
Stability concepts in Bargaining Games

by

Somnath Kundu

Master of Data Science, Ryerson University, Canada, 2017

Master of Engineering, Sambalpur University, India, 1996

Bachelor of Engineering, Calcutta University, India, 1991

A thesis

presented to Ryerson University

in partial fulfillment of the

requirements for the degree of

Master of Science

in the Program of

Applied Mathematics

Toronto, Ontario, Canada, 2019

c©Somnath Kundu, 2019



AUTHOR’S DECLARATION FOR ELECTRONIC SUBMISSION

OF A THESIS

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis, including any

required final revisions, as accepted by my examiners.

I authorize Ryerson University to lend this thesis to other institutions or individuals for the purpose of

scholarly research.

I further authorize Ryerson University to reproduce this thesis by photocopying or by other means, in total

or in part, at the request of other institutions or individuals for the purpose of scholarly research.

I understand that my thesis may be made electronically available to the public.

ii



Abstract

Stability concepts in Bargaining Games

Master of Science 2019

Somnath Kundu

Applied Mathematics

Ryerson University

In this thesis we discuss some novel concepts of stability in bargaining games, over a network setting. So

far, the studies on bargaining games were done as profit sharing problems, whose underlying combinatorial

optimization problems are of packing type. In our work, we study bargaining games from a cost sharing

perspective, where the underlying combinatorial optimization problems are covering type problems. Unlike

previous studies, where bargaining processes are restricted to only two players, we study bargaining games

over a more generic hypergraph setting, which allows any bargaining process to be formed among any number

of players. In previous studies of bargaining games, the objects that are being negotiated are assumed to be

uniform and only the outcomes of the negotiations are allowed to be different. However, in our study, we

accommodate possibilities of non-uniform weights of the objects that are being negotiated, which is closer

to any real life scenario. Finally we extend our study to incorporate socially aware players by introducing a

relaxed and innovative definition of stability.
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Chapter 1

Organization of the Thesis

This thesis is divided into four main chapters. The first chapter (Chapter 2) is the introductory chapter

where we describe mainly the motivation and the introduction of the problem. We also describe the previous

work related to our work. In the next chapter (Chapter 3) we include some salient mathematical concepts

that we used in our work. The next chapter (Chapter 4) is the part where we describe our work in complete

detail. In the last chapter (Chapter 5) we describe the possible future work.
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Chapter 2

Introduction

Within a social network setting, individuals are engaged in a constant struggle to maximize their own inter-

est. To achieve this feat, individuals often form coalitions among themselves and try to extract out maximum

interest from those coalitions. Individuals weigh in their options and negotiate among themselves to collect

the maximum benefit from different coalitions. These processes give rise to bargaining actions among players,

which are studied under the realm of bargaining game theory. From the context of game theory, the term

Game is used to describe a general collection of rules within which self-interested and rational individuals

engage among themselves to maximize certain outcome for serving their own interest. Bargaining games are

one type of game which mainly describes or formulates the rules necessary for bargaining processes among

individuals in an isolated or an interconnected environment.

In any bargaining game there can be a large number of possible outcomes. Given that fact, it is of great

importance to know if in a particular outcome every player is satisfied or some players could find a better

arrangement outside of the outcome and want to disrupt the outcome. That means, one of the most pressing

questions in the study of bargaining games is whether a bargaining game can attain a stable outcome or not.

This question involves complicated analysis, given the fact that stability can be perceived in different ways

by different persons. It is also possible that a bargaining game may not have a stable solution.

In our present work we study stability of bargaining games and its novel relationships with combinato-

rial optimization. We carry out our work of bargaining games from a cost sharing perspective, where players

have certain demands that they need to fulfill by choosing different services. These services are generated by

coalitions among the players, and the costs of those services are to be shared by the participating members.

To the best of our knowledge, this is in contrast to all the previous studies of bargaining games, where the

game is cast as a profit sharing game. We also generalize the study of bargaining game by allowing services

to have any number of players, which needs to be described by a hypergraph. This is in contrast to the pre-

vious studies where a contract can only be formed by two players, which can be described by a simple graph.

In addition to that we have introduced further complexity by introducing different satisfaction amounts for

2



CHAPTER 2. INTRODUCTION 2.1. MOTIVATION

each player from each service. With this arrangement we define a notion of stability, which is intuitive and

practically useful, yet is completely interrelated with the solution of the underlying combinatorial problem

of the bargaining game. In our work we show this relationship of stability and the integrality gap (discussed

later) of the corresponding relaxed linear program of the bargaining game. This formal proof is extremely

profound from a practical sense as well. Because of this proof, we can be sure that a bargaining game can

attain a stable outcome if we just solve the corresponding linear program and find an optimum integral

solution of the linear program.

We also extend our stability definition to accommodate the case of socially aware agents as well. With

our intuitive but strict definition of stability, it is possible that many of the bargaining games may never

attain a stable solution. However, if we relax our notion of stability, then it is possible to show that in some

more cases we can have stable solutions. In our work we formulate this amount of relaxation that is neces-

sary for an outcome to be stable, by carefully crafting a relaxed notion of stability. With this new notion of

stability we again prove the same relationship of stability and the integrality gap of the corresponding linear

program.

2.1 Motivation

Consider a community or a village, where many people reside. The villagers or the members in the community

know some other people around them inside that community. Each person needs different kinds and different

amounts of services. For example, food, houses, clothing, etc. Assume that, it is a remote community and

everyone needs to produce his or her service with assistance from other people around him/her. So persons

can team up with the other persons to create those services. For example, some four or five people are needed

to collectively cultivate and grow food. One person alone can not grow any food. For each of the service,

members need to put in their time. It is imperative that every member would try to minimize their total

time commitment and for that he/she would look around and see with whom to team up. For that reason,

some alliances would be formed and people will come to an agreement as to who will spend how much time

in which alliance. Now the question is, if they once come up with an arrangement between themselves, is

it possible for some of them to find a better arrangement where they have to spend less time than their

current arrangement. If that is the case, then they would most certainly want to deviate from their current

arrangement. Is it possible that they will ever reach to an arrangement where no one could find a better

solution? Or in other words, would they ever come to a stable arrangement? What criteria would define

those stable conditions? Is there any way we can be sure that there exists a stable arrangement, or will some

situations assert that the stable arrangement can never be found. These are the interesting questions we

want to study mathematically in our current thesis work.

3



CHAPTER 2. INTRODUCTION 2.2. PROBLEM SELECTION

2.2 Problem Selection

Bargaining games can be either profit sharing games or cost sharing games. The profit sharing games are

categorized as Packing Type problems, where the individuals want to maximize their profit from different

coalitions. It is to be noted that different coalitions generate different profits. This becomes challenging,

because each individual can’t engage in an infinite number of coalitions. Rather, each individual has a ca-

pacity or a maximum number of allowed coalitions. So the individuals need to choose their coalitions wisely

in order to maximize their profit.

The cost sharing games are exact conjugate of the profit sharing games. The cost sharing games are cate-

gorized as Covering Type problems, where the individuals choose different services to fulfill their demands.

Here the different services cost different amounts, and they would want to minimize the cost for different

coalitions or services they are part of. So, similar to the profit sharing problem, individuals need to chose

their services wisely in order to minimize their cost here as well.

Almost all the studies of bargaining games were done with the Packing type problem, but in our work

we conduct our study as a covering type problem. As described before, almost all the studies of bargaining

games were carried out with simple graphs, where the alliances can only be between two persons. But in our

work we study bargaining game in hypergraphs, where alliances can happen between any number of persons.

Another important aspect of our work is that we generalize the games by allowing outcomes of every alliance

for every person to be different, which is not the case for previous work on bargaining games. In previous

studies on bargaining games, it is considered that every person receives unit satisfaction from every alliance.

To our knowledge, we are the first to study stability of bargaining games in the context of socially aware

members. There are often situations where within social settings, if everyone is extremely selfish, every-

one gets stuck in a bottleneck situation where no one wins because of instability. But in those particular

situations, if individuals are rational enough to be a little flexible then it is possible to arrive at stable ar-

rangements which benefit everyone. Now the question would be how can we quantify how much relaxation is

needed from each individual to make the situation stable, where no one would feel that there could have been

a better solution for him or her. In our work we are going to investigate those situations in mathematical

terms.

2.3 Previous Work

Bargaining games have been studied extensively in various disciplines, especially in Economics, Sociology

and Management. In economics, bargaining games are studied mainly as cooperative games to understand

the resource distributions, whereas in sociology bargaining games are studied mainly as Network Exchange

Theory to understand the social dynamics. In management, bargaining games are studied mainly to strate-

gise business directions. Many scholars and mathematicians have studied different aspects of Bargaining

games. For example Rubinstein’s work [27] extended the Nash equilibrium concept of bargaining games.

4



CHAPTER 2. INTRODUCTION 2.3. PREVIOUS WORK

However, in our study we focus on stability which is one of the solution concepts of bargaining game. We

discuss how the study of stability aspects of bargaining games have been shaped over the years.

The study of equilibrium and fairness concepts in bargaining game theory first started with the work of

John F. Nash . In his paper [24] he described a mathematical model for balanced bargaining outcomes.

Consider a two player bargaining game where players A and B form a contract and generate a profit of

1 dollar. Player A can get α ∈ [0, 1] dollars and B can get β ∈ [0, 1] dollars, respectively if they don’t

participate in the contract. That means player A and B has options α and β dollar respectively outside

of the contract. The surplus of the contract can be thought of as 1 − (α + β). Nash proposed that a fair

outcome of the bargaining game is when the surplus is divided equally to each participant, which means that

in the balanced outcome of the bargaining game A and B each receives 1
2 (1− (α+ β)). In bargaining game

theory this model is referred as Nash Bargaining Solution.

The generalized version of Nash solution which gives rise to the concept of balanced solution was first

introduced by Karen et al.[10] and Sharon C. Rochford [26] in two different papers. It is notable that the

notion of balance also agrees very well with the experimental results as described by David Willer in his

book ”Network Exchange Theory” [30].

However our main focus of research is the stability concept in bargaining games. The basic foundation

of our work is based on the work of Kleinberg and Tardos [21]. They studied bargaining games from the

context of packing-type problems. In their analysis, each player (agent) can form only one contract with

their neighbours within a network setting, which can be represented by a simple graph. They show that

such games have balanced solutions if they have stable solutions. They also show another interesting prop-

erty: that the existence of a stable solution is characterized by the integrality gap of a basic linear program

relaxation for the associated combinatorial optimization problem. This work is the foundation stone of our

work.

Later, Bateni et al. [2] extended the work of Kleinberg and Tardos to bipartite simple graphs. In their

model they allow agents to have more than one contract. They also showed that stable outcomes corre-

spond to allocations in the core (one solution concept of cooperative games, which somewhat relates to the

equilibrium concept) of the underlying coalition game, thereby establishing a relationship between network

bargaining and co-operative game theory. Network bargaining games were previously studied by many in

the context of assignment games. Some notable mentions out of those lists are Shapely and Shubik [28], X.

Deng et al. [12], Granot et al. [16], X. Deng and Q. Fang [11], Chalkiadakis et al. [8], etc. Farczadi et al.

[14] extended the results of the Kleinberg-Tardos model for networks with agents with general capacities.

Hajiaghayi et al. [18] also did the work in that line. Georgiou, et al. [15] considered again packing-type

(matching) problems in which agents can bargain over a network from distance.

In recent years, different variations of bargaining games have been studied. Kanoria et.al. [20] studied

network bargaining games with general capacities in natural dynamics. Some papers [1], [5], [13] studied

5



CHAPTER 2. INTRODUCTION 2.4. OUR CONTRIBUTION

local dynamics in network bargaining games . Tanmoy et al. [6] and [7] considered packing-type bargaining

games with no capacity constraints, but with agents’ utilities being nonlinear. Byati et al. [3] studied the

dynamics of bargaining within a market context while considering a local dynamical model of a one-sided

exchange network with transferable utilities. Huber Chan et al. [9], introduced alternative models for net-

work bargaining, in which players themselves are the negotiated objects and had instances with no stable

outcomes. Boch et al. [4] and Ito et.al. [19] studied the problem of minimally modifying the graph for

injecting stability when bargaining instances do not admit stable solutions.

2.4 Our Contribution

In our work we build on top of the study of Kleinberg and Tardos [21], Bateni et al. [2] and Farczadi et al.

