphson 

power flow 

method (%) 

9 4.36 13.3 0.015 0.015 

14 0.9 6.45 0.202 0.251 

30 0.9 7.07 0.039 0.055 

39 1.23 7.67 0.48 0.48 

57 0.92 12.28 0.518 0.613 

118 2.11 48.03 0.003 0.003 

300 0.75 105.36 0.43 0.43 

 

In Table 3.7, the modified IEEE 57-bus test system has the highest percent error values. 

Apart from the percent error, absolute values of power flow mismatch give a clear 
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understanding of the results. The absolute values of mismatch between the proposed linear AC-

DC and the linear AC power flow methods are demonstrated in Figure ‎3.7. It can be seen in this 

figure that the results of the proposed linear AC-DC power flow method are very close to the 

results of the linear AC power flow method in the original IEEE 57-bus test system. The 

absolute value of power flow mismatch reaches its maximum value (i.e., 0.42 MW) in line 

number 32. 

3.10 Chapter Summary 

In this chapter, the performance and robustness of the proposed AC-DC power-flow 

analysis method were investigated. 8 different test systems were utilized for simulation of the 

proposed method. In the first simulation case and as a numerical example, a 4-bus test system 

was applied to make the procedure of the proposed method more clear and understandable. 

Each step of the procedure was described in detail with numerical calculations. The 4-bus test 

system was implemented in MATLAB/Simulink. Moreover, an accurate conventional non-

linear AC-DC power-flow analysis method s was programmed in MATLAB software. The 

results of the proposed method were compared with tow aforementioned methods. 

In order to comprehensively evaluate the performance of the proposed method in this 

thesis, seven (7) more test systems of different sizes were used. These original test systems 

were adapted to AC-DC test system by adding DC lines and AC-DC power converters. The 

results of all test systems were compared with the non-linear AC-DC power-flow analysis 

method. Different indices were defined for analyzing the obtained results from the different 

perspectives. It was shown that the power flow error of AC lines is not caused by the proposed 

linear AC-DC power-flow analysis method and the error is related to the nature of the original 
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AC test system. It also was concluded that the proposed method focuses on DC variables rather 

than the AC ones. Therefore, it is responsible for the DC variable results. 

The sensitivity of the proposed method to AC-DC network load level was tested. It was 

shown for the modified IEEE 9-bus test system that the proposed method is not sensitive to the 

load level. The power flow error does not noticeably change even when the load values of all 

AC and DC buses were doubled. In addition, the sensitivity of the proposed linear AC-DC 

power-flow analysis method to the voltage magnitude of DC side of the AC-DC power 

converter was investigated. The voltage transfer ratios of the converters were chosen such that 

a wide range of the DC voltage magnitude was obtained and the results show that the error 

values remain small. It was demonstrated that the proposed linear AC-DC power-flow analysis 

method can be easily integrated into complex planning and operational optimization 

formulations for AC-DC power systems providing benefits in computation speed. 



Chapter 4.      Conclusion  

 

61 

 

 

CHAPTER 4. 

 

 CONCLUSION CHAPTER 4.

 

 

 

4.1 Introduction 

This chapter is devoted to presenting the conclusion of this thesis. A linear power-flow 

analysis method for AC-DC electric power networks is proposed in this thesis. The thesis 

includes three main chapters followed by this chapter. The conclusions about the studied topic, 

its importance, the problem, and the proposed solution are summarized in this chapter. First, a 

chapter-wise summary is presented describing the contents of the previous chapters. Then, the 

contribution of this thesis is given. The conclusion of this thesis and the recommendations for 

future works are the last parts of this chapter. 
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4.2 Summary of the Previous Chapters 

In the first chapter, the topic of the thesis was introduced. The importance of the topic, the 

industrial applications and academic relevance were explained. It has a wide range of 

application in power system study from electrical energy market to power system studies and 

contingency analysis. Moreover, it is a novel method in academic research. The recent related 

literature was surveyed in the next part. The reviewed literature can be categorized into two 

groups: non-linear AC-DC power-flow analysis and linear AC power-flow analysis. It was 

concluded in the first chapter that although different types of non-linear AC-DC power-flow 

analysis‎methods‎have‎been‎developed‎and‎proposed,‎to‎best‎of‎the‎author‟s‎knowledge,‎there‎is‎

no specific work about the linear AC-DC power-flow analysis. Therefore, the focus of this 

thesis was to find and proposed a method for linear power-flow analysis in AC-DC electric 

power networks. 

