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ABSTRACT

In this thesis we investigate the dynamics and bifurcation of SIR epidemic
models with horizontal and vertical transmissions and saturated treatment
rate. It is proved that such SIR epidemic models always have positive disease
free equilibria and also have three positive epidemic equilibria. The ranges
of the parameters related in the model were found under which the equilibria
of the models are positive. By applying the qualitative theory of planar
systems, it is shown the disease free equilibria is a saddle, stable node and
globally asymptotically stable. Furthermore, it is also shown that the interior

equilibria are saddle, saddle node or saddle point.
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List of Abbreviations

KMK

ay
1+cy

Susceptible; individuals not infected but who are capable
of contracting the disease and becoming infective.
Infected; individuals who are infected and infectious, capa-
ble of transmitting the disease to others.

Removed; individuals who have had the disease and have
recovered, and who are permanently immune, or are iso-
lated until recovery and permanent immunity occur.

The birth rate of the susceptible population, which is as-
sumed to equal the death rate.

The natural death rate

The recovery rate of the infective individuals.

The proportion of offspring’s of infective parents that are
susceptible individuals and p € [0, 1].

The fraction of the infected unborn or newly born offspring
of the infective parent and ¢ € [0, 1].

The Kermack Mckendrick model.

The removal rate of the infected individuals.
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Chapter 1

Introduction

Many infectious diseases exist in our society such as: Chickenpox, smallpox,
AIDS, HIN1... that may have tremendous effects on individuals. For exam-
ple, during the Bubonic Plague also known as the Black Death, an epidemic
in Europe first occurring between 1348 to 1350 about thirty to sixty percent
of the European population were wiped out. In 1520 a smallpox epidemic
caused half of the population of the Aztec to perish. A recent epidemic
caused by severe acute respiratory syndrome (SARS), in 2003 affected more
than five thousand people. Another example is the HIN1 Influenza pandemic
that occurred in 20009.

Many theories were developed during the nineteenth century, from Hamer
model(1906) and Ross model (1911), Anderson-May, Dietz, where these mod-
els become more concrete as time progresses. Many questions arise when our
society is faced with a new type of disease such as: factors effecting the

spread of the disease, which individuals to treat, how to stabilize the spread



of the disease and how to terminate it. In order to understand these epidemic

system characteristics mathematical modeling can be used.

1.1 Objectives

The primary objective of this thesis are:

1. Modify the previous SIR epidemic model and study the dynamical be-

haviours.

2. To find the conditions of the parameters involved in the model to pro-
viding the positive equilibria and study the qualitative behaviour at

each equilibrium.

1.2 Methodology

We are interested in the study of the epidemic model with a saturated treat-
ment function. After we modify the previous SIR epidemic model by adding
the saturated treatment function %, we will then reduce the new sys-
tem from three non-linear differential equations to two non-linear differential
equations. We will find all the ranges of parameters to ensure that all equilib-

ria are positive and then we will determine the stability of the SIR epidemic

model for each of its equilibria.



1.3 Thesis organization

The purpose of the thesis is to find the total number of equilibria, to inves-
tigate the phase portraits near the equilibria and to understand whether the
disease will spread or persist for our model of interest.

In Chapter 1, there will a brief introduction to the epidemiology, problems
and the explanations of the thesis objectives.

In Chapter 2, we will introduce the definitions, mathematical theory,
terminology and methods that we will use to analyze the results of the model.

Chapter 3 and 4 contain the main results of the thesis and chapter 5

contains the conclusion of our model.



Chapter 2

Theory of dynamical systems

2.1 Introduction

We will present the mathematical theories and techniques that are useful
to study non-linear differential equations. It will be useful to interpret the
biological meaning of the epidemic model. In order to understand and to
analyze the model we need to study the equilibrium points of the system.
For example, if there exists an equilibrium point of the form (5,0), then it
can represent the disease-free states of an epidemic model.

We consider the following two dimensional planar systems

#(t) = f (z(t), (1)), (2.1.1)
y(t) =g (z(t),y(t)),
subject to the initial value condition:
(2(0),5(0)) = (xo, yo), (2.1.2)



where f,g € C'(R?).

2.1.1 Definition of autonomous differential equation

An autonomous system or autonomous differential equation is a system of
ordinary differential equations has the form #(t) = f(x(t)) which does not
explicitly depend on the independent variable where x takes values in n-

dimensional and t is usually time.

2.1.2 Equilibrium

An equilibrium point of a dynamical system generated by an autonomous
system of differential equations is a solution that does not change with time.
In SIR model, all the parameters and equilibrium points must be positive in
order to have biological meaning. If it is negative, then the solution tends to
extinction.

The autonomous dynamical system has the form

(2.1.3)

Definition 2.1.1. [2] A point (z,y) € R is an equilibrium point of (2.1.3)
if it satisfies f(z,y) = 0 and ¢(Z,y) = 0. An equilibrium point (z,7) of

(2.1.3) is said to be positive if (Z,y) € P where
P={(z,9) €R*:2>0 andy >0},

and to be an interior equilibrium point if x > 0 and y > 0.
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2.1.3 Phase plane analysis

As mentioned earlier in the introduction part, we need to understand the
theory behind the dynamic behaviours of a system of two differential equa-
tions. We need to study the local stability through phase plane analysis near
equilibrium point. One way to do that is to linearize a non-linear system

about an equilibrium point.

Definition 2.1.2. [3, 6] Linearization refers to finding the linear approxi-
mation to a function at a given point. In the study of dynamical systems,
linearization is a method for assessing the local stability of an equilibrium
point of a system of nonlinear differential equations.
It is a technique that has been used for studying linear system to analyze the
behaviour of a non-linear function near the fixed point.

Let the system of (2.1.3) be a non-linear system . We will expand the
function f and g by using Taylor formula. Now, we are going to apply a

small perturbation with u = x — Z and v =y — y. Then

du u?
i f(@,9) + fo(2, 9)u+ f,(Z,9)v + fou(Z, y); + .
dv u?
i 9(2,9) + 9:(Z, §)u + 9y(Z, )0 + 9o (T, §) o + -y
where
[2(Z,9) = af xy le—z,y—y and g.(Z,7) = ag(a% Y) |e=z,y=y and so on.
T

We will neglect the partial derivatives of the terms of order greater or equal
to two. Recall from definition (2.1.1), the equilibria of the system (2.1.3) are

solution (z,y) that satisfy f(z,y) =0 and ¢(z,y) = 0.

6



The system linearized about the equilibrium (z, ) is [6]

dA

—=JA
dt ’

where A = (u,v)” and J is the Jacobian matriz evaluated at the equilibrium.

Lets recall some results on phase portraits of planar systems near equilib-
ria in the qualitative theory [2, 4, 5]. Let us denote by A(x,y) the Jacobian

matrix of f and g at (x,y), that is

or of
Awy) = | 90 v . (2.14)
gz dy

and by |A(z,y)| and tr(A(z,y)) the determinant and the trace of A(z,y)
respectively.

The characteristic polynomial of A(z,y) is
A~ tr(A(n, ) + det(A(r, ).

