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Abstract

Conceptual Design of a Modular Morphing Wing
Allan Daniel Finistauri

A dissertation for the degree of
Doctor of Philosophy, 2013

Department of Aerospace Engineering
Ryerson University

In this dissertation a new modular design method for morphing wings is presented. First, a

design method was created, applying modularity and reconfigurability to a morphing wing system.

With modularity being a requirement for the morphing wing system, a discretization method is

developed to determine the discrete number of modules required to perform a desired morphing

maneuver. Then, a specialized, modular, reconfigurable variable geometry truss mechanism is

proposed to facilitate morphing. The specialized modular wing truss is a reconfigurable, limited

mobility parallel mechanism, adapted to fit within the volume of a wing. The mobility of the

wing truss module is analyzed via a branch-based mobility and connectivity analysis that imposes

kinematic requirements on the truss mechanism. The mobility and connectivity requirements are

used to perform an enumeration analysis to isolate candidate module configurations for morphing.

Then, a parametric kinematic constraint system is developed and applied to the wing module and

the kinematic performance of the module is evaluated. The kinematics are applied to a mechanical

prototype of the wing module for validation purposes. Finally, the kinematics are used to evaluate

the motion response of a wing skin system to lay the foundation for detailed design.
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Chapter 1

Introduction

In this chapter, an introduction to morphing aircraft technology is discussed with a particular

focus on wing morphing technology. First, an introduction to various types of aircraft morphing

technology is discussed. Next, aircraft morphing wing technology is discussed in further detail. The

benefits of wing morphing are outlined, followed by a comparison between airfoil-level and wing-

level morphing. This is followed by a more detailed description of wing-level morphing, including

the characteristics and the challenges associated with wing-level morphing. With wing morphing

technology introduced, the problem statement of this dissertation is given. Finally, conclusions are

given.

1.1 Morphing Aircraft Technology

The forefathers of manned flight once used avian morphology as inspiration for the design of their

heavier-than-air vehicles. The notion of this was plausible at the time given that the taxonomic

class aves, representing birds, had evolved very specific biological features, wings, which provided

the means for flight for most species. Originally, the avenue for manned flight was through man-

powered flapping wing flying machines, or ornithoptors. Leonardo da Vinci at the end of the 15th

century proposed several mechanisms shown in his sketches (depicted in Fig. 1.1) of man-powered

flying machines that bear a direct resemblance to the skeletal structure of bats and birds.

Many other pioneers of aviation looked to bird and bat morphology for inspiration for their
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(a) da Vinci’s human powered ornithoptor (b) da Vinci’s mechanical wing device

Figure 1.1: Sketches of mechanical wings proposed by Leonardo da Vinci for the purpose of manned
flight [1]

designs. Some pioneers also investigated gliding flight. However with the successful flight of the

Wright Flyer I, powered, fixed-wing aircraft dominated the design scope for the majority of the

20th century. During this time, various high-lift and control surface technologies were developed to

enhance fixed-wing aircraft performance and maneuverability. Included are devices such as flaps

and slats, ailerons, elevators, etc. There is a valid argument that these devices are in fact, morphing

technologies. However their commonplace within the scope of aircraft design, and their necessity for

current flight standards, limits the argument that these technologies can currently be categorized as

morphing technology. However, these high-lift and control devices can be considered as morphing

aircraft technology due to their fundamental purpose of altering the performance of the aircraft by

very specific means.

Besides the high-lift and control devices mentioned, other morphing aircraft technology has not

had the same success in gaining acceptance within the aircraft design spectrum. Despite this, there

are in fact morphing aircraft that have been, or are currently in service, such as the Bell Boeing V-

22 Osprey, the Aérospatiale-BAC (now BAE-Systems) Concorde, and the Grumman F14 Tomcat.

Each of these aircraft utilizes morphing for specific purposes. The Bell Boeing V-22 Osprey’s vertical

and short takeoff and landing (VSTOL) capabilities are possible due to the variable pitch of the

two propellers (Fig. 1.2(a)). The droop-nose feature of the Aérospatiale-BAC Concorde allowed for

enhanced pilot visibility during taxiing and landing maneuvers (Fig. 1.2(b)). The Grumman F-14

2



(a) Bell Boeing V-22 Osprey [2] (b) Aérospatiale-BAC Concorde [3]

(c) Grumman F-14 Tomcat [4]

Figure 1.2: Diagrams of successful morphing aircraft

Tomcat falls under the category of morphing wing systems, as the variable sweep system allowed for

efficient cruise capabilities with fully swept wings, and enhanced maneuverability and interception

capabilities with a fully expanded wing (Fig. 1.2(c)).

Other morphing wing aircraft are currently in operation, each with the main goal of enhancing

the performance of the aircraft via morphing. The majority of an aircraft’s performance is derived

from the size and shape of its wing, thus it is the wing that has garnered the majority of interest

in terms of developing morphing systems. Here, and throughout the remained of this dissertation,

performance is used in a broad sense, encompassing all aspects of flight performance. For example

flight performance could be steady or non-steady maneuvers, such as cruise or level turns, respec-

tively, transition from weight-on-wheels to weight-off-wheels and vice versa, such as takeoff and

landing, and other on ground requirements such as taxiing and gate parking. Jha and Kudva [5]
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provide an excellent summary of morphing aircraft introduced up until 2004, and provide a classifi-

cation scheme into which morphing aircraft can be categorized. Included in their report are current

technology trends, and challenges associated with morphing aircraft. Rodriguez [6] also provided

a technological survey of morphing aircraft in 2007, including an introduction of new technologies

that can be applied to the morphing aircraft field.

1.2 Aircraft Wing Morphing

Morphing wing technology is categorized into two main groups: a) airfoil-level morphing in which

the two-dimensional cross section geometry of an airfoil is altered, and b) wing-level morphing

which alters the three-dimensional geometric configuration of the wing. Airfoil-level and wing-

level morphing are mutually exclusive and could be used in combination to achieve even greater

aircraft performance enhancements as compared to morphing wing systems which uses one method

exclusively. A trade-off exists between morphing capabilities and realistic implementation of these

system. As such, for simplicity and focus, most developed morphing systems concentrate exclusively

on either airfoil-level or wing-level morphing. This is in lieu of creating systems so complex that

any performance gains achieved through morphing are mitigated due to overly complex systems.

There exists, however, great opportunities and their associative challenges for enhanced aircraft

performance via wing morphing, which is discussed in the following sections. In this dissertation,

a morphing maneuver refers to the specific morphing motion of the wing system that transforms

to wing itself from one geometric state to another.

1.2.1 Benefits of Wing Morphing

There is a clear benefit to morphing as an aircraft with morphing capabilities can achieve perfor-

mance greater than what can be achieved by its baseline, non-morphing counterpart. In effect,

morphing has the potential to transform a single purpose or single mission aircraft into one that

is multi-purpose, capable of multiple missions, each with drastically different profiles. An example

of this potential was studied by Joshi et al. [7] in which the performance of a baseline Firebee
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aircraft was compared to ones with airfoil-level and wing-morphing capabilities. In their study,

various flight profiles are used as a basis for comparing the performance of the three Firebee air-

craft; the baseline aircraft, the fixed-wing aircraft retrofitted with airfoil morphing capabilities,

and the aircraft with wing morphing capabilities. In their analysis, it is shown that both airfoil-

level and wing-level morphing outperform the baseline aircraft for almost all flight profiles, clearly

highlighting the benefits associated with morphing.

1.2.2 Airfoil-Level vs. Wing-Level Morphing

Before delving into wing-level morphing, it is worth comparing the fundamental differences between

airfoil-level and wing-level morphing. The obvious distinction between the two are the physical

parameters of the wing which are altered for each morphing paradigm; airfoil-level morphing alters

the two-dimensional cross section characteristics of wing, whereas wing-level morphing alters the

three-dimensional characteristics of the wing. From an analysis perspective, both airfoil-level and

wing-level morphing affect the three-dimensional flow over the wing. For wing-level morphing this is

obvious as the large-scale displacements of the wing will drastically alter the flow. For airfoil-level,

the two-dimensional morphing of airfoil geometry is extended over a finite span of the wing, thus

affected the three-dimensional flow characteristics of the wing. For instance, the performance of a

flap can be analyzed aerodynamically in two-dimensions. However the physical flap is obviously a

three-dimensional object with a finite span and would requires a three-dimensional flow analysis

on a wing for its full aerodynamic effects. It is still characterized as an airfoil-level morphing

device because the morphing mechanism alters the two-dimensional geometry of the airfoil, and

the morphed body simply extends out span-wise along the wing. Wing-level morphing, on the other

hand, generally, cannot be analyzed with two-dimensional airfoil theory as the effects of morphing

are realized on a three-dimensional scale. For instance, a wing with twist-morphing capabilities

alters the span-wise angle-of-attack (AoA) distribution. Locally, the two-dimensional shape of

the airfoil has not been altered, thus twist-morphing is considered to be a wing-level morphing

maneuver.
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The difference between airfoil-level and wing-level morphing lies in the ability for each morphing

paradigm to improve the performance of the wing. The study of Joshi et al. [7] shows that for nearly

all flight profiles, wing-level morphing outperforms airfoil-level morphing. This result is perhaps

expected based on common aircraft shapes; an endurance-efficient aircraft such as a glider has much

different shape than an aircraft expected to perform high-g maneuvers, the former having long

straight wings with positive dihedral, and the latter having shorter wings, possibly with negative

dihedral. As such, the ability to drastically alter the shape of the wing offers the aircraft greater

potential to not only increase its performance for various flight regimes, but also offers the aircraft

the opportunity to be multi-purpose. An aircraft with airfoil-level morphing capabilities is less likely

to be able to fly beyond its initial role, despite its ability to attain improved performance. Wing-

level morphing was therefore chosen as the desired avenue to developing a wing morphing system as

will be highlighted in the Section 1.3. Before the problem statement of this dissertation is defined,

detailed characteristics of wing morphing and the challenges of wing morphing are addressed.

1.2.3 Characteristics of Wing-Level Morphing

As mentioned, wing-level morphing is a large scale morphing maneuver that dramatically alters

the three-dimensional configuration of the wing without altering the airfoil configuration. The

configuration of a wing from a three-dimensional perspective is described geometrically in terms of

its sweep, cant (or dihedral), twist and span. For morphing, each geometric feature listed above is

considered to be a separate and distinct degree-of-freedom (DOF) possessed by the wing. These

morphing degrees-of-freedom are shown, along with a baseline aircraft for reference, in Fig. 1.3.

Here we see that sweep (Fig. 1.3(b)), cant (Fig. 1.3(c)), and twist (Fig. 1.3(d)) are all mutually

orthogonal rotational motions. Span (Fig. 1.3(e)) on the other hand is a linear translational motion.

Each morphing degree-of-freedom alters the wing in different ways, thus it is expected that each

will affect the aircraft performance in different ways. These impacts are briefly summarized in

Table 1.1.
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Table 1.1: Characteristics of wing-level morphing [8–10]

Morphing Performance
Type Effects Benefit Cost

Sweep Drag-divergence
Mach number

Useful for performing dash
maneuvers, high-speed flight

Lower lift coefficient, higher
weight

Cant Lateral stability Positive cant increases lateral
(roll) stability while negative
cant increases
maneuverability, possibility
for instantaneous winglets to
reduce induced drag

Increased stability results in
decreased maneuverability
and vice versa

Twist Lift, drag and
moment

Control of aerodynamic forces
and moments, ability to
maintain level body, useful as
high lift and control surface

Lower wing torsional rigidity
and moment

Span Aspect ratio and
wing loading

Larger aspect ratio increases
performance parameters,
shorter span increase
maneuverability

Large span results in large
wing root moments

1.2.4 Challenges Associated with Wing Morphing

Aircraft wing morphing cannot be successfully implemented without addressing several challenges

that arise when adding a mechanical morphing mechanism to a structural wing. Costs associated

with specific wing morphing degrees-of-freedom are also briefly summarized in Table 1.1.

One particular challenge is the development and implementation of suitable morphing skin

systems. From a wing-level morphing perspective, each of the four main morphing capabilities

impose different requirements on the skin system. Sweep, cant, twist and span-morphing result in

(a) Baseline (b) Sweep (c) Cant (d) Twist (e) Span

Figure 1.3: Wing-level morphing maneuvers
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motions that are predominantly shearing, bending, torsional and extension/retraction, respectively,

thus the skin system must be able to adequately support these motions. Any combination of

morphing degrees-of-freedom places additional and more complex requirements on the skin system.

Regardless of the morphing motion, a wing morphing skin system must a) maintain the aerodynamic

integrity of the wing, b) distribute pressure and shear force distribution to the supporting structure,

and c) avoid imposing additional requirements or constraints on the morphing mechanism (i.e.

increase in motor torque requirement).

1.3 Problem Statement

Aircraft morphing at the airfoil or wing level aims to improve the performance of the aircraft,

and augment the capabilities of the aircraft from single-purpose to multi-purpose. A versatile

multi-purpose morphing wing is expected to have varying morphing requirements between different

regions along the wing. This variation can be addressed with two different design methodologies:

Dedicated Mechanical System

A system designed specifically to meet the current requirements imposed. For a morph-

ing wing, the dedicated design methodology will result in the development of a morphing

wing whose functioning mechanism is tailored to meet the specific morphing requirements

imposed. The development process includes the cost of not only determining the appropriate

architecture of the mechanism, but also analyzing the motion, strength and dynamics of the

mechanism itself. For instance, a morphing wing capable only of varying a single degree-of-

freedom is dedicated to 1-DOF morphing only. The associative analysis of the morphing wing

mechanism structure is valid only for that particular design. The final mechanism design in

this case is restrictive in the sense that this system is only capable of meeting the particular

requirements that the single degree-of-freedom morphing imposed. A change in the flight

requirements such as different or the addition of degree-of-freedoms are required, or that the

current morphing mechanism cannot meet the new requirements, results in a wing that is

limited by the design, leading to a limitation on performance improvement capabilities. A
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restriction in performance is the reason that one would design a morphing wing. Therefore,

we see that in certain cases a dedicated morphing wing mechanism can be a limiting factor

in increasing the performance of an aircraft. To successfully address the these issues a new

system must be developed and analyzed.

