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Abstract

MODELING, SIMULATION AND OPTIMAL CONTROL 

OF ETHYLENE POLYMERIZATION 

IN A HIGH-PRESSURE TUBULAR REACTOR 

By: Frederick Zuojiang Yao 

Master of Applied Science in Chemical Engineering, Ryerson University 2004

Low-density polyethylene (LDPE) is a very important material for the manufacture of 

engineering and commodity plastics. The products are usually produced in high-pressure 

free radical polymerization either by autoclave or by tubular processes. This study 

presents a kinetic model based on a postulated reaction mechanism to describe the 

evolution of monomer, initiator consumption and the average molecular weights of 

ethylene polymerization in a high-pressure polymerization tubular reactor. The variations 

in the density and viscosity of the reacting mixture along multiple injection points for an 

initiator are used along reactor length is explicitly taken into account. A simulation 

program is developed to solve the mathematical model and the results are compared with 

those reported earlier.

Further, the optimal control of the LDPE reactor is carried out using genetic algorithms to 

maximize monomer conversion using the jacket temperature of heat-exchange fluid as a 

control function along reactor length. The results indieate a 22—40% increase in the 

reduction of monomer concentration.
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1 Introduction

1.1 Objective of this work

The objective of this work is to review the mechanism of polymerization reaction, 

develop mathematic models for initiator, monomer, radicals and polymers after exploring 

industrial and literature data, and studying the operation parameters and kinetics from 

earlier reports. The simulation results are to be given based on proposed model using a 

self-developed program. Using genetic algorithms and process simulation model a new 

robust optimal control of maximizing finctional change in term of monomer 

concentration has been developed.

1.2 A summary of organization in this thesis

This thesis begins with an introduction of LDPE tubular technology, followed by a 

literature review, which reflects the recent scientific progress in this field. Based on 

previous results, the author has written the reaction mechanism for initiation, propagation 

&nd termination of the reactions, and then developed the mathematical model of kinetic 

tubular reactor, live radical and dead polymer.

The simulation and optimal control, which are included in Chapter 5 and Chapter 6, are 

the core parts of this thesis. A self-developed program is used to simulate the 

mathematical model and optimize operating conditions. It follows by the conclusion 

remarks and suggestions for future work.



There are four Appendices as attachment. The Appendix A gives fundamental transport 

equations of a tubular reactor. The Appendix B lists the information of physical 

properties and heat transfer model used in the simulation model. Appendix C represents a 

Mathematic tool, least-squares polynomial regression, which is used to analyze and 

compare the density model. Finally, Appendix D summarizes the Runge-Kutta Algorithm 

used in this research work.

1.3 LDPE Technology and Its Background

Low-density polyethylene (LDPE), commonly produced in high-pressure free radical 

polymerization processes, is one of the most important polymers for manufacturing a 

wide range of engineering and commodity plastics due to its extraordinary electrical and 

impact properties, remarkable chemical inertness and moisture resistance, and 

adaptability to almost all plastic fabrication and processing methods. Its consumption 

accounts for the 40% of global polyethylene consumption, which reached about 35 

million metric tons in 1994 and has been rapidly increasing at the rate of 7% per year 

over the past 15 years.

LDPE has been manufactured in a high-pressure process for several decades since the 

process was set up in the BASF Ludwigshafen plant in 1938. The process is characterized 

by very large ratios of length to diameter, better heat removal than in an autoclave 

reactor, very high axial velocity, high pressure in the range of 1000 -  3000 atm and 

IOO°C - 325°C operating temperature. Figure 1 shows the production process.
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Figure 1. Process Sheet of Low Density Ethylene Polymerization (Cervantes, et aL, 2000)

The LDPE tubular technology for LDPE production is also characterized by the low 

manufacturing cost due to several factors:

a) less expensive organic peroxides and oxygen can be used as initiators;

b) it is easier to reproduce process parameters due to absence of catalyst influence;

c) it is associated with high flexibility of the process and no substandard products 

are produced during grad change;



d) there is no need to use the expensive a-olefins, because in the process the 

formation of side branches in the polymer chain are generated by the radical 

polymerization process itself; and

e) simple upscale process — single line scale-up provide excellent results.

1.4 Configuration of Polymerization Reactor

Polymerization tubular reactor has several different configurations depending on the

desired final product properties and technological requirements.

1.4.1 Basic types of polymerization reactor configuration

Generally, there are two basic types of tubular reactors:

A) Multiple type: configured by multiple cold gas feeds and multiple initiator 

injections; initiation is possible by oxygen and/or peroxide; and

B) Series type: configured by only one gas feed; multiple injections of peroxide 

initiators and/or oxygen.

Figure 2 and 3 illustrate these two configurations, respectively.
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1.4,2 The typical commercial tubular reactor

A commercial tubular reactor with detailing some of its accessories is shown in Figure 4. 

The reactor consists of a spiral-wrapped metallic pipe with a total length of the reactor in 

the ranges of 500 to 1500 m while its internal diameter does not exceed 60 mm. The heat 

of reaction is partially removed through the reactor wall by coolant which flows through 

the reactor jacket. The reactor is divided into a number of sections (zones) based on 

process heat-exchange requirements either introducing heating fluid into some zones or 

removing heat using coolant. A mixture of fresh ethylene, initiators and recycle stream is 

compressed and fed to the reactor. Typically, there are multiple feed streams and initiator 

mixture injection points. The present conversion ranges from 9 -  29%, depending on an 

actual reactor configuration and type of initiator.
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1.5 Progress and Challenge

Current progress (mostly described in Chapter 2) and problems associated with LDPE 

production in high-pressure free radical polymerization process have been considered by 

several investigators (Brandolin et al., 1996; Brandolin et al., 1988; Chen et al., 1976; 

Agrawal and Han, 1975; Goto et al., 1981). The following cases are considered by 

previous researches;

1) free radical kinetic mechanism;

2) assumption of plug flow with no axial-dispersion;

3) equal reaction mixture gaseous phase, and

4) Steady — state hypothesis along the axial coordinate.

It is obviously shown that there are difficulties for a good formulation of a model for the 

process. These difficulties are reflected not only in the complexity of the reaction system, 

but also in the information associated with different sources. For example, there are lack 

of agreement on available kinetic constants, heat transfer factors and reactant viscosities, 

definition of flow dynamics and reactor configuration among different sources. In 

addition to the above, this disagreement also reflected in several operation conditions,

such as initial reaction temperature, reaction pressure with consideration of effects of

pulse valve, flow dynamics and multiple injections. Further, there are differences in the 

transport and thermodynamic properties of streams used in the heat transfer process.

This research develops a steady state model of a LDPE tubular reactor on the basis of a 

kinetic scheme, which takes into account important elementary reactions occurred due to



the intense heat effects of ethylene polymerization. The model comprises of the molar 

balances of initiator, solvent, monomer, free radicals, and dead polymer in conjunction 

with the energy balances at reaction and jacket sides along the length of reactor. The 

model takes into account multiple initiator injection points, variable density, viscosity 

and velocity of reaction stream. The developed model uses data from the reported 

production plant to simulate an industrial, high pressure, non-isothermal LDPE tubular 

reactor. The temperature, pressure and conversion profiles along reactor length and the 

quality of LDPE in terms of number and weight average molecular weight are 

determined. Comparing to the method of Lorenzini et al., (1992), which used a novel 

method to obtain molecular weight distribution (MWD) by applying the mass balance, 

MWD moments and the long and short chain branching points and double bonds as 

separate species, this work applied direct calculation to obtain average molecular weight 

distribution in Section 5.5.

Further, the optimal control of the reactor satisfying various process constraints is carried 

out to maximize fractional change in term of monomer concentration using reactor jacket 

temperature as a control fimction. Genetic Algorithms are employed to define the optimal 

control objective, which is also subject to the developed mathematical model. By 

applying this strategy, the outlet optimal monomer conversion in term of monomer 

concentration are around 40% and 22% higher than the non-optimal one-shoot cases of 

low and high initiator concentrations, respectively.



2 Literature Survey

Many researchers attempted to develop a model to describe high-pressure polymerization 

of ethylene by free radical process. Different investigators have reported their findings 

within wide range of parameters. Models that are developed in this field, recently, are 

using operating plant data as an input data to predict results obtained from actual plant. 

The simulation model which is combined with a control and optimization algorithm is 

much preferred in prediction of production properties; hence it can directly be related to 

process operations and production progress.

2.1 Summary of the progress

There are many disagreements in describing reaction kinetic, thermodynamic and 

transport properties of a LDPE tubular reactor. This has led a number of researchers 

(Chen et al., 1976; Shirodkar and Tsien 1986; Brandolin et al., 1988; Brandolin et al., 

1996; Baltsas et al., 1998; Zabisky et al., 1992) to establish a unified model of ethylene 

polymerization in tubular reactor.

Agrawal and Han (1975) presented reactions of peroxide initiation, termination by 

combination, transfer to monomer, transfer to polymer and transfer to chain transfer agent 

and P-scission. They investigated the effect of axial mixing on the reaction, reaction 

fGmperature(T), monomer conversion (X), number average molecular weight (A/„) and 

weight average molecular weight (M„) at 2500 atm. They used kinetic parameters from



their earlier data. However, they assumed that the physical properties of reacting stream 

are constant throughout the reactor.

Baltsas et al. (1998) studied the application of pseudo-kinetie constant model in 

combination with methods of moments, to model the multi-component free radical 

polymerization of ethylene in a high-pressure tubular reactor. The simulation results were 

found to be in agreement with experimental data. Kinetic mechanism for ethylene 

eopolymerization and multi-component polymerization were presented. They obtained 

reaction temperature, monomer conversion, molecular weight, branching frequency, 

copolymer composition, heat transfer coefficient, relative solution viscosity along the 

reactor length.

Brandolin et al. (1988) presented an extensive review of previous works done on this 

topic and then developed a mathematical model for ethylene polymerization in a high- 

pressure multi-zone tubular reactor using oxygen as initiator. They also used reaction 

kinetics of oxygen initiation, termination by combination, transfer to polymer, transfer to 

chain transfer agent and /9-scission. The model prediction of monomer conversion, 

molecular weight and long chain branching {LCB) for different configurations and a 

range of operation conditions were comparable to the experimental results.

Brandolin et al. (1996) improved their previous work of 1988 and presented an 

exhaustive mathematical model for the high-pressure polymerization of ethylene in 

tubular reactors of configuration similar to that encountered in actual commercial plants.

1 0



They considered multiple injections of monomer, mixture of initiators and chain transfer 

agents together with realistic flux configurations. The model can predict temperature, 

concentrations of reactants and products and molecular properties as a function of reactor 

length. The calculated results agree with experimental and actual plant data within o. 10% 

error.