[14]. The common thread between their work and ours is the study of stability over a network bargaining

game. However in all of their work, the underlying problem of the bargaining game was of packing type, where

the payoffs are distributed among the players. In contrast to that, in our case we are studying bargaining

games where the costs are shared by the players and the players want to minimize their costs. This fact

makes the problem a covering type problem. Our bargaining game model is more generic, as services are

of non-uniform value, i.e. the same service may provide different satisfactions to different agents. In those

previous studies contracts are between two players which are depicted by simple graph. However, in our

study we allow a contract (service) to have more than two players, which means our bargaining games need

to be depicted by hypergraphs. The inclusion of hypergraphs allow us to extend our work on stability for the

socially aware agents. Using the concept of cutting plane for the underlying linear optimization problems,

we introduce a relaxed notion of stability. This new relaxed notion of stability can make some games to have

stable outcome, which would otherwise be deemed as unstable, in a strict stability condition induced by the

integrality gap of their underlying linear optimization problems.

6



Chapter 3

Salient Mathematical Concepts

In this section we want to give the reader a gentle introduction about some of the mathematical concepts,

that are used in our work . The major part of our work involves exploring the stability condition of outcomes

of bargaining games and its relationship with combinatorial optimization concepts. We are going to describe

these concepts in a little more detail. We are also going to touch on the definition of graphs and hypergraphs

as our work involves bargaining games on a hypergraph.

3.1 Graphs and Hypergraphs

Graphs are mathematical structures which depict relationships between different objects. The objects are

represented by the nodes of the graph and the relationships among them are described by the edges of

the graph. So a graph is a tuple of two interrelated sets, one set is the set of all the vertices and another

set is the relationships among those vertices. A relationship among different objects are defined as a set

that contains all those objects. For example, if A,B,C,D,E are nodes in a graph that represent differ-

ent objects and the edges of the graphs are {A,B}, {B,C,D}, {A,E}, then {A,B} indicates that there

is a relationship between the objects A and B, {B,C,D} indicates that there is a relationship among the

objects B,C and D and {A,E} indicates that there is a relationship between the objects A and E. If

in a graph there are only two members in any of its edge then it is called a simple graph. If in a graph

an edge has any number of nodes as its members then the graph is called hypergraph. So a hypergraph is

a generalization of simple graph and the set of edges of a hypergraph is a subset of the power set of the nodes.

Mathematically, a graph G is a tuple of two sets V and E, where V denotes the set of objects or nodes and

E denotes the set of edges among them. Simple Graph G is given by G = (V,E), V ∈ {1, ...., n}, n ∈
N, E ⊆ {{i, j} : i, j ∈ V, i 6= j} and Hypergraph G is given by G = (V,E), V ∈ {1, ...., n}, n ∈ N, E ⊆
2V \∅. See examples below.

7



CHAPTER 3. SALIENT MATHEMATICAL CONCEPTS 3.2. GAME THEORY BASICS

Figure 3.1: Simple graph and Hypergraph

3.2 Game Theory Basics

In Mathematics, Economics, Social Science, Management and in many other related disciplines, the term

Game conceptually refers to the compilation of strategic interactions among decision makers to maximize

their self interest. Game theory is the discipline which studies all the methods and formulations of those

interactions. The basic assumptions of Game theory are that the decision makers are rational. An individual

is called rational, when she picks the best possible choices for herself out of different possible actions by

weighing out the relative merits of all possible actions. In general, any game has the following components :

1. Set of Decision makers, whom we call Players or Agents. We call it as V .

2. Set of all possible actions of all the players. We denote Ai to be the set of possible actions for every

player i ∈ V .

3. Functions that describe the relative consequences of all possible actions for every player. We denote

A as the Cartesian product of all the action sets of all the players. So A = ×i∈VAi. Here we define

function Ui for every player i ∈ V , such that Ui : A� R.

Considering all these points discussed above the generic definition of a game is given as follows :

Definition 3.2.1. Any Game G can be defined as a tuple, given by G = (V = {1, . . . , n}, {Ai}i∈V , {Ui}i∈V )

where n ∈ N, A = ×i∈VAi and Ui : A� R.

The third component, i.e., the relative consequences are called the utility functions. From a very naive

sense it can be said that these utility functions collectively define the rules of the Game. Within the structure

of those possible actions and the utility functions of the game, the players would try to maximize their own

interests. Here an important point to be noted is that we are describing the quantification of self-interest of

a player as utility and not using words like profit, because it is possible that the players would want to help

8



CHAPTER 3. SALIENT MATHEMATICAL CONCEPTS 3.2. GAME THEORY BASICS

the society, instead of just acquiring profit for themselves. In that case, the self interest of the players or the

utility of the players is the social service. The word utility can also be used in terms of cost. In that case

maximizing utility would inherently mean minimizing cost. In a game, players act based on the decisions

they think are best for themselves, which generate a particular outcome of that game. The players could

find different decisions, which they might think are best for them. The combinations of all those decisions of

all those players can generate different sets of outcomes. Most of the studies in game theory revolve around

the effort of finding which outcomes are best (or fair) or stable (or in equilibrium) for all players. There are

many different ways the notion of best or stable outcome of a game can be defined. This different notion of

fairness or stability in a game give rise to many different interesting formulations of game theory, which are

useful for analyzing and predicting many real life problems in our society, business, government affairs, etc.

Let us understand the concept of equilibrium in games using an example.

Example 3.2.1. Consider a game with two players A and B. Player A has two possible options OA1 and

OA2 and Player B has two possible options OB1 and OB2.

The utility or pay-offs for the player A is given in the following table:

HHH
HHHB

A
OA1 OA2

OB1 2 3

OB2 0 1

The utility or pay-offs for the player B is given in the following table:

HHH
HHHB

A
OA1 OA2

OB1 2 0

OB2 3 1

If player A selects the first option (OA1) then he gets 2, if B also selects the first option (OB1) and gets

nothing if B selects the second option (OB2). If A selects the second option (OA2) then he would get 3 if B

selects the first option (OB1) and will get 1 if B also selects the second option (OB2). Considering all the

choices, it is clear that the second option (OA2) is the most logical choice for the player A. So A will play

the second choice. For the exact same reason player B will also play the second choice. So the outcome of

this game is always going to end up as A and B both playing the second choice. This game is then going to

attain an equilibrium, where none of the players would have any logical incentive to deviate from the outcome

(OA1, OB2) that we just deduced.

The above mentioned example is a slight variation of a famous game theory problem called ”Prisoner’s

Dilemma” and the above mentioned equilibrium is an example of so called ”Nash Equilibrium”. It is to be

noted that in many games ”Nash Equilibrium” is not attained.

9



CHAPTER 3. SALIENT MATHEMATICAL CONCEPTS 3.3. BARGAINING GAMES

3.3 Bargaining Games

Bargaining Game is a type of multi-player game, where players form alliances with each other and generate

some utilities (not to be confused by the utility as described before). These utilities are then shared among

the players. As discussed before, those utilities can also be expressed in terms of cost. In any bargaining

game the following components are present. (This is not the formal definition of bargaining game. We define

the bargaining game formally later in the thesis).

1. Set of Players : This indicates the collection of all the players who are playing the bargaining game.

The players are generally denoted by a natural number index i ∈ N. The set of players V is given by

V = {1, . . . , n}, n ∈ N. If a bargaining game is depicted by a Graph, then the nodes or the vertices of

the graph generally represent the players.

2. Set of possible alliances : This indicates the set of alliances that members can form among them-

selves. Thus every alliance is just a subset of the players. So an alliance e is given by e ⊆ V . The

set of all the possible alliances E is given by E = {e : e ⊆ V }. In the study of bargaining games it

is often found that the alliances are allowed only between two players. However, in general sense, an

alliance can happen among any number of players. So the set is actually a subset of the power set of

the players, without the degenerate set, i.e, E ⊆ 2V \∅. If in a graph the players are represented by the

nodes then the edges represent the possible alliances among them.

3. Set of utilities from the alliances : Every alliance will generate some sort of utilities which the

members will share among them. Based on the type of game this utility can be profit (for packing type

problems) or cost (for covering type problems) for the members. This utility is denoted by {Ce}e∈E . If

in a graph the edges represent the alliances, then the edge weights represent the corresponding utilities

of the alliances.

4. Set of constraints for the players : Every player has some sort of constraint amount that need to

be satisfied. Depending on the type of bargaining games, these constraints can be either capacity (for

packing type problems) or demand (for covering type problems) of the players. The set of all those

constraint values for each player is denoted by {Di}i∈V . If in a graph the nodes represent the players,

then the node weights represent the corresponding demand or capacity of the player.

As mentioned above, in a bargaining game, players form alliances with each other to maximize the utility

for them. During this process, players need to make sure that their demands or capacities are satisfied. They

analyze all their options and form only the alliances that best suit their interest. Each player negotiates with

others to obtain as much as utilities for herself. They are always on the lookout for getting a better deal,

which means they would always try to find better utilities for themselves outside of their present alliances.

With this dynamic process every bargaining game generates different outcomes. The outcome of a bargaining

game has the following components.

1. Set of possible alliances : This indicates the set of alliances that members have formed among

themselves. As indicated before, all available alliances are not guaranteed to be materialized, only a

10
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subset of the alliances will be materialized. The set of possible alliances can be denoted by A, which

is given by A ⊆ E.

2. Set of utility share : This indicates how the utility of each alliances are distributed among each

player. This can be denoted by {Si,e}i∈V,e∈E .

Now, if an outcome satisfies all the constraints (in this case either demand or capacity) of a bargaining

game then that is called a feasible outcome. If a feasible outcome of a bargaining game is such that no

players could increase their utility by individually deviating from the current outcome, then this particular

outcome is called a stable outcome. This notion of stability can be defined in various ways, but in general

it is intuitive that if any player receives more utility from an alliance outside of their materialized contract,

then she will let go of the contract where she is currently in and take the new contract. This concept is

the very foundation of any stability analysis of a bargaining game. In this context it is to be noted that

the balanced outcome of a bargaining game is a stricter concept than stability. According to Nash [24], the

balanced outcome can be thought of as the equal division of the surplus utility of an alliance after each

members’ outside options are deducted from the generated utility.

Figure 3.2: Solution concepts of a bargaining game

Example 3.3.1. Figure [3.2] describes the notion of stability and balanced outcome schematically. Consider

in a bargaining game, there are two players A and B. They form an alliance which generates profit of P .

Suppose that A doesn’t take this contract then he will get α ∈ R+ and if B doesn’t take this contract then

she will get β ∈ R+. Assume A and B would split the profit P between them and they would get SA and SB

respectively. Any arrangement of SA, SB ∈ R+ which makes SA + SB = P , would be a feasible outcome of

11
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the game. But if A or B get less than what they would have gotten outside of this contract, they would want

to come out of this contract and take what they would get outside of it. That means if SA < α or SB < β,

the outcome won’t be stable. In other words the outcome would be stable if SA ≥ α and SB ≥ β; The outcome

also has to be feasible for it to be stable, i.e, SA + SB = P . So there can be multiple arrangements of SA

and SB which will satisfy the stability conditions (SA + SB = P, SA ≥ α, SB ≥ β). That means there can

be many stable outcomes of this game. Out of all those outcomes, we can find a pair of SA and SB such

that SA = α + 1
2 (P − (α + β)) and SB = β + 1

2 (P − (α + β)). In this case at first, the possible amounts

outside of the alliances are given to the players A and B, then the total amounts outside of the alliance

(α+ β) is deducted from the total profit and the surplus amount is equally divided between the players. This

arrangement is going to be termed as the balanced outcome of the game.

In our work, we study the stability concept of bargaining games extensively. Our work involves bargaining

games which are of covering type problem. In future chapter, we formally define the bargaining game that

we are going to study, but here we define a typical example of a covering type bargaining game and its

solution concepts for the benefit of the readers.

Definition 3.3.1. A covering type bargaining game B in a simple graph with unit satisfaction is a tuple.

B = (G = (V = {1, ...., n}, E ⊆ {{i, j} : i, j ∈ V, i 6= j}), {Ce ∈ R+}e∈E , {Di ∈ R+}i∈V ) where n ∈ N.

Definition 3.3.2. Given a covering type bargaining game B in a simple graph with unit satisfaction an

outcome F of the game is defined as a tuple. F = (A ⊆ E, {Si,e ∈ R+}i∈V,e∈E)

This is just given here to formally introduce the reader with a formal definition of bargaining game as a

covering type problem. This definition is not used anywhere else in our work. We have defined the bargaining

game that we study formally later in our work.