The second chapter of this thesis talked about the problem statement and the proposed 

solution. It was explained that what exactly the problem is and what we should look for as the 

solution. In order to have a clear understanding of the related concepts and background, brief 

reviews of linear power-flow analysis methods for Ac and DC subgrids were presented. The 

mathematical formulations and the assumptions for obtaining these formulations were 

described. Then, the general form of linear power-flow equation in AC-DC networks was 

obtained based on the linear power-flow of AC and DC subgrids in presence of an AC-DC 

power converter. In the general form, the nodal active power injection vector was related to the 

unknown variables of AC-DC network by a matrix called [BG] matrix. This matrix can 

represent the entire AC-DC network. Hence, it was defined as an aim to find the elements of 
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the aforementioned matrix. In order to achieve the defined aim, the power flow equations of the 

AC-DC power converter were linearized. These equations include a parameter the value of 

which is not known. The linear model of AC-DC power converter was incorporated in a typical 

AC-DC network and the linear AC-DC power flow equation was yielded. The procedure of the 

proposed method was also introduced. The procedure explained how to determine the value of 

λ in linearized power flow equations of AC-DC power converter and then how to establish the 

[BG] matrix. 

In the third chapter, to verify the validation of the proposed linear AC-DC power-flow 

analysis method, it was applied to different test systems. As the first test system, a simple 4-bus 

AC-DC network was chosen. The detailed explanations and calculations of the proposed 

method were presented for this test system to clarify the steps of the procedure. Then, other test 

systems with different sizes and numbers of AC-DC power converter were utilized to test the 

performance of the proposed methods in different conditions. MATLAB software was used for 

programming the proposed method as well as a non-linear AC-DC power-flow analysis 

method. The latter was employed to be compared with the proposed method. The performance 

of the proposed method was investigated based on different indices and the results were 

analyzed and the required justifications were presented. 

4.3 Contribution 

In this thesis, as a first contribution, while AC and DC lines are represented by 

susceptance and conductance elements, AC-DC power converters are represented by a 

proposed linear relationship. The linear model of AC-DC power converter comprises an 

equivalent reactance in series with an ideal AC-DC converter which accounts for the 
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transformation.  The phase angle of voltage at the AC side of the ideal AC-DC converter is 

related to the magnitude of the voltage at DC side of the converter by the parameter  .  

As a second contribution, a three-step method is proposed linear AC-DC power flow 

method is proposed. The first step solves the whole network considering it as a linear AC 

network, yielding bus phase angles at all busses. The second step computes attributes of the 

proposed linear model of all AC-DC power converters. Here, the procedure for obtaining the 

parameter   is introduced.  

The third step solves the linear model of the AC-DC system including converters, 

yielding bus phase angles at AC busses and voltage magnitudes at DC busses. In this third step, 

the AC sections of full AC-DC power system are represented by real powers and bus phase 

angles related by respective bus susceptance matrices, the DC sections are represented by real 

power and bus voltage magnitudes related by respective conductance matrices, and relations 

between AC and DC section busses are related by respective   parameters representing linear 

models of AC-DC power converters. Aggregating these AC, DC and AC-DC relations, a set of 

linear power flow equations is presented in a matrix form to represent the entire AC-DC 

network. This matrix is referred in this paper to as [  ] matrix. Finally, having [  ] matrix 

and the nodal active power injection vector at both AC and DC busses, the unknown variables 

of the AC-DC linear power flow analysis, which are phase angles of voltage phasors at AC 

busses and voltage magnitudes at DC busses, can be calculated. 
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4.4 Conclusion 

While AC-DC power systems have been operating for more than sixty years, absence of 

linear AC-DC power flow method remains an impediment. Complex optimization tools for 

planning and operation, which need such a linear AC-DC power flow method, remain 

challenged. 