Chen et a l (1976) reported the most comparative model to describe tubular high-pressure 

polyethylene reactor. They considered reactions of peroxide initiation, termination by 

combination, transfer to polymer and >9-scission. Their model envisages monomer 

conversion, molecular weight and its distribution (MWD). In their calculations, they used 

another model which predicts physical properties of polymerization with respect to 

reaction conditions along the reactor length.

Goto et al (1981) reported a comparable experimental result using a kinetic model for 

vessel and tubular reactors in LDPE production. The tubular reactor was modeled as a 

sequence of over 5000 CSTRs with no back-mixing and simulated the polymerization 

under various conditions. They used kinetic data for five types of initiators and 

considered reactions of peroxide initiation, termination, transfer to monomer, and transfer 

to polymer, transfer to chain transfer agent, yg-scission of secondary and tertiary radicals 

und backbiting. They predicted results for reaction temperature, pressure, monomer 

conversion, stream density, molecular weight and chain branches corresponding to 

change in temperature of initiator which are well in agreement with the experimental 

results.

11



Gupta et al (1985) also presented a simulation model of tubular reactor in LDPE. They 

considered mechanisms for reactions as peroxide initiation, termination, transfer to 

polymer, transfer to transfer agent, P-scission of secondary and tertiary radicals and 

backbiting in a single zone case as referred by Chen et al., (1976) and Goto et al., (1981) 

papers. The prediction is given in terms of reaction temperature, monomer conversion, 

molecular weight and its distribution along reactor length.

Hollard and Ehrlich (1983) presented a simulation model which considers reactions of 

peroxide, oxygen and thermal initiation, termination and p-scission similar to the works 

of Chen et al. (1976) and Takahashi and Ehrlich (1982). It was concluded that oxygen 

behaves as a fast initiator.

Lacunza et al (1998) presented a more comprehensive estimation of the overall heat 

transfer coefficient by using appropriate energy balances and a good set of experimental 

data. They proposed a predictive mode, in which all flow regimes as well as fouling 

effects were taken into account based on industrial reactor data. The work is considered 

to be an extension of Brandolin et al., (1996).

Mavridis and Kiparissides (1985) applied a dynamic optimization method to a high- 

pressure polyethylene tubular reactor considering peroxide initiation, termination by 

combination and disproportionation, transfer to monomer, transfer to polymer, transfer to 

transfer agent and /^scission mainly similar to work of Lee and Marano (1979). They 

also performed sensitivity study of parameters in order to obtain an optimized

12



performance in multiple initiators. They concluded that steady state hypothesis (SSH) for 

radical concentration is a valid assumption.

Shirodkar and Tsien (1986) reported a computerized mathematical model that developed 

to simulate LDPE free radical polymerization at high-pressure in either one or two-zone 

tubular reactor. They used a set of non-linear differential equations based on theoretical 

polymerization kinetics applied to a reactor with previously known heat transfer profile. 

They considered reactions of peroxide initiation, termination by combination and 

disproportionation, transfer to monomer, transfer to polymer, transfer to chain transfer 

agent, P-scission and back biting. The predicted conversion and temperature profiles 

agreed with actual plant data within a 70% error.

Yoon and Rhee (1985) reported a study of LDPE tubular reactor with reaction 

mechanism of peroxide initiation, termination by combination and disproportionation, 

transfer to monomer and polymer. They studied optimal temperature profiles and 

concluded that the axial mixing may be neglected and SSH is a valid assumption. 

However, they assumed that the physical properties of reacting stream are constant 

throughout the reactor.

Zabisky et al. (1992) reported results from their LDPE tubular reactor model compared 

with data obtained from an actual commercial plant. Their mathematical model is based 

on reaction mechanism of peroxide and oxygen initiation, terminations by combination 

^ d  disproportionation, transfer to monomer, transfer to polymer, transfer to chain

13



transfer agent, p-scission of terminal & backbone radicals and backbiting. Then they used 

commercial software, called ‘TUBULAR®’, to simulate operational tubular reactors 

using multiple initiators and multiple feed points. The method of moments is used in 

conjunction with pseudo kinetic rate constant to allow calculation of average molecular 

weight. Their simulation results generated from the model were compared with plant 

data, and have shown encouraging prospects for industrial application.

2.2 Challenge of the technology

As can be seen from the above, although there are some progresses made in this area by 

several contributors and the availability of experimental information from several 

different industrial reactors which are featured by different configurations and operating 

conditions, the research in this field still has not advanced yet either in having a realistic 

model for the process or in obtaining reasonable results that are based on reasonable 

assumptions. Hence, work in this field may focus on the formulation of a realistic model 

for the process, so as to serve the engineering goal of good prediction of operation 

performance; and one could focus on process optimization of the reactor to choose the 

optimal operations, where multi-fimctional initiators can be considered in actual plant 

operation.

Based on the reviews of earlier reports, the contributions through this research are:

1. developed his own models for mathematical tubular reactor, live radical and dead 

polymer;

2. built the density model for reaction stream;

14



3. simulated real world LDPE tubular reactor using its reacting data as an input; and

4. used a new robust optimal control technology to obtain a maximized monomer 

conversion in term of the concentration. The comparison between optimal control 

and non-optimal one-shoot eases is given in the result section.

15



3 Reaction Mechanism

Free radical ethylene polymerization is carried out at high pressure and elevated 

temperature. Different mechanism and kinetic models are used by different researchers. 

Several research groups (Brandolin et ah, 1988; Brandolin et al., 1996; Dhib and Al- 

Nidawy 2002; Chen et al., 1976; Goto et al., 1981; Hollard and Ehrlich, 1983; Tatsukami 

et a l, 1980; and Zabisky et a l, 1992) presented their mechanisms for the high-pressure 

polymerization of ethylene in tubular reactors. Some of these reactor configurations are 

similar to that encountered in industry.

3.1 Summary of Mechanism

The crucial thermodynamic setting in which the reaction should take place triggers a 

complicated chain of reactions. As reported by Dhib and Al-Nidawy (2002), the effects 

of thermal polymerization become important and cannot be neglected for reaction 

temperatures between 150°C to 250°C. Transfer to non-saturated telogens such as 

propylene, generates radical having end double bonds, which favour long chain- 

branching. However, under intense heat effects, the growing polymer radicals may 

undergo P-scission or breaking-up at the secondary or tertiary carbon atoms in the 

backbone, which results dead polymer chains with low molecular weights, thus affecting 

the polymer properties. Besides, under these thermal conditions, organic peroxides -  

especially those with more than one oxygen-oxygen bond may become unstable and

16



undergo undesirable reactions, in which case either reaction mechanism or products are 

not easily predictable (Luft et al., 1977).

After surveying most of previous comparative works, which include the molecular 

weight, long and short chain branching (methyl, vinyl and vinylidene groups), this 

proposed kinetic mechanism attempts to account for the important elementary reactions 

that are likely to occur in the industrial tubular reactor. The reactions considered include 

initiation, propagation, termination, transfer to monomer and polymer, backbiting, fi- 

scission, reactions with terminal double bonds, and run—away decomposition of monomer 

and polymer.

There are two initiation reactions to be considered. First, the decomposition of peroxide 

initiator forms two free radicals. The radicals grow rapidly by combining with monomers. 

Secondly, monomer may also thermally combine to form a radical in a high temperature 

(750°C to 250°Q, called thermal initiation reaction. Buback, M. (1980) reported this is a 

slow polymerization reaction in absence of initiators and it is a third order reaction [as 

shown in equation (2) in Section 5.2.7 below].

Propagation is a series of reactions occurring between monomer and radicals. Also to be 

considered is the propagation of terminal reaction by double-bonds even though the 

concentration of these terminal double bonds in relation to the concentration of all double 

bonds available as monomer is quite small (due to low conversion of monomer).

17



Termination can occur by combination, disproportionation and thermal 

disproportionation. The reactions of termination by disproportionation, yff-scission and 

transfer to monomer produce chain ends where double bonds exist. These double bonds 

might react with radicals, via a propagation reaction, producing internal radicals that can 

propagate to form long chain branches.

Although termination by disproportionation has been considered negligible by some 

investigators, others considered these in different forms. The reaction is either a 

combination by two radicals with the same or different chain length, or a 

disproportionation to form two different dead polymers, or radical thermal degradation to 

form a dead polymer and a free radical.

Chain transfer consists of a set of transfer reactions. These reactions could include: 

transfer to monomer, which forms a monomer transfer radical and a dead polymer chain; 

transfer to solvent (modifier) and/or agent, which forms a dead polymer chain and the 

transfer radical; and finally transfer to polymer, which leads to long chain branching 

because the reaction involves the transfer of reactivity from radical type to a monomer 

unit in a dead polymer chain to form a radical with the active centre along the chain. In 

the case where a monomer is present, propagation leads to long chain branching (LCB). 

For general phenomena, LCB probably arises from abstraction by a growing radical of a 

hydrogen atom from the backbone of a polymer chain (Small et al., 1972).

18



Internal molecular reaction consists of different reactions. An internal radical centre is a 

radical located on a backbone carbon atom and is generally formed by two reactions 

namely transfer to polymer and backbiting. These internal radical centers can, in theory, 

undergo all of the reactions that chain-end radicals do. Propagation leads to branches. 

According to Goto et al., (1981), the branch types depend on the formation mechanism of 

a) transfer to polymer which leads to long chain branches, and b) backbiting which leads 

to short chain branches. This is because the radical activity is transferred to a site along 

the same chain, and this site may propagate leaving a short chain branch. In another 

words, the growing radical carbons go back to its own chain, thus transforming the free 

radical back to another carbon from the growing end.

In addition, these internal radicals could undergo a /^-scission reaction to form two 

smaller chains. Both /9-Scission to secondary and/or tertiary radical are additional 

reactions to the propagation, in which the internal radicals may undergo scission to form 

two smaller radicals and dead polymer chains, one with a terminal double bond. Actual 

reaction may be a two-step reactions: the first step is the attack of a dead polymer chain 

by a radical, forming an internal radical; the second step is the /^-scission reaction.

Decomposition occurs in a high temperature, where decomposition of monomer and 

polymer form a variety of lower molecular weight products. A runaway reactor may 

result in a huge pressure increase due to the rapid evolution of small molecules via these 

decomposition reactions. The phenomenon known as autocatalytic in nature not only 

occurs in decomposition of monomer and polymer but also in initiator. Generally,
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explosion or decomposition reaction results in high temperature where reactions become 

faster.

3.2 Mechanism Expression

In the following expressions, M, P and I  stand for the monomer, the polymer and the 

initiator, and m ,p  and i stand for their reactive concentrations, respectively.

3.2. J Initiation

As described in Section 3.1, the initiation includes initiator’s initiation and thermal 

initiation of monomer.