Modular Mechanical System

A system designed to meet a variety of requirements including not only those that are current,

but rather, encompassing all known requirements. For a morphing wing, a modular recon-

figurable methodology can be adopted to develop a base design platform which is used as a

template for the detailed design of motion-specific modules. The base module is designed to

meet all known morphing requirements. As a design platform, the morphing mechanism can

quickly be reconfigured to suit the motion requirements on demand. The mechanism archi-

tecture, motion, structure and dynamic analyses are developed parametrically with respect to

the base module, and adapted accordingly for each reconfigured module permutation. When

applied to a full morphing wing system, modules are selected and incorporated into the wing

system where they are needed. Any change in flight requirements can be addressed quickly

by reconfiguring the modules currently in use, or if necessary, adding more modules to the

wing system. Here there are no performance limitations associated with the mechanism de-

sign; the wing is configured to meet the current requirements without the need for a specific

design. This adaptability within the mechanism design highlights the benefits of developing

the system in a modular and reconfigurable manner.

Two common aspects of most morphing wing projects currently in development can be iden-

tified. First, the majority of projects focus solely on one type of wing morphing. Second, the

majority of morphing concepts are first presented, then developed, and then analyzed for their

potential performance improvements. These two aspects, in combination, result in a development

environment that is not fully sustainable. First, focusing on a single morphing degree-of-freedom

limits the potential performance gains to only those associated with the particular type of morphing

(see Table 1.1). The single-purpose, dedicated mechanical wing system that facilitates morphing is
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Sweep

Twist

Span

Cant

Figure 1.4: Venn diagram of morphing wing degrees-of-freedom

so specific that there is no possibility to study different morphing methodologies using the current

form of the wing. A new wing must thus be designed for each case, which in part, negates the

purpose of developing morphing wing systems; to enhance the aircraft performance and capabili-

ties beyond its baseline state. Secondly, proposing a design first, followed by its analysis, results

in performance improvements of a morphing wing aircraft bound by the functional limits of the

morphing wing system itself. Any chance for further performance improvements or expansion of

the aircraft’s role is not possible due to the original design of the wing.

This dissertation focuses on the conceptual design of a reconfigurable, modular mechanical

system for aircraft wing morphing. The objectives of this dissertation are to address the issues

previously identified, and are summarized as follows:

Wing Module Discretization

Develop a method that discretized a continuous wing system, in which an algorithm deter-

mines the minimum number of modules required, and their respective span-wise spacing, that

achieves near-optimal performance for a specific morphing maneuver.

Wing Module Kinematic Architecture

Identify the high-level architectural requirements for a modular, reconfigurable mechanism

that facilitates multi-morphing capabilities, and address the relevant mobility, connectivity

and constraint requirements.
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Wing Module Kinematics

Create a parametric kinematic model that is applicable to various wing module configurations,

and assess the kinematic capabilities of the developed wing mechanism.

Wing Module Prototype Development

Show through the development of a prototype wing module that the developed kinematic

model is valid, and the kinematic model can be used for high-level motion requirements of

morphing skin systems.

1.4 Summary

In this chapter, morphing aircraft technology was introduced. First, a brief history of morph-

ing aircraft was presented, starting from pioneers of flight, and leading to current examples of

morphing aircraft. Next, aircraft wing morphing was introduced. Included, were the benefits of

wing-morphing as it pertains to flight performance. Next, a brief comparison between airfoil-level

and wing-level morphing was given in which the fundamental difference between these two morph-

ing methodologies was analyzed. Through examples in the literature, wing-level morphing systems

were shown to provide better performance improvements over airfoil-level morphing systems. After,

wing-level morphing was presented in detail, including the introduction of the four main morphing

degrees-of-freedom. Sweep, cant, twist and span morphing were each summarized in terms of their

potential performance gains in addition to the challenges associated with each morphing type. This

was followed by a brief summary of the requirements for morphing skin systems. With morphing

wing technology introduced, the problem statement of this dissertation was presented.

11



Chapter 2

Literature Review

In this chapter, a detailed literature review is presented on the current trends in morphing wing

technology. First, a brief overview of airfoil-level morphing is given. This is followed by a detailed

review of the different wing-level morphing types, including variable sweep, cant, twist and span,

as well poly-morphing wings and other morphing wing systems. From the literature reviewed,

a summary is given on the methods by which morphing is facilitated. Following the review of

morphing wing technology, a review of mechanisms is given, focusing on truss mechanisms, their

kinematic structure and their application within the morphing wing field. This is followed by a

literature review of recent developments within the field of reconfigurable parallel robots. Finally,

conclusions are given.

2.1 Morphing Wing Technology

2.1.1 Airfoil-Level Morphing

A morphing maneuver (transition from one geometric configuration to another) provided by an

airfoil-level morphing mechanism, in general, will aim to alter the chord length, airfoil thickness,

airfoil camber or possibly the airfoil reflex. As mentioned in Chapter 1, airfoil-level morphing is a

technology that is used in every aircraft with high-lift devices and control surfaces as these devices

alter the airfoil shape of the wing. For example, simultaneously deploying a flap and slat will

significantly alter the airfoil camber and chord length, whereas ailerons essentially alter the camber
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and reflex of the airfoil. Performance improvements are achieved by use of high-lift and control

surfaces during specific segments of the prescribed mission. Any additional alterations to the airfoil

shape can further enhance the aircraft performance for each mission segment. Many examples of

morphing airfoils can be found in the literature but are not reviewed here. The focus of the review

is on wing-level morphing and is given next.

2.1.2 Wing-Level Morphing

Morphing at the wing-level, in general, aims to alter the sweep, cant, twist and span of some

portion of the wing. Any combination of these morphing degrees-of-freedom, referred to as poly-

morphing, will further provide the aircraft with improved flight performance capabilities and allow

it to continuously fly in a more optimal state. The mechanism required to drive a poly-morphing

wing will be much more complex as compared to one that is required for a single morphing degree-

of-freedom. However, the potential performance gains justify the additional complexity. Many

concepts have been proposed that address wing-level morphing, each aiming to address a specific

morphing requirement. For each of the individual wing-level morphing degrees-of-freedom intro-

duced in Section 1.2.3 a review of morphing wing aircraft projects is given in the sections that follow.

This is followed by a review of poly-morphing wings , and other wing morphing concepts that are

not able to be categorized with respect to the individual wing-level morphing degrees-of-freedom.

2.1.2.1 Sweep-Morphing Wings

In general, sweep morphing can be accomplished by rotating regions of the wing about an axis

parallel to the aircraft yaw axis, or by translating airfoil rib sections in the direction of the leading

or trailing edge of the wing (similar to a shearing motion). The difference between the motions

lies in the orientation of airfoil sections with the free stream flow after morphing. For a wing that

is swept by rotating the wing, airfoil sections will be orientated at an angle to the free stream

flow, whereas a shearing motion translates sections of the wing forward or aft and airfoil sections

maintain their initial orientation to the free stream flow. Regardless of the motion, sweep morphing

aircraft are capable of flying more efficiently at higher speeds.
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As stated in Section 1.1, one of the most famous sweep-morphing aircraft is the Grumman F14

Tomcat. The wings on the F14 Tomcat rotate aft to morph the aircraft from a conventional wing-

and-tail configuration into a delta wing configuration. A similar concept was developed by Neal

et al. [11] who presented a unique sweep-morphing aircraft named the Morpheus. By means of a

four-bar linkage, the sweep angle of the wings can be altered from a straight wing, to an aft-swept

wing. A series of aluminum inserts within the outboard section of the wing allows control over

the wing twist within the outboard region. As the outboard wing section material is compliant, a

smooth wing twist is achievable and acts as a replacement for conventional control surfaces. The

addition of the wing twist to the sweep morphing capabilities allow for advanced maneuvering.

The most unique feature of the morphing system, and that which makes it different than the F14

Tomcat, is that the triangular tail wing can translate forward to connect with the fully swept

wing, reconfiguring the aircraft from a conventional wing-and-tail configuration into a delta wing

configuration.

Another example of a sweep-morphing wing was presented by Bharti et al. [12] A cellular truss

mechanism was developed that sweeps the wing via a shearing motion. The wing mechanism consist

of a series of airfoil ribs that are interconnected by diagonally oriented spars, thus completing the

modular truss configuration. Actuation is achieved by means of a spring and cable assembly where

the cable is connected to one of the airfoil ribs. The spring forces the wing to sweep aft, and the

wing is returned to a straight configuration as the cable is retracted. As the author notes, wear of

the cable is possible and could prevent the mechanism from returning to its straight wing state.

Under a DARPA sponsored program, NextGen Aeronautics have developed the MFX-1 mor-

phing aircraft. Using a specialized cellular truss mechanisms, the morphing wing is capable of

variable sweep, while simultaneous altering the chord length and taper ratio of the wing. The truss

mechanism, which is similar to a scissor-type mechanism, consists of two independent actuation

methods for each wing degree-of-freedom. For sweep-morphing, prismatic actuators are situated

within the wing and actuation effects the sweep angle by means of a hinge located at the wing root

leading edge. The taper ratio of the wing is altered by means of a sliding mechanism that moves
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the wing root trailing edge connection point on the fuselage. By increasing or decreasing the wing

root chord length, the cellular truss expands or contracts accordingly, and changes the wing taper

ratio while maintaining the wing sweep angle. The trailing edge profile of the wing maintains an

‘M’ shape to prevent interference between trailing edge sections as the chord length changes [13].

A prototype jet-powered unmanned air vehicle (UAV) was also developed and flight tested [14].

The aircraft listed above all have mechanisms that alter the sweep angle of the full wing. At

the University of Florida, a morphing aircraft capable of sweep variation at two locations along the

wing has been developed. Instead of having only a single sweeping motion for the entire wing, an

additional sweep degree-of-freedom is located near the mid wing position. The aircraft uses two

independent motors that drives inboard and outboard wing sections, thus allowing for local sweep

control for the two main wing sections. The inboard and outboard sections rotate about axes parallel

with the aircraft yaw axis, thus relative motion between the wing sections is experienced. Each wing

is actuated independently, allowing for non-symmetric aircraft configurations. The performance of

the aircraft was analyzed for various flight regimes, determining optimal wing sweep angles, and

highlighting the benefits of morphing. In addition, a small prototype UAV was developed. To

provide an aerodynamic surface, strips of carbon fibre overlap in a feather-like fashion and react

according to the wing motion [15].

2.1.2.2 Cant-Morphing Wings

Cant, or dihedral-morphing is a versatile morphing maneuver that allows an aircraft to alter it

stability or maneuverability and hence, performance. Unlike sweep-morphing in which a shear

motion is available, cant morphing is achieved by rotating the wing about an axis parallel to

the free stream flow. The variable gull-wing aircraft developed at the University of Florida is an

example of this as the morphing aircraft is capable of changing the cant angle of the wing at two

discrete locations. Similar to the variable sweep aircraft from the University of Florida listed above,

the variable gull-wing is fitted with independently controlled joints at the wing root and mid wing

locations. However, unlike the sweep-morphing prototype, the variable gull-wing always performs

15



symmetric actuation of the port and starboard wings. Performance analyses and optimal wing

configurations were shown for various flight regimes [16] and flight tests of the prototype were also

performed, highlighting the performance and response of the aircraft [17,18].

Wings with cant-morphing capabilities also have the ability to provide the aircraft with on

demand winglets. For instance, Bourdin et al. [19] presented a flying wing with variable cant angle

winglets. The flying wing is fitted with winglets that follow the leading edge and trailing edge

sweep profiles of the wing such that in a non morphed state, the aircraft is a continuous flying

wing. In their work, a wind tunnel model was tested for the aerodynamic response of winglets

that represents 50% of the wing semi-span, showing the profound impact that morphing has on

various aerodynamic properties. The dynamic response of the winglet was also investigated using

a modified commercial remote control flying wing [20].

While wing morphing has generally taken inspiration from the morphology of birds, as well as

from bats and insects, other bio-inspired morphing wings have also been proposed. A manta ray

was used as inspiration for the development of a morphing wing using tensegrity trusses. Moored et

al. [21] presented a cellular cable driven truss in which structural integrity and actuation of the truss

is achieved via cables in tension, hence tensegrity. In their work, they introduce the truss system to

mimic the motion of a mantra ray wing, using three locations in which the local cant angle can be

altered. However, the developed prototype consists of solid wing sections with traditional motors.

Ueno et al. [22] also developed a cant-morphing wing for a manta ray.

2.1.2.3 Twist-Morphing Wings

Twist-morphing occurs when a portion or the entire wing is rotated about the span-wise axis.

Controlling the twist of the wing can be used as a replacement for control surfaces such as ailerons.

In general, twist-morphing mechanisms used as control surface replacement are situated on flexible

wings. For instance, a twist-morphing wing was developed using smart memory alloys (SMA) to

control the twist of the wing. A developed prototype showed how the actuation of an SMA actuator

can twist the local region of a flexible wing, altering the twist of the remaining outboard wing [23].
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A small micro air vehicle (MAV) was recently developed at the University of Florida with twist-

morphing capabilities. The small aircraft has flexible wings with torque rods that deflect outboard

regions of the wing for roll control [24]. Later, Abdulrahim et al. [25] evaluated flight performance

characteristics of this aircraft, analyzing roll maneuvers as well as stability performance. Flight

test of a prototype were also performed [26]. Both tests highlight the benefits of morphing for a

small remote control air vehicle.