3.4 Combinatorial Optimization

Combinatorial optimization is a study of finding best or optimum options out of different finite possible

options. Different possible options are determined by some rules or a set of constraints and the best option

is determined by an objective function. The goal of a Combinatorial Optimization problem is to maximize

or minimize the objective function, while satisfying all the constraints. Most of the combinatorial opti-

mization problems can be formulated mathematically. Every mathematical formulation of a combinatorial

optimization problem involves a set of variables. Each variable indicates different aspects of the optimization

problem. The objective function and the constraints involve those variables. The constraints are a set of

equalities and inequalities involving those variables. An example of a typical mathematical formulation of a

combinatorial optimization is as follows.

min f(x) :

g(x) ≥ b

h(x) ≥ c

x ∈ R+
n

12
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f, g, h : R+
n� R+

b, c ∈ R

Many combinatorial optimization problems fall under the umbrella of two broad categories, called Packing

Type problems and Covering Type problems. The objective of Packing Type problems is to maximize the

objective function within the constraints of ”≤” inequalities. In case of Covering Type problems, the ob-

jective is to minimize the objective function with the ”≥” inequality constraints. Using the appropriate use

of sign, it is possible to express any combinatorial optimization problem as minimization problem and any

constraint can be expressed as a ”≤” inequalities

The feasible solution of a combinatorial optimization problem is a set of values of the variables for which the

constraints are satisfied. The combinations of all the feasible solutions of a combinatorial optimization forms

a feasible solution space for that combinatorial optimization. The optimum solutions of a combinatorial

optimization are some solutions from its feasible solution space for which the objective function attains its

extreme (maximum or minimum depending on the problem) value. The optimal value of a combinatorial

optimization problem is the value that the objective function generates with the values of the optimum solu-

tions. It is possible to have different optimal solutions of a combinatorial optimization problem which gives

the same optimal value for that optimization problem. Figure [3.3] illustrates the conceptual view of how the

variables, feasible solution space and the objective functions fit together in the context of a Mathematical

Program.

In this context, one point to be noted is that if the feasible solution space is convex and the objective

function is convex, then for a minimization problem any local minimum optimum solution is guaranteed

to be a global minimum optimum solution. So the convex feasible solution space and the convex objective

function makes it easier to solve a combinatorial optimization problem.

3.5 Linear Programming

If in a Mathematical Program, the objective function and all the constraint functions are linear, then

the formulation of the problem is called linear programming. Linear programming problems have convex

feasible solution space. This feasible solution space of a linear program which is bounded by different linear

hyperplanes (represent constraints) are called ”Polyhedra”. Linear programming problems can be solved

in polynomial time (under mild assumptions); (Eg. using Ellipsoid method). Figure [3.4] gives a pictorial

representation of a Linear Programming problem, its feasible region and the objective function. An example

of a typical linear programming is as follows.

min cTx :

Ax ≥ b

x ≥ 0

13
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Figure 3.3: Combinatorial Optimization Problem

A ∈ Rm×n, b, c ∈ Rn

3.6 Integer Programming

If in a mathematical program, the objective function and all the constraint functions are linear and also

all the variables are required to be integers, then the formulation of that combinatorial optimization is

called Integer Programming. The formulation of the Integer programming is very similar to the Linear

programming, except for the fact that all the variables have to be integers. Figure [3.5] demonstrates

an example of an Integer Program in comparison to a linear program. An example of a typical integer
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Figure 3.4: Linear Programing Problem
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programming formulation is as follows.

min cTx :

Ax ≥ b

x ∈ Zn

A ∈ Rm×n, b, c ∈ Rn

Figure 3.5: Integer Programing Problem
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3.7 Duality Theory

Every Linear Programming (LP) formulation has one corresponding complementary linear programming

formulation called dual. If the original (we call it the ”primal”) problem is a minimization problem, then its

dual is a maximization problem and vice versa. The variables of primal problem have bijective relation with

the constraints of the dual and the constraints of the primal have bijective relation with the variables of the

dual. It can be proved formally that the dual of a dual is the original primal problem. Consider a Primal

LP, with A ∈ Rm×n, b ∈ Rm, c ∈ Rn

min cTx :

Ax ≥ b

x ≥ 0

The corresponding dual of the above LP is given by

max bT y :

AT y ≤ c

y ≥ 0

Suppose the optimum solutions of above primal and dual LP exists and they are x0 and y0 respectively, then

the optimal values for them will be given by cTx0 and bT y0. The duality gap is defined as (cTx0 − bT y0).

This duality gap is always non-negative. If the duality gap is 0 then this condition is called a strong duality.

If the duality gap is non-negative then this condition is called a weak duality. As per the theorem of (von

Neumann [1947], Gale, Kuhn and Tucker [1951]) for any linear problem, if both the primal and dual LP

have feasible solutions, then it can be proved that the strong duality holds for the optimum solution and the

weak duality theory holds for any feasible solution.

From the above mentioned theorem it can be proven that, with A ∈ Rm×n, b ∈ Rm, c ∈ Rn, min{cTx :

Ax ≥ b, x ∈ R+
n} and max{bT y : Ay ≤ c, y ∈ R+

m} are two primal and dual pair, then x0 and y0 are the

feasible solutions to the primal and dual LP, if and only if

x0 · (c−AT y0) = 0

y0 · (b−Ax0) = 0

[Here the · indicates ”dot” products between the vectors]

These above conditions are called contemporary slackness condition.
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3.8 Integrality Gap

Integer programming problems are not convex, more specifically their solution space is not a convex set.

They are NP-Hard problems. It is often the practice that the Integer programming problems are relaxed

so that the variables are allowed to have non-integer real values. This way the relaxed program becomes a

linear programming problem, which can be solved in polynomial time. It is possible that the actual optimal

integer solution does not coincide with the solution of its relaxed linear programming solution. The deviation

of these two solutions are measured by Integrality Gap. The definition of integrality gap of the relaxed linear

program for a integer program is given as follows:

Definition 3.8.1. Consider a particular instance C of a combinatorial optimization problem. An exact

formulation is given by IP (C) and its corresponding relaxed linear formulation is given by LP (C). The

optimum value for those are given by optIP (C) and optLP (C) respectively. If the combinatorial optimization

problem is a minimization problem then the integrality gap IGC of LP (C) for the problem C is defined as :

IGC = infC

(
optLP (C)
optIP (C)

)
If the combinatorial optimization problem is a maximization problem then the integrality gap IGC of LP (C)

for the problem C is defined as :

IGC = supC

(
optIP (C)
optLP (C)

)
From the above definition it follows that IGC ∈ [0, 1], i.e., the integrality gap is a real number between 0

and 1. If for a particular optimization problem there is an integral optimum solution then the integarilty gap

is 1. Figure [3.6] demonstrates the relaxed linear program of an integer program and the deviation between

them.

Example 3.8.1. Consider a vertex cover problem for a simple graph G = (V,E), where G is the set of

vertices and E is the set of edges. For this problem we need to find the smallest subset S ⊆ V of the vertices

such that the union of all the neighbouring edges of all the modes of that particular subset is the set of all

edges in the graph. In another way we say that at least one endpoint of every edge of the graph should be

found in that subset. We can formulate this optimization problem in the following way.

Fix indicator variables xi for every vertex i ∈ V , xi = 1, if i ∈ S, else 0. Formulation is given by:

min
∑
i∈V

xi :

xi + xj ≥ 1 ∀ij ∈ E

xi ∈ {0, 1} ∀i ∈ V
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The above fomrulation is IP. If we want to relax the formulation the corresponding LP would be given by:

min
∑
i∈V

xi :

xi + xj ≥ 1 ∀ij ∈ E

xi ∈ [0, 1] ∀i ∈ V

If we take a complete simple graph with 3 vertices, the graph will be a triangle. It follows that the exact

optimum value for this vertex cover problem would be 2. But as per the LP, if we take xi = 1
2 ,∀i ∈ V then

the optimum value for the relaxed LP becomes 3
2 . In this case the integerality gap becomes 3/2

2 or 3
4 .

Figure 3.6: Cutting Plane
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3.9 Cutting Planes

From the above discussion it is clear that if we relax the integer problem, it can be solved in polynomial

time, but the solution it generates may deviate from the exact solution. In order to get around the problem

an interesting approach is adopted which is called cutting planes technique. The idea of this is to introduce

more linear constraints which will force the solutions to be integers. These constraints will be redundant in

case of an integer program, but those are not redundant for the relaxed linear program. These extra set of

constraints tighten the feasibility space of the relaxed linear programing. This can be thought of as those

extra constraints are removing away the areas from the relaxed feasible regions, which are away from the

integral hull (Integral hull is defined as the convex hull of the integer points in the feasible region of the

relaxed linear program). That’s the reason those extra set of constraints are aptly called cutting planes. See

[Fig : 3.7] for an illustration of cutting plane.

Example 3.9.1. Consider the vertex cover problem as mentioned above for a simple complete graph with

three vertices G = (V,E), V = {1, 2, 3}, E = {{12}, {23}, {31}}. The relaxed LP formulation is:

min x1 + x2 + x3 :

x1 + x2 ≥ 1

x2 + x3 ≥ 1

x3 + x1 ≥ 1

x1, x2, x3 ∈ [0, 1]

This gives the optimum value as 3
2 and the integerality gap as 3

4 . If we add one extra linear constraint

x1 + x2 + x3 ≥ 2, then the linear program becomes the following

min x1 + x2 + x3 :

x1 + x2 ≥ 1

x2 + x3 ≥ 1

x3 + x1 ≥ 1

x1 + x2 + x3 ≥ 2

x1, x2, x3 ∈ [0, 1]

This revised LP gives the optimum solution as 2, which is same as the exact integral solution, i.e., the

integrality gap becomes 1. This extra constraint will be only satisfied if the solution is integral. This extra

linear constraint doesn’t alter any of the combinatorial optimization problem criteria, though this criteria

is completely redundant for integer problem formulation. However, as we have seen, for the corresponding

relaxed linear problem, this extra linear constraint tightens the relaxation and makes the solution integral.

This way we can still use the linear program which can be solved in polynomial time yet will have the chance

to get the exact integral solution or at least be closer to the exact solution.
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Figure 3.7: Cutting Plane

For better understanding about different topics on combinatorial optimization, linear programming, du-

ality theory, integer programming, cutting planes, etc readers can consult any book on combinatorial opti-

mization. Example, ”A Gentle Introduction to Optimization” by B.Guenin, J. Konemann, L. Tuncel. [17]

One example of book For the topics on game theory is ”A Course in Game Theory” by Martin J. Osborne

and Ariel Rubinstein [25].
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Chapter 4

Main Work

Most of the studies of bargaining games were mainly confined within the domain of simple graphs, and those

studies are mostly based on the payoff distribution of profits. These type of problems are considered to be

packing problems. In contrast to that, we are going to study bargaining games as covering problems and

in a more generic hypergraph setting. Also, we are going to study bargaining games where players can get

different satisfaction from different contracts. This is more generic compared to the most frequently studied

bargaining games where each contract provides just one unit of satisfaction to each player. Finally, we are

going to study different concepts of stability notion which could accommodate intuitive behavior of socially

aware agents.

4.1 Cost sharing Bargaining Games

For any bargaining game in a network setting, nodes represent players or agents, and edges represent possible

contracts among those agents. In most of the previously studied bargaining games, each contract could only

be formed between two agents. So simple graphs were sufficient to depict those type of bargaining games.

We are trying to generalize bargaining games where contracts can be formed among any number of agents.

To describe those generic games, we need to use hypergraphs where the edges can have any number of nodes.

Let us understand the bargaining game with a practical example.

Example 4.1.1. Consider a community that consists of 5 members and denote those members as A,B,C,D,E.