The solutions of a planar system near its equilibria (z,y) can be stud-
ied by the eigenvalues of A(x,y) which can be determined by |A(z,y)| and
tr(A(z, y)).

[24] The Figure 2.1 illustrates the classification schemes of a non-linear

system that has been linearized to linear system . The stability diagram in

the (T, A) plane, where T' = tr(A(x,y)) and A = det(A(z,y)), and A =T.
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Figure 2.1: [7] The stability diagram of non-linear system.



2.1.4 Classification scheme of stability

The following classification schemes can be found in [2, 4, 5] and have been

used in [2, 4, 5].

Lemma 2.1.1. [2] If (z,yo) is an equilibrium of (2.1.1), then the following
assertions hold.

(2) If |A(xo,90)| <0, then (xq,1o) is a saddle of (2.
(i1) If [ A(zo, y0)| > 0, (tr(A(zo, Y0)))* —4[A(z0, 30|
then (xg,yo) is a node of (2.1.1); it is stable if tr(A(zo, o)) < 0 and unstable

(2.1.1).

) > 0 and tr<A(3707y0)) # 07
if tr(A(xo,90)) > 0.

(idd) If | Ao, 90)| > 0, (tr(A(zo,90)))* — 4|A(20, yo)| < 0 and tr(A(zo, yo)) #
0, then (xo,y0) is a focus of (2.1.1); it is stable if tr(A(zo,%0)) < 0 and

unstable if tr(A(zg,yo)) > 0.

Lemma 2.1.2. [2] Let (zo,y0) be an equilibrium of (2.1.1). Assume that
|A(zo,90)| = 0, tr(A(zo,y0)) # 0 and (2.1.1) is equivalent to the following

System
= p(u,v),
(2.1.5)
0= ov + q(u,v)
with an isolated equilibrium point (0,0), where ¢ # 0,
plu,v) = 320 gm0 Giu'v? and q(u,v) = 3570, g bju'v? are convergent

power series. If agg # 0, then (z¢, yo) is a saddle-node of (2.1.1).

The graphs and illustration of the Lemma (2.1.1) and (2.1.2) are provided

below:
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(e) Stable Spiral -the so-
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point other than the
equilibrium, it spirals

into the equilibrium .

B

(f) Unstable Spiral -the

solution starts from the
fixed point and then spi-
rals away from the equi-

librium.

Figure 2.2: Phase portrait diagram
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Lemma 2.1.3. [23] Assume that each positive solution of (2.1.1)-(2.1.2) with
(x0,%0) € R%r is contained in a bounded closed subset B of R?. Assume that
B contains only one equilibrium (z*,y*) of the system (2.1.1) and (z*,y*)
belongs to the boundary of B. Then each positive solution of (2.1.1)-(2.1.2)

converges to (z*,y*).
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Chapter 3

Introduction to epidemic model

3.1 Introduction

The first section of this chapter is devoted to the back ground of the epidemic
models. In disease modelling, there are two types of models: Simple and
detail. In the simple epidemic model a constant population size N is assumed
and there are no deaths or movement of population to affect the population
size. Also, many epidemics have short time life span as compared to the
life span of the individuals in the population so the population size N is
constant.
Detail models are designed for specific circumstances including short term
prediction and allow for a variety of situations such as vaccinations and
quarantine.

The first introduces the SIR model which is simple and ignores vital dy-

namics and SIR model with vital dynamics. This will include the mechanism

12



of the model and its first pioneer that came up with the model. In the second
part of this chapter we will present our model of interest. The model is an

expansion of the work from [8]

3.2 The beginning of mathematical epidemi-

ology

1. Daniel Bernoulli formulated and solved a model for smallpox in 1760.
Using his model, he evaluated the effectiveness of inoculating of healthy

people against the smallpox virus.

2. William Hamer formulated and analyzed a discrete time model in 1960

to understand the recurrence of measles epidemics.

3. Ronald Ross developed differential equation models for malaria as a

host vector disease in 1911.

4. Kermack and McKendrick introduced a new epidemic model known
as an SIR model, which is also commonly referred to as the Kermack

McKendrick model (KMK).

13



3.2.1 The SIR model without vital dynamics

The following is the model of Kermack and McKendrick ( The SIR model

without vital dynamics)

s _ SI
G =B

% = 5% —rl, (3.2.1)
' _ ]

dt

The next assumption of this simple model is that the population is subdivided

into three subgroups S, I and R where:

S Susceptible; individuals not infected but who are capable
of contracting the disease and becoming infective.

1 Infected; individuals who are infected and infectious, capa-
ble of transmitting the disease to others.

R Removed; individuals who have had the disease and have
recovered, and who are permanently immune, or are iso-

lated until recovery and permanent immunity occur.

N Total population size.

%S The average number of adequate contacts made by an in-
fected individual resulting in an infection of a susceptible
individual per time.

%Sl The number of infections caused by all infected individuals
per time.

15} The average number of adequate contacts made by an in-

fected individual per time.

14



r The recovery rate of the infective individuals.
1 The per capita death rate, and the population level birth

rate.

3.2.2 The SIR model with vital dynamics

The differential equations for the SIR model with vital dynamics is

dl:ﬁS]—Tf—,U], (3.2.2)

dat

%zrl—uR,

There are some drawbacks in the two classic models (3.2.1) and (3.2.2):
1. The total population size remains constant in the two classic models

2. They assume that the population is uniform and homogeneously mix-
ing. However, mixing depends on many factors including age which is

not taken into account by any of the model.

3. The model (3.2.1) assumes no birth-rate or natural death-rate, or treat-
ment. The model SIR without vital dynamics assumes only horizontal

transmission. That is individuals can only be infected by direct contact.

A new SIR epidemic model with vertical and horizontal transmission is in-
vestigated by Xinzhu Meng and Lansun Chen [10]. The vertical transmission
is the passing of the infection from from a parent to an unborn offspring.

In [10], they also introduced a birth rate b which is also equal to the death

15



rate d
The following sections introduces the model of Xinzhu Meng and Lansun

Chen [10] and how it is constructed, and our modification on the model.

3.3 Construction the model and modification

Following is the model (2.1) in [10]

(
S = —BSI —dS + pbl + b(S + R),
§ [ =BSI—dIl —rI+ qbl, (3.3.1)

\Rzrl—bR,

The terminology of all parameters were defined earlier and the population has
a constant size. We can normalize the population, so S(t) + I(t) + R(t) = 1.
S, I, R are taken as proportions and using S+ [ = 1 — R. This together with

p+ q = 1 reduce the system (3.3.1) to following 2-dimensional system

T =b— Bay —br — qby := f(x,y),
(3.3.2)

y = Pry —by —ry + qby := g(z,y),
where x(t) = S(t) and y(t) = I(t).

We modify the model by adding a saturated treatment function % to

the second equation of the system (3.3.2). Then system (3.3.2) becomes:

& =b— Bry — bz — qby = f(x,y), (3.3.3)

y = Bay —by —ry+qby — 14 = g(z,y),

where a > 0, ¢ > 0.

