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At, a random position  in-between two adjacent nodes is selected, for every adjacent node
pair. Flow variables at the randomly selected “intermediate” position are then computed
from the known values at the adjacent nodes, using the quasi-steady flow equations
(Equations (1) through (3), but with all time derivatives set to zero). This implies that under
transient flow conditions, the solution thus interpolated will result in a flow discontinuity at
the intermediate position, resulting in a choked flow condition over the element. If this
eventuality arises, the quasi-steady solution is replaced with either an isentropic compression

or rarefaction wave of strength such that the flow is just sonic at the intermediate position.

As a subsequent step, a higher-order planar Riemann approach is used to solve for wave
motion arising from the discontinuity, and the flow properties are determined for the

midpoint position along each flow element, at the end of the first half time-step.

Next, the inhomogeneous source terms of Equations (1) through (3), including those due to
the grain and nozzle transition and propellant mass influx, which tend to add substantial
artificial noise to the solution, are incorporated into the planar wave solution, using a second-
order accuracy method described by Ben-Artzi and Falcovitz'®. The remaining source terms
that do not appreciably affect solution noise, including terms due to axial acceleration and
radial wall dilatation, are incorporated into the Riemann solution using the operator time-
splitting technique. The time derivatives are calculated using a weak-wave Eulerian scheme,
in order to simplify the procedure (isentropic wave calculations, as opposed to calculations
involving non-isentropic shock waves). The flow parameters, inhomogeneous terms
included, are matched through the weak waves from left to right, with a contact surface
allowing the calculation of the time derivatives arising from the random position of the
intermediate point { at which the values were evaluated. As { does not normally coincide
with the element midpoint, the influence of time derivatives within the inhomogeneous terms
occurs over a shorter time span (Ategr) then the full half time step At. Consequently, the

wave-corrected flow properties are found from:

=2 *+At, (%—/j] (6)
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where T; is the initial propellant temperature, AT = T(y,t) - T;is the temperature distribution
in moving from the burning propellant surface at y = 0 (and T = Tj) to the location in the
propellant cross-section where the temperature reaches T;, and rb* is the total instantaneous
burning rate. For the purpose of the present study, a modified equation based on Equation

(7) was used, relating the burning rate to the temperature profile, as derived by Greatrix?°

' 0
=7 - id 8
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where 1y gs is the quasi-steady burning rate, AH; is the net surface heat release and C; is the

specific heat of the solid phase.

From Equation (8) the nominal (unconstrained) instantaneous burning rate was obtained, its
value at a given propellant grain location being solved at each time increment via numerical
integration of the temperature distribution through the heat penetration zone of the solid
phase. A fourth-order Runge-Kutta finite difference scheme was employed for calculating
the transient heat conduction in the solid phase over each time stepzo. A time step At of
approximately 1 x 107 seconds was utilized, based on experience with similar prior motor
simulations and associated flow calculation requirements (Courant-Friedrichs-Lewy [CFL]
criterion). The corresponding spatial step Ay in the solid phase was set as per the Fourier

stability requirement limit:

Ay, = a,An'"? 9)

where o is the thermal diffusivity of the solid phase. This time increment was coordinated
between the flow and structural model solution systems to assure the different aspects of the
computation process proceed in unison. Further details of the finite differencing scheme can

be found in the references cited.’%*""*






s = I
M‘, - b, peak b,o (12)

rb,qs,peak - rb,o

where the reference burning rate 1y, in this case is the motor’s approximate mean burn rate at

the point of pulsing.

In the present study, the computations were run using a propellant frequency-dependent
combustion response profile having a net surface heat release of 150000 J/kg, corresponding

to a propellant having a significant susceptibility to instability symptoms, as a close-to-worst

case scenario.
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Figure 2-1: Frequency response of reference propellant (r;, = 1.27 cm/s, K, = 20000 s7,
differing AH ) in terms of nondimensional limit magnitude

11






heat feedback premise, dominates. The model used to relate r, to other internal ballistic

parameters is the Greatrix equation given by**:

W, ~T))
r =
" plCT, ~T)~AH, ]

(17)

where T; is the temperature, T is the propellant surface temperature, C; is the specific heat
capacity of the propellant used, and AHs, as before, is the surface heat of reaction. The

convective heat transfer coefficient h, is defined as:®*

rC
b= psht, (18)
eXp psrbcp _1
h*
with:
B =Epe, phL (19)
d 8

where k is the thermal conductivity of the gas, and d is the hydraulic port diameter.
Parameters Reyq and Pr are the familiar Reynolds number (in this case, Re is based on port
diameter d) and the Prandtl number, while f is the Darcy-Weisbach friction factor, given by

Colebrook’s equation, valid for turbulent flow conditions:

E
£ = 2log,)| =2 Za (20)

\/_f—Red 3.7

with € being the surface roughness of the propellant.

Acceleration-driven effects on the burning rate, crucial to this thesis, are based on a model
combining normal, lateral, and longitudinal acceleration effects. The effects of acceleration
normal to the burning surface a, resulting from radial propellant/casing/sleeve vibration were

included via the following equation:*
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3  Structural and Fluid-Structure Considerations

3.1 Introduction

The structural model utilized in this study is based on the thick-walled cylinder approach,
allowing for near-incompressible behavior of the propellant'*. A mathematical model is
given first, followed by a discussion of FEA-derived natural radial frequency. The structural
vibrations of the propellant grain are excited by the back-and-forth passage of the axial
pressure wave. The resulting acceleration of the propellant inner surface affects in turn the

burning rate, as discussed in Section 2.4.

3.2 Mathematical Model

The analytical model employed follows a thick-wall theory approach used in a study by
Greatrix and Harris'*, except for a different treatment of the radial natural frequency g,
allowing for its variation as a function of time and position along the grain in the present
study. The aforementioned earlier study found that consideration of only the radial vibration
of the independent ring elements provides for a reasonable agreement with the experimental

data, for cylindrical grains.