Initiator

j S j^ 2 R , :  (la)

(lb)

Thermal Initiation

3M - >2i?; (2)
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3.2.2 Propagation

Propagation o f monomer with radicals:

Pwpagation o f terminal reaction by double-bonds:

3.2.3 Termination

Termination by Combination

R ; + R ; '̂‘—>Pr ,̂ r,s > 1 (5)

or by disproportionation:

r ;  + R ' —^ ^ P r + P s

or by thermal degradation:

(6)
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Pr+^i* r > l  (7)

3.2.4 Chain Transfer reaction

Transfer to monomer:

r ;  + M  + /?,* r ^ l  (8)

Transfer to solvent:

Transfer to polymer:

R ; + P , - ^ P , + R :  r ,s> \ (10)

3.2.5 Internal molecular reactions

Backbiting (intermolecular transfer):
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R ;—^ R , ;  r,z»r>l (11)

P-Scîssion to Secondary Radical:

R , , ; - ^ P r + R '  r > l  (12)

P-Scission to tertiary Radical:

K ^ x - ^ P r - ^ K  r > l  (13)
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4 Mathematical Model Development

By applying molar and energy balances of monomer, initiator, and live and dead polymer 

as described in details in Appendix A, and three assumptions of

a. plug flow without axial-dispersion;

b. equal reaction mixture phase; and

c. steady-state hypothesis

for the reactor, it leads to an infinite set of coupled differential equations. To account for 

the average molecular weight distribution (MWD) of the radical and polymer species, the 

method of moments may be employed to overcome this mathematical complexity, 

Konstadinidis et al. (1992) provided the comprehensive method to describe the 

polymerization of branched polymers based on several pioneer researches: Katz and 

Saidel, (1967); Saidel and Katz, (1968); Chen et al., (1976); Ray and Laurence, (1977). It 

recently used by Zabisky et al., (1992), Brandolin et al., (1996) and Dhib and Al-Nidawy 

(2002).

In this work, we focus on the steady state version of the balances derived in Appendix A. 

The reason is that the time required to reach a steady state in this plug flow reactor is 

negligible, and not at practical interest due to extremely high velocity and fast reaction 

kinetics.

The first four moments of the distribution are included in the balances for the complete 

MWD calculation, while the first three moments are included in the balances to calculate
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the number and weight molecular weights. This approach is similar to that applied by 

Zabisky et al., (1992) and Metzler et al., (1973).

4.1 Live Radical Model

The method of moments is a relatively simple method to calculate MWD. Moments of 

live radical chain length distribution are defined by writing balance on the radical of 

chain length r, multiplying each term by the appropriate power of r and summing them 

from r = 0 to 0 0 :

(14)
r=0

Performing molar balance of initiation radicals (r = 1) and live radicals whose chain 

length r >2, gives the following two expressions:

2 f,kJ  + 2 K „ m ^ - K m R , - { K , ^ + K „ ) R X K
5=1

V r=l dz
(15)

dR.^  -  (^tc + ^ t d ) K ^ K  + + ̂ thd + )R^
r=l

r  r-l

irp
\  5=1

dv
(16)
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By substituting Equation (15) and (16) into the general expression of radical moment 

equation

a set of differential equations can be obtained:

^ ^ /d z  = -  {K,  ̂+ ) V  -  A) ^/v/ffe)/v (18)

- {K,  ̂+ K,^) -{K^^m  +

+ KpinÀ^ + dvldz]/v (19)

~ -  (^,c + ^,d ) ^A) -  + -^^ + ^,W

+ IKptnÀ  ̂+ (Ao/Zj -  Â /̂ i ) -  A2 dvldz]lv (20)

^ ^ / d z + 2ü:,;,wî̂  - (K,^ + K,j) Â Â  - [K,^m + K,„s + Kp+Kp^)X^

+ ZKptnA  ̂+ K^J^A^fi^ - A^H^-A^dv!dz]jv (21)

For the radical moments, many researchers (Mavridis and Kiparissides 1985; Yoon and 

Rhee, 1985) find that there is a little difference in results when SSH or non -  SSH is
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made. Moreover, the Xj, for j = 0, 1, 2, 3, are in the range of 1(T  ̂~ 1(T ,̂ hence it may be 

assumed:

^  ~ ® yôr y = 0,1,2 and 3 (22)

Therefore, the live radical concentrations may be given by the following algebraic 

equations using equations (17) to (21):

A) — (23)

3 = ________________  “ •  p  -u irp -xir-i________________

{K,c +K, j ) X^+ + K,„s + +Kp +Kp ^ ^  + ^trpMi

n  ______________________________ +2KptnA^_+K,^X^/d^___________

{K tc+ K ,d )\ +{^K,^m + K ,^s+ K ,^+ K p  +Kp^'^+K,^/I^

5 _ '^ftKJ + 2K,^m  ̂-\-3KpmX^+K,^X^fi^
— — ------- 1— — V (2oj

{^tc + ) A) + {^tm^ + ̂ trs  ̂+ ̂ thd + -̂  ̂+ ) + ̂ trp^

The solution to molecular weight distribution was also employed by Zabisky et al., 

(1992), Dhib and Al-Nidawy (2002).

Notice should be made that these equations include several variables, such as m, i and juj 

2, and 3), which are involved in polymer model and reactor model as described

below.
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4.2 Polymer Model

Similarly, based on equation (10), (12) and (13), balance on the polymer chains of length 

r, gives:

+^ihdK
^  J«15=1

+Krp [ ~ A  + + ̂ irm^ + ̂ /} + ^fl\ ) K
5=1 y

-P r
dv
dz

(27)

Applying the defined moments of the polymer size distribution equation, which 

multiplies (27) by the appropriate power of r  and then sum:

r=l
(28)

gives:

‘‘Y d z  = V  + (K,„s +

+ ̂ ,hd^ -Mo dp jd zyd z

-  \.^td + ̂ trm^ + + -̂ /Jl ) ̂

+ Khd\ +  ̂ trp { \M \-  )~M \dpl dz\J dz

(29)

(30)
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~ (A)^ + ̂  +K^-hKp+Kp^)\

+ ̂ thd^ + -^ ,p (^A  -  ) - / ^ 2 d p l  d^\! dz

It is observed that there is a higher moment, jH3, in equation (31). Therefore it may not be 

a closed solution available for solving the above equations. However, several 

investigators (Zabisky et al., 1992; Dhib and Al-Nidawy, 2002) applied the closure 

method of Hulburt and Katz (1964), which gives:

to obtain a solution for equaUons (29) to (31). Comparing simulation result and the data 

from actual commercial plant, Zabisky et al„ (1992) found that the above formulation is 

applicable.

Numerical solution of these equations allows the computation of some of the product 

properties, such as:

dumber-average molecular weight:

(33)

ŝight-average molecular weight:
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Ml + 4

where, Mwm is the monomer molecular weight.

4.3 Mathematical Tubular Reactor Model

Once stream of reactant mixture enters the reactor and reactions proceed, the monomer 

and initiators are continuously consumed to produce polymer. A set of reactions as 

explained in 3.2 will take place and concentrations as well as densities will be changed 

along the reactor length. Following balance equations are used in development of the 

model.

4.3. J Mass and Energy Balance

The changes are described by a set of high nonlinear differential equations obtained by 

applying mass and energy balance (Appendix A, Bird et al., 1960; Yao et al., 2004; and 

Luyben 1990). The equations are as follow:

(A) Mass balance

The overall mass balance
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— (/7v) =  0 (35)
dz

dv _  V dp 
dz p  dz

Peroxide initiator

(36)

(37)

(38)

Monomer (from equations o f (3), (2) and (8), respectively)

= (39)

‘l"^= -(K ^m A ,+ 2 K „ m ’ +K„m A,+m ‘y f j / v  (40)

Solvent

%  = - ( W + . % ) / v  (41)

(B) Energy balance
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Energy balance results in the temperature profiles and the concerned heat transfer issues, 

which include reaction temperature and jacket temperature.

In heating and reaction zones:

d T /
^  p C y

(-MIpKptn^  ) —̂  ( r  -  r j (42)

In cooling zones:

d T /  =.
*  pC„v

(43)

Jacket Temperature in a Single Liquid Phase:

o r /  M P j T - z )
dz (44)

4.2.2 Pressure Effects

From the definition of the fanning friction factor for turbulent flow (Re is in the range of 

I-xK /  to I x l ( / )  with consideration of linear velocity of reacting stream, pressure profile 

in reaction mixture can be expressed as:
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(45)

where, ̂  is the fanning friction factor, which is in the range of:

0.01 > / ,  > 0.079l/Re1/4

Pressure drop across the pulse valve (Pulse valve effects).

APpv  ̂ -  I l + a\
V JJ

(46)

Hence, the reaction pressure changes to:

(47)

4.3.3 Reacting mixture density

Benedict et al., (1940) developed a so called BWR model to predict density values of 

pure and impure ethylene mixture. A regression method (Brandolin et al., 1988) normally
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has been employed to simulate the density of reacting mixture feed, which may be 

expressed as a polynomial function:

p  = a + bT + cT^+dP + eP^+fTP  (48)

where, a, b, c, d, e and /  depend on the mixture composition and can be fitted to 

experimental data as reported by Goldman, K. (1969) using differential equation derived 

from equation (48) above:

As can be seen from Figure 5 and Figure 6, using Equation (48) results to a lower density 

prediction at high pressure range (above 1200 atm.). Hence, this model can not used as a 

prediction model.

Due to this shortcoming of the least-square, the density of reacting mixture as suggested 

by Chen, et al., 1976 can be expressed as the equation (B9), which is employed in this 

study. Hence, we can express the density as a function of monomer concentration, 

temperature, pressure and distance along the reactor length, p  = p{m, T, P, z) ,  which 

can be detailed as the following equation in a constant pressure:

d p  /  d p  d T  d p  dm
(50)
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where.

d p /  _ 0.01436^x10-^ -2.5245x10-^ +(31.6967-1.25/»)xl0-"r-99.8877xlQ-'"r^

(0.710- 4.475 (0.949 + 4.988 x 10"" 7  )"
(51)

and

1 ^  = 0.028 
dm

1-

0.710 -  4.475 X10-̂
(52)

0.949 + 4.988x10-^7

These sub-models as showed from Equation (50)-(52) are used in development of the 

ethylene polymerization in a high pressure tubular reactor as applied in Chapter 5. They 

are obviously a combination of the methods of Chen et al., (1976) and Benedict et al., 

(1940).
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Experimental Density from Data In "Goldman, K. (1969)" pp150-167
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Figure 5. Monomer Densities from Experimental Data at Pressure versus Temperature
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Data-Fitted Density using "Least-Square" Method
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Figure 6. Modeled Monomer Densities after Data-Fitting to Polynomial Model
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5 Simulation Results

The developed mathematical model for free radical ethylene polymerization in a multi­

zone tubular reactor, which consists of

i. Radical model;

ii. Polymer model;

iii. Tubular reactor model;

iv. Heat transfer; and

V .  Reacting stream properties 

was solved by a computer program in a C++ language. Table 1 shows the equations 

involved in the simulation process.