16



3.4 Previous results

The SIR models with @ = ¢ = 0 then model (3.3.3) is the SIR model with
horizontal transmissions and it was considered by Hethcote [9)].

When a = 0 and q € (0,1) then model (3.3.3) is the SIR model only with
horizontal and vertical transmissions and it was considered by Meng and
Chen [10]. As well as Luo, Zhu and Lan with constant treatment rates [11].
In [10], they showed that the dynamical system (3.3.2) has two equilibrium

points. The first one is disease free equilibrium (Sg, ) = (1,0) and the

1

second equilibrium point is (S5, IT) = ( L ML—U()) where Ry = ]ﬁ =&
1

Ry’ B+(b—pd)R
is a basic reproductive number of the epidemic.
They proved that the disease-free equilibrium (S§, I§) is unstable or lo-

cally stable under some conditions of the parameters. They also proved that

the positive interior equilibrium (S, I7) can be unstable or locally stable.

3.5 Positive equilibria of the model (3.3.3)

In this section, we will find all the equilibria of (3.3.3) and provide conditions
on the parameters involved in (3.3.3) under which the equilibria are positive.
Recall that (z,y) € R? is an equilibrium of (3.3.3) if it satisfies f(z,y) =0
and g(z,y) = 0. An equilibrium point (z,y) is said to be positive if z,y > 0;

it is a positive interior equilibrium if x,y > 0.

17



Consider the following system

b— Bxy —bx —bqy =0
Y v (3.5.1)

— _ _ ey
Bry —by —ry+bgy — 175 =0

Notation: Let

ni=nb,r,q) =b1—q)+r, q=(0b+r—pb"

We need the following necessary and sufficient conditions of the parame-

ters before find all the positive equilibria.

Lemma 3.5.1. (1) § < nif and only if either r < g <b+rand 0 < g < ¢
or f<rand 0<q< 1.

2)p< pifandonlyifb+r <fand0<g<lorr<f<b+r and
@ <qg<l1

(3) n < B if and only if either b+r < fand 0 <g<lorr<f<b+r
and ¢, < g <1.

(4) n < B < n+0bif and only if either b+ r < f < 2b+ r — ¢gb and
0<g<lorr<pg<b+randqg <qg<l.

(5) f=nifand only if r < 8 <b+r and ¢ = ¢;.

Notation: Let
b+r—p

n:b+r_bQ7 q1 = b

Proof. From the definition of n then

n—pF=b+r—bg—p=0b+r—p)—bq

:b[w

(3.5.2)
7 —q} =b(¢1 —q)

18



and

n=B8+b=blg—q) +b=blg —q+1) (3.5.3)
1) It is easy to verify if » < 8 < b+ r then 0 < ¢; < 1 and if 8 = r then
¢1 = 1. This together with 0 < ¢ < ¢; and equation (3.5.2) imply the result.
If 5 < rthen ¢ > 1 > ¢ since g € [0,1]. This together with (3.5.2) imply
the result.
2) If b+ r < ( then

_b+r—p
q1 = b

<0
imply

@1—q¢<0-—¢g<0
since ¢ € [0, 1]. This together with equation (3.5.2) imply the result.
Ifr < <b+rthen 0 < ¢ < 1. This together with ¢; < ¢ < 1 and equation
(3.5.2) imply the result.
3) If b+r < [ then

b+r—bg<pf—bg<p

or n < (. This together with ¢ = ¢; and equation (3.5.2) imply the result.
4) If b+ r < 8 we obtained n < 8 and ¢; < 0 from (3). Moreover

2b+r—bg=0+r—-bg+b=n+0

so if 8 < 2b+4r — bq then B < 1+ b then the result holds.
Ifr<pg<b+rthen0<qg <1and1l—gq>0since ¢ € [0,1]. The result
follows from equation (3.5.3).

5)If r < <b+rthen 0 < ¢ <1. This together with ¢ = ¢; and equation

(3.5.2) imply n = 8 O

19



Lemma 3.5.2. Assume that a,b,c,r, 8 > 0 and ¢ € [0, 1] then
1) Disease equilibrium (1,0) always exists.

2) If (z,y) € R? is an positive equilibrium of (3.3.3), then y satisfies the

following equation
Bb+r) ey +[Ba+b+7r)—b(B—n)cy+b(a—B+n)=0. (3.5.4)

3) Equation (3.5.4) is equivalent to the following equation

Blatb+r)—b(B-md\*> Al
(y+ 28 (b+1)c ) M¢®+rﬁﬁ_0 (3.5.5)

where

Ale)=[Ba+b+7)=b(B—n)d* —4Bbc(b+7)(a—F+n)  (3.5.6)

Proof. From second equation of (3.5.1):

ay a
—by—ry+bgy— ———=0%& —b—1r+bg— =0
Bxy — by — ry + bay 1+ oy y(ﬂx r+bg—1 Cy)

1) y =0 then z = 1: This is a disease free equilibrium (1, 0)

2) y#0(y > 0) then

=0 Br=2> —b
I+cy bz o Q+1+cy

Br —b—1r+bg—

and also imply
b+1r—bq a
= + :
B A1+ cy)

T

20



Substitute those values to the first equation of (3.5.1), we have

a b+1r —bq a
b— (b —b —b —bqy =0
<+T Q+1+cy>y { B +B(1+cy)} v
a b+1r —bq a
b— (b —b =0
(+T+1+cy>y { B +6(1+cy)}
ay b(b+r—bq) ab
b— (b - - - =
(b+m)y 14cy I6] B (14 cy)

Bo(1+cy)— (A +cy)(b+r)y—afy—b(1+cy)(b+r—>bg) —ab=0.

Expand and re-arrange the equation above, together with n = b+ r — bq, we

end up with equation (3.5.4)
Bo+r)ey* +[B(0+r+a)=b(B—n)cy+bla—B+n) =0
3) By completing square on (3.5.4) we get,

BO+) e +[B0+r+a)—b(B—n)dy+bla—pB+n) =0
y2+[ﬁ<b+r+a>—b<ﬁ—n>c] L bla=ptn)

Bb+r)c Bb+r)c
Bb+r+a)—b(B—n)c]’ Bb+r+a)—b(B—n)c\* bla—B+n)|
{“ 28 (b+r)c } _K 28(b+r1)c ) - Bb+r)e |
Since
([ﬁ(a+b+r>—b(ﬁ—n>c})2_b(a—mn)
26 (b+7r)c Bb+r)c
_ Blatbtr)—b(B-n)d’ —4pbc(b+r)(a—B+n) Ao
462(b + r)202 462(b + 7“)202'

Therefore equation (3.5.2) is equivalent equation (3.5.5) with the value of
A(c) defined above.
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Notation: Let

Ao :=45a(b+7)(B+bg) (a — B +1),
Bla+b+71)—/Ale)

0T b(B —1) ’

.. Bbla(B+bg) — (b+7)(B—n—a)l - VA
. b(8 —n)° ’
o Bbla(B + bg) — (b+7)(B —n—a)] + VA
B (3 — 1)’ '

Lemma 3.5.3. 1) Ag>0ifand onlyif 5 >npanda > —nor <n

and a > 0.
2) Ag=0ifand only if 5 >nand a = 5 —n.
3) Ag<Oifand only if 5 >nand 0 <a < B —n.
Proof. By definition of Ay we have
Do = 48°0*a(b+r)(B + bg) (a — B+ n).