The radial deformation dynamics of the propellant/casing/sleeve ensemble were considered
separately at each station along the motor length (i.e., modeled using independent ring
elements). The following ordinary differential equation applies for the movement of a radial

position r within the assembly:

d2
dt

Z + (2§anR)f;_;+ a)an(r_ L=y¥)=0 (25)

In the above equation, 1, is the reference radius when chamber pressure is zero, and y is the
local instantaneous radial displacement under static loading. The radial damping ratio &g was
introduced to account for viscoelastic behavior of the propellant. This parameter is difficult
to measure for an operating solid rocket motor, so a value of &g of 0.35 based on previous

studies performed on the same propellant and geometry, was used as being the most
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[A} —(1—2vA)A—§] (30)

]

EA
A+v,)1-2v,)

-p(x)=

where va is the Poisson ratio of the propellant. At the same time, the corresponding

boundary condition at the external surface of the sleeve (this surface is unloaded, so the LHS

of Equation (31) is set to zero) is:

Ec

0= Ay
(14 % J1—~20 )

[AF —(1-2v.) =] €29

e

In addition to the outer boundary condition, compatibility conditions are implemented for
each juncture (between propellant and casing, and between casing and sleeve) by setting the
stress and displacement to be equal on both sides of each juncture. The coefficients (A’s) are

then solved for.

Longitudinal vibration was modeled as allowing the motor to move back and forth in the
axial direction (nonrigid vibration, attached to a spring/damper load-cell representation). The

following partial differential equation is used to describe the local axial displacement A:'*

E, Ax E.(1-v}) 0°4
Al— 32
(1—v;)Am[EB(1—v§)AC+ B]8x2 G

0°A oA
3 +20,,4; (_87 —¥al=

The propellant was assumed to carry no load in the axial direction, due to its low modulus of
elasticity (in comparison to the sleeve and the casing). However, the mass of the propellant
for a given incremental distance Ax was included along with the casing, sleeve, retaining rod,
and any attachment masses as part of Am. The cross-sectional areas of the load bearing
components are given by Ap (aluminum casing) and Ac (steel sleeve and retaining rods). If
the pertinent axial damping ratio &, is internal to the system, then the rigid-body reference

velocity V.. must be included as shown (otherwise, if the damping is external damping, V..
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where the variables pre, Ane, k, ¢, and D respectively denote head-end pressure, head-end
internal cross-sectional area, load-cell spring constant, load-cell damping constant, and
external aerodynamic drag force (essentially zero for the test-stand case). The axial

displacement A, refers to the adjoining end-wall (A; = 0) or to a movable mass (A; # 0) to the

left of the head-end of the motor.

The nozzle-end force, appearing in Equation (36) was determined via:

A

F, =-T+ [ pdA (38)
A

where T is the thrust generated from the nozzle, and the integral represents the instantaneous

pressure force acting on the nozzle convergence (from grain port to nozzle throat).

3.3 Radial Natural Frequency Considerations

The usage of the independent ring element approach to model the structural dynamics of
the solid rocket motor, and in particular, employment of the thick-wall approach as per
Equation (25) of the previous section, requires unique values for the radial natural frequency
wnr. Often called the “ring mode”, wyr corresponds to the physical deformation state of all
parts of the cylindrical section undergoing uniform, purely radial (either inward or outward)
displacement. In case of a thin ring, there is a single radial magnitude of displacement, and

the corresponding frequency can be shown to be related to the speed of sound in the material:

(39)

E
L= \/; (40)
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The relation between the natural frequency as expressed in radians versus cycles is:

@, =27, (41)

To account for the three different layers, a more complex equation could be used:

Eshy ., Eghy  Eche
_|md=vy) r(-vg) r(-ve) “2)
rahap s+ rshgpp +r5hypy

nR

The above was shown in the study by Greatrix and Harris® to offer a reasonable
approximation to the experimentally measured radial frequency of vibration. However, a
difference of over 20% was observed for the reference motor in the predicted frequency
value given by the formula above in comparison to more detailed structural treatments
relying on the use of finite elements as presented in Loncaric et al."” and Montesano et al.'®.
To overcome that discrepancy, without resorting to a direct fluid structure interaction
approach (which would have been computationally resource-prohibitive, given the nature of
this study and the required number of simulation runs), the natural radial frequency was

determined externally, using a commercial FE package (Nastran N4W), as a function of

remaining propellant web thickness.

To that end, finite element models of the propellant/casing/sleeve ensemble were built in
several variants, to ascertain the effect of mesh type and topology on the frequency
corresponding to the ring mode. These variants included 2D plane strain element models: the
entire cross section as well as just the slice (single element width), using 1** and then 2™
order elements, as well as a 3D (three-dimensional) “slice” model, employing 1% order

elements only. These are briefly discussed in turn.

Figure 3-1 illustrates the basic 2D (two-dimensional) model, employing 1680 quadrilateral

plane-strain elements (FE software utilized for this work has a built-in “plane strain” element

20



type)- Material properties are as per Table 1-1. It is noted the plane strain assumption is
exact for a cylinder of infinite length — in the case of a solid rocket motor, it is a close
approximation for regions near the midsection of the motor, but is less exact near the ends,
where a plane stress assumption would be more appropriate (however, the endcap effects
might have a more significant impact in those regions, and this in turn depends on the motor

construction details, e.g., whether the grain is partially or fully bonded at the ends, or whether

it is free).

-

Figure 3-1: Plane strain FE model of the reference SRM

In order to capture radial modes only (frequency of the ring mode being investigated), the
model was supported by constraining the tangential degree of freedom for each node —
effectively disassembling the model into a collection of radial slices. Thus, for simplicity
and computational efficiency, a slice model as shown in Figure 3-2 was employed. The
results obtained for the whole cross-section and the slice model were, as expected, practically
identical, with the difference being 1 Hz. Two variants of the slice model were used: the

frequency obtained using the 1** order mesh (corner nodes only) was 14,303 Hz, while a g

21



order mesh (corner and midside nodes, quadratic interpolating function) of the same topology

resulted in a natural radial frequency of 14,335 Hz, a mere 0.2% difference.

L.

Figure 3-2: Plane strain slice FE model of the reference SRM

In addition, two variants of 3D slice models composed of 1*-order solid elements were
investigated: one corresponding to a uniform cylindrical model (2730 elements) and the other
comprising a step grain area transition (area transition ratio of 2:1, step positioned at 40% of
the length, 2340 elements) as illustrated in Figure 3-3. Longitudinal and tangential degrees
of freedom were constrained for all nodes, as only the symmetric radial modes were of
interest. The natural frequency obtained for the model without the transition was 14,302 Hz,
in near-exact agreement with the 2D plane strain model. The mode shape, in the absence of
any additional end supports (i.e., the ends were modeled as being free) was that of a uniform
radial extension throughout, with the greatest deformation magnitude obtained, as expected,
at the inner wall of the propellant. The potential effect of the endcaps was also investigated.
It was found the presence of such end constraints (if propellant is partially or fully bonded to
the nozzle or the head end) had surprisingly little effect on the natural frequency (increase of

less than 2% for the reference SRM), but of course, did have a significant impact on the

22



deformation. It is noted that in the case of fully bonded propellant ends, their displacement is
limited to whatever value the much stiffer nozzle or casing material deforms to, while if the
grain ends are free, the effects of the endcaps on the radial vibration frequency of the grain is

only indirect, resulting from a reduced displacement of the casing or the sleeve.