This community encourages volunteering and social engagements. As a part of their social responsibil-

ity, each of them has to fill up a quota of volunteering points. Members A,B,C,D,E have a quota of

5.1, 4.0, 5.0, 3.5, 5.2 respectively. The community needs different types of projects, but not everyone is

skilled enough to do all the projects. Different people are required to be teamed up for finishing different

projects. Every project needs some time to be completed. This project time needs to be shared by the partic-

ipating members of that project. It is to be noted that not all the projects are required to be completed, but

each member must obtain her quota of the volunteering points. So, every member must select the projects she
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needs to complete her quota. Note that every member doesn’t need to choose all the projects they are eligible

to do. The possible projects and their eligible members are given as follows:

No. Time Required Members

1 12.3 A,B,E

2 7.5 B,D

3 11.0 B,C

4 8.7 A,C

5 5.9 B,C,E

6 5.9 D,E

Different types of projects give different volunteering points to each participating members. They are given

in the tabular form:

No. A B C D E

1 2.35 1.75 1.80

2 1.20 1.25

3 2.05 2.40

4 2.75 3.00

5 1.05 2.27 2.00

6 2.25 2.00

In this scenario, each member would choose to select only the projects that would fulfill her quota of points,

yet at the same time would minimize her time requirement. In this process, they would bargain among them-

selves as to who would give how much time for each of their participating project. Based on these collective

negotiations of the members, some projects would be chosen by the members and some projects would be left

unchosen.

This whole process can be studied as a bargaining game. Here we could have an underlying hypergraph,

where the nodes are members or players and the edges are the projects, which can be thought of as services.

The volunteering points needed by each member can be thought of as their demand, which are represented

by the corresponding node weights. The time requirement of each project can be thought of as the cost per

services, which is represented by the edge weight. The volunteering points that each member gets from each

project can be thought of as her satisfaction, which are represented by a tabular form. See [Fig : 4.1]

Using the above example we could generalize and define the concept of bargaining games. Each bargain-

ing game has some players or agents. The agents have their demand that they need to acquire from some

services. Services are formed by different agents. Each service can have a different set of agents, and each

agent can get a particular amount of satisfaction from a particular service. The agents would choose some

services from their set of eligible services and collect the satisfactions from each of the chosen service. For

each agent, the sum of all the satisfaction gathered from her participating services should be at least her

demand. Each service costs some amount which needs to be shared by the agents. That means each service

will cost some amount for each of the players. The players will try to minimize their overall cost while they
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Figure 4.1: Bargaining Game Example with Hypergraph.

try to fulfill their individual demand. In that process they will choose some services out of all their possible

choices and bargain to spend as little as possible, along other agents with whom she shares her services.

Bargaining games can be modeled on a network or a graph. The nodes of the graph would represent

the agents, and the node weights would represent their corresponding demand. Here, each service can have

any number of players. For this, we need to consider hypergraphs instead of simple graphs. The edges of

the hypergraph would denote the possible services and the nodes of each edge will denote the participating

agents of that service. Each edge weight will denote the amount, that each service costs. The satisfaction

of each agents from different services can be given in a tabular form. It is to be noted that the hypergraph

can be also represented as a simple bipartite graph, where the edges are depicted as nodes. See [Fig : 4.2]

If we want to describe the above mentioned bargaining game, in a more formal mathematical way, it can be

defined as follows:

Definition 4.1.1. A bargaining game B is determined by the following:

1. Hypergraph G = (V,E), V ∈ {1, ...., n}, n ∈ N, E ⊆ 2V \∅},

2. Edge weights {Ce ∈ R+}e∈E

3. Vertex weights {Di ∈ Q+}i∈V
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Figure 4.2: Bargaining Game Example a with a Bipartite graph
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4. Satisfaction of every player from every service {ρi,e ∈ Q+}e∈E,i∈V

Notation : In this context, we also define the following terms, given hypergraph G = (V,E)

1. Edges containing a node i ∈ V within a subgraph G
′

= (V,A) A ⊆ E
δA(i) = {e ∈ A : i ∈ e},

2. Neighbours of a node i ∈ V within a subgraph G
′

= (V,A) A ⊆ E
NA(i) = {m ∈ V : ∃ e ∈ A, (i,m) ∈ e},

3. sign : R+ � {0, 1} :

sign(i) =

{
0 if i = 0

1 if i > 0
i ∈ R+

An outcome of a bargaining game (defined above) is the set of services (edges) that are selected and the set

of payments each player makes for each service. Mathematically it can be defined as follows:

Definition 4.1.2. Outcome F of a bargaining game B consists of the following :

1. Subset of the edges those are selected A ⊆ E

2. Payments of every player for every edge {Si,e ∈ R+}e∈E,i∈V

Definition 4.1.3. A feasible outcome F = (A ⊆ E, {Si,e ∈ R+}e∈E,i∈V ) is an outcome which satisfies the

following two conditions :

1. All services are paid for :
∑
i∈V Si,e = Ce ∀e ∈ A

2. Every player meets her demand :
∑
e∈δA(i) ρi,e ≥ Di ∀i ∈ V

Example 4.1.2. Consider the bargaining game mentioned in example 1, then one of the feasible outcomes

could be as follows :

Projects ABE,BD,AC,BCE,DE are chosen. Project BC is not chosen. If we check the total volunteering

time obtained by each player

Projects Remarks A B C D E

ABE Chosen 2.35 1.75 1.80

BD Chosen 1.20 1.25

BC Not chosen 2.05 2.40

AC Chosen 2.75 3.00

BCE Chosen 1.05 2.27 2.00

DE Chosen 2.25 2.00

Total 5 out of 6 5.1 4.0 5.27 3.5 5.8

Requirement 5.1 4.0 5.0 3.5 5.2
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In this case every player fulfills the quota of her volunteering points.

Another component of the outcome of the bargaining game is how much time every player spends for what

project. The following table shows that information :

Projects Time needed A B C D E

ABE 12.3 6.15 0.00 6.15

BD 7.5 0.00 7.50

BC 11.0 0 0

AC 8.7 8.70 0.00

BCE 5.9 0.00 0.00 5.90

DE 5.9 2.95 2.95

This means in this outcome of the bargaining game time requirements of every selected project is shared by

the members. So as per our definition of feasibility, this outcome is feasible.

4.2 Casting Bargaining Game as a Generic Game

Any bargaining game can be thought as a special type of game. That means every bargaining game must

have three components of a game, i.e. the players, their possible actions and the utility each player would get

from all different combinations of possible actions. However, from the above mentioned definition isolating

those three generic components of a game is not very intuitive. The bargaining game can be cast as a generic

game the following way :

1. Set of Players : V

2. Actions for any player is a vector indexed by edges. That means each coordinate of the vector indicate

how much that player pays for each edge. So the Action set is given by : {Ai ⊆ R|E|}i∈V .

3. Utilities are defined as follows : Once players have selected a strategy (means they have decided on

payments for each edge) , then take all the edges whose costs are covered by the players’ chosen

payments. If those edges combinedly do not satisfy the demand of a particular player then that players

utility is −∞. If the demand of a particular player is satisfied then her utility is negative of sum of her

payments.

4.3 Stability Concept

A stable outcome of a bargaining game is a particular feasible outcome where no agent has incentive to

deviate from any of her current chosen contracts. That means in a stable outcome whatever total amount

an agent is paying, for her current set of services, can not be greater than the total amount she might pay

for any other possible set of services (other than her current set) she might choose to fulfill her demand.
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Another intuitive aspect of stability is that the agents would never want to pay for the services that they are

not part of. Though in some special situation this may not be always true. We would discuss those special

cases later. However, for the base concept of stability, agents do not pay for the services, they are not part

of. This implies, that only the participating agents of a service pay for that service.

In order to explore stability in bargaining games, we need to study a concept called Saturation. Satu-

ration can be thought of as a flag (a boolean state) which indicates if any agent, in a particular feasible

outcome, is getting the satisfactions more than her demand or just tightly meet her demand.

4.3.1 Saturation

In any outcome of a bargaining game, if an agent is getting satisfactions more than her demand, then that

agent is called an oversaturated agent. Intuitively, oversaturated agents are in a better position to bargain

with the other agents who are tight. So, oversaturated agents are of particular importance for the analysis

of stability in any bargaining game outcome.

Definition 4.3.1. Oversaturated agents i ∈ V of a bargaining game B with feasible outcome F = (A ⊆
E, {Si,e ∈ R+}e∈E,i∈V ) are those for which

∑
e∈δA(i) ρi,e > Di. The tight agents j are those, who are not

oversaturated, i.e tight agents j are those, for which
∑
e∈δA(j) ρj,e = Dj .

The set of all tight agents in an edge is given by eT = {j ∈ e :
∑
l∈δE(j) ρj,l = Dj}

Let us understand this concept with an example.

Example 4.3.1. Consider a bargaining game B in a Hypergraph G = (V,E). In that an agent i ∈ V has

possible services (edges) e1, e2, e3 ∈ E. The agent can get satisfactions 10, 12, 15, from the edges respectively.

Agent i has demand 21. In one outcome of the bargaining game, three of those contracts e1, e2, e3 are chosen.

For simplicity, let us assume all the other agents who are also involved in the contracts e1, e2, e3, are all tight

and no agent has any other unchosen edges.

In the above scenario, agent i is oversaturated; because, the total satisfaction, she is getting is 10 + 12 + 15 =

37, which is more than her demand 21. If she drops any of the contracts, her demand would be still fulfilled.

So she could offer to pay nothing for any of the service and others have to accept it. Because the others have

tight condition, they can not loose her, as they need all of their current services where, she is required.

If we change the numbers a little bit, say her demand is 26, then she can not loose the contract e3. This will

lower her negotiation power. If her demand is 36, then even if she is saturated she can’t loose any contracts.

These concepts are intuitive and logical. But in our stability definition we would give more power to the

oversaturated agents than they might actually have in practice. This concept of giving more power to the

oversaturated agents, than they might actually have in practice, is important for our analytical proof and it

guarantees that stability will not be violated. We will discuss this part in detail in the later chapter.
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4.3.2 Arriving at a stability definition

From the above example, it follows that if oversaturated agents can let go any of their contracts and still

meet their demand, then they don’t have to pay anything for any of their contracts. So if for any f ∈ δE(i)

such that
∑
e∈δE(i)\f ρi,e ≥ Di then agent i would pay nothing for any of her services. That means Si,e = 0

for all e ∈ δE(i) if for any f ∈ δE(i) we find
∑
e∈δE(i)\f ρi,e ≥ Di

However, we are assuming absolute power for oversaturated agents in our definition of stability, i.e, ev-

ery oversaturated agent pays nothing for any of her services. This arrangement doesn’t conflict with the

practical notion of stability, because in a bargaining game, if we give more negotiating power to some players,

than they might actually have, then it is guaranteed that those players would never want to deviate from

that arrangement; which means the arrangement will surely be stable for those players. We will find it later,

that this condition is important to prove some of our proposed interesting theorem.

It is possible that, in practice, some of the oversaturated agents are not powerful enough to leave any

of their contracts; yet in this condition they would not pay anything. With this arrangement, those people

are still not going to deviate from this arrangement or deviate the stability condition. Here in this stability

condition those oversaturated agents are favored little bit more than they should be, but still this condition

guarantees the intuitive notion of stability.

The scenario is different for tight agents. Tight agents would be on the lookout to to replace any of their

costly service with another unrealized service which might cost less for them. Here one point to be noted,

that one agent might want to take an unrealized contract, but that wish doesn’t guarantee that she would

get that service. For any unrealized service, all the members of that service must have proper incentives to

deviate from one of their existing services and benefit from taking this new service.

Consider an unrealized service (edge) is f ∈ E\A, which has cost of Cf . A member of that service is

denoted by j ∈ f . The satisfaction j will get from that edge is given by ρj,f . The proposed cost that she

may have to pay for this new service is given by Sj,f . So clearly,
∑
k∈f Sk,f = Cf .

Assume, that member j already has a service e : e ∈ δA(j). The satisfaction the agent will get from

that existing service are given by ρj,e. The amount the agent is paying for that existing services is given

by Sj,e. The satisfaction per unit of cost the agent is getting from an existing service is then given by
Sj,e

ρj,e
.

Agent must get at least that same satisfaction per unit of cost from the new contract, otherwise she has no

incentive to deviate from the existing contract.