1) f f>nanda>p—nor f<nanda >0 then (a — 3 +n) > 0 then

implies Ag > 0.
2) If >mnand a=p —mn, then (a+n— ) = 0,then implies Ay = 0.

3) f >nand 0 < a < —n then (a — 4+ n) < 0 then implies Ay < 0.
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Lemma 3.5.4. Assume that n < fand f—n < aor § <nand a > 0, then

the following assertions hold,
1) A(c) >0if and only if 0 < ¢ < ¢; or ¢ > co.
2) A(c) < 0if and only if ¢ < ¢ < co.
3) A(c) =0if and only if ¢ = ¢; or ¢ = ¢o.
By definition of equation A (¢) from (3.5.6), we expand the value of A (c¢)

Afe) =0 (B—n)?c =2Bb[(B—n)(a+bd+r)+2(0+7)(a=F+n)]c+ [ (at+btr)
=b(B—n)’—26b[(B—n)(a—b—r)+2a(b+7)]c+ B (a+b+r)
=b*(B—n)*c —28b[a(B—n)—B—n)(b+71)+2a(b+7)]c+B*(a+b+7)
=0 (B—n)’c —2Bbla(B—n+2b+2r)— (B—n)(b+7)]c+ B (a+b+r)
=0 (B —n)* —2Bb[a(B+bg+b+71)—(B—n)b+r)]c+ B (a+b+r)
=b*(B—n)%c* —2Bbla(B+bg) +a(b+7)— (B—n)(b+7)]c+ B (a+b+r)

— V(B =) —2Bbla(B+bg)— (b+7)(B—n—a)c+ B (a+b+7)
therefore

Ale) = b*(B —n)*c®—28bla (B +bg) — (b+7) (B —n—a)]c+52(a+b+1)%

(3.5.7)
By completing square of equation (3.5.7)
) o[ Bbla(B+bg) — (b+1)(8—n—a)]
A(c) = — c—
(@ = 15— et }
2o m? 12— B0la(B4bg) = (b+1) (B —n—a)\"
+ B (a+b+r) =68 —n) ( 20— )P )
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however

(Bbla(B+bg) — (b+7) (B —n—a))

[B(a—i—b—i—r)]Q—

b2(8 — n)?
_ {,B(a—l—bjtr)— Bb[a(ﬁerq)b—(ﬂ(b_Jrn?)“)(ﬁ—n—a)]]
[5(a+b+r)+ﬁb[a(ﬁ+bQ)b—<ﬁ(b_+n7)")(ﬁ—n—a)]]

since

[ﬁb(a+b+7“)(ﬁ—n)—ﬁb[a(ﬁ+bQ)—(b+r)(/@—n—a)]]

b(B —n)
_ {ﬁb[(a+b+r)(ﬁ—n)—[a(5+bQ)—(b+T)(ﬁ—n—a)H}
b(B —n)
_Pbla(B—n—B—bg—b—r)+2(b+7)(B—n)
b(B —n)
Bblalbg—b—r—bg—b—r)+2(b+7) (8 —n)
B b(3 —n)
_ Bb[2a(b+r)+2(b+r)(B—n)] _26b(b+7)(B—n—a)
- b(B—n) b(B —n)
and
[Bb(a+b+7“)(ﬁ—n)+ﬁb[a(ﬁ+bQ)—(b+7“)(ﬁ—n—a)]}
b(B —n)
_ [Bb[(a+b+r)(ﬁ—n)+[a(ﬁ+bQ)—(b+T)(ﬁ—n—a)]q
b(B —mn)
~ Bbla(B=n)+(b+r)(B-—n)+a(B+bg) = (b+7)(B-n)+a(b+r)]
B b(B —n)
_ Bbla(28+bg—b—r+bg+b+7r)]  2Bab(B+ bq)
a b(B —n) b(B —n)
therefore
5 5 Bbla(B+bg) — (b+71)(B—n—a)]’ Ag
A= e 23— )’ 23— )
(3.5.8)
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Together with lemma (3.5.3) then we have

Afe) =B (8 —n)” ([— (3 )
(8 <[C_ﬁb[a(ﬁerq)—(b+r)(5—n—a)]} _ [ VA,

b2(B —n)* b2(3 —n)*
g me |, BblaB+bg) —(b+r)(B-—n—a)] VA
=b"(B—n) { G ) bw_n)Q]
[C_ﬁb[a(BerQ)—(bJr?“)(ﬁ—n—a)]+ VA, }
b2(B —n)* b2(B —n)?
oa 2 C_Bb[a(ﬁerQ)—(b+7“)(5—n—a)]—x/A_o
—ree { b2(B8 —n)* }
[C_ﬂb[a(ﬁ+bQ)—(b+r)(5—n—a)]+\/A_o]
(B —n)*
thus
A(c) = (B —n)*(c—c)(c—cy.) (3.5.9)

Under the condition n < S and f —n < aor § <nand a > 0 it is easy to

verify that 0 < ¢; < ¢o. This together with lemma (3.5.4) imply the results.

Lemma 3.5.5. Assume that a,b,¢, 8,7 > 0, g € [0, 1]. If either r < 8 < b+
and 0 < ¢g< g or0< f <rand0<gqg <1, then system (3.3.3) has no

positive equilibria.

Proof. Under the condition r < f <b+rand 0 < g<¢qg or 0 < <r and
0 < ¢ <1 we have by lemma (3.5.1) (1), 5 <. By equation (3.5.4) and the

fact that § < n we have
Be(b+r)y? —[be(B—n) — Bb+r+a)y+bla+n—pB)>blat+n—pF)>0.
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Thus no value of y > 0 can satisfy equation (3.5.4). So that the system

(3.3.3) has no positive equilibrium points.
We now give the main result of this section.

Theorem 3.5.6. Assume that 0 < n < f and 0 <  —1n < a then the

following assertions hold

1) If ¢ > ¢o, then system (3.3.3) has two positive interior equilibria (z1,y1)

and (z2,y2) where

_be(B—mn) = Bb+1r+a)—/Ac) _be(B—mn) = Bb+1r+a)+/Ac)
= 2Bc(b+ ) ) V2 28¢(b+ )
(3.5.10)
and
_n(l+cy) +a _n(l+cyz) +a
Ir = 6(1 —|—Cy1) s To = B(l —|—Cy2) . (3511)

(2) If ¢ = ¢ then system (3.3.3) has one positive interior equilibrium (z*, y*)

where,

. nl+ey)+a . be(B—n)—Bb+r+a)
Bl+ey) 7T 28¢(b+ 1)

(3) If 0 < ¢ < ¢y then (1,0) is a positive disease free equilibrium of system

(3.3.3).