The analysis performed on the 3D slice model with a grain area transition has not shown a
single uniform-throughout mode shape. Instead, a collection of ring modes was found to
exist, with the lowest one corresponding to maximum displacement amplitude occurring at
the more compliant end (in effect, the end where the propellant web thickness is higher), with
resonant frequency of 14,336 Hz — i.e., a 0.2% difference from the results found for the
constant diameter SRM model of the same web thickness. Maximum displacement
amplitude at the motor end with the lower web thickness (port area twice as high as the
previous case) was found to occur at mode with a frequency of 20.2 KHz, which compares
with 20.0 KHz predicted using a 2D model for the same web thickness. Thus, accounting for
modal superposition, it is believed the approach of using a collection of ring elements is a

reasonable approximation for the problem at hand.

Figure 3-3: 3D solid slice model (version with 90 degree transition shown)
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Figure 3-4: Lowest radial mode corresponding to model depicted in Fig. 3-3

A comparison of the first extensional radial mode undamped natural frequency obtained
using the different models and Equation (42) is shown in Table 3-1, for the propellant web

thickness at the beginning of the firing.

[ Approach Natural Frequency (Hz)
Equation 41 19839
2D Slice model - 1st order 14303
2D Slice model - 2nd order 14335
3D Uniform cylinder slice 14302
3D Cylinder slice with transition 14336

Table 3-1: Comparison of Radial Natural Frequency fr For Different Approaches

As can be seen, the results obtained using finite element models were consistent with each
other — and all differed significantly from the analytical expression based on the thin-wall
approach. This discrepancy was investigated further, by modifying the model of Figure 3-2,

by removing the propellant elements, but adding the mass of the propellant to the casing
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elements (i.e., as equivalent density of the casing material, which includes the mass of both
casing and propellant, but only the casing stiffness). The resulting natural radial frequency of
19,829 Hz was almost identical to that obtained from Equation (42). It was concluded that
the aforementioned equation overestimates the frequency as a result of not accounting for the
motion of the very compliant propellant (it grossly oversimplifies the radial distribution of
mass and stiffness). It was also observed that changing the web thickness, modulus of
elasticity of the propellant, or its Poisson’s ratio, shows virtually no effect on the frequency if
Equation (42) is being used. In contrast, studies performed using the FEA approach did
indicate a significant effect of each of the above three parameters. In particular, the effect of
web thickness on the radial frequency was of interest to this study, as does the change in

frequency during the burnback cycle.

To obtain a relationship between the propellant inner wall radius (which is progressively
reduced during the burnback cycle) and the radial vibration frequency, 9 separate cases of the
model depicted in Figure 3-2 were run; the first case was the reference SRM with the starting
radius of 0.0180 m, with the previously determined frequency of 14,302 Hz. For each
subsequent run, the propellant inner wall radius (and hence, web thickness, as the propellant
outer wall radius stays unchanged) was reduced by successively deleting the elements (and

associated nodes) from the interior of the model. Table 3-2 lists the results obtained for the

reference SRM.

Table 3-2: FE Radial Frequency Results for Different Propellant Inner Wall Radius
Values of the Reference SRM

Propellant inner wall radius (m) FE-predicted radial frequency (Hz)
0.01800 14302
0.02098 16558
0.02148 17054
0.02346 18614
0.02446 19346
0.02545 20024
0.02644 20659
0.02843 21801
0.03041 22834
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The results indicated a definite increase of f, with decreasing propellant web thickness, with
the values approaching the natural radial frequency of the casing/sleeve combination, as the

propellant is burned back. This relationship is indicated in Figure 3-5.

-
o
T

Radial Frequency (Hz)

05k :

U 1 1 1 | al P i i ]
0.016 0.018 0.02 0.022 0024 0.026 0.028 0.03 0.032
Propellant Inner Wall Radius (m)

Figure 3-5: Ring mode frequency of the reference SRM as a function of propellant
inner wall radius
In order to use the above results in the internal ballistic simulation, a cubic curve fit was used

in MATLAB to obtaining the following expression between the f; and the propellant inner

wall radius for this reference SRM.

f, =—1194000000r" +71670000x” - 637800r, +9505  (43)
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MPa at the end of the simulation (reference value t = 0.26 sec). The 2-Atm pulse (introduced
at t = 0.0905 sec) results in a much stronger sustained pressure wave in the chamber. The

limit magnitude of that wave thereafter diminishes slowly with time, reaching 1.42 MPa at

reference time of 0.26 seconds.

Figure 4-2 shows a comparison of the pressure wave profile for this case, as determined for
the motor head end location (labeled H.E.) and the corresponding location at the end of the
grain port, next to the nozzle (labeled N.E.). One can see the head end and the nozzle end
profiles are exactly out of phase, as expected for a single traveling wave, and are nearly
sinusoidal in shape. It is noted that although the peak pressure is the same for the head end

and the nozzle end locations, the limiting wave magnitude is slightly higher for the nozzle

end.
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Figure 4-1: Predicted head-end pressure-time profile, reference motor — straight
cylinder, 3.6 cm port diameter — acceleration effects nullified
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4 Results and Discussion

4.1 Introduction

The results presented in the foregoing sections apply to the solid rocket motor with
parameters as per Table 1-1, except that the internal port geometry is varied, to allow the

implementation of grain area transitions.

All results pertain to the AP/HTPB propellant characteristics as per Section 3.4, with a K},
value of 20000 s™' and a net surface heat release of 150000 J/kg, chosen to represent a

propellant with an undesirable susceptibility to axial combustion instability symptoms.

Results for constant cross section “reference” cases are described first, followed by
discussions of the effects of varying the area transition (either a left-to-right grain port area

expansion or contraction) aspect ratio, position along the grain and steepness.