Table 1. Equations Used In Simulation Program

Model Type Equations Used

Live Radical Model Equations: (23), (24) and (25)

Polymer Model Equations: (29)-(34)

Tubular Reactor Model Equations: (36), (38), (40), (41), (42)-(44) and(50)-(52)

Heat Transfer Model* Equations: (53), (B12), (B14) and (B17)

Viscosity, Flow Dynamics* Equations: (B4)-(B6), (BII), (BI3) and(B15)

Physical Properties*, Others Equations: (B4)-(B10) and (55)-(57)

*Subjects to all these items in Appendix B are involved in simulation and could not be separated.
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5.1 The Simulation Program

The simulation program uses a fifth-order Runge-Kutta Fehlberg method (see Appendix 

D) with Case-Carp parameters, and adaptive step control in C++ language. In order to 

have a successful simulation, a large number of physical, chemical and thermodynamic 

data has to be collected and determined with consideration of polymerization kinetics, 

flow dynamics, heat transfer model, viscosity model, reactor conflguration, chain transfer 

agent and initiator properties. Figure 7 shows the features of the simulation program.

Based on the program and collected data, we can calculate temperature profile, one pass 

conversion, one -  shoot conversion with multiple initiator -  injections, molecular weight 

distribution and its polydispersity index, PDI.
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Figure 7. Features of Simulation Program
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5.2 Assumptions in the model

In order to simplify simulation process, the following assumptions are made.

5.2.1 Heat Capacity

The heat capacity of the reaction mixture is the mass weighted sum of the heat capacities 

of the pure components.

5.2.2 Heat Transfer Coefficient for the Whole Tubular Wall

With taking the film convection coefficient at the jacket side, metal wall coefficient and 

fouling effect into a whole wall coefficient h^, the following overall heat transfer 

coefficient (Chen, et al., 1976) is assumed to be given by:

h - H  ■

where, hi is the calculated heat transfer coefficient in reacting side; h^ is the selected 

coefficient from experimental data. The simulation results of Gupta, et al., (1985) 

indicated that the value of hŷ  doesn’t affect temperature profile and the final product 

properties in a large scale reactor. Hence in this work a constant value is assumed.

5.2.3 Constant Reaction Pressure

Some researchers (Brandolin et al., 1988; Zabisky et al., 1992; Brandolin et al., 1996) 

considered the pulse valve effect to the reaction pressure, which causes around 10% of 

pressure change. In this study, we assume that the reaction pressure is a constant.
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5.2.4 Effect to multiple initiator injection

Comparing to reacting stream, the amount of injected initiator is very small; hence it can 

be assumed that its effect to flow dynamic, viscosity, heat transfer is negligible.

5.2.5 Reaction heat

It is assumed that propagation is the only thermally relevant step (Brandolin, et al., 1988) 

to be considered in energy balance.

5.3 Consideration of simulation parameters

Current literature reports a very wide range of values for each kinetic parameter. 

Moreover, each research group uses industrial or experimental data, such as conversions, 

temperature profiles and molecular properties, to adjust the constants. As a result, each 

set of parameters can be only used for the calculation of a typical reactor and can not be 

used for scale up or for the design of new reactors having different configuration or for 

those reactors which have different operating conditions.

It’s observed that it is very important to select the activation energy carefully to avoid 

simulation overshoot. It seems that the numerical solution is very sensitive to 

combination of high activation energy and high temperature.

Table 2 shows operating parameters, which is typically used in industrial reactors. The 

rate constants in Table 3 were carefully selected from Dhib and Al-Nidawy (2002) and
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Brandolin et al., (1996). Some data used in the model were in discrete format. Different 

best-fill models were developed and tested for the available ranges before application in 

the simulation model.

Dioctanoyl Peroxide (Seidl et al., 1981; Dhib and Al-Nidawy 2002) is the only initiator 

which is used in this study. The related parameters are listed in Table 4.

Table 2 Parameters for this study

Symbol Unit Parameter Value

-àHp cal/mol 23,000

f - 0.65

fpdb - 0.40

Din cm 5.06

L cm 127,000

nio mol/1 19.41

io mol/l 1.5xl0r^

To °C 140

Tea °C 139

% cm/s 1,880

P atm 2,000

43



Table 3 Rate constant used in this work: K=A*exp(-E/RjT- A1JP/R2T)

Rate constant A E  (cal/mol) A v (cm^/mol)

Kth 6.04^1(f (1/s) 72,945.00 0.00

K p 9.90x10^ (1/mobs) 4.210.00 -5.60

K ,c 4.35x1 ( f  (1/mobs) 3,650.00 9.20

^trm 1.20xl(f (1/mobs) 14,400.00 -20.00

Ktrp 1.80x1 ( f  (1/mobs) 9,400.00 0.00

K p 1.40x10^ (1/mobs) 19,100.00 -9.90

K p i 4.40x10^ (1/s) 19,100.00 -9.90

K ,d 3.246xl(f (1/mobs) 242.00 0.00

Ktrs 5.6x10^ (1/s) 10,032.00 9.90

Kpdb 1 .40xl(f (1/s) 6,100.00 0.00

K b 3.25 x l ( f  (1/s) 7,474.00 0.00

Where, Ri= 1.9872 cal/mol-K, R2=82 cm^ atm/mol'K

Table 4 Decomposition rate constant initiator: Ka —Aiexp(-Ei/RiT- AV1P/R2 T)

Initiator A i (1/s) El (cal/mol) Auj (cm^/mol)

Dioctanoyl Peroxide 2.2925'xlO''*

iiru___D n o n ', rr n _oo

30,131.70 5.9
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5.4 Case study

In this research work, it used two cases for simulation of LDPE tubular reactor with the 

design parameters described in Table 5. For both of them, an inlet temperature of 1 4 0 ° C  

of reactant stream in the similar inlet initiator concentration but different initiator 

concentration at the stages was selected. A series configuration is used in the two case

studies.

Also the effects of different inlet temperatures, jacket temperatures and monomer and 

initiator concentrations could be analyzed for these two cases.

Tabic 5 Case description

C A S E !  C A S E  I IItems 

Ratio L /D i

Number of heat exchange zones 

Location of monomer injection point, cm 

Initiator concentration at inlet, mol/l 

Initiator injection point locations (̂ 10 ), cm 

Initiator concentration injected to, mol/l 

Volumetric jlowrate of fluid in jacket, l/s

2.51^10^ 2.51 x j ( /

6 2

0 0

15^10^

2 , 4 , 6, 8 , 1 0  5

SxKT' 15x10-^

1.2 1.2
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5.5 The Simulation Results

Chen et al., 1976 suggested using one of the following two equations of the macroscopic 

molar balances on initiator and monomer

0̂*0 ~ (■^/^ /̂ O * V

+ (55)

in simulation process.

In this study, the integrated velocity directly from the overall mass balance, as shown in 

equation (36), was used. The comparison between the boundary conditions and the direct 

integration on conversion and velocity are given in Figure 8 and Figure 9, respectively, 

indicating that there is a little difference between the two methods.

Here, the author defines monomer and initiator conversions as:

X  = i - j m .
^0^0 J

xlOO (56)

1 - — 1x100 (57)
foVoj

In this study. Figures iO to 16 are the results of simulation process in Case I. Figure 10 

shows the temperature profiles of both reaction and jacket sides. One can easily explore 

that with each initiator injection at equal interval location, the reaction temperature 

reaches a new height with difference in reaction and jacket temperatures changed more 

and more sharply. It reflects the features of thermal dynamics and kinetics of both 

monomer and initiator: the initiator decomposition reaction goes faster with temperature
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Comparison in Conversion
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Figure 8. Comparison between conversions calculated from the boundary and direct methods
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Velocity Comparison
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Figure 9. Velocity comparison calculated from boundary and direct methods
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increasing; the rate of polymerization reaction increases with higher eoneentration of 

primary free radieals and higher reaction temperature.

Performanee of jacket temperature shows good simultaneous heat transfer, compared to 

reaetion temperature. Inlet coolant temperatures for each exchange zone remain at the 

same level (139°C). It was then increased along reactor axis and reached an asymptotic 

value with heat exchange between reacting mixture and jacket eoolant.

Figure 11 and Figure 12 reflect conversions of monomer and initiator along axial 

coordinate. The monomer conversion arises to a new higher level with each initiator 

injection and the final conversion could be around 14.5% while initiator can always reach 

a 100% of the eonversion rate after each injection. One can also find that its reaching to 

rate of a 100% conversion rate beeomes faster with reaction temperature increasing.

Figure 13 and Figure 14 shows number and weight average molecular weight (M„ & 

distribution of product and its polydispersity index distribution (PDl) as ftmction of 

reactor coordinate. The Mw ranges from 80,000 to 112,000 while the M„ ranges from 

35,000 to 54,000 with PZ)/ranged from 2.0 to 2.5, whieh is a very narrow zone as desired 

by industry.

Figure 15 and 16 show monomer and initiator concentrations along the tubular reactor. 

As can be seen the monomer concentration is eontinuously redueing after each initiator 

injection point. Also note that initiator is consumed faster and faster due to high 

temperature along the reactor.

49



Temperature Profile
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Figure 10. Temperature Profiles of Reaction and Jacket
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Monomer Conversion
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Figure 11. Profile of Monomer Conversion
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Initiator Conversion
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Figure 12. Initiator Conversion in Case I
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MWD Performance
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Figure 13. Average Molecular Weight
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Polydispersity index
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Figure 14. Polydispersity Index versus Axial Coordinate
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Monomer Contribution
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Figure 15. Profile of Monomer Concentration in Reactor
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Initiator Contribution
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Figure 16. Variations of Multi-injection initiator and Initiator Concentration
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Comparing with Case I above, in Case II, the simulation results are illustrated in Figure 

17 Xo Figure 23, the reactor is divided into two heat exchange zones with a middle 

initiator injection point at 50,000 cm. The same initiator concentration, I5^1(T* mol/l, is 

used initially and at the injection point. As illustrated in Figure 17, both of reaction and 

jacket temperatures have a similar performance: the reaction temperature rises to 205°C 

with a steep rising and goes to an equilibrium with jacket temperature at that point, and 

reach to 225°C after another injection of initiator. It is known that a properly higher 

temperature will speed polymerization reaction and increase monomer conversion. This 

is what a commercial plant desired for a tubular reactor. In this simulation study, the 

reaction temperature always remains in the optimal range (Mavridis and Kiparissides 

1985; Asteasuain et al., 2001) for the two cases. With each initiator injection, the reaction 

temperature increased to a higher value.

It confirms that a good fluid mechanic and dynamic performance can enforce heat 

exchange either in mostly removing reaction heat generated by polymerization reaction 

or heating reaction mixture along with heat exchange dynamics; therefore it becomes the 

factor who affects temperature distribution in reactor, which is known as key parameter 

to control the MWD and PDI of the product. As described later on, a process optimization 

methodology is used to find a temperature distribution along the reactor in order to obtain 

products with optimum properties.