(3.5.12)

Proof. By lemma (3.5.2) (2) we have that if (z,y) is an equilibrium point of
system (3.3.3) then y is a solution of equation (3.5.2). It is easy to verify

that y; and y, given in (3.5.10) are the only solution of (3.5.4). Substituting
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y1 and 7o into the second equation of (3.5.1) and solving for x give z; and

xo respectively. Moreover by definition of ¢, and ¢y we have

o <6b[a(6+bq)—(b+r)(6—n—a)]+\/A_O)_ (B(b—l—r—i—a)— A(@)
2 0 — )

b2(B —n)* (B —mn

_ Bab(B+bg+b+r—B+n) —28b(b+1)(8—n) + VAo + b8 —n)/Alc)
b2(8 — n)”
_ Bab(bg+b+71+b+r—bg) —28b(b+1)(8 —n) + VAg + (8 —1)\/A(c)
b2(8 — n)”
_ 2Bab(b+1) —28b(b+1)(8 —n) + VDo +b(8 — n)/Alc)
b2(8 — n)”
_28b(b+7) (a = B+n) + VA +b(B —1)\/Ae)
b2(3 —n)*
so that
¢y — ¢ = 20 ET) (a—6+n)+\/A_20+b(6—77) A9 (3513
b33 —n)
By (3.5.10) we have
(Blatb+r)+y/A(0)
BE-me-patbin)- VA UM
= 28(b+r)c B 28(b+r1r)c

or

b= a)
! 286(b+r)c

1)If ¢ > ¢5 then by Lemma (3.5.4) (1) and Theorem (3.5.6) (1), y1,y- are
solutions of equation (3.5.4).
Since ¢ > ¢o then ¢ — ¢y > ¢3 — ¢ > 0 because > n and a > [ —n. The

result follows from (3.5.13). Therefore y; > 0 implies yo > 0 since y; < yo.
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Hence (x1,y1) and (z3,ys2) are the two positive equilibria of system (3.3.3).

2) If ¢ = ¢y then by Lemma (3.5.4) we have A(c) = 0 and by (3.5.11) we

have

o _bB-ne-—platb+r) G NG
==y 28(b+7)cs 26(b+r)c
Now

CBlatb+r) _ BlaBbg) — (b+1)(B-n—a)+VE  Blatb+r)

CT B b2(B — 1) b(B—n)
_ Bbla(B+bq) —(b+7)(B—n—a)]—Bb(B—n)(at+b+r)+ VAo
b2(8 —n)*

_ Bbla(B+bg) — (b+7)(B—n—a)—(B—n)(a+b+7)]+VA
b2(8 —n)°
_ Bbla(B+bg) —2(b+7)(B—m)+alb+r)—a(B—n)]+VD
b2(8 — n)*
_ Bbla(B+bg+btr—B+m) —20b+71)(B—n)]+ VA
(8 —n)°
_Bb2a(b+7)—2(b+7) (B—n)+ VA
b2(3 —n)°
_268b(b+r)(a—B+n) + VAo
b2(8 - n)*
. _Blatbtr) 28b(b+7)(a—B+n)+vA
o b(B-n) b2(3 —n)° '
Hence
ylZyQZy*:b(ﬁ—n)62—6(a+b+r)>0

26(6‘1‘7’)62
since # >nand a > 3 —n.

Substituting y* into the second equation of (3.5.1) and solving for = gives x*.

Hence system (3.3.3) has one positive equilibrium point (z*, y*).
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3)We consider the following 3 cases:

i) If ¢; < ¢ < ¢y then by Lemma (3.5.4) (2), A(c) < 0 so that equation
(3.5.4) has no solutions. Hence system (3.3.3) has no positive interior

equilibria.

ii) If ¢ = ¢; then by Lemma (3.5.4) (3), A(c) = 0 and by (3.5.11), we have

., b(B—ma—-Ba+b+r) b(5 - 77)[6_ é((z;bj]-)r)]

28 (b+r)cy 26 (b+ 1) ¢
Since
. Bla+b+r) 28b(b+7)(a—B+n) — VA
b(8—n) b2(8 —n)*
and

. Blatb+r) _2Bb(b+ 1) (a—B+n) — VA
LB b5 — )
_ [28b(b +7) (a = B+ n)* — A
b2(8 —n)? [2Bb(b+ 1) (a — B+ n) + VAo
_ 28b(b+ 1) (a— B+ )]’ —48%%a(b+ 1) (6 +bg) (a — B+ 1)
b2(8 —n)* [2Bb(b+ 1) (a— B+ n) + VAo
_ 4P+ r) (a—B+n)[(b+7)(a—B+n) —a(B+bg)
b2(8 —n)* [28b(b+ 1) (a — B+ ) + VA
_ A4 +r) (a—Brn)fab+r—B—bg) +(b+7)(n— )
b2(8 — n)* [28b(b+ 1) (a — B+n) + VB
AP +r)(a=Btn)faln—B)+ (b+7)(n—H)
b2(8 —n)* [28b(b+7) (a — B+ ) + VAq]
_ A0 +r) (= B+n) (n—B) (a+b+7)
b2(8 —n)* [28b(b+ 1) (a — B+ ) + VA

29



so that

Bla+b+r) AB0*0b+7)(a—B+n)(n—5)(a+b+71)

(I b2(6 —n)* [28b(b+ 1) (a — B+ 1) + VAo
(3.5.14)

Hence y; = y» = y* < 0 because > n and a > 5 —n.

iii) If 0 < ¢ < ¢, then by Lemma (3.5.4) (1) A(c) > 0, then equation
(3.5.4) has 2 solutions indicated at (3.5.10).

By (3.5.10)
_b(B-n)c—=Ba+b+r)+/A(c)
2= 28(b+r)c
Blatbrn)—bB-ne— VED
N 28(b+71)c

 Blatben b Al
2ﬁ(b+r)c[ﬁ(a+b+r)—b(ﬁ—n)c—l— \/A(c)}
By definition of A (¢) from (3.5.3) we obtain
48bc(b+ 1) (a— B +mn) '
25(b+r)c[6(a+b+r)—b(ﬁ—n)c+ \/A(c)}

Y2 = —

We also have

Bla+b4+r)=b(B—n)c+V/A()>Blatb+r)—b(B—n)c (3.515)
but

(3.5.16)

Batb+r)—b(8—n)e=b(3—n) (M—)

b(B—n)
Since ¢ < ¢ & —¢ > —¢; SO

platbrr) _ pBlatb+r)
b(B—1n) b(B-n)
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From the result (3.5.13) we imply

flatbrr) Blatbtr) (3.5.17)

b(B—n) b(B—mn)

From (3.5.14) to (3.5.16) we have

Bla+b+r)—b(B—n)c++/A(c)>0

_b(B-n)c—Ba+b+r)++/Alc)
2= 2B (b+r)c <0

Since 1; < yo and y» < 0 so that y; < 0. Hence systems (3.3.3) has no

positive interior equilibrium.
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Chapter 4