4.2 Results for Constant Cross-Section Reference Motors

As a prelude to the analysis of the reference SRM with grain area transitions, this
subsection considers the results obtained for a straight-cylinder SRM geometry — with and
without acceleration-based burning rate augmentation being included. The intent of this is
threefold: to verify the correct working of the modified computational code, by comparing

bl , to establish a baseline

the results to prior similar results obtained by other investigators
or a framework within which the results for the grain-area transition SRM can be interpreted,
and to identify some basic trends which can later be used as a guide in assessing the

effectiveness of the grain area transitions.

A study of the straight-cylinder reference SRM, with a starting port grain diameter of 3.6 cm
was performed. Figure 4-1 depicts the profile of the head-end chamber pressure as a function
of time. The results match exactly those obtained by Greatrix and Harris'*, indicating the
modifications to the code did not inadvertently affect its operation for non-accelerative cases.
One can see during the course of the simulation the base pressure rises from its initial value

of 10.0 MPa (at the end of the quasi-steady phase of the simulation) to approximately 11.5

28



of the DC shift in the simulations performed (see Sections 4.2 and 4.3 for more details). It

was also noted that the presence of the nozzle appears to have a moderating effect on the

peak of the shockwave.

Pressure, MPa

010 015 020 025
Time, s

Figure 4-3: Predicted head-end pressure-time profile, reference motor — straight
cylinder, 3.6 cm port diameter — acceleration effects active

As earlier studies did not consider the change in natural radial frequency during the burnback
cycle (a mean value was employed), a comparison was made between the case represented
by Figure 4-3, and the numerical analysis of the same motor performed by keeping the radial
natural frequency constant at 15 kHz. For comparison, the variable-frequency formulation as
per Section 3.3, employed throughout this study, corresponds to a shift in f, from 14.3 kHz to
about 18 kHz, as the cylindrical grain burns back from the initial port diameter of 3.6 cm, to

a port diameter at the 0.26 sec reference time of about 4.5 cm.
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Figure 4-2: Head end vs. nozzle end wave profile — straight cylinder, 3.6 cm port
diameter — acceleration effects nullified

The above evaluation was repeated, but this time with the effects of acceleration on the
burning rate included in the simulation, as per Equation (21). The structural dynamics model
described in Section 3.2 was employed, while the natural radial frequency was based on the
analysis described in Section 3.3. The results show a significant rise in the base burning
pressure (DC shift), coupled with a severe increase (by an order or magnitude) in the limit
pressure wave magnitude — reaching 10.8 MPa at the reference time of 0.26 sec. It is clear
that the motor described by Figure 4-3 is operating in a highly unstable, nonlinear regime.
Once again, the results are in good agreement with those obtained earlier by Greatrix, where
a limit pressure wave magnitude of 10.2 MPa was noted for the same SRM under relatively

the same conditions.
Examining the head end and nozzle end pressure wave profiles corresponding to the above

runs, one notes a very steep wavefront, indicative of a strong shockwave. Throughout this

study, it was found that the presence of such shocks was linked to the coincident occurrence
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Figure 4-5: Predicted head-end wave profile - straight cylinder, 3.6 cm port diameter -
radial frequency held constant vs. variable- acceleration effect active

While the above deliberations considered the reference SRM with a constant starting grain
port diameter of 3.6 cm, additional computations were performed for an analogous straight
cylinder motor with a port diameter of 5.09 cm, corresponding to a port area exactly twice
that of the previous case. This was done to present a framework for the foregoing study of
grain area transitions, by providing a sample “boundary case” (i.e., a reference SRM with a

grain area transition of a 2:1 aspect ratio, would have a 3.6 cm port diameter on one side, and

a 5.09 cm port diameter on the other).

As shown in Figure 4-6 for the acceleration-effects-nullified case, increasing the starting port
diameter to 5.09 cm, results in a decrease in the limiting pressure wave magnitude to 1.18
MPa (vs. 1.42 MPa for d,, of 3.6 cm), for the same initial chamber pressure of approximately
10 MPa. Note that the nozzle throat area has been increased (from 1.60 cm to 1.86 cm) to
provide a similar initial chamber pressure. While a larger port diameter would lower erosive

burning for the same flow induced behind any traveling axial pressure waves, it is not clear

PROPESYY OF
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Figure 4-4: Head end vs. nozzle end wave profile - straight cylinder, 3.6 cm port
diameter — acceleration effect active

As shown in Figure 4-5, the effect of the radial natural frequency on the limiting pressure
wave magnitude and profile in the case of the straight-cylinder reference SRM was
surprisingly small, given the dramatic effect the inclusion of the accelerative-based effects on
the burning rate had on the same variables. This suggests the behavior observed in going
from Figure 4-1 to Figure 4-3 is driven largely by the passage of the axial pressure wave
inducing an instantaneous increase in the local burning rate, as opposed to resonant structural
behavior of the propellant/casing/sleeve assembly. Of course, the latter would become much
more important if the length of the chamber would be such as to place the frequency of the
axial oscillations closer to the natural radial frequency. In this case, the oscillation frequency
of the shock wave going back and forth through the chamber is 1050 Hz, which is well away

from the radial natural frequency range of 14-18 kHz — hence, no resonant behavior can be

observed.
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Figure 4-7: Predicted head-end pressure-time profile — straight cylinder, 5.09 cm port
diameter — acceleration effect active
Finally, as a side study, the effect of varying the starting chamber pressure was verified, by
changing the nozzle throat diameter, while keeping all the other parameters constant. Only
two such cases were run, as this effect was only of ancillary interest, largely outside of the
scope of the grain area transitions investigation presented in this thesis. The study was
performed on the SRM of Figure 4-7, including the accelerative effects in the computations,
for starting base pressures of about 8 MPa and 12 MPa. As evidenced by Figure 4-8,
increasing the initial chamber pressure to 12 MPa, by decreasing the nozzle throat diameter
while keeping all the other parameters constant, resulted in a drastic decrease in the limit
pressure wave magnitude to about 1 MPa, as compared to 5.5 MPa for the case of Figure 4-7.
A higher base pressure results in a higher base burning rate, which can significantly reduce
burning augmentation due to Z-N transient response, flow velocity, and acceleration. This

may explain to some degree the above result.