However for stability, if we require that each and every individual player needs to have a better option

to deviate from the existing condition, then that would be too strict, because every other member of that

unchosen edge has to agree. To analyze that, let us consider an edge f ∈ E\A which is not chosen in a

particular outcome (A ⊆ E, {Si,e}i∈V,e∈V ). Every member j ∈ f of that unchosen edge f would be already
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part of some contracts δA(j) which are chosen in the outcome. Now we could take any one exiting contract

lj ∈ δA(j) of each member, who are part of that unchosen edge f , and add up the cost they are paying

Sj,lj adjusted by a factor
ρj,f
ρj,lj

, which basically means this adjustment factor is the ratio of the satisfaction

of the member j, obtained from her proposed contracts f and the existing contracts lj . If we find that the

summed up amount
∑
j∈f

ρj,f
ρj,lj

Sj,lj is less than the total cost from the unchosen edge
∑
j∈f Sj,f , then the

members won’t want to loose their existing contract and take up the unchosen edge (contract). Thus the

system would be stable.

We can conclude that for the outcome to be stable, the following conditions must be satisfied. ∀ei ∈ δA(i),

i.e., if we take any existing edge of each members of an unchosen edge, then

∑
j∈f

Sj,ej
ρj,ej

ρj,f ≤
∑
j∈f

Sj,f

→
∑
j∈f

Sj,ej
ρj,ej

ρj,f ≤ Cf .

It is logical to think that if any player has to chose one contract to drop, among their existing contracts,

she would want to let go of the contract that is costing her maximum. Because it is true for any existing

edge of a particular member of an unchosen edge, we could write the condition as :

∑
j∈f

max
e∈δA(j)

(
Sj,e
ρj,e

)
ρj,f ≤ Cf .

Considering all those above mentioned conditions, the stability concept is defined as follows :

Definition 4.3.2. A feasible outcome (A ⊆ E, {Si,e}i∈V,e∈V ) of bargaining game B would be stable if the

outcome satisfies the following conditions :

1. No agent pays for the services that they are not part of : Si,e = 0, ∀e /∈ δA(i).

2. Power for oversaturated agents are considered : Si,e = 0 ∀e ∈ δA(i) :
∑
e∈δA(i) ρi,e > Di.

3. Current outcome is the best outcome :
∑
j∈f maxe∈δA(j)

(
Sj,e

ρj,e

)
ρj,f ≤ Cf ∀f ∈ E\A.

From the first condition it follows that :∑
i∈e

Si,e = Ce ∀e ∈ A. (4.1)

This means, that only the members of a service e ∈ A collectively pay for that service e and no one else.

From the second condition it follows that : ∑
e∈δA(i)

ρi,e −Di

Si,e = 0 ∀i ∈ V ∀e ∈ E. (4.2)

30



CHAPTER 4. MAIN WORK 4.4. RELATIONSHIP OF STABILITY WITH INTEGRALITY GAP

This means, that only the tight agents pay positive amount for any service and oversaturated agents pays

nothing for any of the service.

It is to be noted that in all practical purposes, the outcome is guaranteed to be stable if it satisfies all

the conditions as defined in the above mentioned stability definition. But if the conditions are not satisfied

then it is still possible for the outcome to be perceived as stable, from other intuitive point of view. So, from

any practical purpose the above mentioned definition can be thought of as a sufficient condition of stability

and not a Necessary condition of stability.

4.4 Relationship of Stability with Integrality Gap

4.4.1 Combinatorial Optimization Problem

Every bargaining game has an underlying combinatorial optimization problem. For this, we have to think

from the perspective of the system as a whole and not from the individual perspective. Given a hypergraph

G = (V,E) (which represent the network where the game is conducted, here the nodes V represent the

players and the edges E represent the possible services among the players) with edge weights {Ce ∈ R+}e∈E
(which represent the costs of the services for all e ∈ E) and node weights Di ∈ N (which represents the

demands for players for all i ∈ V ). Satisfactions of players are given by {ρi,e ∈ Q+}e∈E,i∈V . The objective

for the combinatorial optimization problem is to minimize the overall cost of all the chosen services while

making sure the demand of each player is fulfilled.

The above combinatorial optimization problem can be formulated as follows :

min
∑
e∈E

Cexe

∑
e∈δE(i)

ρi,exe ≥ Di ∀i ∈ V

xe ≤ 1 ∀e ∈ E

xe ≥ 0 ∀e ∈ E

xe ∈ Z|E|

Here, xe is the indicator variable for the edges e ∈ E. xe = 1{e ∈ A ⊆ E}. Which means, xe = 1, when xe

is chosen in an outcome A ⊆ E.

The above formulation is an Integer Program of the combinatorial optimization problem. If the last condition

(the integrality condition) is omitted, then the Integer problem will be relaxed to a Linear programming

(LP) problem. We call this Linear programming as LPB . If we find an optimum solution of the Linear

Program which is integer then we can say that the integrality gap (discussed before) of that particular LP
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is 1, and the optimum value of the LP then becomes the solution of IP.

We will prove that the corresponding LP of a bargaining game admits an integral solution if and only

if the bargaining game has a stable outcome (as defined above). This means we could test the possibility

of a stable solution of a bargaining game if we could find an optimum integral solution of its corresponding

Linear Program. To arrive at this proof, we would depend on the Duality theory and complementary slack-

ness condition of the LP.

Dual (We call it LP
[D]
B ) of the above LP (LPB) is as follows :

max

(∑
i∈V

Dizi +
∑
e∈E

ye

)
∑
i∈e

ρi,ezi + ye ≤ Ce ∀e ∈ E

zi ≥ 0 ∀i ∈ V

ye ≤ 0 ∀e ∈ E

If the LP {LPB} and the Dual {LP [D]
B } have feasible solution then for some specific feasible solution

Complimentary Slackness conditions combining the LP {LPB} and the Dual {LP [D]
B } are as follows :

(1− xe) ye = 0 ∀e ∈ E (4.3)(∑
i∈e

ρi,ezi + ye − Ce

)
xe = 0 ∀e ∈ E (4.4) ∑

e∈δE(i)

ρi,exe −Di

 zi = 0 ∀i ∈ V (4.5)

4.4.2 Integrality from Stability

Theorem 1. If a Bargaining Game has stable outcome then the corresponding Linear Program has integral

optimum solution.

The theorem can be also restated in the following way :

If a Bargaining Game B has stable outcome F = {A ⊆ E, {Si,e}i∈V,e∈E} it is possible to construct an

optimum solution {xe} ∈ N, e ∈ E for LPB

To prove the above mentioned theorem we are going to proceed the following way :

1. We will propose an Integer solution to the Linear program and a solution to its dual
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2. Using the stability condition of the given bargaining game we will prove certain conditions of the LP

to show that our proposed solution is optimum.

3. First we are going to show that our proposed solution is feasible for the Linear Program.

4. Then we are going to show that our proposed solution is feasible for the Dual.

5. Next we would show that our proposed solutions satisfy complimentary slackness condition.

6. Then as per duality theory we could conclude that our proposed integer solution is optimum.

Proposed Solution :

x̄e =

{
1 if e ∈ A
0 else

∀e ∈ E

z̄i =

{
maxe∈δA(i)(

Si,e

ρi,e
) if

∑
e∈δE(i) ρi,exe = Di

0 else
∀i ∈ V

ȳe =

{
Ce −

∑
i∈e ziρi,e if e ∈ A

0 else
∀e ∈ E

Observation : The sum of satisfactions of an agent i ∈ V in an outcome A can be represented in terms of

the indicator variable of LP: ∑
e∈δA(i)

ρi,e =
∑

e∈δA(i)

ρi,e + 0

=
∑

e∈δA(i)

ρi,e · 1 +
∑

e∈δE(i)\δA(i)

ρi,e · 0

=
∑

e∈δA(i)

ρi,e · xe +
∑

e∈δE(i)\δA(i)

ρi,e · xe

=
∑

e∈δE(i)

ρi,ex̄e (4.6)

Lemma 1. If the Bargaining Game B has stable outcome then the proposed solution {xe}e∈E for LPB is

feasible.

Proof. It is given that the Game B has a Stable outcome, which means the Game B satisfies the feasibility

condition of the Bargaining Game, that means :∑
e∈δA(i)

ρi,e ≥ Di ∀i ∈ V

→
∑

e∈δE(i)

ρi,ex̄e ≥ Di ∀i ∈ V
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Also by construction, x̄e ∈ {0, 1}. So, the constraints 0 ≤ x̄e ≤ 1 are satisfied

This proves all the constraints of LPB are satisfied, so LPB is feasible

Lemma 2. If the Bargaining Game B has stable outcome then the proposed solution ({zi}i∈V , {ye}e∈E) is

feasible for the Dual LP
[D]
B .

Proof. We will first prove that our proposed solution satisfies the domain constraints of the indicator vari-

ables. For every Feasible outcome of the Game :

Si,e ≥ 0 , ρi,e > 0 ∀i ∈ V,∀e ∈ E

so, maxe∈δA(i)(
Si,e

ρi,e
) ≥ 0 ∀i ∈ V

so, z̄i ≥ 0 ∀i ∈ V [ ∵ z̄i = maxe∈δA(i)(
Si,e

ρi,e
) ]

Now we have to prove the non-positivity of the second variable of the Dual, i.e., ȳe ≤ 0 ∀e ∈ E.

To prove that we will separate the edges e ∈ E into two partition set, A and E\A.

by construction, ∀e ∈ A:

ȳe = Ce −
∑
i∈e

z̄iρi,e

=
∑
i∈e

Si,e −
∑
i∈e

z̄iρi,e by stability condition (3.1)

=
∑
i∈e

(Si,e − z̄iρi,e)

=
∑
i∈e

ρi,e

(
Si,e
ρi,e
− z̄i

)
(4.7)

It follows that

max
e∈δA(i)

(
Si,e
ρi,e

)
≥ Si,e

ρi,e
∀i ∈ V

→ z̄i ≥
Si,e
ρi,e

; ∀i ∈ V
[
∵ by construction z̄i = max

e∈δA(i)

(
Si,e
ρi,e

) ]
→ 0 ≥ Si,e

ρi,e
− z̄i ∀i ∈ V

→ 0 ≥
∑
i∈e

(
Si,e
ρi,e
− z̄i

)
∀e ∈ A [ ∵ z̄i, Si,e, ρi,e ≥ 0 ]

→ 0 ≥
∑
i∈e

ρi,e

(
Si,e
ρi,e
− z̄i

)
∀e ∈ A ∵ ρi,e > 0

→ 0 ≥ ȳe; ∀e ∈ A [ Using Eqn.3.7 ]
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Also by construction, ȳe = 0 ∀e ∈ E\A.

Combining both cases A and E\A

ye ≤ 0 ∀e ∈ A ∪ (E\A)

∴ ye ≤ 0 ∀e ∈ E

Now we have proven that the constraints pertaining to the domain of the dual variables are satisfied. Next

we are going to prove the first constraints of the Dual, i.e.,
∑
i∈e ρi,ezi − ye ≤ Ce ∀e ∈ E are satisfied.

To prove that, again we will separate all the edges e ∈ E into two partition sets, A and E\A

Case e ∈ A : by construction, ∀e ∈ A:

ȳe = Ce −
∑
i∈e

ρi,ez̄i

→
∑
i∈e

ρi,ez̄i + ȳe = Ce e ∈ A.

Case e ∈ E\A : we have to analyze this using the Stability condition. From stability we get

∑
i∈f

max
e∈δA(i)

(
Si,e
ρi,e

)
ρi,f ≤ Cf ∀f ∈ E\A

→
∑
i∈f

z̄i ∗ ρi,f ≤ Cf ∀f ∈ E\A

→
∑
i∈f

ρi,f z̄i + ȳe ≤ Cf ∀f ∈ E\A [ ∵ ȳe = 0 ∀e ∈ E\A]

So combining the cases ∀e ∈ A and ∀e ∈ E\A we can conclude.
∑
i∈e ρi,f z̄i + ȳe ≤ Ce ∀e ∈ E.

So all the feasibility criteria are satisfied. Now we need to check the Complimentary slackness conditions

to prove that our proposed solution is optimal solution.

Lemma 3. If Bargaining Game Problem B has stable outcome then Complimentary Slackness (3.3), (3.4),

(3.5) are satisfied with our proposed solution.

Proof. To prove the different Complimentary Slackness conditions, we will proceed by partitioning the sets

of players and edges. For the first two conditions which are applicable for all the edges, we will separate

the edges e ∈ E into two partition sets A and E\A. For the last condition which is applicable for all the

vertices, we will separate the vertices e ∈ E into two partition sets of oversaturated and tight set.

Complimentary Slackness Case 1 (3.3) :
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For all edges chosen in the outcome, by construction xe = 1 and for all edges not chosen in the out-

come, by construction ye = 0. Combining these two cases it follows (1− xe)ye = 0 ∀e ∈ E.