Accompanied with reaction temperature, jacket temperature also plays an important role 

in tubular reactor. It not only affects reaction temperature but also affects monomer 

conversion and final product properties, such as average molecular weight distribution, 

long chain and short chain branch in the whole tubular reactor.
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Temperature Profile
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Figure 17. Temperature Profiles with One Injection in Case 11
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Monomer Conversion
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Figure 18. Profile of Monomer Conversion in Case II
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Figure 19. Evolution of Initiator Conversion in Case II
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The monomer conversion can reach close to 10.5% while the first step is slightly below 

7.9% as shown in Figure 18. It shows that initiator conversion tends to 100% gently from 

the reactor inlet point and reached to 100% rapidly after the middle initiator injection, as 

in Figure 19, which is same as the performance in Case I.

The molecular weight distribution, M„, drops to its lower level to 32,000 and the upper 

level remained the same as in Case I; rises to its lower level up 90,000 (slightly 

higher than 82,000 in Case I) with the same upper level as in Case I. Due to the 

performance above, the PDI range becomes wider from 2.0 to 2.8, which is shown in 

Figure 21. Figure 22 and Figure 23 shows the distribution of monomer and initiator 

concentration in this tubular reactor.
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Figure 20. Average Molecular Weight (MWD) in Case I!
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Figure 21. Polydispersity Index with One Initiator Injection in Case II
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Figure 22. Profile of Monomer Concentration in Case II

63



Initiator Contribution

1.60E-03

1.40E-03

1.20E-03

= 1.00E-03

o 8.00E-04

4.00E-04

2.00E-04

O.OOE+00
10000 20000 30000 40000 50000 60000 70000 80000 90000 100000 110000 120000 1300000

Axial injection Location, cm

Figure 23. Variation of One Injection Initiator in Case II
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In Figures 10, 14, 16, 17, 19, 21, 23 and 24, several peaks occur in the temperature, 

concentration, MWD and PDL Its location and height depend on design parameter, such 

as reactor configuration, reactor capability, the diameter of tubular reactor and initial 

conditions, which are initial velocity, temperature, concentrations of monomer and 

initiators. These peaks are always accompanied with a simultaneous depletion of all the 

initiators and coolant inlet temperature change in different heat exchange zones. It is also 

found that the final product properties, such as density, M„, M^, PDI, etc. are not related 

to the velocity.

Note that higher concentration of initiator will accelerate polymerization reaction, 

therefore benefits the higher monomer conversion, but it results average molecular 

weight distribution of M„ and Mw to decrease. On the other hand, higher concentration of 

initiator will also divergences polydispersity index {PDI), which is observed by exploring 

Figure 24, a merge of Figure and Figure 2i.

The effect of initiator concentration on conversion is also studied separately. In this study 

the gaseous mixture entered at 110°C. The initiator concentration is varied according to 

Figure 25. In all cases, there is another initiator injection point with mol/1 at 80,

000 cm from the inlet. The conversion of monomer is increased as the initiator 

concentration increased. It is also notable that the second injection of initiator at 80,000 

cm does not affect conversion when initial concentration of initiator is low, i.e. below 

14 ŷ-10^ mol A.
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The effect of initial mixture temperature on conversion was studied through Case II. As 

shown in Figure 26, the inlet temperature varies from 120°C to 160°C (in Case II, the 

inlet temperature was 140°C). The higher the temperature the hi^ier rate of 

polymerization but it corresponds to lower conversion. This phenomenon of temperature 

effect still remained after injection at 50, 000 cm. It is obviously that a lower inlet 

temperature of compressed reactant stream causes a higher first level monomer 

conversion in the first reaction zone but takes longer time to reach reaction equilibrium. 

The average molecular weight, including M„ and My,, were led to be a slightly higher by 

these phenomena. It is also easy to explore those by taking a close look at Figure 13 and 

Figure 20.

Effect of change in monomer concentration on conversion although noticeable from 

Figure 27 (Case II with different monomer concentration at inlet) but it is not as effective 

as temperature or initiator concentration. This may not be true when monomer 

concentration is reduced or increased tremendously.
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Effects for Different Initiator Concentrations
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Figure 25. Monomer Conversions for different initiator concentrations
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Conversion Comparison for Different Inlet Monomer Concentration
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Figure 27. Monomer Conversion for different inlet monomer concentrations

70



Hence, it can be concluded that if there are sensitive conditions where any slight 

disturbances would lead to very large changes in the exothermic reaction of ethylene 

polymerization, these conditions are the inlet temperature, the concentration distribution 

of monomer and the initiator.

Yoon and Rhee (1985) also analyzed the effect of inlet initiator concentration on 

monomer conversion and equilibrium temperatures. Results from this research work are 

in agreement with others done in this area. Hence, it can be argued that the monomer 

conversion, equilibrium temperature, M„, Mt- and PDI as a function of initiator 

concentration, monomer concentration and initial temperature.

where

'Re{X,r,M„,K,PZ)/}

Table 6 summarizes results from this research work with those reported by Chen et al., 

(1976), Gupta et al., (1985) and Brandolin et al., (1996) for a similar reactor and inlet 

conditions. The computed value of MWD, PDI are in the range encountered in the 

industrial reactors and those reported by Chen et al., (1976), Goto et al., (1981), Zhou et 

al., (2001) and Zhou et al., (2002).
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Table 6. The comparison with earlier reports

Brandolin, 

et al. 1996

Brandolin, 

et al. 1988

Gupta, 

et al. 

1985

Mavridis, 

et al. 

1985

Zabisky, 

et al. 

1992

Zhou, 

et al. 

2001

This

Research

Reaction

Temperature,

T(°C)

n o -
285

70-206 227-

357

140-

231

Monomer

Conversion,

X(%)

24.3-29.0 ~ 16 -2 8 6.4-14.3 16.3-

22.9 10.05

10.5-

14.2

M„ 15900-

26400

19964 500-

110000

39882 -  

39986

15900-

32700

32000-

54000

A4 108000-

220000

133644 38000-

115000

40000

87000

82300-

112100

PDI 6.79-8.30 6.69 2 .0 -

4.6

3.0 — 7.0 2.3 - 3.5 1.92-

2.35

2 .0 -

2.78
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6 Optimal Control

Optimal control is a robust technology and it was well-developed in chemical 

engineering process in the last 10 years after giving a wide spectrum of optimal control 

applications (Biegler et al., 2002). Based on variational calculus, these technology uses 

Pontryagin’s maximum principle (Pontryagin et al., 1962), dynamic programming (Luus, 

1990), non-linear programming (Biegler et al., 2002), and so on. As recently developed 

by Upreti, (2003), the programming techniques rely on either gradient information, or 

enumeration (direct or stochastic). A direct search (Luus and Hennessy 1999), semi- 

exhaustive search (Gupta, 1995), or evolutionary search (Lee et al., 1997; Lee et al., 

1999; Wang and Chiou 1997) could be used in researches.

Due to frequent presence of non-linearity in process models, inequality constraints on 

process variables, and implicit process discontinuities (Barton, et al., 1998), it gives rise 

to a multimodal, and non-continuous relation, or functional, between a performance index 

and a control function.

There are several applications (Lee et al., 1999; Dadebo and Mcauley 1995; Crowley and 

choi 1998; Tieu et al., 1994) focused on optimization of polymerization process, but no 

report on the ethylene polymerization in a high pressure tubular reactor until this thesis 

presented.

In Chapter 5 above, the simulation results reveal a strong relation between reactant 

temperature and monomer conversion, the molecular weight distribution of polymer. 

Since reactant temperature is affected by the temperature of fluid in reactor jacket, its 

temperature can be used to achieve desirable monomer conversion and polymer
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properties. This optimization ean be even more effective if the jacket temperature is 

variable along reactor length, i. e. if the temperature is considered as an optimization 

function rather than a uniform parameter. The optimization strategy that uses 

optimization function is known as optimal control. The following presents an application 

of optimal control to an industrial, tubular LDPE reactor based on the model, which has 

been developed and simulated above.

6.1 Problem formulation

According to the new robust technique (Upreti, 2003), the optimal control scheme can be 

employed to the following steady-state process model:

^ ^  = /(;r(z),M (z)), Q<z<Zj. (58)

In Equation (58), x (z )  is an [/wxl] state vector, and û(z) is an [wxl] control vector 

within some specified bounds. Both %(z) and û(z)  are functions of location, z, over a 

given process operation span z/. State vector x(z) is known at z = 0. Equation (58) is 

subject to the satisfaction of g  [x (z ) , û ( z ) ] , a vector of constraints on Jc (z) and û ( z ) . 

The objective is to obtain the optimal control function, which would optimize a given 

performance index J [ x ( z ) ] . The discrete step values of m ( z )  , equispaced over process

operation span, are considered as optimization variables. These step values form a control 

vector m(z).

74



In this study, the optimal control objective is to determine the optimal jacket temperature 

as a function of reactor length that would maximize monomer conversion of the LDPE 

reactor in the term of monomer concentration. Mathematically, the objective is to 

maximize the performance index

J  = X{L) (59)

by using jacket temperature, 7](z), as an optimal control function of reactor length z .

The maximization of J  is subject to the mathematical model of the reactor given by the 

set of algebraic equations. Equations (23)-(25), and the set of differential equations. 

Equations (29)-(34), (36), (38), (40), (41), (42X44) and (50X52). There are other 

additional process constraints in that the optimal control function, T(z), must be such 

that the reaction temperatures never exceed the maximum prescribed limit and above 

reaction inhibitor limit, i. e.,

Tr^.<T<T^-, 0 < z< L  (60)

Where, T„i„ = 100°Cand T„ax = 325°C.

The above differential-algebraic model is highly non-linear. Furthermore, due to the 

presence of process constraint, the relation between the performance index and jacket 

temperature cannot be expected to be unimodal and continuous. The reactor was 

considered to be surrounded by contiguous jackets of equal length, and uniform (but not 

necessarily equal) temperatures. Thus, the jacket temperature was represented by a series 

of the step values of temperature (or control stages) equispaced along the reactor length. 

The number of control stages, the mathematical model of the reactor, and its parameters 

were input to the optimal control method. Its application generated the optimal control

75



fiinction by stochastically applying genetic operations on a set of optimization functions, 

which were evaluated through the mathematical model of the process to he optimized. 

Further details of this method may he found in next section (6.2 The New Robust 

Technique).

6.2 The New Robust Technique

Introduced by Upreti (2003), the technique is applied on a problem by randomly 

initializing a mean control value u, for a given Nu stages of step values of control function

u. Followed this initialization, a population of A% is randomly generated and the 

mappings are used to calculate eontrol u from ïï and any Am̂ .

The presented technique uses the mapping to relate a binary-coded deviation Am/,2 and 

m) to a control value w, by providing a control vector m ( z )  corresponding to each binary-

coded deviation vector Au2 in its population. There are two different mappings (Upreti, 

2003) employed in this study:

Logarithmic mapping emphasizes the relative order of magnitudes of control values at 

different stages during the initial iterations. It provides the step value, u, = b^'.