In contrast, changing the starting base pressure to 8 MPa, by increasing the nozzle throat

diameter, resulted in a very rapid development of DC shift (see Figure 4-9). However,

35



that the induced flow speeds would be of sufficient strength to completely account for this

difference in the limit pressure wave magnitudes.
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Figure 4-6: Predicted head-end pressure-time profile, reference motor - straight
cylinder, 5.09 cm port diameter — acceleration nullified

Figure 4-7 shows the same SRM, but this time, the accelerative effects on the burning rate
were included in the computations. The results indicate again a reduction in both the limit
pressure wave amplitude, of about 5.5 MPa (vs. 10.8 MPa for the case of Fig 4-3) and the
accompanying base pressure rise of 2 MPa (vs. 5 MPa for the case of Fig 4-3). Nonetheless,
DC shift behavior is thus still quite evidently present. The aforementioned decrease in the
base pressure and pressure wave amplitude is believed to be due, at least in part, to a smaller
propellant surface deflection and corresponding acceleration level, arising from the reduced

propellant web thickness.
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Figure 4-7: Predicted head-end pressure-time profile — straight cylinder, 5.09 cm port
diameter — acceleration effect active

Finally, as a side study, the effect of varying the starting chamber pressure was verified, by
changing the nozzle throat diameter, while keeping all the other parameters constant. Only
two such cases were run, as this effect was only of ancillary interest, largely outside of the
scope of the grain area transitions investigation presented in this thesis. The study was
performed on the SRM of Figure 4-7, including the accelerative effects in the computations,
for starting base pressures of about 8 MPa and 12 MPa. As evidenced by Figure 4-8,
increasing the initial chamber pressure to 12 MPa, by decreasing the nozzle throat diameter

while keeping all the other parameters constant, resulted in a drastic decrease in the limit

pressure wave magnitude to about 1 MPa, as compared to 5.5 MPa for the case of Figure 4-7.

A higher base pressure results in a higher base burning rate, which can significantly reduce
burning augmentation due to Z-N transient response, flow velocity, and acceleration. This

may explain to some degree the above result.

In contrast, changing the starting base pressure to 8 MPa, by increasing the nozzle throat

diameter, resulted in a very rapid development of DC shift (see Figure 4-9). However,
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somewhat surprisingly, the limit pressure wave magnitude at the reference time (t = 0.26 sec)
of 4.9 MPa was actually slightly lower than when a starting pressure of 10 MPa was utilized.

A lower exit port-to-throat area ratio on wave reflection might explain this in part.

The results are interesting in that they demonstrate that under certain circumstances,
increasing the starting chamber pressure might actually result in suppressing the instabilities
that would otherwise be present, and consequently, a reduction in the peak instantaneous
chamber pressure and casing stress. Hence, if optimum performance is desired (and this
means high p. and as low a casing mass as is structurally feasible) it might in fact be
preferable to run at a higher design chamber pressure than would otherwise be expected.
However, care must be taken when interpreting the above results, as such results are likely
motor-dependent. Nonetheless, a more thorough investigation of the effects of varying initial
chamber pressure on combustion instability of a solid rocket motor, accounting for the
unsteady and acceleration-driven effects, might be of considerable benefit from a design

perspective.
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Figure 4-8: Predicted head-end pressure-time profile — straight cylinder, 5.09 cm port
diameter — starting pressure 12.1 MPa - acceleration effects active
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Figure 4-9: Predicted head-end pressure-time profile — straight cylinder, 5.09 cm port
diameter — starting pressure 7.95 MPa - acceleration effects active

4.3 Effect of Grain Area Transition Aspect Ratio

In this section, it will be shown that grain port area transitions can, depending on the
transition aspect ratio and location, have a significant role in suppressing axial combustion
instability in solid rocket motors. An example of a predicted pressure profile for the
reference SRM with a shallow transition is presented in Figure 4-10. In this case, the
transition is a left-to-right grain port area contraction of a 1.25:1 aspect ratio — that is, the
upstream port diameter (by the head end) is 4.03 cm, while the downstream port diameter is
3.6 cm, as per the reference SRM. Length of the transition was set to be 30% of the
propellant grain length L, in order to represent an area transition with a moderate steepness.
The transition midpoint is located at 40% of the grain effective acoustic length (0.4L), with
the head end being the zero-reference position. The 0.4L position was chosen to illustrate the
results in this section (as opposed to the chamber midpoint) as it provided for the greatest
range of pressure variation as a function of transition aspect ratio. Effects of normal (i.e.,
radial) acceleration on the burning rate have been included in this particular computation, and

in the following results, unless otherwise indicated.
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As can be seen from Figure 4-10, the pressure-time profile is qualitatively somewhat similar
to the straight-cylinder reference SRM, with a DC shift being very evident. However, as
compared to the reference case of Figure 4-3, the limiting pressure wave magnitude is 7.1
MPa, as compared to 10.8 MPa for the reference case, while the rise in base burning pressure

has been reduced from well over 5 MPa to about 3.5 MPa.
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Figure 4-10: Predicted head-end pressure-time profile — 1.25:1 contraction at grain
position 0.4L - acceleration active

Increasing the transition aspect ratio to 1.5:1, by changing the port diameter at the head end
to 4.41 cm, while keeping all the other parameters unchanged (except for the throat area,
which was adjusted to give the same starting pressure of approximately 10.0 MPa, so that the
results can be more appropriately compared) results in a qualitatively different pressure-time
profile, as illustrated in Figure 4-11. The limit pressure wave magnitude has been reduced to
only 0.73 MPa, with a notable lack of any indication of base pressure rise occurring. While

the results of Figure 4-11 do include the effects of normal acceleration on the burning rate,
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the chamber pressure variation with time is more reminiscent of Figure 4-1, where

accelerative effects were omitted (in fact, the wave magnitude is about half of what it was for

the case of Figure 4-1).
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Figure 4-11: Predicted head-end pressure-time profile — 1.5:1 contraction at grain
position 0.4L — acceleration active

Effects of a further increase of the port area contraction aspect ratio at the same location, to
2:1 and 2.5:1, are illustrated in Figures 4-12 and 4-13, respectively. It can be seen that the

axial pressure wave activity is now almost completely suppressed.