Complimentary Slackness Case 2 (3.4) :

For all edges not chosen in the outcome, by construction xe = 0 and for all edges chosen in the out-

come, by construction ye = Ce −
∑
i∈e ρi,ezi. So combining it follows that

(
∑
i∈e ρi,ezi + ye − Ce)xe = 0 ∀e ∈ E.

Complimentary Slackness Case 3 (3.5) :

It follows that
∑
e∈δA(i) ρi,e =

∑
e∈δE(i) ρi,e. From Stability condition we know

(∑
e∈δA(i) ρi,e −Di

)
Si,e =

0, ∀i ∈ V, ∀e ∈ E, now, partition the players into sets of oversaturated agents and tight agents.

It is obvious that for the tight agents where
∑
e∈δE(i) ρi,exe = Di complimentary slackness condition (3.5)(∑

e∈δE(i) ρi,exe −Di

)
zi = 0 automatically holds. For all over saturated agents where,

∑
e∈δE(i) ρi,exe > Di,

the payment is always 0, i.e., Si,e = 0; therefore
Si,e

ρi,e
= 0; hence, maxe∈δA(i)

(
Si,e

ρi,e

)
= 0 which means zi = 0.

Thus complimentary slackness condition (3.5)
(∑

e∈δE(i) ρi,exe −Di

)
zi = 0 ∀i ∈ V is satisfied for all

the agents,

We proved that the LP and its dual are feasible and all the complimentary slackness conditions are

satisfied with our proposed integral solution, if we use the Stability condition. So our proposed integral

solution is optimal. �

4.4.3 Stability from Integrality

Theorem 2. If the corresponding linear program of a bargaining game has integer optimum solution then

there exists a stable outcome for that bargaining game.

Let us consider that the corresponding Linear Program LPB of a bargaining game B has an integer

optimum solution {x̄e} ∈ {0, 1}, ∀e ∈ E. By strong duality, the dual LPDB of the LP would also have an

optimum solution, say those are z̄i, ȳe ∈ R, ∀i ∈ V, ∀e ∈ E. We are going to propose an outcome of B and

with that, we would show that the proposed outcome satisfies our defined stability condition. To arrive at

that condition, we have to prove different lemmas on the way.

Lemma 4. There should be at least one tight agent in every edge within an optimum solution of the corre-

sponding combinatorial optimization problem of any bargaining game.

Proof. For the sake of contradiction let us assume that all the agents i ∈ ē of a chosen edge ē ∈ {e : x̄e = 1}
in the optimum solution {x̄e} of LPB of the corresponding bargaining game B are oversaturated. Say agent

i ∈ ē has demand Di and receives total satisfaction
∑
e∈E:i∈e ρi,ex̄e. Because we assumed that each of the

agents are oversaturated then
∑
e∈E:i∈e ρi,ex̄e > Di,∀i ∈ ē So

∑
e∈E\ē : i∈e ρi,ex̄e + ρi,ēx̄ē > Di,∀i ∈ ē. So
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we can decrease value of the indicator variable x̄ē by a small amount ε > 0. Yet the demand for all the

oversaturated agents in that agent would be still satisfied. That would mean the solution that we got can

be improved (minimized). So that means the solution that was given is not an optimal solution, which

contradicts the given condition. So not all the agents in a chosen edge can be oversaturated.

Lemma 5. Given an optimum solution {x̄e}e∈E of LPB and ({z̄i}i∈V , {ȳe}e∈E) of the dual LPDB of the

Bargaining Game B, there exists a set of distributions {θi,e}i∈V ,∀e ∈ E which satisfies the condition z̄iρi,e+

θi,eȳe ≥ 0

Proof. Here we are going to propose values for the distribution θi,e. For that we are going to propose separate

values of θi,e for oversaturated and tight agents. Because {θi,e}i∈V,e∈E is a distribution over all the players

i ∈ e for a selected edge e ∈ E : x̄e > 0, our proposed value of θi,e should satisfy the following condition :

1. θi,e ∈ R+

2.
∑
i∈e θi,e = 1,∀e ∈ E : x̄e > 0

Proposed values for the distribution :

Let us consider θi,e = 0 for all the oversaturated agents. So,

(
∑
f∈δA(i) ρi,f −Di)θi,e = 0,∀e ∈ A,A ⊆ E,A = {e : x̄e > 0}

We have already seen that there should be at least one tight agent. So if there is only one tight agent

we can put all the weight of the distributions to that agent for that edge and this way the conditions∑
i∈e θi,e = 1 will always hold true, with our proposed solution.

Now we propose to choose the distribution factor for all the tight agents i ∈ eT ⊆ e :
∑
f∈δA(i) ρi,f = Di of

an edge e ∈ E, in the following way:

θi,e =
ρi,ez̄i∑
i∈eT ρi,ez̄i

As the solutions of the LP and the Dual are optimum, the complimentary slackness is satisfied. From
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complimentary slackness (2) it follows ∀e ∈ E : xe > 0

∑
i∈e

ρi,ez̄i + ȳe = Ce

→
∑
i∈e

ρi,ez̄i + ȳe > 0 [ ∵ Ce > 0 ]

→
∑
i∈e

ρi,ez̄i > 0 [ ∵ ye ≤ 0 ]

→
∑
i∈eT

ρi,ez̄i +
∑

i∈e\eT
ρi,ez̄i > 0 [ dividing into tight and oversatuared agents ]

→
∑
i∈eT

ρi,ez̄i +
∑

i∈e\eT
ρi,e · 0 > 0 [ z̄i = 0 ∀ oversatuared agents ]

→
∑
i∈eT

ρi,ez̄i > 0

So the denominator of proposed distribution would be always positive. So the distribution is a valid

number. Now, ρi,e, z̄i ≥ 0, So θi,e ≥ 0, and also it follows that

∑
i∈e

θi,e =
∑
i∈e

ρi,ez̄i∑
i∈eT ρi,ez̄i

=

∑
i∈e ρi,ez̄i∑
i∈eT ρi,ez̄i

=

∑
i∈eT ρi,ez̄i +

∑
i∈e\eT ρi,ez̄i∑

i∈eT ρi,ez̄i
=

∑
i∈eT ρi,ez̄i + 0∑
i∈eT ρi,ez̄i

= 1

So our proposed θi,e is found to be a valid distribution. Now we can prove the lemma (5).

z̄iρi,e + θi,eȳe = z̄iρi,e +
ρi,ez̄i∑
i∈eT ρi,ez̄i

ȳe

= z̄iρi,e

(
1 +

ȳe∑
i∈eT ρi,ez̄i

)
= z̄iρi,e

(
1 +

ȳe∑
i∈eT ρi,ez̄i +

∑
i∈e\eT ρi,ez̄i

)
[ z̄i = 0 ∀ oversatuared agents ]

= z̄iρi,e

(
1 +

ȳe∑
i∈e ρi,ez̄i

)
= z̄iρi,e

(∑
i∈e ρi,ez̄i + ȳe∑

i∈e ρi,ez̄i

)
= z̄iρi,e

(
Ce∑

i∈e ρi,ez̄i

)
[
∑
i∈e

ρi,ez̄i + ȳe = Ce from complimentary slackness (3) ]

Now z̄i ≥ 0, ρi,e ≥ 0, Ce > 0. So z̄iρi,e + θi,eȳe ≥ 0

Now with the help of these two lemmas we are going to prove the theorem. Our approach for proving the

theorem would be to first propose an outcome of the bargaining game and then we are going to show that

the proposed outcome is feasible and stable. We already know that the bargaining game outcome consists of

two parts. One is the set of edges that are selected and other is the set of payments for the vertices and for
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the edges. The chosen set of edges are already given to us in the optimum solution. So set of chosen edges

A ⊆ E are given by A = {e : xe = 1}. So we are going to only propose the payments.

Proposed Bargaining Game Outcome (Payments) : We are going to express our proposed payments as

a linear combination of the two dual variables z̄i and ȳe. So our payment is going to be summation of two

parts. One part zi would signify payment (possibly excess than the required amount) which is a characteristic

of vertex i ∈ e and another part ye would signify discount (negative payment), which is the characteristics

of the edge e ∈ A itself. For that we are going to define a discount distribution factor θi,e, which distributes

the edge discount to all the participating members. This above mentioned discount distribution factor θi,e

would satisfy

1. θi,e ∈ R+.

2.
∑
i∈e θi,e = 1∀e ∈ A.

3. θi,e ≥ − zi
ye
ρi,e ∀e ∈ A, ∀i ∈ e.

4. (
∑
f∈δA(i) ρi,f −Di)θi,e = 0, ∀e ∈ A.

We have already shown in our previous lemma that it is always possible to construct such θi,e which satisfies

all the conditions shown above.

Now our proposed solution for payment distribution is

S̄i,e =

{
ρi,ez̄i if xe = 1

0 else

}
+ θi,eye, ∀e ∈ E, ∀i ∈ V

This can be written in a more simplified form :

S̄i,e = ρi,ez̄ix̄e + θi,eȳe ∀e ∈ E ∀i ∈ V

From the third condition of the definition of θi,e it follows that S̄i,e ≥ 0.

From Complimentary slackness condition (3.3) it follows that ȳe = 0 if x̄e = 0, so by construction we

have S̄i,e = 0 if x̄e = 0; also θi,eȳe = 0 if x̄e = 0. This indicates that no one is paying any amount for the

unchosen edges.
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From Complimentary slackness condition (3.4) it follows that ∀e ∈ E, if x̄e = 1,

∑
i∈e

ρi,ez̄i + ȳe = Ce

→
∑
i∈e

ρi,ez̄i + ȳe
∑
i∈e

θi,e = Ce [ ∵→
∑
i∈e

θi,e = 1]

→
∑
i∈e

ρi,ez̄i +
∑
i∈e

θi,eȳe = Ce

→
∑
i∈e

(ρi,ez̄i + θi,eȳe) = Ce

→
∑
i∈e

¯Si,e = Ce

That means only the participating agents are completely paying for the services, which signifies that no one

is paying for the service that they are not part of. This is one of the condition of Stability which is satisfied.

From Complimentary slackness condition (3.5) it follows that if
∑
e∈δE(i) ρi,ex̄e > Di then z̄i = 0 also

from construction if
∑
e∈δE(i) ρi,ex̄e > Di then ∀ e ∈ A θi,e = 0. That means if

∑
e∈δE(i) ρi,ex̄e > Di then

ρi,ez̄i + θi,eȳe = 0 or ¯Si,e = 0. This is another one of the condition of Stability which is satisfied.

Consider an unselected edge e ∈ δE(i)\δA(i), so ȳe = 0.

The solution is feasible, hence

ȳe ≤ 0 ∀e ∈ E

→ θi,eȳe ≤ 0 ∀e ∈ E ∵ θi,e ≥ 0; ∀e ∈ E ∀i ∈ V

→ ¯Si,e − ρi,e ¯Si,e ≤ 0 ∀e ∈ E ∀i ∈ V

→ ¯Si,e ≤ ρi,ez̄i ∀e ∈ E ∀i ∈ V

→
¯Si,e
ρi,e

≤ z̄i; ∀e ∈ E ∀i ∈ V

→ max
e∈δE(i)

( ¯Si,e
ρi,e

)
≤ z̄i ∀i ∈ V

→ max
e∈δA(i)

( ¯Si,e
ρi,e

)
≤ z̄i ∀i ∈ V ∵ ¯Si,e = 0 ∀e /∈ A

→ max
e∈δA(i)

( ¯Si,e
ρi,e

)
ρi,f ≤ ρi,f z̄i ∀i ∈ V ∀f ∈ E

→
∑
i∈f

max
e∈δA(i)

( ¯Si,e
ρi,e

)
ρi,f ≤

∑
i∈f

ρi,f z̄i ∀i ∈ V ∀f ∈ E

40



CHAPTER 4. MAIN WORK 4.5. STABILITY FOR SOCIALLY AWARE AGENTS

From the feasibility of the Dual it follows that

∑
i∈e

ρi,ez̄i + ȳe ≤ Ce ∀e ∈ E

→
∑
i∈f

ρi,f z̄i ≤ Cf ∀f /∈ A ∵ yf = 0 ∀f /∈ A

Combining this we get

∑
i∈f

max
e∈δA(i)

( ¯Si,e
ρi,e

)
ρi,f ≤ Cf ∀f /∈ A ∵ yf = 0 ∀f /∈ A

This indicates that the final Stability condition is also satisfied. Since, all of the stability conditions are

satisfied, proposed solution would be stable. �

Theorem 3. The Bargaining Game Problem B has stable outcome F = {A ⊆ E, {Si,e}i∈V,e∈E} if and only

if the corresponding Linear Program LPB has integral optimum solution.