Where, b is the logarithmic base, which can be expressed as

6  =  » m a x - W m m  ( 6 1 )

and^/isfrom

} ,,= lo g ,n ;+ ^ ^ A w ,2  (62)
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In equation (62), D is the variable value of control domain between the limits of 

> 0 and b, and Nm is the number of bits specified to represent any ith element of

Â2 » Aji/,2 •

U m ar mapping used to refine an optimal control solution straightforward after the initial 

iterations. This mapping is generally given by

+ (63)

The property combined logarithmic and linear mapping leads to an efficient search of 

robust control solutions in a large control domain with a very low value of Nb».

Table 7 shows the parameters used in the presented optimal control technique.

The algorithm summarized the presented optimal control technique by Upreti (2003) as 

following:

1. Initialize,

a. if, the vector of mean values of control function for all Nu stages using,

« / = « m i n + ' ^ ( « m a x - « m i n )  ^ < ^ < 1 ,  7 =  0 , 1 , . . . , # , - !

where Rt is the ith pseudo-random number obtained from a pseudo-random 

number generator.

b. A population of Npop binary-coded deviation vectors Ai/j using the pseudo­

random number generator, where Npop = NuNbu.

c. The variable control domain, D =
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Table 7 Parameters used in the presented optimal eontrol technique

Number of bits, Nbu 2

Number of cross-over sites, Nxsttes 1

Probability of cross-over, 0.6

Probability of mutation, 0.2

Power index, n 2

Number of genetic generations, Ngen 10

Number of inactive iterations. No 200

Number of iterations, Nur 500

Control factor, C 0.75

Minimum value of control domin, Dmi„ IxlOT’

Integration accuracy, s 1 xior^^

Minimum step of integration, hmm ixior^

Initial step of integration, hm 0.2

Number of control stage, 6

d. A boolean variable (needed to enable the alternation of logarithmic mapping 

with linear mapping), ALTERNATE = FALSE.

2. Set logarithmic mapping for the genetic operations of selection, crossover, and 

mutation.

3. Carry out the following operations on the population of for Ngen generations:

a. Performance index evaluation for each .
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b. Selection based on scaled performance index.

c. Crossover with probability pc.

d. Mutation with probability pm.

4. Store the resulting optimal value of performance index ( J  ), and corresponding 

optimal control vector (« ).

5. Replace if by M.

6. If ALTERNATE is TRUE, repeat Steps 3-5 once with linear mapping.

7. If ALTERNATE is FALSE, then if for No consecutive iterations, the fractional

change in J  is less than 7%, set ALTERNATE = TRUE. (This step executes only 

once.)

8. If D is equal to either or Dmax, set the size-variation factor for control 

domain, C = CT̂ . (This step allows the alternation of the successive contraction of 

D with its successive expansion.)

9. Set D = CD. If D < £)„/„, set D = Z)„/„. I f D > Dmax, set D = Dmax- (This step 

allows the variation of D within its limits.)

10. Go to Step 2 until the specified number of iterations, Nur, are done.

Figure 28 is a flow chart illustrated the algorithm of this new technique.
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6.3 Optimal results

The result shows the challenges to the industrial tubular reactors in the LDPE product by 

comparing with modeling results. The accounted 1.577878'x-lO^ seconds and 

4.550633x-l(f seconds of CPU time are used in obtaining optimal jacket temperature for 

the two cases.

Six control stages of jacket temperatures and two concentrations of initiator injection of 

5^10^ mol/l and 15^10^ mol/l at reactor inlet were considered for this application of 

optimal control. The model parameters were same as provided earlier in Table 2, 3 and 4. 

The fiactional change in term of monomer concentration is defined as:

X  =
r
1 - ^ xlOO (64)

Figure 29 shows the optimal jacket temperature profile for which the final fractional 

change in monomer concentration gets maximized to 12.6% and 14.6%.

The comparison of optimized fractional change in monomer concentration with a non­

optimized one-shoot case based on one heat-exchange zone at inlet jacket temperature of 

139°C is shown in Figure 30. It is observed that the monomer conversions for the 

optimized cases are always higher than the non-optimized cases along reactor length. The 

final optimized monomer conversions in term of monomer concentration are about 40% 

and 22% higher than the non-optimized cases; respectively.
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The reaction temperatures for the optimized and non-optimized cases are shown in 

Figure 31. It is observed that the temperature constraints of Equation (60) are well 

satisfied by the optimal control jacket temperature of Figure 2P, and the reaction 

temperature with optimized case is also satisfied by the elevated temperature. With this 

optimal temperature, the reaction temperatures always stay higher than that for the non- 

optimized cases. This is reasonable as higher reaction temperature is responsible for 

higher polymerization rates. It is worth noting that reaction temperatures for the optimal 

cases in the second half of reactor length reaches a peak value, drops and then rises again 

without violating the temperature constraint of Equation (60). This phenomenon can be 

explained with the help to Figure 29 where the optimal jacket temperature drops in the 

second half of reactor length to ensure the satisfaction of temperature constraint. Without 

this temperature drop, the rising reaction temperature for the optimized cases in Figure 31 

would have surpassed the maximum temperature limit. The final rise of jacket 

temperatures in Figure 2P leads to the final rise in reactant temperatures, thereby 

enhancing final monomer conversion.

As we discussed in simulation section above, higher temperature causes lower molecular 

weight and larger PDI of final product, which was confirmed by the result shown in 

Figure 32 and Figure 33 respectively.
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optimal Profile for Jacket Temperature
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Figure 29. Optimal Profile for Jacket Temperature
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Fractional Change In Monomer Concentration

16

14

12

10

8

6

4

 For Ci=15e-4
 For Ci=5e-4

For Ci=15e-4 without Optimal Control 
 For Ci=5e-4 without Optimal Control

2

0
40000 6000020000 800000 100000 120000

Axial Coordinate, cm

Figure 30. Comparison of Fractional Change in Monomer Concentration with Non-Optimal Control
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Reaction Temperature Profile
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Molecular W eight Distribution (MWD)
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Polydispersity Index (RDI) Distribution
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Figure 33. RDI Comparison between State Performance and Optimal Control
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7 Conclusion Remarks

A kinetic model for free radical, high-pressure polymerization in a tubular reactor with 

multi-zone heat exchanges was proposed. The model is based on hypotheses of plug 

flow, steady state and homogeneous reaction mixture with prediction of thermodynamic 

and transport properties along the axial coordinate. This model accounts for most of 

reactions reported by different investigators, such as peroxide initiation, thermal 

initiation, combination, disproportionation, transfer to monomer, transfer to polymer, 

transfer to product modifier, y9-scission of terminal radicals, y9-scission of backbone 

radicals, and backbiting. Physical, transport and thermodynamic properties of the reactant 

stream were calculated as a function of temperature and composition along the reactor.

The proposed model successfully predicted different operating variables of the reactor, 

such as concentrations of monomer and initiator, monomer conversion, temperature 

profiles as well as molecular properties of the final product along the reactor. The 

simulated temperature profiles for the two cases that were studied show a good 

agreement Avith literatures (Table 6). The calculated monomer conversion and molecular 

properties are also in the ranges reported by several earlier researches. Moreover, the 

predictions of the profile, value and location of the peaks match the data from earlier 

reports. All these confirmed that the mechanism, parameters seleeted are reasonable and 

are reflected most of factors in a whole. The calculated molecular properties of the 

product, such as MWD, PDI, etc., indicate the model prediction is in agreement with 

previously reported.
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The model in conjunction with an optimal control algorithm was used to obtain different 

Jacket temperature zones of the reactor in order to maximize monomer conversion at the 

reactor outlet. It was formed that the monomer conversion decreased by 22-40% with the 

application of the optimal control strategy.
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8 Future Work

The mathematical model could be used to investigate effect of different initial 

temperatures and concentrations on the monomer conversion. This can be expanded to 

study effect of initiator concentration and its temperature on monomer conversion, PDI 

and MWD performance.

The optimal control algorithm can be expanded to cover number of cooling/heating 

zones, initial temperature of reactants, initial concentration of reactants and initial 

temperature at different stages. It is believed that optimal conditions for the ethylene 

polymerization of tubular reactor can be obtained by manipulating these parameters.
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Notation

Cp Specific heat of reaction mixture, cal/g»K 

Specific heat of in jacket fluid, cai/g*K 

Dj„ Internal diameter of reactor, cm

/  Efficiency of reactions

The fanning friction factor 

Gg Volumetric flowrate in jacket, 1/s

/  Initiator

/ Concentration of initiator, mol/1

/q Concentration of initiator at inlet point, mol/s

Rate constant of backbiting

kj Rate constant of peroxide initiation

k,f, Rate constant of monomer thermal initiation

kp Rate constant of propagation

Kj. Effective thermal conductivity

k,̂  Rate constant of termination by combination

k,j Rate constant of termination by thermal degradation

k,^ Rate constant of chain transfer to monomer

k,^ Rate constant of chain transfer to polymer

k,^ Rate constant of chain transfer to solvent
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Rate constant o f P-Scission to tertiary radical

kp Rate constant of P-Scission to secondary radical

m Monomer concentration, mol/s

ntQ Monomer concentration at inlet point, mol/1

Molecular weight

Monomer molecular weight

Weight-average molecular weight

M„ Number-average molecular weight

P Reaction pressure

Dead polymer with chain length r 

Dead polymer concentration for chain length r, mol/1 

Pj Dead polymer with chain length s

Dead polymer concentration for chain length s, mol/1 

Primary initiator radical fragment 

R '  Radical of chain length r

Concentration of radical with chain length r, mol/1 

R '  Radical of chain length s

R, Concentration of radical with chain length s, mol/1 

S  Solvent

s Solvent concentration, mol/1
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Rp Rate of propagation

T Reaction temperature, K

t Time, second

3% Jacket temperature, K

tp Pulse time, second

U Global heat transfer coefficient, cal/m^»K»s

V Axial velocity of reaction stream, cm/s

Vg Inlet axial velocity of reaction stream, cm/s

X  Monomer conversion, %

X  Conversion in term of fractional change in monomer concentration, %

X, Initiator conversion, %

z  Axial distance from reactor inlet, cm

Subscripts

P  Beta scission

h Backbitting

d  Decomposition reaction

/ initiation reaction

in Inside

j  Order of moment
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m Monomer

0 Initial conditions

p  Propagation reaction

pdb Propagation by double -  bond reaction

r Chain length

s Chain length

te Combination termination

th Thermal initiation

trm Chain transfer to monomer

trp Chain transfer to polymer

trs Chain transfer to solvent

Greek Letters

a  Adjustable parameter in pressure pulse equation

P  Adjustable parameter in pressure pulse equation

Xq Zero moment of live polymer radical

First moment of live polymer radical 

X̂  Second moment of live polymer radical

//(, Zero moment of dead polymer

//, First moment of dead polymer

Second moment of dead polymer
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//j Third moment of dead polymer 