Qualitative behaviour analysis

of the equilibria points

From theorem (3.5.6) we have total 3 interior equilibrium points. We will
study the phase portrait and stability of each interior equilibrium point.
Let A(x,y) be the Jacobian matrix of f and g defined in the system (3.3.3).
By (2.1.4) and (3.3.3) we have
—fBy —b —Bx —qb
Az, y) = ( Y (4.0.1)

a

By Br—n—qige
Together with definition of n = b+ r — bq then we have

_ L C 2 r al — X
Az, y)| = (1+Cy)2[(1+ y)*(b+7) +al — Bb +b[n+ (1+Cy)2}
(4.0.2)
and
(A, g)) = Ba =) [t ra)? ta

(14 cy)?
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Also, for y > 0, from the second equation of system (3.5.1) we have

a a
5x—b—r+bq—m—0(:> —Bxr —bg = — o -
and [z —n= (4.0.1), we have
—By—b — —b—r —By—b — —b—r
A (l‘, y) = By 1+Cy a - By 1+Cyacy
by Ta T waer by e
therefore for y > 0
acy a
Alz,y)| = (—By —b) —=— + By [ —— +b+r 404
Al = (=0 2 iy (g ) 0w
and
acy
tr (A(x, =(—Py—0b)+ ———. 4.0.5
(A 3) = By =)+ (4.0.5)

Now we can use the |A (z,y)| and the tr (A (z,y)) from (4.0.2) — (4.0.5)
depends on particular cases.

We first consider the properties of the disease-free equilibrium (1, 0) of (3.3.3).

Theorem 4.0.1. (1) If 0 <n < pfand 0 < a < —mn, then (1,0) is a saddle
of the system (3.3.3).

(2) If either 0 < f <npanda>0orn < <n+banda > F—n, then (1,0)
is a stable node of the system (3.3.3). Moreover, (1,0) of the system (3.3.3)
is globally asymptotically stable.

B)Ifn<pB<n+b a=p—mnandc# B - then (1,0) is a saddle-node of

the system (3.3.3).
Proof. Substitute (z,y) = (1,0) to (4.0.2) and (4.0.3), we obtain
|A(1,0)] = b(a+n —f) (4.0.6)
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and

tr(A(1,0)) =8 —-n—a—b. (4.0.7)

1) By (4.0.6), we have |A(1,0)] < 0. The result follows from Lemma
(2.1.2) (i). Hence (z,y) = (1,0) is a saddle of (3.3.3).

2) Under each of the conditions (i) and (ii) of theorem (4.0.1) (2), then
|A(1,0)| > 0 and tr(A(1,0)) < 0.

We also have

tr(A(1,0))* — 4|A(1,0)| = (6 —n — a — b)> — 4b(a +n — )
=(B—n—a)*=2b(B—n—a)+ b +4b(8 —a—n)
=(B—n—a)?+2b(8—n—a)+b?

=(B—n—a+0b)?*>0.

The first result follows from Lemma (2.1.2) (i7). Hence (z,y) = (1,0) is a
stable node of (3.3.3).

In order to prove (1,0) of system (3.3.3) is globally asymptotically stable,
we need apply the Lemma (2.1.4). This lemma is a special case of the well-
known Poincare’-Bendixson Trichotomy theorem.

Let B = {(u,v) € RZ : u+wv < 1}. Then B is a bounded closed subset of R?.
We can see that the equilibrium point (1,0) of (3.3.3) is in B . Since (1,0)
is on the boundary of B then every positive solution of (3.3.3) converges
to (1,0) as ¢ — oo. Therefore, (1,0) of (3.3.3) is globally asymptotically

stable.
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3) Since a = B —n, by (4.0.6) and (4.0.7) we have |A(1,0)] = 0 and
tr(A(1,0)) = —b < 0. We change the equilibrium point (1,0) to the origin
(0,0) by the change of variables u; = z — 1 and v; = y. Note that a = 5 —n.

Then system (3.3.3) becomes

=2 =>b— B(uy + 1)vy — bluy + 1) — gbvy = —Puyvy — b[@vl + ]

. . av —n)cv?
01 =9 = Bur + Dvi —nur — 754 = Bugvr + (,6’1+nc)vl L

Let d = (B + ¢b)b™Y, uy = uy + dv; and vy = vy, then the last system

becomes
Uy = Uy + 001 = —fuvy — b[w : ) vy + ] + 6Bujvy + %
= (0 —1)Burvy — b[(ﬁ _g a0) vy 4 ug| + %
= (0 — 1)Blugvy — 6v3] — buy + %
= —00(8 — )05 + (6 — 1) Bugvs + % — buy

and

(6 —wpdeui o [(8 = m)ie — pilof — ey}

= )
U = Bualuz vl + 1+ cvs 1+ cvs

Let u = vy and v = uy. Then the above last two equations become,

i =p(u,v)
0= —bv+q(u,v)

where

3

p(u,v) = —[(B—n)dc—Bolu’+Buv+Bedu®—[[(B—n)dc—Bous —Bdcu’ Z
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and

q(u,v) = =0(8 — 1)Bu* + (6 — 1)Buv + (8 — n)dcu® Z <_n1|)n (cu)”
n=1 ’
Since g := —b # 0 and ayy := —[(8 — n)dc — B)] # 0 provided ¢ # % It

follows from lemma (2.1.3) that (1,0) is a saddle-node of system (3.3.3).

Lemma 4.0.2. Assume that a,b,¢,r >0,¢€[0,1],0<n< fanda > B—n

then

1) The equation (4.0.4) is equivalent to

A (2,y)| =

(1 +cy)2

Y [ﬁ(b—l—r)ych—i—[2B(b+r)y—ab]c+5(a+b+r)].

2) If ¢ = ¢y then |A (2*,y*)| = 0.

3) If ¢ > ¢y then |A (z2,y2)| > 0.

Proof.

By —b) Y
G| = (= =0) 2y

a
1+cy

—l—b—l—r)

:5<1fcy+b+r) —(5y+b)ﬁ}
:ﬁfcy +O(0+r) - (1%21)2 - (1ibzy)2]
Jiﬁcy (1_ 1Jcrycy) +5(b+r>_ﬁ]
:ﬁntﬁ(bﬂ“)—ﬁ]

ﬁ [B(b+7) (1+cy)’ +a (8- be)].
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Expand and re-arrange the term inside bracket then we obtain

Y

m[ﬂ(b+r)y202+[26(b+r)y—ab]c+5(a+b+r)]_

(4.0.8)

A (z,y)| =

2) Substitute the value of y* from (3.5.11) into equation (4.0.8), we have

Ay = —2—5 B+ )y + 280+ 1)y —able+Bla+b+r)].
(14 cy*)
Since ¢ = ¢y then from Lemma (3.5.4) (3) we have A(c) = 0.

By definition of A(c) from equation (3.5.6) then

be(B—n) = Bb+r+a) =4Bbc(b+71)(a—B+n) (4.0.9)

BO+r)y 2P +1280b+7r)y* —ablc+ Bla+b+7)

_eB=m)=BO+r+a)
= B0 +bc (B —n) —abe
_ 4Bbc(b+71) (a— B +n)

48 (b+r)
=bc(a—LB+n)+bc(f—n)—abc=0

+be (B —n) — abe

therefore |A (z*, y*)| = 0.