Combining Theorems 1 and 2 we can conclude that the above theorem is true. �

4.5 Stability for socially aware agents

The Saturation concept, which was discussed before, influences the stability considerably. Our present

definition of stability may not be enough to study many practical cases. Let us understand the limitations

of our present stability definition with a simple practical example.

Example 4.5.1. Consider a simple bargaining game with three players A,B,C where each has one unit

demand. So DA = DB = DC = 1. Each player can form two services, one service with each of the

other players. Consider the services are denoted by AB,BC,CA and each service costs unit amount.

So CAB = CBC = CCA = 1. Say each service gives unit satisfaction to each player. That means,

ρA,AB = ρA,CA = ρB,AB = ρB,BC = ρC,CA = ρC,BC = 1.

This game can be depicted with a simple triangular (cyclic) graph with three nodes and three edges. (Fig 4.3)

It follows that, this bargaining game has a feasible outcome only if one of the players gets 2 services. That

means at least one of the players would be over-saturated. Assume that player B takes 2 services AB,BC

and she doesn’t pay anything for those services. Then A and C can form a service between them and then

B would be left unsatisfied. This situation is clearly not stable. The solution is feasible, but not stable.

It is interesting to note, that the relationship between the stability of a bargaining game outcome with the

integrality gap of its underlying linear optimization problem can detect the instability of those special sit-

uations. For example, the underlying LP of the above mentioned bargaining game on a triangle where

the demands, satisfactions and the costs are of unit amount (Fig 3), will have the integral solution as
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Figure 4.3: Bargaining Game Example with Odd Cycle.

xAB+xBC+xCA = 1+1+0 = 2, whereas, its linear optimum solution is xAB+xBC+xCA = 1
2 + 1

2 + 1
2 = 3

2 < 2.

So the integrality gap is given by 3/2
2 = 3

4 , which is not 1. That means the underlying integral optimum so-

lution and the linear optimum solution of the bargaining game would not coincide, which indicates that any

solution would be unstable.

The instability situation that we have seen in the above example, can be found in many different practical

scenarios. It can be found out that in many places, where our definition of stability would be too strict. If

we generalize these situations, then we could say there might be some extra conditions within a network,

over our proposed stability conditions, that the players need to satisfy to make the outcome stable.

So, we need to revise our stability conditions to incorporate those above mentioned situations. We need

to relax our notion and allow the players to pay for the services, they are not part of or if they are oversat-

urated. But how much extra they would be willing to pay is the question and we should find a formulation

for that as well. Intuitively we should suggest two different payments for all the players. One part is the

payment which are independent of any special situation, that may arise for the player for being in a special

group. And another payment is only for those special situations.
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4.5.1 Critical Constraints

Here we are going to formally define the general critical constraints which are important for a new version

of stability.

Definition 4.5.1. A critical constraint K of a bargaining game B = (G = (V,E), Ce, Di, ρi,e) is defined as

a triplet K = (H ⊆ E,αH ∈ Q++, {σe ∈ Q++}e∈H), such that for the chosen edges A ⊆ E of any feasible

outcome the following conditions are satisfied :
∑
e∈H∩A σe ≥ αH .

Example 4.5.2. If we consider the above mentioned bargaining game, on a triangle, where the demands, sat-

isfactions and the costs are of unit amount (Fig 4.3), critical constraint would be R = {AB,BC,CA}, αH =

2, σAB = σBC = σCA = 1. In fact, for all vertex-cover type bargaining games, for every odd cycles of edges

C ⊆ E should have αC = |C|+1
2

In this context we define the term Γ = {(Hi, αHi
, {σe}e∈Hi

)}i∈{1,..,k}, which indicates a set of critical

constraints within the bargaining game B. Also V (Hj) = ∪i∈Hj
i.

4.5.2 Combinatorial Optimization with the New Constraints

With this new concept of critical constraints the underlying linear program would also change. The Linear

Program (LPB) would have an extra set of constraints for each of the critical constraints. These constraints

are redundant for the Integer program, as they are guaranteed to be satisfied if the solution for the linear

program is integer. This way the extra constraints can be thought of as the cutting planes of the linear

program. The extra constraint set would be as follows:∑
e∈H∩A

σexe ≥ αH ∀H ∈ Γ

Denote this new linear program with LP(B,Γ), The complete formulation of LP(B,Γ) is as follows:

min
∑
e∈E

Cexe

∑
e∈δE(i)

ρi,exe ≥ Di ∀i ∈ V

∑
e∈H∩A

σexe ≥ αH ∀H ∈ Γ

xe ≤ 1 ∀e ∈ E

xe ≥ 0 ∀e ∈ E

4.5.3 Relaxed Notion of Stability

To define the stability in the new context of critical constraint, we need to first understand the notion that

if some agents are part of a critical constraint within a network, then some agents might need to pay for the
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services they have not taken. In addition to that, if an agent is within a critical constraint and oversaturated,

then she still may have to pay some amount for the services within the critical constraint group.

We can try to understand that with the help of our previous example (Fig 3.3). In this example, we

have to choose at least 2 services. Consider service AB,BC is chosen. But all three agents A,B,C should

pay something for each of those two services. Otherwise any other set of two services could be chosen, which

will make the situation unstable.

Now we have agreed that all the agents within a constraint group should share some responsibility of the

payment for the services within that constraint to satisfy the demand of the constraints. Still, the question

remains, how much each of the agent should pay, so that they don’t feel deprived.

To approach the formulation of payment for each agent, we should divide the payment in two parts. One

is independent of the critical constraints and the other part is for being part of different critical constraint

group. So our augmented definition of stability considering the critical constraints are given as follows :

Definition 4.5.2. A feasible outcome A ⊆ E of bargaining game B, with set of critical constraints Γ would

be called Γ–stable if the outcome satisfies the following conditions :

1. The payments for every agent i ∈ V for every edge e ∈ E are given by Si,e = S∅i,e +
∑
j∈Γ:e∈Hj

S
Hj

i,e .

S∅i,e indicates the payment for the agent i ∈ V for edge e ∈ E independent of any critical constraint.

S
Hj

i,e indicates the payment for the agent i ∈ V for edge e ∈ E within a critical constraint. Both S∅i,e
and S

Hj

i,e are non-negative.

2. For payment, independent of any critical constraint, agent pays none for the services they are not part

of : S∅i,e = 0 ∀e /∈ δA(i).

3. For payment, independent of any critical constraint, oversaturated agents pays nothing : Si,e = 0 ∀e ∈
δA(i) :

∑
e∈δA(i) ρi,e > Di.

4. Payment for any critical constraint is positive only when the demand for critical constraint is tightly

satisfied, else it would be 0 : S
Hj

i,e = 0, ∀e ∈ δA(i) :
∑
e∈Hj∩A σe > αj

5. Current combined option is the best option : ∀f ∈ E\A∑
j∈f maxe∈δA(j)

(
Sj,e

ρj,e

)
ρj,f +

∑
t∈f∩Hj ,Hj∈Γ maxe∈δA∩Hj

(t)

(
σf

σe

)∑
Hj∈Γ:e∈Hj

S
Hj

i,e ≤ Cf .

From the second condition it follows that : ∑
e∈δA(i)

ρi,e −Di

S∅i,e = 0 ∀i ∈ V ∀e ∈ E (4.8)
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Figure 4.4: Payment distribution with critical constraints for tight agent

In this context, we define two terms called Γ-Stability and ∅-Stability. ∅-Stability defines the stability

conditions which were defined in the definition 3.2.2. Γ-Stability defines the stability conditions which were

defined in the definition 3.4.2.

4.5.4 Augmented Representation of the Bargaining Game

If we add more agents to the original bargaining game and add extra agents to some of its edges, the data

structure (data model) of the bargaining game won’t change. Same way the structure of the corresponding

combinatorial optimization problem would also not change.

So, if we treat each critical constraints as a virtual agent, then it is possible to represent the bargaining

game and its corresponding combinatorial optimization with the original Linear program formulation. Now,

lets formally define the bargaining game B with the critical constraints as virtual agents. This revised

definition of bargaining game can be termed as augmented bargaining game B
′
.

45



CHAPTER 4. MAIN WORK 4.5. STABILITY FOR SOCIALLY AWARE AGENTS

Figure 4.5: Payment distribution with critical constraints for oversaturated agent

Definition 4.5.3. Augmented bargaining game B
′

of bargaining game B with critical constraints Γ is

described by the following components:

1. Hypergraph G
′

= (V
′
, E

′
), where augmented set of nodes are V

′
= V ∪ {n + 1, ...., n + k}. Here

the no. of constraints k = |Γ| and index variable n + j for constraint j ∈ {1, ..., k}, where V =

{1, . . . , n}, n ∈ N. Each augmented edge e
′

is given by differently for two different cases. The edges

those are not part of any critical constraints they remain unchanged. The edges which are part of the

same critical constraint, will have an extra virtual member fir them. So the augmented set of edges

are E
′

= ({e′ = e ∪ (n + j) : e ∈ Hj}Hj∈Γ ∪ {e : e ∈ E\ ∪Hj∈Γ Hj}). This way it follows that the

augmented set of edge has bijective relation with the original set of edge.

2. Edge weights {Ce′}e′∈E = {Ce}e∈E .

3. Vertex weights {D′

i}i∈V ′ = {Di}i∈V ∪ {αj}j∈{1,...,k}.

4. Satisfaction of every player from every service
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{ρ′

i,e}i∈V ′ ,e′∈E = ({ρi,e ∈ Q++}e∈E,i∈V ) ∪
(
{σe′}e′∈∪Hj∈ΓHj ,j∈{1,...,k}

)
.

In more descriptive way, the augmented bargaining game is formed such that every constraint can be

thought of as an extra virtual player that is added to the original set of agents. The number of edges remain

same as the original number of edges, but each of the edges, which are part of a constraint, will have an

extra agent in it. That extra agent is the virtual agent for the said constraint. The cost for each edge will

be unchanged. The demand will be unchanged for the original bargaining game. But the virtual agents will

have the demands same as the demand of the constraint. The satisfaction for every original player remains

unchanged. Each virtual player represents a critical constraint, which is composed of some edges. Each

virtual player belongs to all those edges and it gets the satisfaction from all those edges.

Figure 4.6: Augmented representation of the game with critical constraints

Example 4.5.3. In fig. 4.6, the bargaining game B has three vertices 1, 2, 3 and edges {1, 2}, {2, 3}, {3, 1}.
B has one critical constraint k which comprises of the edges {1, 2}, {2, 3}, {3, 1}. The bargaining game B can

be represented by an augmented bargaining game B
′
, where there is an extra virtual vertex 4, which represents

the constraint k. In this augmented bargaining game each of the edge get an extra vertex 4 in them. So the

augmented edges become {1, 2, 4}, {2, 3, 4}, {3, 1, 4}. The augmented game has no critical constraint. The

critical constraint k is now represented by the extra vertex 4, and the condition of the critical constraint is

represented by the demand of 4 in this new augmented game.

4.5.5 Augmented Game and the Revised Combinatorial Optimization Problem

Lemma 6. Augmented bargaining game B
′

of original B with Γ critical constraints, admits an ∅ stable

outcome if and only if the integrality gap of LP(B,Γ) is 1.
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This lemma (can be cast as a Corollary) follows as the original LPB formulation is valid for any hyper-

graphs. So in the augmented game B
′
, it is just another hypergraph where there are some extra vertices

and some edges with one extra vertex in them. So its corresponding LPB′ has the same data structure as

LP(B,Γ) (Type of constraints are same, only number of constraints are more, because of extra number of

virtual vertices). So bargaining game B
′

admits a stable outcome as defined in definition 3.2.2 (∅ stable) if

and only if the integrality gap of LPB′ is 1, i.e. the integrality gap of is LP(B,Γ) is 1.