With rapid use of DC in medium voltage levels, to integrate distributed energy resources 

such as energy storage, renewables (solar farms), electric vehicles, etc., need for linear AC-DC 

power flow method for complex AC-DC system optimization is an immediate need. To address 

this drawback, linear bus-wise power balance equations are developed for AC-DC power 

systems and presented in this paper.  

As a first contribution, while AC and DC lines are represented by susceptance and 

conductance elements, AC-DC power converters are represented by a proposed linear 

relationship, which relates AC bus voltage phase angle to the corresponding DC bus voltage 

magnitude.  

As a second contribution, a three-step linear AC-DC power flow method is proposed. The 

first step solves the whole network considering it as a linear AC network, yielding bus phase 

angles at all busses. The second step computes attributes of the proposed linear model of all 

AC-DC power converters. The third step solves the linear model of the AC-DC system 

including converters, yielding bus phase angles at AC busses and voltage magnitudes at DC 

busses. 

A numerical example of the proposed linear AC-DC power flow method is presented for 

a 4-bus test system to clarify the procedure of the method. In this example, comparison is 
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drawn with time domain MATLAB/Simulink implementation and conventional accurate 

nonlinear AC-DC power flow method. The proposed method is demonstrated to be accurate. 

Further, the proposed linear AC-DC power flow method is tested with seven (7) standard 

IEEE test systems, with up to 330 busses. The test results, when compared with accurate 

conventional nonlinear AC-DC power flow method, demonstrate reliable performance, 

consistency and reasonable accuracy expected from a linear method. 

The method is linear and amenable for future use with complex optimization of AC-DC 

power systems. 

  

4.5 Recommendation for Future Work 

In this thesis, a linear AC-DC power-flow analysis method is proposed. However, the 

proposed methods can be tested and developed for different applications of linear power-flow 

analysis such as optimal power-flow analysis and contingency analysis of AC-DC electric 

power networks. 
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 APPENDIX CHAPTER 5.

 

 

 

Table A.1: Data of the added buses and DC lines to the original IEEE 9-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

10 2.7 10 11 0.017 

11 2.6 11 12 0.039 

12 2.5 12 13 0.0119 

13 2 13 14 0.0085 

14 2.6 14 15 0.032 

15 2.8    

 

Table A.2: Data of the added buses and DC lines to the original IEEE 14-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

15 0.5 15 16 0.09498 

16 1 16 17 0.12291 

17 1.5 17 18 0.06615 

18 2 18 19 0.08205 

19 1.2 19 20 0.22092 

20 1.5 20 21 0.17093 

21 1 21 22 0.03181 

22 1.7    
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Table A.3: Data of the added buses and DC lines to the original IEEE 30-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

31 1.5 31 32 0.0667 

32 2 32 33 0.042 

33 2.5 33 34 0.0569 

34 2 35 36 0.0692 

35 1.5 36 37 0.0767 

36 2.5 37 38 0.0872 

37 2 38 39 0.097 

38 1    

39 2    

 

 

Table A.4: Data of the added buses and DC lines to the original IEEE 39-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

40 27 40 41 0.0003 

41 36 41 42 0.0007 

42 18 42 43 0.0013 

43 43 43 44 0.0008 

44 28 44 45 0.0006 

45 30 45 46 0.0022 

46 52 47 48 0.0032 

47 15 48 49 0.0014 

48 19 49 50 0.0043 

49 28 50 51 0.0057 

50 36 51 52 0.0014 

51 20 52 53 0.0013 

52 45    

53 16    
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Table A.5: Data of the added buses and DC lines to the original IEEE 57-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

58 0.5 58 59 0.1 

59 0.6 59 60 0.02 

60 1 60 61 0.1 

61 1.5 61 62 0.135 

62 2 63 64 0.207 

63 0.6 64 65 0.09 

64 0.7 65 66 0.1 

65 0.8 66 67 0.1 

66 1.1 68 69 0.1 

67 1.3 69 70 0.05 

68 1.5 70 71 0.05 

69 1.2 71 72 0.15 

70 1.4 72 73 0.25 

71 1.2 73 74 0.5 

72 1.1    

73 0.8    

74 2.5    

 