Another aircraft with twist-morphing capabilities at the outboard region of the wing was pre-

sented by Guiler and Huebsch [27]. The tailless aircraft uses a torque rod for twist-morphing at the

distal regions of the wing for aircraft pitch, roll and yaw control. Instead of using a purely flexible

material, a series of floating airfoil ribs are bound together using a flexible material to maintain

the structural integrity of the wing, as well as maintain a continuous aerodynamic surface. In their

work, they compare the twist-morphing wing to a conventional tailless wing with control surfaces

near the tip of the wing via wind tunnel testing. They show that the morphing wing can replace

elevons.

While torque rods can be used for twist control of flexible wings, they can also be used for

the twist control of solid wing sections. A prototype aircraft was recently designed to mimic the

approach a bird would make in flight prior to perching. The aircraft wing consists of two rigid wing

sections, one inboard and one outboard, connected to torque rods through the 1/4-chord line. To

successfully emulate the perching maneuver, the inboard and outboard wing sections pitch upward

at very high angles-of-attack in order to simulate the orientation of a bird wing as it pitches nose-

up. A small prototype model was built using identical airfoil shapes for the inboard and outboard

wing sections, as well as the body where the actuators were placed [28].

2.1.2.4 Span-Morphing Wings

The final individual morphing degree-of-freedom is span-morphing. Varying the span of the wing

affects the wing aspect ratio, which has a direct impact on the wing loading, maneuverability, as
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well as the lift and drag. To accomplish a span-morphing maneuver, the wing must be, in some

way, extensible and retractable. Span-morphing is primarily achieved via telescoping mechanisms

in which outboard wing sections remain stowed within a hollow inboard wing, and are extended

span-wise, thus increasing the overall span of the wing. This allows solid wing skins to cover wing

sections, without the need for any specialized flexible skin.

A span-morphing wing as developed using a two-stage, pneumatic, telescoping rod. The out-

board wing section is initially stowed within the middle wing section which itself is initially stowed

within the inboard wing section. A pneumatic actuator was developed to control the span of the

wing and some static testing was preformed to show the structural capabilities of the wing [29].

Later, wind tunnel testing was performed on the wing. Tests were performed using an aluminum

foil tape to blend the discontinuities between the wing sections and results were compared to those

of the baseline wing; no appreciable differences between the two models were discovered, possibly

due to discontinuities being parallel with the free stream flow. Additional wind tunnel analysis was

performed analyzing the use of friction tape on the wing surface in attempts to simulate a sliding

surface [30].

Telescoping span-morphing wings have also been proposed for use on ballistic missiles. At

Virginia Polytechnic and State University, research on the use of telescoping wings have been

performed for the main wing of a ballistic missile. In their work Bae et al. [31, 32] examine the

aerodynamic and structural effects of span morphing, showing that altering the span can increase

the range of the long range Cruise missile via drag reduction. Asymmetric wing morphing was also

shown to be useful in the roll control of the missile in lieu of using conventional fin ailerons. As

missiles are single flight aircraft, there is no ability to reuse the morphing wing for later flights,

however the increase range may be an acceptable trade off for the additional development cost.

A small span-morphing UAV was recently developed at the Universidade da Beira Interior. A

rack and pinion mechanism drives the outboard wing section from within the hollow inboard wing

section to achieve span morphing. Structural testing of a ground model was performed using sand

bags to simulate a continuous load distribution on the full span configuration [33]. Asymmetric
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morphing was also investigated as a means for roll control. By morphing each wing individually,

the lift distribution ellipse can be shifted from the aircraft centre line, resulting in aircraft roll

moments. The span-morphing wing can therefore be used for aircraft maneuvers [34].

Other methods for span-morphing have also been proposed. For instance, a mechanism concept

was presented that uses a scissor linkage and sliding beam to extend a wing. Each airfoil rib slides

along the beam as the wing extends, and each airfoil is capable of chord and camber-morphing

for drag reduction over all flight regimes [35]. A different approach to span-morphing was also

attempted by a research group at Konkuk University. Heryawan et al. [36] developed a small

wind tunnel model of a biomimetic inspired expandable wing. The aircraft designed resembles a

small bird, and the expandable morphing wing consists of an inboard and outboard wing section,

connected by a small mechanism that expands the wing. The variation of the wing aspect ratio

was shown to have a profound impact on the aerodynamics, however, the developed morphing

wing contained discontinuities between wing sections. The gaps between the wing sections could

impose penalties on the aircraft with respect to the aerodynamics of the wing, however this was

not mentioned or explored. Additionally, in the contracted state, the wing shape is highly irregular

as the outboard wing section is rotated such that the 1/4-chord line is parallel to the free stream

flow.

2.1.2.5 Poly-Morphing Wings

The morphing wing aircraft listed in the previous sections each focus primarily on a single wing-level

morphing degree-of-freedom. Some concepts and prototypes have multiple morphing capabilities,

however the additional morphing degree-of-freedom for most prototypes is an implementation of

twist-morphing of a flexible wing for control purposes [11, 15–18]. There are however several mor-

phing aircraft that have been designed specifically with multiple morphing capabilities. These

poly-morphing wings have greater potential to enhance the performance capabilities of the aircraft

they are placed on as compared to single morphing degree-of-freedom mechanisms.

For instance, a small UAV was designed at the University of Florida using avian morphology
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as a design inspiration. The wing concept combined sweep and cant morphing joints situated at

the wing root, and mid-wing positions. The morphing wing concept represented a combination of

previous research of a variable sweep wing [15] and a variable cant wing [16–18]. The combined

morphing wing setup was used to emulate the musculoskeletal properties of a seagull. Optimal

wing configurations (joint values) were evaluated for a variety of flight regimes, and highlight the

benefits associated with morphing. However, no mechanism was proposed and no comments were

made on how morphing could be achieved [37].

To facilitate a bird perch maneuver, a specialized poly-morphing wing was developed for a small

UAV. The wing is divided into two parts, and inboard and outboard section. Both wing sections

are capable of variable sweep with the inboard section controlled by a four-bar linkage, and the

outboard section controlled via a cable and pulley system. A separate mechanism controls the

twist of the entire wing so that the wings can pitch to very high angles-of-attack for the perching

maneuver. The outboard wing is also designed to fold under the inboard wing section, similar to a

bird stowing its wings. A small kinematic prototype was developed, but only the wing spars were

actuated as there was no physical wing to test for folding capabilities [38].

Finally, a concept for a morphing winglet was recently presented. The Morphlet is a morphing

winglet concept that utilizes reoccurring morphing modules at the distal wing region to control the

shape of a winglet. Each module was initially designed to be capable of altering the span (spar),

taper, cant and twist angles. In the work presented, a two-module winglet with twist and cant

variation was optimized for a variety of flight regimes [39]. Through discussions with the paper’s

lead author, the Morphlet was to remain a concept as no mechanism has been proposed to facilitate

morphing. This is the only known example of a morphing wing system that had been developed in

a modular fashion, in which each module possess specific morphing degrees-of-freedom.

2.1.2.6 Other Morphing Wings

Other types of morphing wings have been proposed that can not be categorized in terms of specific

wing-level morphing degrees-of-freedom. For example, a compliant cellular truss was designed to
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facilitate large-scale, smooth morphing maneuvers. Instead of discrete wing sections with specific

morphing degrees-of-freedom, the truss can actuate in any sensible manner to morph to a more opti-

mal configuration. A bench model of the tendon-actuated truss was developed for structural testing

and preliminary designs shown similar weights of the truss compared to a traditional stiffened wing.

Possible aircraft skin systems were also given [40].

A small inflatable wing with airfoil shape control was developed for compact package and de-

ployment. The inflatable wing is flexible and consists of a series of span-wise tubes that shape

the wing. Through the use of piezoelectric actuators, the shape of airfoil is controlled by flat-

tening bumps on the wing surface. A flight ready prototype was developed and bench testing of

piezoelectric actuators was performed [41].

Inoyama et al. [42,43] presented an algorithm which generates planar kinematic trusses for wing

morphing. In their work, the presented algorithm determines an optimal kinematic truss configu-

ration that facilitates a specific shape-morphing maneuver under static load and other constraints.

The algorithm begins with a rectangular truss, and progressively replaces static truss members

with ones that are either extensible or retractable, or simply removes truss members. An optimal

kinematic truss configuration is thus generated that morphs the new wing truss from the original

rectangular shape to some other predefined shape. Several examples are presented and compared as

different constraints sets are imposed in the algorithm, thus the algorithm represents a development

platform in which the morphing wing is developed to meet specific morphing requirements.

The final and perhaps most unique example of a morphing aircraft is the multi-role aircraft

under current development by Lockheed Martin. The morphing aircraft can assume two distinct

configurations that drastically alters the aircraft planform wing profile. The bi-fold wing has two

joint sections aligned with the free stream flow that changes the wing from a high aspect ratio, low

wing loiter configuration aircraft, to a small aspect ratio, high wing dash configuration aircraft.

When assuming the loiter configuration, the wing is fully extended. When assuming the dash

configuration, the inboard section of the wing rotates and rests against the aircraft body and the

outboard wing section rotates in the opposite direction to maintain a level wing. Much research
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on the wing has been performed including ground testing of the bench prototype wing for seamless

skin development [44], critical load analysis [45], and wind tunnel testing and validation [46].

2.2 Actuation Methods for Wing-Level Morphing

In the previous section, the literature was surveyed and morphing wing concepts, designs and

prototypes were presented. Each work cited had a short description of the actuation method

proposed to achieved the desired morphing maneuver. In this section, the actuation methods for

the morphing methods surveyed in the literature are briefly compared to highlight the similarities

and differences in implementing morphing wings. First, the single degree-of-freedom morphing

methods are compared, followed by the poly-morphing methods. Lastly, a look at mechanical truss

systems are compared.

2.2.1 Single Degree-of-Freedom Mechanisms

2.2.1.1 Sweep-Morphing Wing Mechanisms

For the wings that are capable of sweep-morphing, the differences in mechanisms lie in the style

in which sweep-morphing occurs. In general, sweep-morphing can be achieved either by a shearing

motion or a rotational motion about an axis perpendicular to the aircraft yaw axis. From the

literature surveyed, rotational sweeping wings are more prevalent than those that shear as complex

skin systems must be used for wings that shear. A sweep-morphing wing that is rotates about a

fixed axis however, will in general, rotate a solid wing section, with specialized cutouts, or other

measures taken to maintain a suitable aerodynamic surface; the F14 Tomcat is an example of this

design, whereas the MFX-1 uses flexible skins [13,14]. The mechanism by which sweep-morphing is

achieved can be a simple rotational joint [15], or through a four-bar linkage situated within the body

of the aircraft [11, 13, 14, 38]. Morphing wings that sweep via a shear motion have airfoil sections

that maintain a consistent orientation to the free stream flow throughout the morphing maneuver,

and the example from the literature uses a cellular truss to achieve this specific motion [12].
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2.2.1.2 Cant-Morphing Wing Mechanisms

Cant-morphing, unlike sweep-morphing, is achieved solely through the rotation of a wing section

about and axis that is parallel, or closely parallel, to the free stream flow. From the surveyed

literature, shear motion has not be considered for a cant-morphing wing, thus all wings are in

general, solid wing sections. To achieve cant-morphing maneuvers a single rotational joint has

been primarily used for prototype development. For instance, the inboard section of the gull-

wing [16, 18], as well as all wing sections of the manta ray prototype [21] use rotary joints to

achieve cant motion. The morphing aircraft by Lockheed Martin, although not specifically a cant

morphing wing, actuates both wing sections in a similar manner to that of a cant-morphing wing,

as the rotational joint axes are parallel to the free stream flow, and are used to morph the aircraft

from one state to the next. The only instance of cant-morphing driven by a four-bar linkage was

implemented for the outboard wing sections of the variable-gull wing. Here, the four-bar mechanism

stowed within the body drives a slender rod that spans the length of the inboard wing section, below

the wing, actuating the outboard cant angle [16,18].

2.2.1.3 Twist-Morphing Wing Mechanisms

From the three rotational morphing degrees-of-freedom, twist-morphing is unique as it represents a

torsional, or axial rotation of a flexible wing, or solid wing segments. For twist-morphing, a torque

rod passing through the wing, usually through the 1/4-chord line, is used. Examples include the

Morpheus [11], the UAV from the University of Florida [24–26], the UAV designed for perching

maneuvers [28] and the elevon-replacing flexible twist-morphing wing [27]. Other methods have

also been proposed including the use of SMA actuators [23]. A specialized four-bar linkage was

also proposed to control the wing twist of a perching bio-inspired UAV [38].

2.2.1.4 Span-Morphing Wing Mechanisms

Span-morphing mechanisms are the easiest to categorize with respect to the mechanism due to the

extensible nature of the morphing maneuver. Any prismatic-style (linear) actuator is capable of
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altering the span of the wing. Unsurprisingly, the majority of the span-morphing wings surveyed

use some form of a linear mechanism, including using a track-guided scissor mechanism [35], a

pneumatic telescoping rod [29,30], and a rack and pinion mechanism [33,34]. The exception to this

is the expandable wing which uses a four-bar linkage to actuate the wing. The main difference with

this particular prototype is span-morphing is achieved via rotating the outboard wing section from

a stowed, to extended position [36]. No actuation method was listed for the span-morphing ballistic

missile project, however the outboard wing section is stowed within the inboard fixed wing, and

extends span-wise when morphing is required [31,32].