CDp Weight fraction of polymer

Pg Coolant density

Acronyms

LDPE Low density polyethylene 

LCB Long chain branch 

M„ Number average molecular weight 

My Weight average molecular weight 

MWD Molecular weight distribution 

PDI Polydispersity index 

SCB Short chain branch 

SSH Steady-state hypothesis
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Appendix A 
Fundamental Equations of a tubular reactor

Let us assume the reaction A — occurred in a tubular reactor. Applying molar 

balance on reactor’s differential cylindrical element of thickness dz:

rate o f change o f moles o f jth  
component inside system

flow o f moles o f jth  
component int o system _

flow oof moles o f jth  
component out o f system 

rate o f formation o f moles o f jth  
component from chemical reactions

(Al)

gives:

-  kC^Adz

dt dz dz

J

(A2)

(A3)

Applying Pick’s law:
dz

(A4)

By assuming a constant Da , equation (A3) becomes:
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s c ,   ̂ d (v C j
dt dz dz^

+ kCj = D (A5)

Similarly, energy balance on the differential element gives:

d{^pAdzCpT^
dt

= vApCpT -
d (vApCT)  

vApC.T +  ̂  ̂dz
dz

4- AdzkC^ )

-U {!rD ,d z )(T -T ,)  + g , A -

(A6)

Using Fourier’s law, heat flux can be expressed as:

(A7)

Equation (A6) can be rearranged to the following equation (A8) using A = l/4n:D;n  ̂and 

assuming constant Kf.

dt dz
(A8)

Similarly, for the jacket:

-rXPcGcCp̂ dzT,)
dt

-  Pfic^pJc ~
oz

+ ̂  i^D,„dz) {T -  Tc) + q^A -
OZ

(A9)
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or

dt dz - '" ''V - *c/ ^  (AlO)

For an overall mass balance, we have:

^ + £ ^ = 0  (A ll)

Hence, the set of equation (A5), (A8), (AlO) and (A 11) can express the reaction in a one 

dimension tubular reactor. More conunonly, if there are j reactants and M reactions 

occurred in the reactor, the modified equations may be concerned to equation (A5) and 

(A8). It can be rewritten as:

Where, ay is the stoichiometric coefficient of species j  in reaction /, (-AHî) is the reaction 

enthalpy, A„ is the diameter of tubular pipe, p  and pc stand for density of reactants 

mixture and density of coolant in jacket, respectively. The Cp and Cpc are specified heat 

of reactant mixture and specific heat of coolant in jacket, respectively, k is reaction 

constant, n  is the reaction rate, Kr is effective thermal conductivity, U is overall heat 

transfer coefficient, Tand Tc are the reaction temperature and temperature on jacket side, 

respectively. A is the cross section of area of tubular pipe, and z is the axial coordinate of 

tubular reactor.
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Appendix B 

Physical Properties: Viscosity and Heat Transfer Model

Physical properties may be expressed as a function of monomer concentration, 

temperature and pressure along with the axial coordinate of the reactor:

y/ = f { m ,  p , T , z )  (Bl)

Overall heat transfer coefficient U

As reported by Lacunza, et al., (1998), the complex nature of U profiles along the reactor 

is a well known phenomenon. By the sum of film resistances at the reaction and jacket 

sides, thermal resistance through the reactor wall and fouling resistance, the overall heat 

transfer coefficient between the reacting mixture and the jacket fluid may be calculated 

from the following expression:

1 1 2.3D,,
u  K ( ,D J D „ f  2K

where, the film resistance at the jacket side may be calculated from the follow formula 

(Dittus et al., 1930):
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The resistance at the reaction side can be expressed similar to the schems used by (Chen 

et al., 1976; Gupta, et al., 1985; Zabisky et al., 1992):

The viscosity of the monomer in the reactor is given by (T in ^C, from equation (B4) to 

(B12)):

=1.98x10-^+1.15 xIOVt  ̂ (B4)

and the relative viscosity is:

log„(i7,) = 0.0313rt’'V/^,’̂  (B5)

where, fio and //y are the zeroth and the first moments of the polymer molecular-weight 

distribution.

The solution viscosity is calculated by the following expression if we assume monomer is 

the solvent:

(B6)

The specific volume of polymer:

Vp = 0.949 + 4.988 xlQ-^T (B7)

and the specific volume of monomer

=(0.710-4.475xl0-^r)“' (B8)

The density of reacting mixture is given by:

yo = 1̂1 + 0.028m ( F ) , ( B 9 )

The weight fraction of monomer may be expressed as:

(Up, = 0.028m//? (BIO)

The Reynolds number is:
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Re = IriP {yI ) / tĵ  (B 11 )

The specific heat of reacting mixture is defined as:

Cp = 0.518<y„ + (l .041 + 8.3 X10-  ̂ (B12)

The Prandtl number is given by:

?t = C^tjJ K  (B13)

The thermal conductivity of polyethylene reaction mixture (cal cm'^ s'^ is given by: 

/ :  = 5.0 X10^ 3.5x10"" Op (B14)

The Nusselt number is given by:

m  = 0.026Re°"Pr°^^ for R ^ I  0000 (B15)

Âw = 0.166(Re'/'-125)Pr“” (l + (2 r,/zf^) for Re<l 0000 (B16)

Hence, the inside heat transfer coefficient is given by:

h,=kNul2r, (B17)

Then, an established net fouling resistance can be calculated by the follow equation:

1+ûfJ

(B „ )

where, is fraction of un-reacted monomer in the reacting mixture; K  is the thermal 

conductivity of the reacting mixture.

A typic value of 64.05 J/m.s.Kfor K,, was selected from Lacunza, et al., (1998).
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Appendix C

Least—Squares Polynomial Regression in Analysis of Density Modeling

Brandolin, et al., (1988) employed a simulation model for the density of reacting mixure 

feed as following equation:

p  = a + bT + cT^+dP + eP^+JTP (Bl)

which can be derived to:

f y  P y - a-bT ,-cT ' f  - dPy - e p / -  fP,Pj (B2)

gives a rearranged form by accounting data:

S , - j ^ f , P = ' t Y i P , j - a - l ’T ,-c T ^ -d P ,~ e P l- fr ,P j f  (B3)
/rsl |«1

After deriving the equation (B3), we have equations (B4) to (B9) below:

5
da

db

■= - a - b T , - c T ^ - d P j - e P j  - fT ,P j ) ^ 0
1=1 y=i

(B4)

= - c t - d P - e P f  -JT,P,)T,=0
1=1 y=i

(B5)

= - a —bTf—cT^—dPj—eP^ - / ^ ^ ) ^  =0
f=l j-\

(B6)

-  - a —bT, —cT^
/=1 y=l

(B7)

= - S Ê 2 0 , - a - b T , - c t - d P j  - <  -J T ^ ,)P ^  =0
/=i y=i

(B8)

= - ' t f 2 i p > j - a - b T , - c T ! ~  dPj -  eP / -  fF,Pj)T,Pj = 0 (B9)

de

1=1 y=i
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Hence, we ean get the following equations:

5 54

(=1 y=i /*i j= \ f=i /=*! y=i f=i y=i

(BIO)

5 54

Y L P .F .

■■“t h ,  ^ b ± ± T ^  * c ± ± n  * d ± f j , P ,  ^ e ± ± T ,P ,^
y=i i«i j«*i (=1 y=i /=i y “ I /=i *̂=1 y=i

(B ll)

5 54

+4ÊZ:" +«±±7:'^'+ / ± ± f ^f=i y*=i /=*i y * i /=i y=i /«i /« i y=i /=i y*i

(B12)

5 54

= 4 ± P . * b t t T , P ,  ^c±±T,^P, ^ d ± t p / ^ e ± ± P /  ^ f t t T , P /
1*1 y » i /=1 y=i 1=1 y=i /* i y=i /= i y=i y=i y=i

(B13)

5 54

'L^p„p/

= a ± ± p / ^ b ± ± T , p ;  ^ c ± ± T ^ P /  ^ J ± ± p ;  ^ e ± ± p ;  ^ f ± ± T , p ;
=̂1 y=! =̂1 /=l y=l /=l y«l f=i y=i f=i y«i

(B14)
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t t p f l p j
f=l j - \

5 54 5 54 5 54 5 54 5 54 5 54

=“' L ' l J A  * > > Y Î7 >p,  + f T D ' i P "
/=! y=l /=! y= l /=! y=l /=! y=l /=! 7=1 ^=1 7=1

(B15)

Therefore, we can get each of coefficient a, b, c, d, e and /by  the matrix algorithm using 

the following Matlab program;

! ! ! P V T . M  ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
! ! I ! 1 ! ! I ! I M  ! M  ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

z = [ 1 . 2 6 1
1 . 5 1 5 5
1 . 7 7 0 8
2 . 0 2 6 9
2 . 2 8 3 8
2 . 5 4 1 5
3 . 1 8 9
3 . 8 4 2
4 . 5 0 1
5 . 1 6 4
5 . 8 3 4
6 . 5 0 8
7 . 8 7 5
9 . 2 6 6
1 0 . 6 8 2
1 2 . 1 2 3
1 3 . 5 9 5
1 6 . 6 2 5
1 9 . 7 8 4

2 3 . 0 8 6
2 6 . 5 5 3
2 0 . 2 0 5
4 0 . 3 5
5 2 . 5 5
6 8 . 4 8
9 1 . 7 7
3 5 2 . 9
3 6 1 . 2
3 7 5 . 3
3 8 5 . 4  
3 9 3 . 3
4 0 0 . 1
4 0 6 . 1
4 1 6 . 2  

4 2 4 . 8

1 . 1 5 3 2
1 . 3 8 5 4
1 . 6 1 8 2
1 . 8 5 1 6
1 . 0 8 5 5
3 . 2 1 9 9
2 . 9 0 8
3 . 5 0 1
4 . 0 9 6
4 . 6 9 6
5 . 2 9 9
5 . 9 0 5
7 . 1 3
8 . 3 7 1
9 . 6 2 8
1 0 . 9 0 1
1 2 . 1 9 2
1 4 . 8 2 7
1 7 . 5 3 9
2 0 . 3 3 4
2 3 . 2 1 8
2 6 . 1 9 5
3 4 . 1 2
4 2 . 8 3
5 2 . 5 8
6 3 . 6 5
7 6 . 6 8
9 2 . 5 1
1 4 3 . 8
2 3 5 . 6
2 8 8 . 6  