 

Table A.6: Data of the added AC-DC power converters to the original IEEE 57-bus test system 

A
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1 19 58 0.107+0.352i 0.915 -13 1.0513 

2 30 63 0.086+0.376i 1.01 -18.5 0.9604 

3 57 68 0.113+0.41i 0.956 -16.5 0.9994 
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Table A.7: Data of the added buses and DC lines to the original IEEE 118-bus test system 

Bus No. Load (MW) From To Resistance (p.u.) 

119 1 119 120 0.0246 

120 2 120 121 0.016 

121 1.5 121 122 0.0451 

122 1.5 122 123 0.0466 

123 2 123 124 0.0535 

124 2 124 125 0.0605 

125 2 125 126 0.00994 

126 5 127 128 0.014 

127 2 128 129 0.053 

128 3 129 130 0.0261 

129 5 130 131 0.053 

130 7 132 133 0.0105 

131 8 133 134 0.03906 

132 1.5 134 135 0.0278 

133 2.5 135 136 0.022 

134 4 136 137 0.0247 

135 3 138 139 0.0343 

136 7.5 139 140 0.0255 

137 8 140 141 0.0503 

138 1 141 142 0.0825 

139 2 142 143 0.0803 

140 2 143 144 0.04739 

141 1.5 144 145 0.0317 

142 1 145 146 0.0601 

143 2.5 146 147 0.0684 

144 2    

145 3    

146 2.5    

147 3.5    
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Table A.8: Data of the added AC-DC power converters to the original IEEE 118-bus test 

system 
A
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1 33 119 0.0518+0.188i 0.98 -19 0.9906 

2 44 127 0.0393+0.1518i 0.99 -16 0.9983 

3 52 132 0.0387+0.1272i 0.97 -14 0.9802 

4 98 138 0.0356+0.182i 0.979 -2.5 1.0452 

 

Table A.9: Data of the added buses to the original IEEE 300-bus test system 

Bus No. Load (MW) Bus No. Load (MW) 

301 5 321 1.5 

302 7 325 1 

303 8 326 3 

304 6 327 5 

305 5.5 328 6 

306 4 329 6.5 

307 6 330 6 

308 3.5 331 5 

309 2 332 6 

310 2.2 333 5 

311 2.2 334 4.5 

312 2 335 3 

313 2.4 336 0.5 

314 2.2 337 1 

315 2.5 338 1 

316 1.5 339 0.5 

317 2 340 1 

318 1 341 1 
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Table A.10: Data of the added DC lines to the original IEEE 300-bus test system 

From To Resistance (p.u.) From To Resistance (p.u.) 

301 302 0.0002 318 321 0.0091 

302 303 0.0006 321 325 0.00025 

303 304 0.0002 326 327 0.00065 

304 305 0.0003 327 328 0.0059 

305 306 0.00082 328 329 0.0049 

306 307 0.0002 329 330 0.0059 

307 308 0.0007 330 331 0.0078 

309 310 0.00058 331 332 0.0026 

310 311 0.0011 332 333 0.0076 

311 312 0.0008 333 334 0.00069 

312 313 0.0006 334 335 0.000558 

313 314 0.00076 336 337 0.0019 

314 315 0.000537 337 338 0.00076 

316 317 0.0043 339 340 0.0044 

317 318 0.0039 340 341 0.0002 

 

 

Table A.11: Data of the added AC-DC power converters to the original IEEE 300-bus test 

system 
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1 52 301 0.03+0.15i 0.987 -12 1.0377 

2 179 309 0.04+0.17i 0.985 -10 0.98 

3 208 316 0.05+0.24i 0.987 -25 1.0209 

4 319 326 0.02+0.1i 1.04 0.7 0.975 

5 320 336 0.06+0.25i 0.989 -3 1.053 

6 322 339 0.06+0.3i 1.05 -17 0.9516 
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