2.2.2 Poly-Morphing Wing Mechanisms

For single degree-of-freedom wings, there are some similarities in the methods used to actuate the

wing. The mechanisms used to drive poly-morphing wings however are expected to be very different

from one project to the next as each has been designed to achieve a specific set of morphing degree-

of-freedom. As mentioned, some concepts and prototypes have multiple morphing capabilities,

however the additional morphing degree-of-freedom is usually twist morphing of a flexible outboard

wing section for control purposes [11, 15–18]. The NextGen MFX-1 uses a cellular truss to alter

the sweep of the wing, while simultaneously controlling the root airfoil chord length, thus altering

the wing taper and aspect ratio [13, 14]. Of the literature surveyed, the small bio-inspired UAV

for perching is the only poly-morphing wing–capable two wing-level morphing degrees-of-freedom,

and not including twist-morphing of a flexible wing section for control surface replacement–with a

detailed description of the actuation method. Here, separate four-bar linkages control the sweep

and twist of the wing independently. Other poly-morphing wing projects do not have a description

of the mechanism that provides morphing.

2.3 Summary of Morphing Wing Technology Surveyed

In summary, a wide variety of morphing wings are present in the literature. While wing is designed

to address specific morphing requirements, in each and every case, the proposed design is only
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capable of providing the wing with the particular morphing degree(s)-of-freedom being studied.

The exceptions to this are the compliant truss wing [40], and the Morphlet project [39]. These

projects exhibit the ability to study individual or combined morphing degrees-of-freedom without

the need to redesign the wing. Unfortunately, as far as the author knows, the compliant truss wing

has only a single bench-scale truss section for testing, and no working prototype of the Morphlet was

developed. In addition to this, from the literature surveyed, the algorithm presented by Inoyama et

al. [42,43] is the only example in which a development platform has been attempted. The presented

algorithm was applied to a variety of desired wing shapes, and with varying constraints, however

with each iteration a completely new mechanism is generated, albeit of a similar style.

The goals of this dissertation outlined in Section 1.3 aims to address the above issues by not

only providing a development platform for which a morphing wing can easily be generated, but

also one that allows for a variety of morphing degrees-of-freedom to be utilized, either individual

or in combination. In the following section, overviews of truss mechanisms and reconfigurable

parallel robots are given as these mechanisms are used as basis for the development of the modular

morphing wing system. The remaining chapters of this dissertation are dedicated to providing the

details of the conceptual design and development of a modular morphing wing system.

2.4 Mechanism Overview

At their core, mechanisms can be categorized as being serial or parallel. Serial mechanisms and

robots consist of a series of alternating structural links and controllable kinematic joints, terminat-

ing at an end effector which provides the means to do useful work. Parallel mechanisms and robots

on the other hand consist of single or multiple kinematic loops. These loops consist of alternating

structural links and kinematic joints, however, unlike their serial counterparts, not all of the joints

within the loop are controllable. In fact, there need not be any controllable joints within a given

loop. Recently, a combination of serial and parallel mechanisms have lead to the development

of variable geometry truss mechanisms (VGTM). Truss-based mechanisms inherit properties from

both the serial and parallel mechanisms from which they are derived, making them more complex
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than serial and parallel mechanisms, yet at the same time, much more versatile.

2.4.1 Mechanism Style for Wing Morphing

In Section 2.2 above, wing morphing mechanisms were grouped according to the degree(s)-of-

freedom of the wing, however, the mechanisms themselves can be categorized as being either serial,

parallel or truss based.

Due to the weight and associative torque penalties of placing joints sequentially along the

wing span, there are few morphing wings that can definitively be categorized as being serial in

nature. Morphing wings such as the University of Florida’s variable-sweep wing [15], the developed

prototype manta ray wing [21], the pneumatic telescoping wing [29, 30], the span-morphing MAV

from the Universidade da Beira Interior [33], and the multi-role aircraft developed by Lockheed

Martin [44], have each been developed using primarily serial style mechanisms, in which the inboard

motors drive the mass of the wing and any subsequent outboard motor. Once again, the additional

motor weight and torque must be considered in the design of these wings.

Parallel-style mechanisms have been proposed for wing morphing, primarily in the form of four-

bar linkages. For instance, the Morpheus aircraft [11], the variable gull-wing aircraft from the

University of Florida [16], the span-morphing aircraft with an expanding scissor mechanism [35],

the expandable wing aircraft from Konkuk University [36], and the poly-morphing perching aircraft

from the University of Maryland [38] all use four-bar linkages to drive one, or all of the joints within

the wing.

The final category of wing mechanisms are those that utilize a truss for morphing, with each

implementation being vastly different than the others. For instance, the wing concept by Bharti

et al. [12] uses a single degree-of-freedom cellular truss to provide a shear-type sweep motion,

whereas the manta ray wing concept (not prototype) uses a tensegrity truss for cant-morphing [21].

The planar cellular truss in the NextGen MFX-1, as mentioned above, is capable of sweep and

taper/aspect ratio morphing. Large scale morphing is achievable with the proposed compliant

truss [40]. These wings all use a modular cell structure within the mechanism, where cell modules
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are repeated throughout the mechanism. This feature is beneficial from a development perspective,

and is a feature of the modular morphing wing developed in this dissertation. The final example of

a truss-based wing is the algorithm presented by Inoyama et al. [42,43] which generates kinematic

trusses for planar morphing maneuvers, though the resultant trusses are not modular.

2.4.2 Truss Mechanism Overview

Truss mechanisms, as mentioned, are derived from a combination of serial and parallel-style mech-

anisms. Architecturally, a truss mechanism is a sequential stacking of parallel-style mechanisms

to form an open loop serial-style mechanism. Table 2.1 presents a relative comparison of truss

mechanisms against their serial and parallel mechanism parents. The VGTM type inherits positive

attributes from both serial and parallel mechanisms. For example, the payload-to-weight ratio of

serial mechanisms tends to be very low. This is contrast to parallel mechanisms which generally

have very high payload-to-weight rations. For a VGTM, the truss-structure of the mechanism has a

higher stiffness than the structure of a serial robot, but not as high as that of an individual parallel

robot. In general, a VGTM inherits positive qualities from serial and parallel mechanisms. The

exception to this are the inherited complex kinematics.

Table 2.1: Relative comparison of mechanism archetypes

Parameter Serial Mechanism Parallel Mechanism VGTM

Forward kinematics Simple Complex Complex

Inverse kinematics Complex Simple Complex

Workspace Large Small Large

Payload-to-weight ratio Small Very large Large

Force transmission Low Very high High

Dexterity High Very low High

Repeatability Low Very high High

Stiffness Very low Very high High
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While truss mechanisms generally have complicated kinematics, they inherit positive qualities

from both serial and parallel mechanisms. From serial mechanisms, they inherit large workspaces

and dexterity, while inheriting high payload-to-weight ratios, force transmission and repeatability

from parallel mechanisms. The mechanisms qualities listed in Table 2.1 reflect general capabilities of

truss-based mechanisms, but a more detailed description is given below with respect to requirements

of a morphing wing system.

Kinematics Requirements

A morphing wing system capable of large-scale geometric changes to the wing shape requires

a robust mechanism to provide the necessary kinematic motion. The position of the wing

tip in a system as such might experience large displacements with respect to the body of

the aircraft, and many mechanisms are certainly capable of providing such motion. For wing

morphing, the internal position and orientation of the mechanism is equally important to

the wing tip position and orientation. This requirement is generally not a concern for tradi-

tional mechanisms, however, truss-based mechanisms provide the capabilities to individually

control segments of the mechanism. Specifically, a modular system allows for self-contained,

individual kinematic requirements that are tailored specifically to needs required in that area

of the wing. For instance, sweep and cant morphing capabilities might be required near

the wing root, whereas span and twist morphing might not be. Conversely, an area of the

wing might require all four morphing degrees-of-freedom, whereas others might require only

a single morphing degree-of-freedom. A modular, reconfigurable wing morphing system can

be designed to individually or simultaneously provide the four morphing degrees-of-freedom.

Thus the kinematic requirements at specific span-wise locations can individually addressed

in a modular fashion, providing only the necessary motions to each area of the wing, while

eliminating the need to develop specific kinematic systems for each wing morphing aircraft.

Structural Requirements

A morphing wing will experience a range of load profiles throughout its mission, which must

be sustained by the mechanism that provides morphing. In situations where the wing is
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not required to morph, controllable truss members within the system are locked, resulting

in a traditional truss. During a morphing maneuver, however, the controllable members are

unlocked and actuated according to the particular morphing requirements. The actuators

must not only be able to move the dry-weight of the wing, but also do so adequately under

loading conditions imposed by the aerodynamic loads exerted on the wing during flight. The

very nature of truss-based mechanisms is that they simultaneously provide the kinematic

requirements of a mechanism with the structural capabilities of a truss. In addition to this,

truss structures are naturally modular, as are truss-based mechanisms, thus they can easily

be utilized in the conceptual development of a modular wing morphing mechanism.

Volume Requirements

Finally, there is a significant constraint on mechanism sizing as the profile of a wing restricts

what can used to actuate a morphing mechanism. In a serial-style robot, very large actuators

and links are required at the base of the mechanism in order to support the anticipated

load. This physical requirement is mitigated with the use of parallel-style mechanisms, and

thus by extension, truss-based mechanisms. The sizing of the truss-members at the base

of the wing will naturally be larger to support the bending moments imposed by lift and

drag distribution along the wing, however a truss can easily be adapted to fit within the

structural space originally allocated for the wing box. This is also the case with a truss-based

mechanism, and allows for a design to fit entirely within the bound volume of the wing.

The kinematic, structural and volume requirements listed above must each be addressed for the

development of a truss mechanism for wing morphing. The structural requirements are beyond the

scope of this dissertation, including the weight implications of removing the structural members of

the wing box and replacing them with a kinematic truss. However the kinematic, and by extension,

volume requirements are addressed here. What is evident and has previously been mentioned,

is that the modules of a truss mechanism are in fact, individual parallel-style mechanisms. This

modularity allows for the truss mechanism to be analyzed at the module level as opposed to

the system level as a whole. In addition to modularity, the proposed morphing wing systems is

29



reconfigurable. Hence, the individual wing modules are also reconfigurable. As the wing modules

consist of parallel mechanisms, a review of reconfigurable parallel mechanisms is given below.

2.4.3 Reconfigurable Parallel-Style Mechanisms

Traditionally, reconfiguration of a parallel mechanism is achieved with the desired goal of altering

the motion characteristics of the moving platform or end effector. An example of this is reconfigu-

ration which changes the motion profile and subsequent workspace of limited mobility mechanisms

(mechanisms with less than six controllable degrees-of-freedom for spatial motion, and those with

less than three for planar motion). This is generally achieved by switching joints within any of

the branches in the mechanical system. Instead of reconfiguring the joints within the system, the

shape of the reachable workspace can be changed by altering the size of the links within any of

the branches, or by altering their connection points within the system. Alternatively, the shape of

the workspace and its kinematic qualities can be enhanced by means of redundancy within any of

the branches. Kinematic qualities here can be conditioning of the Jacobian matrix or singularity

avoidance, as an example. Reconfiguring joints and reconfiguring links are mutually exclusive, but

can also be used in combination to further enhance the reconfiguration capabilities of a parallel

mechanism or robot.

Parallel robots, specifically, are attractive candidates for reconfiguration due to the modular na-

ture of their branch systems where reconfiguration can be classified as being geometric, topological

or a combination of the two (classified as group reconfiguration) [47]. Geometric reconfiguration

is the process of adjusting the size or orientation of branch components without rearranging their

sequence. An example of a reconfigurable parallel robot capable of geometric reconfiguration is

the reconfigurable tricept machine tool developed by Bi and Wang [48]. A reconfigurable parallel

robot system was proposed in which standard components are used in an optimization algorithm to

create different sized tricept robots. A new reconfigurable Hooke (universal) joint was proposed for

the reconfiguration of parallel robots. The specialized Hooke joint allows for one axis to be oriented

at orthogonal angles with respect to the initial configuration, thus altering the motion profile of
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the joint itself. Reconfiguring the joint alters the motion profile of the parallel robot [49,50].

Redundancy within the robot structure also allows for geometric reconfiguration. Kotlarski

et al. [51] presented a parallel robot capable of reconfiguration via redundancy within the system.

Instead of a fixed position on the base, one branch is connected to a prismatic joint that is passively

activated to alter the geometry of the parallel robot. As the resultant workspace is altered after

reconfiguration, the robot is capable of singularity avoidance. Spatial reconfigurable robots have

also been presented recently. Bi and Kang [52] presented a reconfigurable Gough-Stewart platform.

Offline adjustments to the connection points of the branches on the base and platform, as well as

other geometric features allow various permutations of the traditional Gough-Stewart platform to

be assumed. In their work, they explore the kinematic and structural stiffness properties associated

with reconfiguration. A reconfigurable Stewart platform for contour generation was presented [53].

More recently, a reconfigurable tricept robot was also presented [54].

Topological reconfiguration is more complex and is associated with the re-sequencing of joints

within the branch structure, usually to achieve a different motion profile for the platform. For

instance, Dash et al. [55] presented a reconfigurable system in which multiple actuation modules

are combined with link modules to assemble different parallel robot configurations. By altering

the number of branches and actuation modules within each branch, the topology of the robot is

drastically altered. Xi et al. [56] presented a reconfigurable parallel-robot with varying platform

degrees-of-freedom and detachable serial arms. The robot can reconfigured to configurations with

mobility ranging from three to six by detaching arms from platform, and locking joints. The de-

tached arms remain active, and in fact, gain a degree-of-freedom to be used in unison with the

reconfigured parallel robot. Other branch configurations for an on-the-fly reconfigurable parallel

robot were also studied [57]. A new fully reconfigurable, isomorphic parallel robot was presented.