3 1 6 . 2
3 3 2 . 8
3 5 5 . 4
3 7 1 . 4

1 . 0 6 2
1 . 2 7 6 2
1 . 4 9 0 3
1 . 7 0 4 8
I . 9 1 9 7  
2 . 1 3 4 8  
2 . 6 7 4  
3 . 2 1 7  
3 . 7 6 2  

4 . 3 0 9  
4 . 8 5 8  
5 . 4 1 1  
6 . 5 2 4  
7 . 6 4 7  

8 . 7 8 1  
9 . 9 2 6
I I . 0 8 3  
1 3 . 4 3 2  
1 5 . 8 3  

1 8 . 2 8  
2 0 . 7 8 4  

2 3 . 3 4 6  

3 0
3 7 . 0 8  
4 4 . 6 5  
5 2 . 7 7
6 1 . 5 7
7 1 . 0 8  
9 3 . 2 3
1 1 9 . 5 7  

1 3 2 . 7 2  

1 8 9 . 5  
2 2 4 . 7

2 7 4 . 1
3 0 6 . 2

0 . 9 1 8 7
1 . 1 0 3
1 . 2 8 7 5
1 . 4 7 2 3
1 . 6 5 7 3
I . 8 4 2 5  
2 . 3 0 6  
2 . 7 7 2  
3 . 2 3 8  
3 . 7 0 6  
4 . 1 7 5  

4 . 6 4 5  
5 . 5 9  
6 . 5 4  
7 . 4 9 6  
8 . 4 5 8  
9 . 4 2 5
I I . 3 7 6
1 3 . 3 5  
1 5 . 3 4 7  
1 7 . 3 6 8  

1 9 . 4 1 5  
2 4 . 6 5  
3 0 . 0 5
3 5 . 6 2
4 1 . 3 6  
4 7 . 2 9  
5 3 . 4 2  
6 6 . 3
7 9 . 9 7
9 4 . 6 2
1 0 9 . 9 7  

1 2 6  

1 5 9 . 1  
1 9 1 . 4

0 . 8 0 9 3
0 . 9 7 1 5
1 . 3 3 9
1 . 2 9 6 4
1 . 4 5 8 9
I . 6 2 1 5  
2 . 0 2 9  
2 . 4 3 7  
2 . 8 4 5  

3 . 2 5 5  
3 . 6 6 5  
4 . 0 7 6  
4 . 9  
5 . 7 2 7  
6 . 5 5 7  

7 . 3 9  
8 . 2 2 6  
9 . 9 0 7
I I . 6  
1 3 . 3 0 5  
1 5 . 0 2 2  

1 6 . 7 5 2
2 1 . 1 3  
2 5 . 5 9
3 0 . 1 3  
3 4 . 7 4  
3 9 . 4 3  
4 4 . 2
5 4 . 0 1  
6 4 . 0 5  
7 4 . 4 2  

8 5
9 5 . 8 4
1 1 7 . 9 7

1 4 0 . 1
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4 3 2 . 1
4 3 8 . 9  
4 4 4  . 7
4 5 7 . 4
4 6 8 . 1
4 7 7 . 3
4 8 5 . 5
4 9 2 . 9
4 9 9 . 8
5 1 1 . 9
5 2 2 . 5
5 3 1 . 9
5 4 0 . 3  
5 4 8
5 6 1 . 9
5 7 4 . 2
5 8 5 . 2  

5 9 5 . 1
6 0 3 . 9  

];
x = [ l
1 . 2
1 . 4  
1 . 6  
1 . 8  
2
2 . 5
3
3 . 5
4
4 . 5
5
6
7
8
9
10 
12 
1 4  
1 6  
1 8  
20 
2 5  
3 0  
3 5  
4 0  
4 5  
5 0  
6 0  
7 0  
8 0  
9 0  
100  
120  
1 4 0  
1 6 0  
1 8 0

3 8 3 . 9 3 2 7 . 9 2 2 0 . 4 1 6 1 . 8
3 9 4 . 2 3 4 4 . 4 2 4 5 . 3 1 8 2 . 5
4 0 3 3 5 7 . 4 2 6 6 . 3 2 0 1 . 7
4 2 1 3 8 2 . 6 3 0 5 . 8 2 4 3
4 3 5 . 2 4 0 1 . 3 3 3 3 . 9 2 7 5 . 4
4 4 7 4 1 5 . 2 3 5 5 . 4 3 0 1 . 1
4 5 7 . 2 4 2 8 . 6 3 7 2 . 7 3 2 2
4 6 6 . 2 4 3 9 . 3 3 8 7 , 2 3 3 9 . 6
4 7 4 . 3 4 4 8 . 5 3 9 9 . 8 3 5 4 . 9
8 8 . 4 4 6 5 . 2 4 2 0 . 8 3 7 9 . 7
5 0 0 . 5 4 7 9 4 3 7 . 9 3 9 9 . 7
5 1 1 . 2 4 9 0 . 9 4 5 2 . 3 4 1 6 . 6
5 2 0 . 4 5 0 1 . 4 4 6 4 . 8 4 3 1 . 1
5 2 9 . 2 5 1 0 . 9 4 7 6 4 4 3 , 8
5 4 4 . 4 5 2 7 . 5 4 9 5 . 5 4 6 5 . 6
5 5 7 . 6 5 4 1 . 8 5 1 1 . 9 4 8 3 . 9
5 6 9 . 4 5 5 4 . 4 5 2 6 4 9 9 . 6
5 8 0 5 6 5 . 7 5 3 8 . 5 5 1 3 . 4
5 8 9 . 8 5 7 6 5 5 0 5 2 5 . 9
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200
2 5 0
3 0 0
3 5 0
4 0 0
4 5 0
5 0 0
6 0 0
7 0 0
8 0 0
9 0 0
1000
1200
1 4 0 0
1 6 0 0
1 8 0 0
2000
];
% y = [ 0  2 5  5 0  1 0 0  1 5 0 ] ;
y = [ 2 7 3 . 1 5  2 9 8 . 1 5  3 2 3 . 1 5  3 7 3 . 1 5  4 2 3 . 1 5 ] ;
N o _ P = 5 4 ;  N o _ T = 5 ;  P o l y = 6 ;  
x x = z e r o s ( N o _ P , N o _ T ) ;  
y y = z e r o s ( N o _ P , N o _ T ) ; 
f o r  m = l : N o _ P

f o r  n = l : N o _ T
X X ( m , n ) = x ( m ) ;  
y y ( m , n ) = y ( n ) ;

e n d
e n d
b = z e r o s ( 6 , 1 ) ;  A = z e r o s ( 6 , 6 ) ;  
f o r  p = l : P o l y  

b { p , 1 ) = 0 ;  
f o r  m = l : N o _ T

f o r  n = l : N o _ P
b ( p , 1 ) = b ( p , 1 ) + z ( n , m ) * v a r i a b l e s ( p , m , n , y , x ) ;

e n d
e n d

e n d
f o r  p = l : P o l y

f o r  q = l : P o l y  
A ( p , q ) = 0 ;  
f o r  m = l : N o _ T

f o r  n = l : N o _ P
A ( p , q ) = A ( p , q ) + v a r i a b l e s ( p , m , n , y , x ) * v a r i a b l e s ( q , m , n , y , x ) ;

e n d

e n d
e n d

e n d
c o e f f = i n v ( A ) * b ;  

s u r f ( x x , y y , z ) ;
t i t l e { ' D a t a  f r o m  " G o l d m a n ,  K .  ( 1 9 6 9 ) "  p p l 5 0 - 1 6 7 ' )  
x l a b e l ( ' P r e s s u r e ,  a t m ' ) ; y l a b e l ( ' T e m p e r a t u r e ,  K ' ) ; z l a b e l ( ' D e n s i t y ,  

m g / 1 ' ) ;
f i g u r e ;

Z x  =  z e r o s ( N o _ P , N o _ T ) ; 
f o r  m = l : N o _ T

f o r  n = l ; N o  P
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f o r  p = l : P o l y
Z x ( n , m ) = Z x ( n , m ) + c o e f f ( p ) ^ v a r i a b l e s { p , m , n , y , x ) ;

e n d
e n d

e n d
s u r f ( x x , y y , Z x ) ;
t i t l e ( ’ D a t a  F i t t e d  u s i n g  " L e a s t - S q u a r e "  M e t h o d ’ )
x l a b e l ( ’ P r e s s u r e ,  a t m ’ ) ; y l a b e l ( ’ T e m p e r a t u r e ,  K ’ ) ; z l a b e l ( ’ D e n s i t y ,  

m g / 1 ’ )

!!!Variables!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!

f u n c t i o n  v a b = v a r i a b l e s ( i n d e x , i , j , T , P )  

s w i t c h  i n d e x  
c a s e  1

v a b = l ;  
c a s e  2

v a b = T ( i ) ; 
c a s e  3

v a b = T ( i ) + T ( i ) ; 
c a s e  4

v a b = P ( j ) ;  
c a s e  5

v a b = P ( j ) * P ( j ) ; 
c a s e  6

v a b = T ( i ) * P  ( j ) ; 
o t h e r w i s e  

v a b = 0 ;
e n d

e n d
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Appendix D 

The Fourth and Fifth-Order Runge-Kutta Algorithm with 

Cash-Carp Development

Range-Kutta algorithm is one of the most popular methods used in solving set of ordinary 

partial differential equations, such as:

~ f\ ^ 2 » •••» yn)

^ = f 2 { x , y x , y 2 ^ - ‘,y„)

ODla)

Fourth-Order Runge-Kutta method

Fourth-order is the most popular RK method. The following is the most commonly used 

form -  the classical formula:

where

K = f { ^ n y i )
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kj = f \ x ,  + —

K = f{x„yt+k^h)

(D3)

(D4)

(D4)

Fifth-Order Runge-Kutta Method

In case more accurate results are required, a fifth-order Runge-Kutta method, which was 

report by Butcher in 1964, should be used:

(D5)J/+t =yt  +32^ +12A:4 +32A:; +lk^)h

where

K = / k , y , )

K = f { x , + ^ h , y , + ^ k ^ h

(  I 1 1
k̂  = f  JCy+ — + —̂ / i + —Atj/i

8 ' 8

1 1 " 
K = f \ x , + - h , y , - - k ^ h  + k^h

K -  f  +h,y, - —kyh+^k2h + ̂ k j h - ^ - k ^ h  +—k^h 
\  / / 7 7 7

(D6)

(D7)

(D8)

(D9)

(DIO)

(D ll)
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Carsh-Carp Runge-Kutta Method

In order to use RK method in a computer program efficiently, Carsh and Carp developed 

the particular coefficients in year 1990, by using the following fourth-order formula:

37 , 250. 125. 512
V378 * 621 " 594 '  1771

along with the fifth-order algorithm:

f  2825 , 18,575 , 13,525 , 277 . 1 ,
-  A', +1 27,648 ^  ^  48,384 ^  55,296 " ^  14,336  ̂ 4

where

h

(D12)

(D13)

(D14)

(D15)

(D16)

(D17)

(D18)

8 55,296 ' 512  ̂ 13,824 ^ 110,592 4,096

(D19)
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