Figure 4-14 shows the results of the same computations in the form of pressure-wave
profiles, for four different transition aspect ratios. It can be seen in the case of 1.25 a steep
shock front, characteristic of DC-shift dominated behavior is evident, while for the 1.5:1
contraction, the pressure wave has almost a sinusoidal profile. In case of the two higher
transition aspect ratios, the wave profile appears to be almost a flat line — with no evidence
(regardless of the scale of the chart) of a sustained sinusoidal wave within the resolution of

the numerical solver.
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Figure 4-12: Predicted head-end pressure-time profile — 2:1 contraction at grain
position 0.4L - acceleration active
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Figure 4-13: Predicted head-end pressure-time profile — 2.5:1 contraction at grain
position 0.4L — acceleration active
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Figure 4-14: Predicted head-end pressure-wave profile for grain port area contractions
of various aspect ratios - grain position 0.4L — acceleration active

Similar trends can be observed for left-to-right grain port area expansion (3.6 cm port
diameter at the head end, increasing downstream to a value dependent on the transition
aspect ratio). Figure 4-15 illustrates the results for a 1.5:1 expansion, located at the 0.4L
motor station. Once again, DC shift behavior can be observed, with a limit pressure wave
magnitude of 12.9 MPa. It is noted this value is higher than for the reference motor —
although the corresponding value near the nozzle end of the grain is somewhat smaller at
about 10.5 MPa (see Figure 4-16). It is also noted that a grain contraction of the same aspect
ratio of 1.5:1 was shown to reduce the oscillations to only 0.73 MPa (referring back to Figure
4-11), suggesting that grain port area contractions are much more effective at suppressing

axial combustion instability than comparable grain port area expansions.
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Figure 4-15: Predicted head-end pressure-time profile —1.5:1 expansion at grain
position 0.4L — acceleration active
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Figure 4-16: Comparison of head-end and nozzle-end pressure-wave profiles —1.5:1
expansion at grain position 0.4L — acceleration active
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In contrast, a grain port area expansion of a 1.75:1 aspect ratio was shown to suppress the
axial wave magnitude to 1.34 MPa, with no discernable evidence of a DC shift being present
(see Figure 4-17). The pressure wave profile was sinusoidal, with a somewhat higher
magnitude at the head end, relative to the grain end on the nozzle side, as shown in Figure 4-
18. Of interest is the very abrupt change in behavior going from an expansion aspect ratio of

1.5:1 to 1.75:1 — a nearly order-of-magnitude difference in terms of pressure wave amplitude.

Further increasing the expansion aspect ratio to 2:1 (Figure 4-19) and 2.5:1 (Figure 4-20) was
shown to increase the degree of instability suppression, although not as effectively as was the
case for grain port area contractions. It is noted that in case of the 2.5:1 computation, the
code operates on the verge of its solution stability limit, as evidenced by the artificially
induced oscillations in the middle section of the curve. A comparison of the four pressure-
wave profiles, for the different grain port area expansion aspect ratios is shown in Figure 4-

21.
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Figure 4-17: Predicted head-end pressure-time profile —1.75:1 expansion at grain
position 0.4L - acceleration active
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Figure 4-18: Comparison of head-end and nozzle-end pressure-wave profiles —1.75:1
expansion at grain position 0.4L — acceleration active
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Figure 4-19: Predicted head-end pressure-time profile —2:1 expansion at grain position
0.4L - acceleration active
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Figure 4-20: Predicted head-end pressure-time profile —2.5:1 expansion at grain
position 0.4L — acceleration active
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Figure 4-21: Predicted head-end pressure-wave profile for grain port area expansions
of various aspect ratios - grain position 0.4L — acceleration active
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Figures 4-22 and 4-23 show respectively the effectiveness of the grain port area contraction
and expansion. Results are given for both the cases presented where the effect of normal
acceleration on the burning rate are included, as well the runs where these accelerative
effects were nullified. The effectiveness of the transitions in suppressing the wave activity is

expressed in the form of non-dimensional attenuation magnitude:

Ap, . —Ap,
— ph_peak pn (44)
ﬂ'pw.peuk

M

a

where Apy, is the limit pressure wave magnitude (peak-to-trough) for a given simulation, and
Apw peak 1 the reference zero-suppression pressure wave magnitude (1.42 MPa when
acceleration effects are nullified and 10.8 MPa in the case when acceleration effects are

included) at the same juncture in the firing (in this case, 0.26 s is the reference time).

As evidenced by Figure 4-22 the effectiveness of a grain port area contraction on suppression
of axial wave instabilities is increased with increasing aspect ratio. Similar behavior is
predicted regardless whether the effects of normal acceleration on burning rate are included
or not, although in the case of accelerative effects included, grain port area contractions of

somewhat smaller aspect ratio were shown to have a noticeable effect, in relative terms.

Turning to Figure 4-23 for the expansion cases, it can be observed that increasing the aspect
ratio also increases the suppression of axial waves. As compared to grain port area
contractions, port area expansions need to have a greater aspect ratio to offer equivalent
effect (i.e., they were found to be somewhat less effective than contractions). It is noted that
if accelerative effects are nullified, the increase in effectiveness as a function of aspect ratio
is somewhat more gradual, as compared to the results where normal acceleration was

included.
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The response was also investigated in terms of the predicted level of normal (i.e., radial)
acceleration occurring at the sleeve external wall. Figure 4-24 shows the acceleration,
expressed in g’s, as predicted for the midpoint location of the motor with a 1.5:1 port area
expansion located at 0.4L — the time-pressure profile for this motor being given by Figure 4-
15. In comparison, Figure 4-25 shows an analogous response for a motor with a port area

expansion of 2:1 (pressure-time profile shown in Fig 4-19).

The case of the 1.5:1 expansion exhibits very significant levels of normal acceleration, on the
order of 2000-4000 times the acceleration of gravity, while increasing the expansion ratio to
2:1 decreases the acceleration to about 20-40 g’s, a two order of magnitude reduction (note
the scale of the two charts differs by an order-of-magnitude, for better visibility). It is noted
that the level of vibration can therefore be qualitatively correlated to the axial instability
behavior in the motor. In particular, the high acceleration levels shown in Figure 4-24 seem
to correspond to the DC-shift behavior noted in that particular case. The onset of significant
radial vibration activity, occurring at a time just shy of 0.14 seconds, is likely linked to the a
very pronounced rise in base pressure that occurs at exactly the same instant in time.
Comparing Figures 4-15 and 4-24 it can be seen the vibration level is not proportional to the
pressure wave amplitude per se, but appears to be proportional to the degree of the DC shift
observed. In contrast, the case of the 2:1 expansion exhibits very moderate radial

acceleration levels, and no discernible DC shift.
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Figure 4-24: Predicted motor-midpoint normal acceleration at the sleeve external
surface -time profile —1.5:1 expansion at grain position 0.4L
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Figure 4-25: Predicted motor-midpoint normal acceleration at the sleeve external
surface -time profile —2:1 expansion at grain position 0.4L
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To an extent, the above results agree with those obtained experimentally by Koreki et al.'”,
where it was found that convergent port configurations (i.e. grain area contractions) were
found to suppress combustion instability. The same experimenters found divergent port
configurations (i.e. expansions) were not nearly as effective, and had the potential to increase
combustion instability, especially when propellant web thickness was large in comparison to

the port diameter.