The presented robot can assume platform mobility ranging from three to six, however when recon-

figuring to limited mobility modes, all branches remain fixed to the base and platform. As each

branch is a candidate for reconfiguration, isomorphism within the reconfiguration are present, fur-

ther expanding the capabilities of the robot [58,59]. This type of reconfiguration uses reconfigurable
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joints that can assume active or passive states, similar to work presented in [60]. Redundancy can

also be used, as seen in the topological reconfigurable 4-branch parallel robot [61].

Group morphing as mentioned is a combination of geometric and topological reconfiguration

and is seen in advanced systems such as variable geometry truss mechanisms (VGTM). The original

modular morphing wing module is one such example as categorized in the paper presented Xi et

al.w [47]. Multiple level of reconfiguration of the wing allow for unique wing shapes [62].

Reconfiguration can be performed automatically, or require external assistance. Reconfigurable

parallel robots built with redundancy, in general, can be reconfigured automatically as shown

with [51,52]. Other robots require external assistance for reconfiguration as the robot configuration

is assembled from a cache of link and joint modules [48, 61]. However, in these cases, the mobility

of the system remains fixed. Despite the obvious advantages to reconfiguration, the achievable

tasks of the mechanism are limited to the initial mobility of the mechanism itself. For example,

a task requiring independent planar positioning and orientation, i.e. three degrees-of-freedom,

would require a mechanism with three controllable degrees-of-freedom, or a mobility of three. If

an additional degree-of-freedom was added to the task requirements, then a reconfigurable parallel

mechanism must have the ability to add a degree-of-freedom and assume a configuration in which

the mechanism mobility matches the degrees-of-freedom of the task. The system presented by Dash

et al. can address these task-based reconfiguration requirements, however reconfiguration requires

external assistance [55]. Another example is the task-based reconfigurable robotic system has also

been proposed using a variety of robot structures [63]. From the parallel robots listed, [56,57,59,64]

are the only one in which a change in mobility is achievable via reconfiguration without the need

for external assistance. These are examples of reconfigurable parallel robots in which task-based

mobility requirements are built into the reconfiguration system.

2.5 Summary

In this chapter, pertinent works within the literature were surveyed and presented. First, morphing

wing concepts, designs and prototypes were presented. Focusing on wing-level morphing, concepts
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and designs that provide individual sweep, cant, twist and span morphing were shown, followed

by poly-morphing wings as well as specialized morphing wings. After, the mechanisms used for

morphing were categorized according the style of mechanism. Here, wing morphing mechanisms

were categorized as being serial, parallel and truss-based. With morphing wing technology intro-

duced, an overview of mechanisms was presented, including a focus on truss-based mechanisms.

Requirements for truss-based wing morphing mechanisms were summarized, and the concepts of

modularity and reconfigurability were established for the presented morphing wing system. This

was followed by a survey of reconfigurable parallel mechanisms and robots.
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Chapter 3

Wing Module Discretization

In this chapter, a novel discretization method is presented that determines the number and as-

sociative spacing of wing modules required to perform a morphing maneuver. First, an overview

of the placement of kinematic joints within current morphing wing systems is given, including a

discussion on modular morphing wing requirements. Next, the discretization method is presented,

which determines the minimum number of wing modules required, and their associative spacing

to sufficiently emulate a known, desirable wing shape. Included are details of the various steps

within the algorithm. With the algorithm established, an overview of differential curve geometry

is given as concepts from the Frenet-Serret and Parallel-Transport curve framing methods are used

within the discretization algorithm. In addition to this, a new curve framing method is developed

specifically for the discretization of a modular morphing wing. A case study is then presented that

shows how the discretization method is used to determine the number and associative spacing of

wing modules for a hypothetical wing and morphing maneuver. Finally, a summary of the chapter

is given.

3.1 Morphing Wing System Overview

A morphing wing is capable of altering its shape in some way for the purpose of improved flight

performance. To facilitate morphing, mechanical joints are placed at various stations along the

wing, and this provides the wing with kinematic motion capabilities. The number and location of
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these joints obviously has a direct impact on morphing, but beyond that, the number and location

of joints defines the limit on which potential performance gains a morphing aircraft can achieve. As

such, joint location is an important aspect of wing morphing, however as will be shown, it tends to

be overlooked when a morphing wing is developed. In this section, an overview on joint placement

within current morphing wing systems is given. Following this, a discussion is given on modular

morphing wing systems in terms of implementation and performance, and requirements that are

imposed are highlighted.

3.1.1 Joint Placement in Morphing Wing Mechanisms

As surveyed in Chapter 2, many different methods to morphing have been presented. From the

projects surveyed, almost every morphing wing aircraft has a single joint placed at the root of the

wing which alters the configuration of the remainder of the wing as a whole [11–14]. The obvious

exception to having a joint at the wing root are those projects focusing on wingtip morphing such

as [19,20,23,27,39].

Those morphing wings that do have additional joints along the wing generally have one posi-

tioned at or near the mid-wing (quarter-span) position [15–19, 28, 37, 38]. The placement of the

second joint in these cases for the most part is entirely arbitrary. Selecting the mid-wing position

may or may not offer any benefit over positioning the additional joint elsewhere on the wing.

One unique exception to arbitrary joint placement are the family of morphing aircraft developed

at the University of Florida. These morphing aircraft are bio-inspired as the skeletal structure of

a seagull was used as a reference for joint placement along the wing [15–18, 37]. Here, the aircraft

were design to mimic the physical features of a seagull in flight for a variety of flight profiles.

Without exception, a morphing wing will have a profound impact on the performance of an

aircraft when the wing configuration is altered. Some research has been performed on the effects of

joint location on performance. Ameri et al. [20] compared the dynamic performance of a morphing

wing with different sized active winglets designed to replace conventional aircraft control surfaces.

Stanford et al. [65] from the University of Florida used performance requirements to optimized
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the roll rate and lift-to-drag ratio for a twist-morphing aircraft by altering the connection points

of a torque rod along the wing. They show that through an optimization algorithm, altering the

torque rod configuration and connection points can not only improve the roll rate and lift-to-drag

ratio, but can also result in a decrease in these indices as compared to the original torque rod

configuration. Inoyama et al. [42, 43] used a topology optimization algorithm to select actuator

type and placement of a planar morphing wing. In their paper, a genetic algorithm is used to

create a planar morphing wing that is capable of morphing between a rectangular planform shape

and a predetermined morphed wing shape.

3.1.2 Requirements of Modular Morphing Wings

As seen from many of the projects surveyed in Section 3.1.1, the arbitrary placement of joints within

the morphing wing system can limit the potential performance gains that morphing wings grant.

Similarly, designing a morphing wing system first, and then analyzing its potential also restricts

the performance gains that are attainable through wing morphing. On the other hand, using some

type of performance parameter to influence the design of the morphing wing systems allows the

wing to provide near-optimal performance.

If a desirable wing shape for a particular flight regime is known, then a morphing wing must be

developed to sufficiently emulate that desirable reference wing. The goal is to develop a modular

morphing mechanism that provides the wing with enough degrees-of-freedom to sufficiently emulate

the reference wing shape. As the wing is expected to require different morphing capabilities at

different regions of the wing, then the morphing wing module must be designed to achieve all

expected morphing degrees-of-freedom. This not only allows for modules to be used at any portion

of the wing, but it also allows for any number of modules to be used. The challenge is then to

determine how many modules are needed, and where they should be placed along the wing span.

If the entire wing is to be made of morphing wing modules, then their sizing can be adjusted

according to the complexity of the reference wing. Wing regions that are predominantly straight

and untwisted requires fewer degrees-of-freedom to adequately describe the wing, thus fewer, longer
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modules are needed. Regions of the wing that are not straight and contain significant amount of

twisting or bending are geometrically complex, thus a greater number of tightly spaced modules are

required to successfully describe the wing degrees-of-freedom. Implementing the morphing wing

system in this fashion allows for the morphing wing to better emulate the wing from which its

design is required to emulate. The advantage to this approach is that the developed morphing

wing will also emulate the performance of the desirable reference wing.

It is noted that with any morphing wing, performance losses are expected due to morphing

itself and the implemented morphing mechanism. Thus a morphing wing is capable of near-optimal

flight performance for particular flight regimes. For a modular morphing wing, losses occur due to

discretized wing sections, however, since a desirable wing shape is used to influence the morphing

wing configuration, then the performance loses can be minimized. Using these requirements, a

discretization method can be developed to determine the number of wing modules required, and

their associative span-wise distribution for a particular flight regime. In the following section, the

discretization algorithm is introduced and details on the various steps are given.

3.2 Discretization Method

The following discretization method presented addresses the first objective of this dissertation

[58, 66]. The purpose of the discretization method and the developed algorithm is to determine

the minimum number of morphing wing modules required to achieve a desired flight performance

associated with a particular flight regime or requirement. This discretizes the otherwise continuous

wing into a discrete set of modules with specific module sizes. In the next section, the algorithm is

introduced, after which details of each step is given.

3.2.1 Discretization Algorithm

The discretization algorithm is a two step curve fitting process that alternates between the geometric

discretization of the wing into morphing modules, and the evaluation of the morphing wing flight

performance. First, a reference wing is defined in regards to its wing curve, then beginning with two,
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Figure 3.1: Discretization algorithm

and incrementally increasing the number of modules, the performance of the current morphing wing

configuration is recursively checked for an acceptable stopping criteria. A flow chart depicting the

steps of the discretization algorithm is shown in Fig. 3.1. The steps of the discretization algorithm

are as follows:

1. Discretize the wing into m modules. Module spacing is determined by equally distributing

the wing curvature and wing torsion amongst the m modules.

2. Calculate the relevant performance parameter(s) of the discretized wing. If the performance

parameters area acceptable, are no longer changing as modules are added, or the performance

is decreasing significantly, then stop, otherwise, go to Step 3.

3. If m = mmax, then stop, otherwise, increase the number of modules m = m + 1 and return

to Step 1.

An example of the discretized algorithm is depicted in Fig. 3.2 where a hypothetical wing curve

is shown. Also depicted are three wings that have been generated using the discretization algorithm.

The curve used describes a wing shape similar to that of a bird gliding close to the ground. The

first wing, Fig. 3.2(a), is discretized into two modules, and as seen, does not accurately emulate

the reference wing curve. The second wing, Fig. 3.2(b), is discretized into five modules. With the

additional modules, we see that the reference curve is better emulated by the discretized wing.

We also note that as additional modules are added, they are clustered within the central region

of the wing. This region is the most geometrically complex as there wing is highly curved. The

final wing shown in Fig. 3.2(a), is discretized into 10 modules. Here, there is very little difference
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Figure 3.2: Discretization algorithm example of a wing curve defining a bird gliding close to the
ground

between the original wing curve and the discretized wing. Again, additional modules are clustered

within the central wing region, and those near the wing root and wing tip are continually becoming

shorter in length. This trend will obviously continue as additional modules are added. Continuing

to increase the number of modules will eventually result in the discretized morphing wing reaching

a continuum.

Prior to detailing the steps of the algorithm in Fig. 3.1, some notes about the algorithm are

given. First, the algorithm uses a previously determined or desired wing shape as a reference and

distributes the modules of the morphing wing according to the geometry of the reference wing.

Second, the algorithm is not intended for wing shape optimization or for shape rate control, rather

it is used generate a modular morphing wing that is capable of performing a desired morphing

maneuver from an initial straight and untwisted state. By using the reference wing curvature
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and twist distribution, the algorithm spaces modules to emulate the geometric features of the

wing, not by simply dividing the span of the wing evenly amongst the modules. Thus, wing

regions with large curvature and/or twist distribution have several, tightly spaced wing modules

as compared to wing regions with small curvature and/or twist distribution in which fewer, longer

wing modules are required. By distributing the modules as such, the developed modular morphing

wing can sufficiently emulate the shape of the reference wing, and as such, provide the aircraft with

near-optimal flight performance for the particular flight regime or requirement associated with the

reference wing.

3.2.2 Geometry Discretization

The first step of the discretization algorithm is geometry discretization. This step within the

discretization algorithm incrementally increase the number of modules within the current wing

configuration. The main purpose of this step is to determine the spacing of the modules, so that

the performance of the current wing configuration can be analyzed.

As mentioned, the modules are spaced according to the local geometric features of the reference

wing for which the morphing wing is designed to mimic. The minimum number of modules that

can be used is two. Using only a single module defeats the purpose of the reusability of the wing

module, and does not grant the aircraft sufficient control of the wing shape. Thus the geometry

discretization requires at least two modules to be used.

When the wing geometry is discretized, each module consists of a base and platform airfoil rib.

The base airfoil of the first module is situated at the root of the wing, and the platform airfoil

of the most outboard module is situated at the tip of the wing. The remaining modules within

the interior region of the wing share common airfoil ribs between adjacent modules. The platform

airfoil of one module acts as the base airfoil of the subsequent module, thus maintaining continuity

along the wing. The local position of the interior airfoil ribs is what the geometry discretization

portion of the algorithm achieves, and their respective spacing is dependent on the geometry of

the reference wing. To accomplish the spacing previously mentioned, concepts from differential
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geometry are used, and are detailed in Section 3.3. With the module, and thus airfoil rib, spacing

established, the current wing configuration’s performance can then be analyzed.

3.2.3 Performance Analysis

With each successive iteration of the discretization loop, an additional module is added to the

wing, thus altering the overall shape of the wetted wing surface. Thus the performance of the

current morphing wing configuration must be evaluated. This represents the second step of the

discretization algorithm. To find the minimum number of morphing wing modules, four criteria

are used to stop the discretization loop:

1. The performance of the discretized wing has asymptotically approached a maximum attain-

able performance where the addition of modules does not change the performance. This

maximum performance is equal to the reference wing performance.

2. The performance of the discretized wing is within an allowable user-defined tolerance of

the reference wing performance and no additional modules are added to minimize the wing

complexity.