3) From the result of Lemma (4.0.2) (1), we have

Y2

m [Bb+r)y P+ [28(b+ 1)y —ablc+ B(a+b+7)]

|A ($2>?JQ)| =

Since ¢ > ¢y then (z2,y2) is a positive equilibria of the system (3.3.3) by
theorem (3.5.6).
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Let

¢(a,b,c,r,ﬁ,y2) :5(b+7“)y2262+[25(5+T)y2—ab]c+ﬁ(a+b+7“)

Substitute y, from (3.5.7) into ¢ defined above then we have

b= B(b+r) b(ﬁ—n)c—fﬁ(ca(;rf;gr)Jr\/A(C) 2
+5(a+b+r)+(25(b+r) bw_n)c_fﬁ(:(;f;T)Jr VA —ab)c

b8 —me—Blatbtn)+AQ)|
= Bo +B(a+b+r)—abc

+ [b(,@—n)c—ﬁ(a%—b%—r)—l—@]

b8 —me—Blatbtn)+AQ)|
= PO +b(8—n)c—abe+/Ac)

since

Ale)=[(B-nc—Ba+b+r)*—4Bbc(b+7)(a—B+n)

then

2 2

b(B=n)e—Bla+b+r)+VAQ| = (BB -nec—Bla+btn]+VAQ)
=b(B-nc—Ba+b+r)+2[b(B—n)c—Ba+b+r)]/Ale)+ Alc)
=2A(c)+4pbc(b+1)(a—B+n)+2[b(B—n)c—F(a+b+71)]/Alc)
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therefore

p=0(a+b+r)—abc+ [b(ﬁ—n)c—ﬁ(a+b+r)+\/A(c)]

+QA(C)—|—4ﬁbc(b—|—r)(a—ﬁ—l—n)+2[b(ﬁ—n)c—ﬂ(a—|—b+r)] A(e)
46 (b+r)

2/A(0) [VAW©) +[b(8—n)c = Bla+b+r)]
- 46 (b+)
+b0(B—n)c+A(c) — abc+ be(a — S +n)

VAW _M+gyﬁ((ﬁb+z>)cﬁ(a+b+r)ﬂ . VAT
_ /A Mwa%—(Z)f;ﬁ(aww)J +1]
0(a,b, c,, 5 1) = VAe) (eyr +1) > 0.
Hence
A @)l = Ty >0

since 2, ¢ > 0.

Lemma 4.0.3. If § > 7, and ¢ = ¢, then there exists ag € (5 — 1, 00) such
that tr(A(z*,y*)) <0 for a € [B —n,ao)

Proof. Under the condition ¢ = ¢, by lemma (??) (3) we have A(c) = 0.
Moreover by (3.5.8) we have y; = yo = y*. By the formula of y* and ¢, we

have,
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. _be(B—m) =B+ +0)

2y 26(b+ )
_BB=n)b+r+a)+20b+r)(atn—B)]+ VA~ BB —n)(b+r+a)
28b(b+1r)(8 —n)
_ 28b(b+71)(a+mn—B8) + VAo
N 2Bb(b+r)(8 —n)
then

o 2Bb(b+r)a+ /D
o) = b+ —n)

By (3.5.11) and (4.0.5) with (z,y) = (z*,y*) we have,

(4.0.10)

—(By* + b)(1 + coy*)® + acoy*

tr{A(",y")) = Te—

Substituting, a = §—mn, we have by (4.0.10) (1+coy*)? = 1, thus coy* = 0

and the above equation becomes
tr(A(z", y") = —(By" +b) (4.0.11)

It follows from the continuity of tr(A(z*,y*)) that there exists an ag € (8 —

n,00) such that tr(A(z*,y*)) < 0 for a € [ — n, 00).

Theorem 4.0.4. If § > n and ¢ = ¢y, then there exists an ag € (5 — 7, 00)

such that the equilibrium point (z*,y*) is a saddle node of (3.3.3) for a €
[6 -, Cl())-

Proof. By lemma (4.0.2) (2) and (4.0.11) we have that |A(z*,y*)| = 0 and

tr(A(z*,y*)) # 0 respectively. We change the equilibrium point (z*,y*) to
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the origin by the change of variables, u1 = x — 2* and v; = y — y*, then

system (3.3.3) becomes

i =b— Blur +2)(v1 +y*) — blur + %) — qb(vi + y")
= —Purvr — (By" + b)ur — (Bz" + gb)ur — (B"y" + ba” + qby™ — b)

= —Purvy — (By" + b)ur — (Bz" + gb)u

and

. alvi+y)
1+ c(vr +y*)
11 +cy’) +aly”  alvi+y")
1+ cy* L+ c(vr +y*)
avy
1+ cy*)[1 + (v + y*)]
(Ba* = n)(L + cy*)evd + (Br* — n)(1 + cy*)*v1 — avy
(L + cy*)[1 + c(vr +y*)]
(Bz* = n)(L+ cy*)evd + (Bz* — n)(1 + ey*)*v1 — avy

U1 = Buivr + fury” + Buix” + BTy — nuy + fuir”t — nur —ny

= Buivr + fury” + PBuir™ —nuy —ny* +

= Buivr + Pfury” + Buir” — oy — (

= fuivr + Pfuy” +

= Buyv + Pury” +

(1+ cy*)?
* 1 * 3 * 1 ¥\2 2 2
(Bt =) (L + eyt)acv} + (Br* —n) (1 + cy*) anf — aon? © Ro(uy, o)
(1+ cy*)?
. aav? =) (1 + cy*)’vy — av
= Buiv, + Pury” + 1* 5 T+ (8 I y* )2 . - + Os(u1,v1)
(14 cy*) (1 + cy*)
where
c
o =
14 cy*
Ro(uy,vy) = (Bz* — ) (1 + cy)evd + (Bx* —n)(1 + cy*) v — avy i (_1)n(au)n
and

—(Bx* — n)acvs

Os(uy,v1) = Ro(uq,v1) Lty
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Let

Uy =

+

Uy = uy and vy = (fx* —n — m)ul + (Bz* + gb)vy, then we have

v — (Br" = — g e
Uy = —Puy Bz + qéH v — (By" + b)uy
vy — (Br* — 1 — = Jun
* (1+cy*)
— b
(Bx* + qb) T ]
Buavy Bacy* 2
- _ us — *+b)ug — v
Br*+qb ' (1+ cy*)(Br* +ab) (By™ + bJuz = v
a
+ Bz —n— ——u
[ﬁ n (1 n cy*)Q] 2
Busvs Bacy*

2 * ok
=— + tr( Az, —
Bar+qb (1 + cy*)?(Ba* + gb) (A y)Juz = v

[(Bz* — ) (1 + cy*)* — a
(14 cy*)?

u + (Bx* + qb)in

 [(Ba" = )1+ ey)? — a] [~Burvy — (By" + by — (Ba” + gb)u]