4.5.6 Relationship of the new Stability with Integrality Gap

If we use the augmented representation of a Bargaining game and find that the augmented game is stable

as per the stability definition 3.2.2 then we say that the augmented game is ∅-Stable, which means all the

feasibility conditions of the bargaining game are satisfied. In addition to that, the demands of the virtual

agents are also satisfied; this fact means all the critical constraints, which are represented as the demands of

the corresponding virtual agents, are also satisfied. Now because the augmented game is stable, any agent,

be it actual agent or virtual, is not paying for the service she is not part of. In addition to that, any virtual

oversaturated agent is not paying for any of the services.

Lemma 7. If B admits a Γ-stable outcome then B
′

admits an ∅-stable outcome.

Proof. It is given that the original game B has a Γ-stable outcome. Let us consider that Γ-stable outcome

F is given by F = (A ⊆ E, {Si,e}e∈E,i∈V ). By definition of Γ-stability, for every agent i ∈ V for every edge

e ∈ E there exists non-negative payment Si,e = S∅i,e +
∑
j∈Γ:e∈Hj

S
Hj

i,e , where S∅i,e, S
Hj

i,e ≥ 0.

Correspondingly, we define the outcome of the augmented game B
′
. We set A = A

′
and S

′

i,e = S∅i,e;

This is possible because there is bijection between E and E
′
. For each critical constraint Hj ∈ Γ, we set

S
′

n+j,e =
∑
i∈V (Hj) S

Hj

i,e .

With this, first we are going to prove that our proposed outcome of the augmented game B
′

is feasible.

After that we are going to prove that the outcome is stable as per the original definition of stability.

To prove that our proposed outcome of the augmented game B
′

is feasible, we first make sure that the

demands are satisfied. A satisfies Demand Satisfaction for B. That means the demands of all the nodes in

V are all satisfied. At the same time, the chosen services in a stable (that means also feasible) outcome also

guarantee to satisfy any critical constraint (see Definition 3). That means all the nodes in V
′\V are also

satisfied. Hence, A = A
′

satisfies Demand Satisfaction for B
′
. Next we show the cost recovery conditions
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are also satisfied. for all e ∈ A∑
i∈V

S
′

i,e′
=

∑
i∈V

Si,e′ +
∑
j∈[k]

S
Hj

n+j,e′

=
∑
i∈V

S∅i,e +
∑
j∈[k]

∑
i∈V (Hj)

S
Hj

n+j,e′

=
∑
i∈V

S∅i,e +
∑
j∈[k]

 ∑
i∈V (Hj)

S
Hj

n+j,e′
+ 0


=

∑
i∈V

S∅i,e +
∑
j∈[k]

 ∑
i∈V (Hj)

S
Hj

n+j,e′
+

∑
i/∈V (Hj)

S
Hj

n+j,e′

 [ ∵ SHj

n+j,e′
= 0,∀i /∈ V (Hj)]

=
∑
i∈V

S∅i,e +
∑
j∈[k]

∑
i∈V

S
Hj

n+j,e′
=
∑
i∈V

S∅i,e +
∑
j∈[k]

S
Hj

n+j,e′


=

∑
i∈V

Si,e = Ce

This proves that the cost recovery criteria of feasibility is also satisfied. Hence the proposed outcome of the

augmented game B
′

is feasible.

Next we are going to prove the ∅-stability (original stability definition) of the augmented game B
′
. First we

check the property that agents only pay for the services they are part of. From the definition of Γ-stability

it is clear that agents pay only when they are members of an actual chosen service, or they are part of a

group. When they are part of a critical constraint group, by definition they are members of the edges of

that group in the augmented game. So it is clear that for the augmented game B
′

players are not paying for

the services that they are not part of.

Next we are going to prove that only tight players pay positive amounts for their services. For i ∈ V ′
, e ∈ E′

,

let us consider two partitioned sets of the augmented players, viz, V & V
′\V .

Case 1 : As per the Γ-stability of B, if i ∈ V and S∅i,e > 0, then player i is tight, i.e, S
′

i,e′
> 0. That

means in augmented game B
′
, if any player i ∈ V pays a positive amount, then player i is tight.

Case 2 : If i ∈ V
′\V , i.e., i = n + j, j ∈ [k] and

∑
j∈[k] S

Hj

i,e′
> 0, then the demand of constraint group

Hj is tightly satisfied, as per the definition of Γ-stability. That means virtual player i ∈ V
′\V is tight.

Now as per our proposed solution S
′

i,e′
=
∑
j∈[k] S

Hj

i,e′
. So

∑
j∈[k] S

Hj

i,e′
> 0 means S

′

i,e′
> 0. That means in

augmented game B
′
, if any player i ∈ V ′\V pays a positive amount, then the player i is tight.

Combining these two cases we can conclude, that ∀i ∈ V
′

if S
′

i,e′
> 0 then the player i is tight. This

is another condition of stability.
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Finally we need to prove that the chosen options are the best options for all the players. Let us consider an

edge f
′ ∈ A′

. Let us consider two partition sets U ⊆ V and W ⊆ [k] of f
′
, i.e, f

′
= U ∪W,U ∩W = ∅, now

∑
t∈f ′

max
e′∈δ

A
′ (t)

(
S

′

t,e′

ρt,e′

)
ρt,e′ =

∑
i∈U

max
e′∈δ

A
′ (i)

(
S

′

i,e′

ρi,e′

)
ρi,e′ +

∑
j∈W

max
e′∈δHj

(t)

(
S

′

n+j,e′

σj,e′

)
σj,e′

=
∑
i∈U

max
e′∈δ

A
′ (i)

(
S∅
i,e′

ρi,e′

)
ρi,e′ +

∑
j∈W

max
e′∈δHj

(t)

(
σj,e′

σj,e′

)∑
t∈[k]

S
Hj

t,e′

≥ Cf [ By Γ− stability]

= Cf ′

So combining all these we can conclude that B
′

is stable.

Lemma 8. If B
′

admits an ∅-stable outcome then B admits an Γ-stable outcome.

Proof. Consider stable outcome F
′

= (A
′ ⊆ E′

, {S′

i,e′
}e′∈E′ ,i∈V ′ ) of B

′
. For each critical constraint j ∈ [k],

let us consider a distribution θi,j ∈ R++ over agents i ∈ V (Hj), which means
∑
i∈V (Hj) θi,j = 1. We also ex-

plicitly set θi,j = 0, if i /∈ V (Hj). Next let us define the outcome of B as F = (A ⊆ E, {Si,e}e∈E,i∈V ); We first

set A = A
′
, and because of bijection between E and E

′
this is possible. Now we set, ∀i ∈ V, e ∈ E,S∅i,e = S

′

i,e′
,

∀j ∈ [k], S
Hj

i,e = θi,j · S
′

n+j,e′
, This way Si,e = S∅i,e +

∑
e∈Hj∈Γ S

Hj

i,e = S
′

i,e′
+
∑
e∈Hj∈Γ θi,j · S

′

n+j,e′
.

Next we show that B is feasible. Because, B
′

is stable, it is also feasible. By definition of feasibility,

B
′

satisfies the demands of all the agents. That means, the demands of all the actual players and all the

virtual players, i.e, demands of the critical constraints are satisfied. Hence A ⊆ E satisfies demand satisfac-

tion for B. Now, we are going to show another condition of feasibility, i,e. condition cost recovery. Because
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B
′

is stable it satisfies all cost recovery condition, So ∀e ∈ A of B,

Ce =

′∑
i∈V ′

S
′

i,e′
=
∑
i∈V

Si,e′ +
∑

i∈V ′\V

Si,e′

=
∑
i∈V

S
′

i,e′
+
∑
j∈[k]

S
′

n+j,e′

=
∑
i∈V

S
′

i,e′
+
∑
j∈[k]

S
′

n+j,e′
·
∑

i∈V (Hj)

θi,j

=
∑
i∈V

S
′

i,e′
+
∑
j∈[k]

S
′

n+j,e′
·

 ∑
i∈V (Hj)

θi,j +
∑

i∈V \V (Hj)

θi,j


=

∑
i∈V

S
′

i,e′
+
∑
j∈[k]

S
′

n+j,e′
·
∑
i∈V

θi,j

=
∑
i∈V

S′

i,e′
+
∑
j∈[k]

S
′

n+j,e′
θi,j


=

∑
i∈V

S∅i,e +
∑
j∈[k]

S
Hj

i,e

 =
∑
i∈V

Si,e.

This proves the cost recovery condition is satisfied for all edges in F . So F is feasible.

Now we are going to prove that F is Γ-Stable. For this we are going to show that each of the condi-

tion defined in the definition of Γ-Stability are satisfied. The first two conditions are obvious from the

construction. Next we prove the third, fourth and fifth conditions, one by one.

First we check that only the tight agents pay positive amounts for an actual edge. We know that ∀i ∈ V, e ∈ E,

where S∅i,e > 0 the corresponding S
′

i,e′
> 0, but because B

′
is stable, all i ∈ V ′

are tight. So all agents in F ,

who pay positive amounts, independent of any constraint, are tight.

Here we define a concept called collective tightness, which indicates whether the requirements or demands

of a critical constraints are satisfied tightly or not. Next we check the collective tightness of the critical

constraints. Let us consider i ∈ V ; e ∈ E, j ∈ [k] so that S
Hj

i,e > 0, which also means θi,e · S
′

n+j,e′
> 0 or

θi,e > 0 and S
′

n+j,e′
> 0, as θi,e is a distribution over V (Hj), so θi,e > 0, indicates i ∈ V (Hj) and S

′

n+j,e′
> 0

indicates e
′ ∈ A′ ∩Hj . Now since F

′
is stable, the constraint Hj is satisfied tightly. That means F satisfies

the collective tightness of the critical constraints.

Finally we have to show that collectively the current option is the best option. For that let’s consider

an edge f /∈ A, which means f
′
/∈ A′

. The edge f consists of some vertices which are denoted by i1, . . . , il,

so f = {i1, . . . , il} and f is part of some critical constraints {j1, . . . , im}. Now, let us consider an arbitrary
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ej ∈ δA(j) and et ∈ A ∩Hj , which automatically means ej , et ∈ A
′

l∑
r=1

(
S∅ir,ej
ρir,er

)
ρir,f +

m∑
t=1

(
σjt,f
σjt,et

)∑
t∈[k]

S
Hjt
t,et =

l∑
r=1

(
S

′

ir,ej

ρir,er

)
ρir,f +

m∑
t=1

(
σjt,f
σjt,et

)∑
t∈[k]

θi,eS
′

n+jt,e
′

=

l∑
r=1

(
S

′

ir,ej

ρir,er

)
ρir,f +

m∑
t=1

(
σjt,f
σjt,et

)
S

′

n+jt,e
′

∑
t∈[k]

θi,e

=

l∑
r=1

(
S

′

ir,ej

ρir,er

)
ρir,f +

m∑
t=1

(
σjt,f
σjt,et

)
S

′

n+jt,e
′

≤ Cf [ ∵ F
′
is stable]

So this means for all the players including the virtual players, the current option is found to be the best

option. That means the original game B is Γ-stable

We have proved the conditions needed for the games with critical constraints to have a stable solution.

Now, we can prove the following theorem.

Theorem 4. B
′

admits an ∅-stable outcome if and only if B admits an Γ-stable outcome.

Proof. The theorem automatically follows from the previous two lemmas.
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Chapter 5

Possible Future Work

In our work we have studied different notions of stability both from a strict context and from the context

of socially aware agents. In this process we have extended our study by generalizing many different aspects

of bargaining games. We conducted our study of bargaining game as a covering problem, in contrast to the

widely used packing type problems. In our work we answered some of the questions related to the stability

of bargaining games, but also opened up the possibilities of many other research questions.

The relaxed notion of stability that we introduced can be further studied with experimental data. Many

statistical exercises or machine learning work can be carried out to study approximately stable solutions for

bargaining games. These type of questions are mainly in the domain of Economists and Social scientists. If

we only confine our thinking to the theoretical and mathematical problems surrounding to our work, then

there are many interesting questions as well. Some of them are as described below.

In our work we only considered linear relaxations. If we extend our thought then the natural question

would be: Is there a natural stability notion associated with semidefinite programming relaxations (or in

general non-linear relaxations)? Is there any implication on the stability notion if the starting linear program

relaxation is tightened by any of the well-studied lift-and-project systems, for example Lovasz-Schrijver [23],

Sherali-Adams [29], or Lasserre [22] ? We have studied the case where the integrality gap is 1, but is there a

natural stability notion associated with convex relaxations in which the integrality gap is not 1, yet bounded?
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