3. The number of modules has reached the user-defined maximum allowable modules. The

potential loss of performance is deemed acceptable in order to minimize the wing complexity.

L

W

D

TM∞

Figure 3.3: Aircraft forces in steady level flight
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The final performance of the morphing is obviously dependent on the number of modules used.

As more modules are added, the variation in performance will diminish due to the similarity between

the morphing wing configurations. The selection of the performance parameter itself will depend

on the mission requirements. For instance, the lift-to-drag ratio is a fundamental parameter that

affects the cruise performance of an aircraft. Other indices related to aircraft stability, accelerated

flight or maneuvering can also be used depending on the mission requirements [8–10]. However in

the case study, the lift-to-drag ratio, CL/CD, is used as a performance index. For steady level flight,

lift is equal to the aircraft weight, and drag is equal to the aircraft thrust as shown in Fig. 3.3.

A case study is shown to highlight the effectiveness of the discretization method and is shown in

Section 3.5, however in the following section, the relevant differential curve geometry theories are

outlined and then applied to achieve the geometry discretization step of the algorithm.

3.3 Differential Curve Geometry

In this section, highlights of different curve geometry are given as they pertain their use in the wing

discretization algorithm. First, an introduction on curve framing is given, with a discussion on the

Frenet-Serret and parallel-transport curve framing methods. Following this section, the method

used to frame the wing curve is outlined.

3.3.1 Curve Framing

In differential geometry, curve framing is the mathematical description of a curve in space. It allows

the position of the curve to be defined in n-space, and defines local geometric characteristics, such

as the curve tangent, curvature, torsion, etc.

Although a curve can mathematically be described in a space of any dimension, for the purpose

of the wing discretization algorithm, curves are limited to 3-space. Let s (t) be any 3-space curve

with a parameterization variable, t. The parameterization variable can be of any dimension, but it

is common and advantageous to define t such that the curve s (t) is arc length parameterized. In

other words, t lies on the interval [0, 1], where t = 0 and t = 1 are representative of the beginning
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Figure 3.4: Space curve showing infinite number of curve frames

and end of the curve, respectively. The beginning and end points of the curve can be arbitrary,

however, when analyzing a particular curve, a specific portion of the curve is generally meant to

be analyzed. Thus, if the arc length of a curve section is Å, then the arc length of an arc-length

parameterized curve can be calculated

Å =

∫ 1

0
ds (t) =

∫ 1

0

√
s2
x (t) + s2

y (t) + s2
y (t)dt (3.1)

where sx (t), sy (t), sz (t) are the x, y, and z components of the space curve. The beginning of the

curve can, but does not necessarily originate at the origin when t = 0.

If an arc length parameterized curve in 3-space is defined by its x, y, and z components, then

the location of the curve at any 0 ≤ t ≤ 1 is known. However, what is not known is the local

orientation of the curve. In order to describe the curve orientation, curve framing methods are

used. Basically, a curve frame is a moving coordinate frame, F , whose origin lies on the curve, and

at any point on the curve, describes the local orientation of the curve as seen in Fig. 3.4. If one axis

of the moving frame is required to remain locally tangent to the space curve, then the remaining two

axes must be defined so that the curve orientation is consistently described by the moving frame.

This challenge arises due to the fact that there are an infinite number of frames that can describe a

curve as shown in Fig. 3.4. Because of this, methods were developed to consistently frame a curve.

Two methods, the Frenet-Serret and parallel-transport framing methods are described below.
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3.3.2 Frenet-Serret Frame

The Frenet-Serret curve frame is a framing method discovered independently by Jean Frédéric

Frenet in 1847, and Joseph Alfred Serret in 1851 and is named accordingly. A depiction of the

frame is shown in Fig. 3.5, where the coordinate frame is defined by the tangent, T, the binormal,

B, and the normal N vectors. If the curve is arc-length parameterized, then the coordinate frame

components are defined as [67]

T =
ds

dt
(3.2)

B =
dT

dt

∥∥∥∥dT

dt

∥∥∥∥ (3.3)

N = T×B (3.4)

The three basis vectors are related by
dT
ds

dN
ds

dB
ds


=
∥∥s′ (t)∥∥


0 κ (t) 0

−κ (t) 0 τ (t)

0 −τ (t) 0




T

N

B


(3.5)

where κ (t) and τ (t) are the curvature and torsion of the space curve, and each are defined locally

with respect to the curve parameterization variable, t. In this form, and as shown in Fig. 3.5, T,

N, and B are orthonormal basis vectors of the frame F , inter-related by the curvature and torsion

of the curve. Curvature is a tendency for the curve to deviated from the local tangent, T (t) where

torsion is a measure of the twisting of the osculating plane, or the orientation of the normal and

binormal basis vectors at any point t.

If s posses C3 continuity, i.e. is thrice differentiable, and the curve velocity, s′, and curve

acceleration, s′′ are linearly independent∗, then the curvature and torsion of a Frenet-Serrent curve

are respectively

κ (t) =
‖s′ (t)× s′′ (t)‖

[s′ (t)]3/2
(3.6)

∗The curve velocity and acceleration are differentiated with respect to the curve parameterization, t, and are
represented of the velocity and acceleration of the motion of a frame along the curve
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Figure 3.5: Frenet-Serret moving frame and osculating plane

and

τ (t) =
s′ (t)× s′′ (t) · s′′′ (t)
‖s′ (t)× s′′ (t)‖2

(3.7)

We note that curvature and torsion are local geometric features of a curve, and are generally

different at any t. A unique curve in which curvature and torsion are constant is a helix. In order for

Eq. (3.6) and (3.7) to be valid at any t, a curve described by the Frenet-Serret formulae, Eq. (3.5)

must be thrice differentiable, and must have linearly independent curve velocity and acceleration.

3.3.3 Parallel-Transport Frame

An alternative to the Frenet-Serret frame was proposed originally in 1975 by Bishop in which the

normal development of a curve was used to describe a curve frame [67]. In this work, he described

the new framing method which uses a relatively adapted parallel frame. Later Hanson and Ma

referred to this method as parallel transport frame, which uses the properties of parallel vector

fields to describe a curve frame. Basically, a parallel vector field with normal vectors fields N1 (t)

and N2 (t) on a curve s (t) maintains a common orientation along the entire vector field. If we

evaluate two points, ti and ti+1, along the field, in the limit as δt = ti+1 − ti → 0, we see that

N1,i → N1,i+1 and N2,i → N2,i+1. Thus, we can see that applied to curve framing, a parallel

transport frame is parallely transported along a curve, defining a parallel vector field. An example
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of the parallel vector field is shown in Fig. 3.6

The three basis vectors T, N1 and N2 are related by
dT
ds

dN1
ds

dN2
ds


=
∥∥s′ (t)∥∥


0 k1 (t) k2 (t)

−k1 (t) 0 0

−k2 (t) 0 0




T

N1

N2


(3.8)

where for the parallel transport frame, k1 and k2 are parameters which are used to calculate the

curvature and torsion by [67]

κ (t) =
√
k2

1 (t) + k2
2 (t) (3.9)

and

τ (t) = −dθ (t)

dt
(3.10)

where

θ (t) = arctan

(
k2

k1

)
(3.11)

Here, we see that the parameterization terms k1 and k2 are the two fundamental parameters

that dictate the motion of the frame along the curve, and that θ is essentially a differential measure

of the twisting of the vector field described by the moving frame. As such, the initial choice of θ

can be arbitrarily, but also, additional spin can be given to the parallel transport frame to force

the frame to arrive at a particular orientation at the end of the curve [68].
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3.3.4 Curve Frame Comparison

The Frenet-Serret and parallel transport frames each describe the motion of a moving coordinate

frame along a curve. However, there are instances in which the Frenet-Serret formulae fail where the

parallel transport frame succeeds. An example of this phenomenon is the rooftop example shown

in Fig. 3.7. Here, we see that at the tip of the rooftop, the Frenet-Serret frame (Fig. 3.7(a)) is

undefined, and thus the moving frame is discontinuous at this point. Further, when the frame passes

this inflection point, the coordinate frame does not maintain its orientation with respect to the initial

portion of the curve; the binormal basis vector B initially pointing above the rooftop, has inflected

and points below the rooftop at the end of the curve. The parallel transport frame (Fig. 3.7(b)) on

the other hand is defined at all points of the curve, including the tip inflection point. Additionally,

since the parallel transport frame is developed based on parallel vector fields, the orientation of

the frame throughout the curve maintains a smooth transition, without a discontinuous switch in

orientation as seen with the Frenet-Serret frame. It is for this reason, that the parallel transport

approach to curve framing is used for the wing curve definition, however aspects of the Frenet-Serret

frame are used. In the sections that follow, details of the wing curve are given.

T

T

T

T

N

N

N

N

B

B
B

B

?

(a) Frenet-Serret Frame

T

T

T

T

N1

N2

N1

N2

N1

N2

N1

N2

(b) Parallel Transport Frame

Figure 3.7: Comparison between Frenet-Serret and parallel transport frames moving along a curve
on a rooftop [68]
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3.4 Wing Curve Discretization

In this section, the relevant theories from differential curve geometry are applied to the wing

discretization algorithm. First, the wing curve equation is defined using the parallel transport

method for curve framing. With the wing curve equation defined, the wing curvature, torsion and

total curvature are defined. Finally, the method for which the wing total curvature is used to

discretize the wing according to local geometry is shown.

3.4.1 Wing Curve Framing

In order for the wing to be discretized accordingly, a parametric space curve and moving coordinate

frame that defines the reference wing geometry must be established. In general, a wing can be

described but the 1/4-chord line which intersects the camber line at a point that is projected from

the 1/4-chord point on each airfoil cross section. This point is shown in Fig. 3.8(a). The spacial

location of any 1/4-chord point along the wing is defined by a parametric space curve, sX (t). An

example of this is shown in Fig. 3.8(b).

The moving frame, F , attached to the wing curve must maintain a consistent orientation with

respect to the wing, thus the following convention is used:

Moving frame z-axis

For both starboard and port side wings, the coordinate frame z axis is the wing curve tangent,

directed outboard.

Moving frame y-axis

The y-axis of the coordinate frame is directed toward the trailing edge of the wing for a

starboard wing, and is directed toward the leading edge of a port wing.

Moving frame x-axis

Forming the right hand system, the moving frame x-axis is always directed upwards.
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Since the frame is of the parallel transport variety, we can specify a parametric spin, sθ (t), such

that the above frame orientation is maintained. Thus, the wing curve used for discretization is a

four-dimensional arc length parameterized space curve in which the first three components sX (t)

define the spatial positioning of the 1/4-chord line and the last component sθ (t) defines the specific

coordinate frame spin that maintains a consistent frame orientation as the frame moves from the

base to the tip of the wing.

s (t) =

sX (t)

sθ (t)

 (3.12)

The equations used to define the components s can be any set of parametric equations that

posses C2 continuity on the interval 0 ≤ t ≤ 1. Each component of s can be a single parametric

equation with C2 continuity, or a parametric spline with the condition that C2 continuity is main-

tained at the control points. For instance, the wing curve can be described by a cubic b-spline.

Cubic b-splines are twice continuously differentiable, thus maintaining C2 continuity at the con-
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(a) Location of 1/4-chord line airfoil intersection
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y

z F

sθ(t)

(b) Reference wing with 1/4-chord curve and parallel transport frame

Figure 3.8: Definition of wing curve framing
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trol points. Any airfoil shape can be used insofar as the space curve and parallel transport frame

described above are applied consistently along the wing span.

3.4.2 Differential Wing Curve Geometry

With the wing curve defined, we can now examine the differential curve geometry properties of

the curve. As mentioned, the wing curve is defined using the parallel transport method for curve

framing. The coordinate frame is parallely transported if in the limit, there is no difference in

orientation between two adjacent coordinate frames. Consider two arbitrary points on the curve,

s (ti) and s (ti+1), which are spanned vectorally by b = s (ti+1)− s (ti). Similarly, the orientation of

the frame F (ti) with respect to F (ti−1) is defined by the local pitch, roll and yaw rotations about

about the xi-, yi-, and zi-axes, respectively. Here, since we are concerned with wing geometry, the

pitch, roll and yaw rotations correspond to rotations of local sweep, Λi, about the xi-axis, cant,

Γi, about the yi-axis, and twist, αi, about the zi-axis, respectively. Thus the total rotation matrix

between the two coordinate frame orientations is the multiplication of the individual sweep, cant

and twist rotations about their respective axes

Ri = Rx (Λi) Ry (Γi) Rz (αi) (3.13)

where Rx (Λi), Ry (Γi), and Rz (αi) are the sweep, cant and twist rotations about the local xi-,

yi-, and zi-axes, respectively. The individual rotations are given by

Rx =


1 0 0

0 cos Λ − sin Λ

0 sin Λ cos Λ

 , Ry =


cos Γ 0 sin Γ

0 1 0

− sin Γ 0 cos Γ

 , Rz =


cosα − sinα 0

sinα cosα 0

0 0 1


Two arbitrary coordinate frame orientations can be associated with any two points along the wing

curve as discussed above, but from a module perspective, represents the orientation of two adjacent

modules. The successive rotations are shown in Fig. 3.9 where we see how the successive rotations

are applied to a module with a finite span. In the limit however, as ‖bi‖ → 0, we see that Λi, Γi,

and αi all tend to zero, and thus the two coordinate frames are locally parallel, thus the coordinate
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(a) Home position (b) Sweep rotation

(c) Cant rotation (d) Twist rotation

Figure 3.9: Wing module showing successive sweep, cant and twist rotations

frame is parallely transported along the wing curve.