(1+ ey’
(3 ) |+ 4 yy>) = Oyfus, )
aa(Bz* +qb) ,  Bb+r)(1+cy*) +a)
T Tt (14 cy)? o
By +8) [(5 fﬁzl_jc)yq; V) Al (e 4 gby Byt + (B + b))

_ aa(Bx” +qb) , Bb+7r)(1+cy*)’ +a)

Oh 5 UV, x* b)Os(uq, vq
(1+ )’ (1+ cy) + (B + gb)Os( )
_aa(Br* 4 gb) | va(1 +ey)’ — [(Br" —n)(L+ey*)” — a]Uz] :
(1+cy)? (1 +cy*)* (B + gb)
o+t ta (ol +e)? (B —n)(+ ) - a]uz]
(1+cy)? (14 cy*)*(Bz + qb)
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—+ (ﬁx* + Qb)Og(UQ, UQ)

= (105 + Guavs + (ui + (Bz* + ¢b)Os(usz, v2)

where
G = o
(1+ cy*)"(Bz + qb)
G = Bo+7)(1+cy*)’ +al  2aa](Br" —n)(1 +cy*)* —a]
(1+ cy*)*(Br* + gb) (1+cy*)?
¢ = BN+ ey) all(Bar —m( +ey)” + ]

(14 cy*)*(Bx* + qb)
By lemma (4.0.3) we have that for a € [3 — 1, ap), tr(A(z*,y*)) # 0.

Let uz = tr(A(z*, y*))us — vo and vz = vy, then the above system becomes

u3 = tr(A(a:*, y*))u2 — ’l‘)g
pr(A(z”, y*))) Pacy” tr(A(z", y"))

T Bt b 12tz ¥ (14 cy*)*(Bx* + qb) iz + (A y)) s

— tr(A(2*, y"))va — G103 — Guavs — Gus — (B + qb)O3(us, v2)

_ [ﬁtr(A(:c*,y* Bacy” tr(A(z",y")) ¢ } U2
Ba + gb (L +cy )P (B +qb) ] °

+tr (A(z*, y*))2ug — tr(A(z*, y*))ve — Cvs — (Bx* + qb)Os(ug, vo)
b)

) + Co| ugvy + [

(W . wx))w T R— Lr&g(;j};*))bwﬁmg :
facy" tr(A(x ’y))) Cs} [%]

x* 4 qb)O3(us, v3)
— (B qb)Os(uz, v3 (1 + cy) 5$ + b
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Let u = v3 and v = ug, then the above becomes

(A", y)*G (A" y))Ge + G o (A y7)6 + 26
tr(A(z*, y*))? tr(A(z*, y*))?
LUQ x* v, U
+ tI‘(A(:E*,y*))Z + (ﬁ + qb)03( ) )
[ﬁ tr(A(z", y*)) + G(Bz" + qb)
(B* + qb)

Bacy’ (A" y")
T arree o @l

U=

v+u

tr(A(m*,y*))] + Gu® — (Bx* 4 ¢b)Os3(v,u)

ul

V=0 —

v+ u ]2
tr(A(z*, y*))

Where, g := —1 # 0, the result follows from lemma (2.1.2).

Theorem 4.0.5. Assume b,r > 0, ¢ > ¢, ¢ € [0,1], n < fand f—n < a

then the equilibrium point (z,%;) is a saddle point of system (3.3.3)

Proof. From the result of Lemma (4.0.2) (1), we have

n

Almyp)| = ——
Al = s

B+’ +2[B(b+7r)yr —ablc+ B(a+b+7)]

Since ¢ > ¢ then (x1,1;) is a positive equilibria of the system (3.3.3) by
Theorem (3.5.6).

Substitute y; from (3.5.10) into |A (21, y1)| then we have

A (w1 )| = ﬁ [B(b+7) 9% + 28 (b+ 1)y —able+ B (a+b+7)]

Let
0(a,b,c,r, B,y1) = B0+ 1)y +[28(0+7)y1 —able+ B (a+b+r).

Consider the expression inside the square bracket together with value of y;

from (3.5.10).
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2

C2

b(B—n)c—Ba+b+1)—+/Ac)

b=50b+r) 2Bc(b+r)

b(B—n)c—Ba+b+r1)—+/Alc)
2Bc(b+1)

+B(a+b+r)+ (2,8(b~|—r)

—ab) c

b(B—mc—Bla+b+r) - A(c)}2
BhEr) + B (a+b+r)—abe

+ [b(ﬁ—n)c—ﬁ(a+b+r)— A(c)]

[b(ﬁ—n)c—ﬁ(a+b+r)— A(c)}2 .
45(()4—7”) +b<ﬂ_77)c_abc_ (C)

Since

B3 —me—Blatbrr) —VAQ)|
= (B —me—Batbn]-VAQD)

=bB-mec—Bla+b+r) =2b(B-n)c—Ba+b+r)]VAC)+A)
= Ae) +4Bbc(b+71)(a—B+n) =2 (B —n)c—Bla+b+7r)]V/Ale)+ Ale)
2A(c) +48bc(b+r)(a—B+n) —2b(B—n)c—La+b+71)]/Ac)

where A(c) was defined from (3.5.6), so that

926(a+b—|—r)—abc+[b(ﬁ—n)c—ﬁ (a+b+7r)—+A ]

+2A(c)+4ﬁbc(b+r)(a—ﬁ+7])—2[(B—n)c— (a+b+7)]VAe)
46 (b+1)

N_W_ b(3—mn)e— B (a+b+r)]

46 (b+r)
+b(8—mn)c—+/A(c) — abc+ bc(a— +1n)
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RO [VAQ - b3 —nye—5a+b+r)]]

- ' 28(b+ 1) ~ VAl
e [VA@ =B —n)c—Ba+btr)
N A(c)_ 28 (b+1) _1]
[ [b(ﬂ—n)c—ﬂ(a+b+r)— A(c)]
VA |- 28 (b+r) B
b(B—n)c—Bla+b+r)—/Al)| ]
=—VA() b= G ]+1

By (3.5.10) imply

= VB =me=Blatbtr)— VA«
e 26 (b+r)

SO
0y,
(1+ cy1)2

since < 0 and y; > 0. The result follows from Lemma (2.1.1) (1).

|A(I17y1)| - <0
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Chapter 5

Conclusion

In this thesis the SIR epidemic model with saturated treatment function is
investigated with the restriction of all positive parameters involved. We find
the number of equilibria for the model and there always exist a disease-free
equilibrium. If n < B, a > B —n and ¢ > ¢y then we have two positive
equilibria (z1,y1) and (z2,y2) or if ¢ = ¢y then we have only one positive
equilibria (z*, y*). We showed that under suitable conditions the disease free
equilibrium can be a saddle, stable node or saddle node.

For (x*,y*) we also provided sufficient conditions on the parameters such
that (z*,y*) is a saddle node and we also proved (x,%;) is a saddle of the
system (3.3.3).

Since we cannot determine whether (x2,5) is a node, stable node or focus so
that we are unable to analyze the global stability of (z3,ys2). It might require
a higher level of knowledge like using Dulac criterion and Poincare- Bendixon

theorem and Lyapunov function which is also the goal of my future study.
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