4.4 Effect of Grain Area Transition Position

The effect of the position of the grain port area transition was investigated by performing
numerical simulations for transitions located at different motor stations (i.e., at different
distances from the head end). Sample results are illustrated in this section, based on the case
of a 2:1 port area contractions and expansions. In all cases described in this subsection, the
transition length remained set at 30% of the motor grain length (investigation of the effect of

changing the transition steepness is described in section 4.6).

Figure 4-26 illustrates the pressure-time profile for a grain port area contraction with its
midpoint located at 0.75L, one-quarter motor length away from the nozzle. A limit pressure
wave magnitude of 0.88 MPa is noted, which is considerably larger than that determined for
the same transition at 0.4L, a value of 0.02 MPa. Thus, in the case of grain area contractions,
moving the transition towards the nozzle end of the motor had the effect of reducing its
efficiency. The opposite was found to occur for moving the contraction towards the head end
of the motor (albeit in the case of this SRM, a contraction located at 0.4L was already
suppressing the pressure wave activity fully). For a grain port area expansion example,
Figure 4-27 shows the pressure time profile for a 2:1 expansion located near the head end, at
0.25L. The corresponding limiting pressure wave magnitude at the end of the simulation was
1.55 MPa, being somewhat higher than when the expansion was placed at 0.4L. Thus, in
contrast to the case of port area contractions, the effectiveness of expansions is found to
decrease the closer the expansion is to the motor head end. In all cases for a 2:1 transition
(whether expansion or contraction), no evidence of a DC shift was observed for this motor,
and the axial pressure wave was about an order of magnitude smaller than for the straight

cylinder case.
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Figure 4-26: Predicted head-end pressure-time profile —2:1 contraction at grain
position 0.75L — acceleration active
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A more thorough understanding of the results can be obtained by examining the non-
dimensional attenuation magnitude as a function of axial position of the transition. Due to
the limitations on steepness, the study was largely restricted to area transition midpoint
positions between 0.25L and 0.75L. Figure 4-28 shows the attenuation vs. position of the
midpoint of the transition (expressed as a fraction of the motor acoustic length) for a 2:1 port
area contraction and a 2:1 expansion, in cases where the effects of normal acceleration on the
burning rate have been nullified. It is evident that the effectiveness in suppressing axial wave
activity of port area contractions decreases as the contraction is moved toward the nozzle end
past a certain point (in this case, placing the contraction downstream of the chamber
midpoint reduces its effectiveness). The opposite is true for port area expansions which were
found to be more effective the closer they were placed to the nozzle end. Note the transition
from near zero attenuation to full suppression of wave activity as the position is changed

occurs in a rather gradual manner.

Figure 4-29 shows analogous results, but this time with the effects of acceleration on the
burning rate included in the computational runs. Once again, the effectiveness of port area
contractions was seen to increase as the contraction was moved towards the head end, while
effectiveness of expansions was increased by moving them towards the nozzle end. Unlike
the acceleration-nullified case, the results of Figure 4-29 show significantly less dependence,
magnitude-wise, on the position. For this particular aspect ratio, a transition, whether
expansion or contraction, was shown to be fully effective at eliminating the DC shift-
dominated behavior, regardless of the position of the transition. The bracket symbol to the
right of the expansion curve of Figure 4-29 indicates that substantial variability up and down
from the trend curve can be expected in this region. Nonetheless, comparing the results to
the contraction case, as well as corresponding results for Figure 4-28, one can expect the
general trend to continue, up to expansion position 0.75L. It is also noted that in spite of the
difference in magnitude between Figures 4-28 and 4-29, the inflection points of both sets of
curves occur at approximately the same motor axial positions. In fact, if the reference zero-
suppression pressure wave magnitude of 1.42 MPa, corresponding to the non-acceleration
baseline case, was used for the acceleration-included cases (instead of its baseline value of

10.8 MPa), the two charts would look very similar.
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Figure 4-29: Attenuation vs. axial position of transition — acceleration active
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4.5 Attenuation Maps

While the two previous sections of this work treated the effect of changing the transition
aspect ratio and position separately, the most comprehensive understanding of the results and
trends can be obtained by examining the applicable attenuation maps. Figures 4-30 through
4-33 summarize visually the results of over 140 computational runs performed for different
transition aspect ratios and positions, for both expansions and contractions, where the effects
of acceleration have been either included or nullified. The various M, curves are displayed
as a function of non-dimensional axial position (x/L) of the grain transition (given the area
transition has a relatively shallow slope as required for a quasi-one-dimensional flow model,
with the transition length being set at 30% of the grain length, the midpoint of the transition
is the reference location), with each curve being at a particular area contraction or expansion
ratio. The x-axis in essence represents the straight-cylinder case (no suppression at any axial
position). The brace (curly bracket) symbol represents regions where substantial variability

up or down from the trend curve can be expected.
The following observations can be made:

e Increasing the transition aspect ratio tends to increase the transition’s effectiveness in
suppressing pressure wave activity. This is true for both port area expansions and
contractions, regardless of whether the effect of normal acceleration on the burning

rate was accounted for or not.

e Moving a grain contraction closer towards the head end of the motor tends to increase
its effectiveness. This was found to be the case regardless if accelerative effects were

included.
e In contrast, moving a grain expansion closer towards the nozzle end of the motor

tends to increase its effectiveness. Again, this was found to be the case regardless if

accelerative effects were included.
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A significant behavioral difference was observed depending on whether effects of
normal acceleration on the burning rate were included or not. If acceleration was
nullified, the effect of moving the transition, and to a lesser extent, changing its
aspect ratio, was rather gradual or moderate, in terms of the attenuation obtained. In
contrast, where accelerative effects were accounted for, it was observed that two very

distinct regions of behavior were observed:

o A DC-shift dominated region, characterized by high pressure wave magnitude

(low attenuation), and a base pressure rise — occurring at low transition aspect

ratio.

o Region where evidence of DC shift is absent, corresponding to moderate and

high transition aspect ratios.

Where accelerative effects were included, no case was observed where a shift from
one region to the other could occur simply by moving the transition. However, based
on up-and-down variability observed in some runs, it is believed the system tends to
either one or the other distinct equilibrium states, and a bifurcation analysis is

required to understand this behavior more fully.