3.4.2.1 Wing Curvature

The wing curvature, like that of a general curve, is a measure of the tendency for the local tangent

axis, the z-axis, to deviate from the local orientation. For the parallel transport frame, the curvature

defined in Eq. (3.9) is simply the root of the squared sum of the parameterization terms k1 and k2.

However, curvature is an inherent curve property that is not dependent on what type of framing

method is used to frame the curve. Thus, k1 and k2 can effectively be ignored, and the Frenet-Serret
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definition of curvature, Eq. (3.6) can be used. Thus the wing curvature can be defined as

κ (t) =
|s′′X (t)× s′X (t)|[

s′X (t)
]3/2 (3.14)

As previously mentioned, sX (t) must maintain C2 continuity for all 0 ≤ t ≤ 1 due to the second

order differential in Eq. (3.14).

3.4.2.2 Wing Torsion

The wing torsion is a measure of the twisting or spin of the moving coordinate frame. As previously

described in Section 3.3.3, the parallel transport method of curve framing allows for additional spin

to be added which only impacts the curve torsion. For the wing curve, sθ (t) is defined accordingly

so that the frame maintains a consistent orientation as it moves from the wing root to tip. As such,

a properly defined sθ (t) nullifies the parameterization terms k1 and k2 in Eq. (3.10) and (3.11).

This then allows us to define the wing torsion as

τ (t) =
|s′θ (t)|∥∥s′X (t)

∥∥ (3.15)

Equation (3.15) is essentially a slope of the differential frame spin over the differential wing curve

euclidean norm. For unit consistency with respect to the wing curvature, wing curve norm is used

in the denominator in lieu of simple the wing curve parameterization differential as in Eq. (3.10).

Also, the absolute value of the differential frame spin is used to prevent a possible cancellation of

torsion for sθ (r) that alternates between positive and negative values on the interval 0 ≤ t ≤ 1

3.4.2.3 Wing Total Curvature

Total curvature, sometimes referred to as the force of the curve, is essentially a combination of

curvature and torsion. At any point along the curve, the total curvature is calculated as

χ (t) =

√
(κ (t))2 + (τ (t))2 (3.16)

where it is a numerical measure of the instantaneous behaviour of the moving coordinate frame at

any point t. A large total curvature indicates any combination of large curvature or torsion, or
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both.

For the reference wing, a complete mathematical description of the wing is given by the wing

curve defined in Eq. (3.12). Since s is required to have C2 continuity on the interval 0 ≤ t ≤ 1,

Eq. (3.16) can be integrated along the entire length of the arc length parameterized wing curve to

define the wing total curvature

ζ =

∫ 1

0
χ (t) dt =

∫ 1

0

√
(κ (t))2 + (τ (t))2dt (3.17)

The wing total curvature is thus a measure of the total deviation of the reference wing from a

straight, untwisted wing.†

3.4.3 Module Discretization

Equation (3.17) provides the means by which the wing modules can be discretized according to the

local geometric features of the reference wing. As the purpose of the algorithm is to determine the

minimum number of modules required to sufficiently emulate a reference wing, the algorithm starts

by discretizing the morphing wing into two modules. The algorithm will continue to iterate until

an acceptable performance is achieved, thus at any iteration, we can define the average wing total

curvature as

ζ̄ = ζ/m (3.18)

To determine the nodes at which two adjacent modules are situated, we first note that the wing

root and tip are represented by the points t = 0 and t = 1, respectively. Since two adjacent modules

share a common airfoil rib as a platform of the inboard module and base of the outboard module,

we can define the wing root point as t0 = 0, and the wing tip point as tm = 1 for any m-module

wing.

†The wing total curvature is not to be confused with the total curvatured derived from differential curve geometry,
although they are similar. The total curvature for the Frenet-Serret Frame and Parallel-Transport Frame are specific
to those curve framing methods. For the discretization algorith, the curvature and torsion and extracted from the
Frenet-Serret formulae, and Parallel Transport formulation, respectively. As such, the total wing curvature uses the
wing curvature (Frenet-Serret) and wing torsion (Parallel-Transport) to describe the instantaneous behavour of the
moving coordinate frame.

53



Since it is required that modules are spaced according to local geometric features, each module

should span an equal amount of wing total curvature, or χ̄. Thus using Eq. (3.17), we can determine

the nodal spacing vector, t by starting at sequentially solving

ζ̄ =

∫ ti

ti−1

√
(κ (t))2 + (τ (t))2dt, i = 1, · · · ,m (3.19)

In Eq. (3.19) it is plain to see that by starting with the first module, t0 = 0, the only unknown in

the equation is ti. Equation (3.19) can be solved numerically using any search method such as the

bisection or golden section search method. Once Eq. (3.19) is solved for t1, then we can continue

to solve for all unknown ti values up until tm−1 to form the nodal spacing vector

t =

{
0, t1, · · · , ti, · · · , tm−1, 1

}
(3.20)

Equation (3.20) represents the nodal points on the arc-length parameterized wing curve, dis-

tributing the wing total curvature equally amongst the number of modules in the current modular

wing configuration. As such, a natural module spacing is achieved that will cluster more modules

in areas that are geometrically complex, whereas fewer modules are used in areas that are geomet-

rically simple. This allows for the morphing wing to easily achieve geometric similarity between

itself and the reference wing for which it must emulate.

3.4.4 Kinematic Implementation

In order for the performance of the current wing configuration to be evaluated, the kinematics of

the modules must be evaluated so that suitable geometry can be generated for analysis purposes.

For instance, the module kinematics along with the airfoil data can be used to generate a point

cloud which can be imported to any suitable solid modeling system.

With the set of module nodal points known, the kinematics can be solved for the local sweep,

cant, twist, and span of each module. First, it is plain to see that span of each module is simply
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the magnitude of the vector between each sequential node

bi = ‖sX (ti)− sX (ti−1)‖ (3.21)

To calculate the module sweep and cant, we must look at the difference in orientation between

two sequential span vectors. First, we note that bi acts along the zi-axis, thus the local vector form

is bli =

{
0, 0, bi

}T

. In the global coordinate frame, bgi = s (ti)− s (ti−1) =

{
bi,x, bi,y, bi,z

}T

.

Here, bi,x, bi,y, and bi,z are the x, y, and z components of the module span vector. The local and

global representation of bi are related by

bgi =

 i∏
j=1

Ri

bli (3.22)

where Ri is the rotation matrix of module i, defined in Eq. (3.13), consisting of the sequential

sweep, cant and twist rotations of the module. Since bli acts along the zi-axis, the twist rotation

about the zi-axis of module i does not contribute to orientation of bli. Thus Rz (αi) can be dropped

from Eq. (3.22), which can then be rearranged to form 1∏
j=i−1

RT
j

bgi = Rx (Λi) Ry (Γi) bli (3.23)

To simplify the notation, b′i =
(∏1

j=i−1 RT
j

)
bgi =

{
b′i,x, b′i,y, b′i,z

}T

. After some rearranging,

the module sweep and cant can be determined by

Λi = arctan 2
(
−b′i,y, b′i,z

)
(3.24)

Γi = arcsin

(
b′i,x
bi

)
(3.25)

Finally, the module twist can be calculated. Since the tangent of the wing curve and the

direction (zi-axis) of the module i are not necessarily co-linear, the module twist angle cannot be

determine by simply computing the twist at sθ (ti). This is due to the discrete nature of the modular

morphing wing. Referring to Fig. 3.10, the module twist angle is actually the angle between the

yz-plane at sX (ti) and the module y-axis projected on the yz-plane at sX (ti). The module twist

55



yz (t )-planes i x (t )s i
y (t )s i

z (t )s i

xi

yi

zi

bi

ti-1

ti

α iParallel transport frame

Module frame

Figure 3.10: Definition of module twist

can now be determined by calculating the angle between the wing curve z-axis at sX (ti) (normal

of the yz-plane at sX (ti)) and the y-axis of the module after sweep and dihedral rotations have

been computed

αk = π/2− arccos (xα · xR) (3.26)

where

xα =

{
− sin (sθ (ti)) , cos (sθ (ti)) , 0

}T

xR =

i−1∏
j=1

Rj

Rx (Λi) Ry (Γi)

{
0, 1, 0

}T

Eq. (3.21), (3.24), (3.25), and (3.26) are joint variables for each wing module. The position of

each wing module in the global coordinate frame can be calculated recursively using Eq. (3.23),

whereas the orientation of each module in the global coordinate frame is

Rg
i =

i∏
j=1

Rj (3.27)

We note that in the limit as m → ∞, bi, Λi, Γi and αi all tend to zero. Also in the limit, the

orientations of module i and the wing curve moving coordinate frames align.
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3.5 Case Study

In order to show the effectiveness of the discretization algorithm, a hypothetical reference wing is

used as a case study. First, the reference wing for case study is defined. This is followed by a

summary of the geometry discretization and performance analysis steps of the algorithm. The final

wing configuration is given, followed by a short discussion on results of the analysis.

3.5.1 Reference Wing Curve Definition

For the case study, an arbitrary reference wing curve is defined by using the set of points listed

in Table 3.1 to form a spline for each component. Each b-spline forms one of the components of

Eq. (3.12) is valid on the interval 0 ≤ t ≤ 1. The wing and coordinate frame setup is shown in

Fig. 3.11(a). Also shown is a graph with the wing curve splines plotted on the same graph. The

wing itself has a taper ratio of 0.1. It has three main sections; the inner section with a moderate

sweep and small cant; the middle section with a slightly larger sweep and cant, and; an outer portion

with a winglet. A NACA 0015 airfoil was used for the wing. This wing is entirely hypothetical,

however it does resemble a swept wing with a blended winglet, and where the span is constrained to

a specific value. From the module performance analysis, the CL/CD performance target of the wing

was shown to be approximately 26.5, i.e. the maximum performance attained from the discretized

wings. Other unconventional wing configurations have been shown to be desirable for certain flight

regimes and requirements [37].

Table 3.1: Points used to form wing curve b-spline

Wing curve spline coordinates
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

sx 0.00 3.00 6.72 11.43 17.58 25.97 38.01 57.14 91.43 171.43 571.43

sy 0.00 36.85 80.40 130.65 187.60 251.25 321.60 398.65 482.40 572.85 670.00

sz 0 250 500 750 1000 1250 1500 1750 2000 2250 2500

sθ 0.0227 0.0250 0.0278 0.0313 0.0357 0.0417 0.050 0.0625 0.0833 0.125 0.250
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(a) Reference wing isometric view (b) Reference wing coordinates

Figure 3.11: Definition of reference wing used for discretization algorithm case study

3.5.2 Morphing Wing Geometry Discretization

With the wing curve defined using a b-spline with the coordinates listed in Table 3.1, the morphing

wing can be discretized using the total curvature of the reference wing. This represents the first step

of the discretization algorithm, and the geometry discretization would be performed as additional

modules are added to the morphing wing system until a suitable performance is achieved (shown

in the following section). The geometry discretization step of the algorithm is detailed here using

the reference wing as an example.

Due to the reference wing geometry, it is expected that when discretized, modules will be

clustered in the region where the winglet curves upward from the remaining portion of the wing.

This is illustrated in Fig. 3.12 where the reference wing total curvature is plotted. The solid line

represents the total curvature, χ (t) (Eq (3.16)); the vector sum of the wing curvature and wing

torsion at any point t along the curve. If integrated from t = 0 to t = 1, the wing total curvature

is calculated as ζ = 4.1825 × 10−4. Also shown along the curve are the components of the nodal

spacing vector for a selection of discretized wings. The horizontal spacing of the markers reflects

the components of the nodal spacing vector t for the various discretized wing. As seen, there is

a peak in local contribution of total curvature at t ≈ 0.94, and then drops off as t → 1. Because
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of the sudden rise in curvature, corresponding to the location where the winglet begins, there are

more modules located in this wing region, representative by the horizontal clustering of the markers

within this region.