It is also noted that discounting the cases where DC shift occurs, and using non-
acceleration zero-attenuation reference wave magnitude for the acceleration-included
cases, would result in the acceleration-included curves being very close to the
acceleration-nullified curves. This reinforces the fact that the presence of the DC

shift is explicitly linked to the radial vibration of the propellant.
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Figure 4-30: Attenuation map: grain contraction, acceleration nullified, ref. time at t =
0.26 s, initial pressure disturbance of 2 atm, transition length of 0.156 m
(36 cells, 30% of grain length)
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Figure 4-31: Attenuation map: grain expansion, acceleration nullified, ref. time at t =
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Figure 4-32: Attenuation map: grain contraction, acceleration active, ref. time at t =

0.26 s, initial pressure disturbance of 2 atm, transition length of 0.156 m
(36 cells, 30% of grain length)
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Figure 4-33: Attenuation map: grain expansion, acceleration active, ref. time at t =
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(36 cells, 30% of grain length)
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4.6 Effect of Transition Steepness

The effect of transition steepness was investigated by performing computations for
varying values of transition length. The case of a 2:1 port area expansion was chosen for the
study, located at the 0.45L location along the motor chamber (i.e. near the midpoint, slightly

closer to the head end).

Figure 4-34 shows a relationship between the transition length, expressed as a fraction of the
overall grain length Li/L;, and the resulting non-dimensional attenuation magnitude M,.
Accelerative effects on the burning rate were nullified for the initial study. As can be seen
from Figure 4-34, increasing the transition steepness results in a significant increase in its
effectiveness, for the reference motor studied. In particular, a 2:1 grain expansion of a length
equal to 15% of the grain length or less, results in nearly a complete suppression of axial
pressure wave activity. In contrast, a transition length of about half the length of the grain

shows negligible attenuation.
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Figure 4-34: Attenuation vs. transition length — 2:1 expansion - acceleration nullified
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The foregoing study was repeated with accelerative effects now accounted for. As evidenced

by Figure 4-35, expansion lengths of 0.35L or less resulted in a significant reduction of
pressure wave activity, the effectiveness becoming more pronounced the shorter the
transition. However, for transition lengths of 0.5L or more, no suppression of pressure waves

was noted (attenuation being slightly negative, due to the larger port cross-sectional area

relative to the baseline case of constant 3.6 cm port diameter), the rise in base pressure (DC

shift) being quite pronounced. Although no runs were successfully completed for expansion
lengths in-between 0.4L and 0.5L, based on prior evidence and the shape of the curve in
Figure 4-35, it is believed that the transition between the no-attenuation and the high-

attenuation regions is quite abrupt — the dashed line in Figure 4-35 represents a region of

numerical instability. In physical terms, a 2:1 expansion located at 0.43L is not expected to

result in attenuation of 0.5, but rather, is expected to exhibit either the DC-shift-dominated

behavior, or a relatively high attenuation of above 0.8, if indeed an equilibrium solution is
obtained.
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Figure 4-35: Attenuation vs. transition length — 2:1 expansion - acceleration active
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Further runs were performed to determine the effectiveness of varying the length of the 2:1
port area expansion, at different locations along the grain. Figure 4-36 shows the effect of
changing the position along the grain of 2:1 port area expansions of three different lengths.
As before, moving the port area expansion closer to the nozzle end results in an increase in
its effectiveness. It is noted that in case of a very shallow expansion (Ly/L, = 0.6) positioning
it closer to the nozzle beyond 0.55L results in a decrease in attenuation (trending to the zero
axis), while positioning it closer to the head end below 0.3L appears to have the curve

trending to the 5.09-cm straight cylinder result, as one might expect in the limiting case.

The corresponding results where accelerative effects were accounted for, are found in Figure
4-37. The behavior is similar to that noted for the acceleration-nullified runs, except that the
most shallow expansion is dominated by the DC-shift behavior, regardless of its position,

with correspondingly a very low degree of attenuation.
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Figure 4-36: Attenuation map: grain 2: 1 expansion, acceleration nullified, ref. time at t
= (.26 s, initial pressure disturbance of 2 atm
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Figure 4-37: Attenuation map: grain 2: 1 expansion, acceleration active, ref. time at t =
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5 Conclusion

5.1 Final Remarks

The effectiveness of grain port area transitions as a means for suppression of axial
combustion instability in solid rocket motors has been demonstrated. It was found that the
effectiveness of the transition depends on the transition type (contraction vs. expansion),
aspect ratio, position of the transition along the grain, and finally, the steepness of the

transition. In particular:

e Increasing the transition aspect ratio tends to increase its effectiveness in suppressing
pressure wave activity, for both port area expansions and contractions.

e Moving a grain contraction closer towards the head end of the motor tends to increase
its effectiveness.

e Moving a grain expansion closer towards the nozzle end of the motor tends to
increase its effectiveness.

e Increasing the steepness of a transition results in an increase in its effectiveness.

In addition, it was found that the behavior differed somewhat depending whether the effects
of normal acceleration on the burning rate were included or not, in that acceleration-included
cases have shown a rather rapid change from a flow regime characterized by the presence of
the DC-shift phenomenon to a more gradual linear-instability regime, as the transition

parameters were varied.

5.2 Recommendations for Future Work

A given limitation of this work was the focus on only a single basic grain configuration
and propellant type. Significantly more computations would have to be performed to verify
to what extent the trends established here hold for completely different motor/propellant

configurations.
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In the end, numerical computations can only take us so far — one should rely as much as
possible on correlation of numerical data with experimental data. Thus, opportunity exists
for parametric studies of the effectiveness of grain area transitions using hot-flow rocket
motor experiments. While such investigations are by their very nature, quite expensive, they
can and would prove to be invaluable in forming the basis of a more comprehensive
approach for prediction and suppression of combustion instability symptoms in motors

utilizing grain port area transitions and other suppression techniques.

In terms of a refined prediction of propellant inner-surface vibration, a more refined 2D
axisymmetric or 3D structural model would be of benefit to a future study. Care however
must be exercised when employing finite element analysis to this purpose, as material
characterization should ideally allow for a nearly incompressible formulation, perhaps by the
use of hyper-elastic material properties. As of this date, computational resources are a major
barrier to the employment of such an approach, given the high number of computational runs

required to develop trend charts for all the various parameters at play.

Finally, the usage of a 2D axisymmetric or 3D flow solver model would enable simulations
of steeper, and hence, potentially more effective, grain area transitions than those presented

in this document.
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