Table 3.2: Nodal point distribution and module kinematics of the a selection of discretized wings

m ζ̄ × 10−4 i ti Λ [deg] Γ [deg] α [deg] b [units]

2 2.90125 1 0.89 -14.2 4.0 1.3 2312.8
2 1 -4.7 51.3 6.8 496.0

3 1.39417 1 0.83 -13.8 2.9 1.3 2151.5
2 0.93 -5.9 20.5 3.9 272.7
3 1 3.8 38.0 6.3 401.7

4 1.04563 1 0.77 -13.4 2.3 1.3 1989.7
2 0.83 -5.9 12.6 3.0 330.7
3 0.94 0.6 19.2 2.2 156.8
4 1 3.9 30.2 4.4 355.0

5 0.83650 1 0.71 -12.9 1.9 1.3 1812.1
2 0.86 -5.9 8.4 2.2 423.6
3 0.92 -0.4 14.3 2.1 152.9
4 0.95 1.3 15.9 1.8 123.0
5 1 3.8 25.6 4.1 323.9

6 0.69708 1 0.63 -12.3 1.5 1.3 1620.8
2 0.83 -5.8 5.8 1.7 535.0
3 0.89 -1.1 11.4 2.0 167.2
4 0.93 0.6 12.1 1.4 107.9
5 0.96 1.5 14.0 1.8 107.2
6 1 3.7 22.3 4.2 300.6

7 0.59750 1 0.56 -11.8 1.3 1.3 1434.5
2 0.80 -5.7 4.3 1.3 641.1
3 0.87 -1.7 9.3 1.9 189.5
4 0.91 0.2 9.9 1.3 107.3
5 0.94 0.9 10.8 1.4 86.6
6 0.96 1.6 12.6 1.9 98.1
7 1 3.6 19.9 4.3 281.9
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m ζ̄ × 10−4 i ti Λ [deg] Γ [deg] α [deg] b [units]

8 0.52281 1 0.50 -11.3 1.2 1.3 1271.1
2 0.77 -5.5 3.3 1.0 721.5
3 0.85 -2.1 7.6 1.8 217.9
4 0.89 -0.1 8.5 1.2 113.5
5 0.92 0.5 8.9 1.1 82.1
6 0.94 1.0 9.8 1.4 75.3
7 0.96 1.6 11.6 1.9 92.1
8 1 3.5 18.0 4.4 266.4

9 0.46472 1 0.45 -11.0 1.1 1.3 1135.0
2 0.74 -5.3 2.6 0.8 770.6
3 0.83 -2.4 6.2 1.6 251.5
4 0.88 -0.4 7.4 1.2 122.9
5 0.91 0.3 7.7 1.0 82.9
6 0.93 0.7 8.2 1.1 68.5
7 0.95 1.1 9.0 1.4 68.2
8 0.97 1.7 10.7 2.0 87.9
9 1 3.4 16.5 4.5 253.1

10 0.41825 1 0.40 -10.6 1.0 1.3 1022.8
2 0.71 -5.1 2.1 0.7 791.3
3 0.81 -2.7 5.1 1.4 289.5
4 0.86 -0.6 6.5 1.1 134.7
5 0.89 0.1 6.8 0.9 86.3
6 0.92 0.4 7.1 0.9 66.8
7 0.93 0.7 7.6 1.1 60.1
8 0.95 1.0 8.4 1.4 63.3
9 0.97 1.7 10.0 2.1 84.8
10 1 3.4 15.2 4.6 241.5

A summary of the distribution of nodal points and the kinematics of the various modules

is shown in Table 3.2. Here, values for the first nine iterations of the geometry discretization are

shown. For the nodal points, t0 = 0 is omitted as it represents the beginning of each wing. However,

tm = 1 is shown along with the remaining interior nodal points, which for each module, indicates

the point along the wing curve where the modules end. It is worth noting that as the number of

modules increase, the average kinematic values per module begin to decrease, eventually tending

towards zero, thus forming a continuous wing. This is reflected in Fig. 3.13 where the average

module kinematic values all tend to zero as modules are increased.
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Figure 3.12: Total curvature distribution of the reference wing curve showing nodal point distribu-
tion for selected wing configurations
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Figure 3.13: Wing module average variable values

3.5.3 Morphing Wing Performance Evaluation

As mentioned, the module kinematics are then used to form the geometry of the discretized wing by

sequentially calculating the position and orientation, or pose, of each wing module in relation to the

previous module. The module kinematics allow for the geometric construction of the wing for the
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implementation purposes. The geometric wing information can be fed into a suitable CAD program

to generate a solid model, or can be input directly into a mesh generation program with some type

of CAD editing capabilities. For this study, ANSYS c© GambitTM is used for mesh generation, and

ANSYS c© FluentTM is used to solve the aerodynamics. Each wing is meshed with structured and

unstructured meshes within the control volume, with a total of approximately 12 million cells. The

number of cells along the span of each module is scaled according to the module length to provide

constant node spacing along the entire span of the wing with y+ ≈ 1 (see Appendix A for more

details). Each configuration is set to AoA = 5◦, and flown at M∞ = 0.3 at standard sea level and

a mean chord Reynolds number Re ≈ 3.5 × 106. A steady, implicit, density-based, second-order

upwind solver is used with the Spalart-Allmaras viscous model. The lift-to-drag ratio is used here as

a performance index due to its importance in regards to cruise performance, however other indices

can be used for different flight requirements.

Three discretized wings are shown in Fig. 3.14, and a summary of discretized wing performances

is shown in Fig. 3.15. For the first loop of the discretization algorithm, the wing is divided into

two modules as shown in Fig. 3.14(a). When comparing the two-module discretized wing to the

reference wing (Fig. 3.11(a)), we see that the wing tip region is not sufficiently emulated, solely due

to the limited number of modules available to the morphing wing. As a result, the corresponding

CL/CD ratio is approximately 21.5. With additional modules, the modular morphing wing is better

suited to emulate the winglet region of the reference wing. This is reflected not only in the physical

wing configurations, but also in the flight performance data.

As modules are increased, we see that CL steadily increases, CD decreases to a minimum

of approximately 0.0169, and then steadily increases, and CL/CD increases asymptotically to a

maximum of approximately 26.4. The configurations corresponding to the minimum CD and the

maximum CL/CD are the four-module wing (Fig. 3.14(b)) and the seven-module wing respec-

tively. However, we notice that there are no appreciable gains and CL/CD begins to decline after

seven modules. In fact, CL/CD|m=6 = 26.4002 and CL/CD|m=7 = CL/CD|max = 26.4174. Since

CL/CD|m=6 ≈ CL/CD|m=7, the six-module wing (Fig. 3.14(c)) is the configuration with the mini-
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(a) 2 module wing (b) 4 module wing

(c) 6 module wing

Figure 3.14: Wing configurations for case study discretization algorithm example

mum number of modules that maximizes the flight performance. Comparing this value to that of

the reference performance, we see that they are essentially identical, thus we can confidently state

that the six-module wing sufficiently emulates the reference wing shape. In fact, the six-module

configuration meets the stopping criteria listed in Section 3.2.3.

On the other hand, if drag reduction was the sole performance requirement, then we see that

the final wing configuration would a four-module morphing wing. We note that CD|m=4 = 0.0170

and CD|m=4 = 0.0169, and CL/CD|m=4 = 25.0807 which is within 5.06% of CL/CD|m=7. Thus the

four-module wing module suffers only a minimum decrease in CL/CD, while having a significantly

lower CD. In fact, four-, five-, and six-module wings provide the aircraft with a balance between

low drag and a high lift to drag ratio.

Choosing the six-module wing to be the final configuration for the morphing wing, Fig. 3.16(a)
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shows the spacing of the modules along the wing in its straight, untwisted state. The spacing of the

module was determined by the discretization algorithm. The remaining images in Fig. 3.16 shows

the stages of the morphing maneuver at 25%, 50%, 75% and 100%.

A full aerodynamic analysis of the wing is beyond the scope of this dissertation, but some

observations on the performance results are given. From the CFD analysis, there are adverse flow

conditions in regions near the module boundaries due to the discontinuity between two adjacent

module surfaces and results in increased drag. Any cant-variation between two adjacent modules

results in mixing of the two boundary layers from each module. This phenomenon is compounded

as additional modules are added to the system, however the effect of each contribution is diminshed,

corresponding to a decrease in local module cant angles. The drop in CD is attributed to the two

and three module wings failing to accurate describe the geometry of the reference wing. Also, as

fewer modules are used in these configurations, the module cant values are higher, thus contributing

to the mixing of adjacent boundary layers. The pressure coefficient distribution for the two, four

and six-module wing configurations is shown in Fig. 3.17. As additional modules are added, there is
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Figure 3.16: Example morphing maneuver showing a transition from a straight, untwisted wing, to
a fully morphed state

an increase in wetted wing surface area which also leads to an increase skin friction drag. This build-

up of drag begins at some point to outweigh the benefits in performance associated with adding

modules. This phenomenon is seen with the decrease in CL/CD beyond the seven-module wing

configuration for the case study, and could also be associated with the fact that a hypothetical

reference wing was used in the case study. These effects will differ depending on the reference

wing used. However, we notice that as more modules are added, the discontinuity between two
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(a) 2 module wing (b) 4 module wing

(c) 6 module wing

Figure 3.17: Pressure coefficient distribution for three discretized wing configurations

adjacent module surfaces begins to decrease, and the lift, drag and lift-to-drag ratio all begin to

level off. There is thus a trade-off between performance gains, and number of modules with respect

to the increase in drag associated with both the discontinuity between modules, and total wetted

surface area. It is near the module boundary regions that further analysis into the flow is required,

particularly how the flow is affected for different module kinematic values.

3.6 Summary

In this chapter, a discretization method for the development of a modular morphing wing was

presented. The new and unique algorithm is meant to provide the minimum number of morphing

wing modules required to satisfy a particular flight requirement. By using a reference wing with

desirable performance qualities, the discretization uses the reference wing geometry to discretize

the morphing wing into a set number of modules. Differential curve geometry was shown to be
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an effective means to not only mathematically describe the reference wing, but was also shown

to determine a natural module spacing that clusters more modules in areas of large wing total

curvature, and spacing out fewer modules in areas of small wing total curvature. The natural

spacing of the modules allows for the modular morphing wing to easily emulate the geometry of

the reference wing, and a case study was performed to show how the performance of the modular

wing changes with the addition of modules.
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Chapter 4

Wing Module Kinematic Architecture

In this chapter, the kinematic architectural requirements of the wing module are presented. First,

the high-level mobility, connectivity and constraint requirements of the wing truss module are

introduced. To satisfy the constraint requirements of the poly-morphing wing mechanism, two

distinct methodologies are presented. For each constraint methodology, a detailed mobility analysis

is performed, along with the enumeration of module configurations for different morphing criteria.

A comparison is then made between the two module constraint methodology, and one is selected

for further development. Finally, a summary of the chapter is given.

4.1 Parallel Mechanism Branch Mobility, Connectivity and De-
sign Methodologies

Truss mechanisms, introduced in Section 2.4, are best suited to satisfy the kineto-structural mor-

phing requirements of a morphing wing system. Additionally, truss-based mechanisms are ideal to

be used as a development platform for the systematic development of a modular morphing wing

due to the features previously outlined. Each module within the truss system is a self contained

parallel style mechanism. The base of one module acts a platform for the next, and this setup is

repeated as modules are positioned span-wise along the wing until a full wing system is assembled.

Each module, in effect, is an isolated mechanical system, however, the modularity of the system

allows a single module to be reconfigured according to the morphing requirements at the particular
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span-wise location, thus only a single module need be designed and analyzed. In this section, the

mobility, connectivity and design methodology of parallel mechanism branches are discussed.

4.1.1 Parallel Mechanism Mobility and Connectivity

In order to understand the kinematic capabilities of a parallel style mechanism, including the wing

module, the mobility of the system must be established. The mobility M , of a mechanical system

is defined using the Chebychev-Gr ubler-Kutzbach criterion (also known as the mobility equation)

M = λ (nl − nj − 1) +

nj∑
j=1

fj (4.1)

where λ is the system order, respectively, nl is the number of links, nj is the number of joints,

and fj is the degree-of-freedom number for the jth joint. In Eq. (4.1), the system order is defined

depending on the motion profile of the system, where λ = 3 for planar motion and λ = 6 for

spatial motion. In other words, the system order equals the total degrees-of-freedom possible for

the mechanism.

Connectivity is the total degrees-of-freedom within any branch of the parallel robot and is the

sum of the individual joint degrees-of-freedom for the particular branch. In order for a parallel

mechanism to maintain its kinematic integrity, limits on branch connectivity must be maintained.

Tsai [69] has shown using Euler’s equation that for each branch, the following relationship between

the mobility, connectivity and system order must hold

M ≤ Ck ≤ λ (4.2)

where Ck is the connectivity of the kth branch. In Eq. (4.2), we see that the connectivity of any

branch must be no less than the mobility of the robot, and no greater than the system order, thus

establishing the robot mobility and branch connectivity relationship requirement. The physical

interpretation of Eq. (4.2) is such that branches with a connectivity less than the mobility of

the system introduce undesirable constraints on the moving platform, whereas branches with a

connectivity greater than the system order posses redundant degrees-of-freedom and may be loose.
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For the former, the introduction of constraints as such is undesirable, as systems are designed

to achieve a specific mobility. By introducing constraints in this manner, the mobility of the

system is reduced to below what is required, and thus cannot be actuated according to the design

requirements. In the latter case, a loose branch within the parallel robot structure on the other

hand may introduce additional degrees-of-freedom for the platform which may not be controllable,

thus altering the kinematic behaviour of the system in a negative manner. This scenario might also

results in a parallel mechanical system that cannot in general be actuated according to the specific

design requirements. Therefore the branches of the wing module must satisfy Eq. (4.2).

4.1.2 Parallel Mechanisms Constraint Methodology

A full 6-DOF parallel mechanism or robot is free of mechanical constraints, however, as the wing

module is a limited mobility mechanism, modifications must be made. To achieve the specific

modification, we look again at Eq. (4.1). The physical interpretation of Eq. (4.1) provides the not

only the mobility of the system, but also the number of controllable joints (or actuators/motors)

required to control the mechanism. Systems with fewer actuators than system mobility represents

an under-actuated system that is unable to provide independent motion for all available degrees-

of-freedom. Over-actuated systems are the opposite of this in which there are additional actuators

than system mobility and results in redundancy in providing independent motion for all available

degrees-of-freedom. However, assuming that the system is neither under- nor over-actuated, then

the resultant mobility of Eq. (4.1) is also an indicator of the number of constraints (if any) are

required to maintain the kinematic integrity of the system. The number of constraints applied to

a mechanical system is given by

K = λ−M (4.3)

where K is the number of constraints in the mechanical system. Here, we see that the number of

constraints is simply the difference between the system order and mobility of the system.

The morphing wing module that requires at most, four controllable degrees-of-freedom, thus

two constraints at a minimum, must be applied to the module in order to maintain the kinematic

70



integrity imposed by Eq. (4.3). As the wing module is a specialized parallel-style mechanism,

constraints can be added to the system using one of two individual methodologies: a) introducing

a passive branch with specific branch architecture, or b) removing a degree-of-freedom from a joint

within the system. These methodologies are distinct and have been applied in various parallel robot

systems. For example, a passive branch constraint is used in developing tricept-style parallel robots,

whereas joint constraints have been used to develop lower-mobility parallel robots, such as tripod

style robots. To further understand the physical implications of each constraint methodology, the

mobility and connectivity of each are explored further.

Using Eq. (4.1) and Eq. (4.2), a summary of parallel robot configurations for each constraint

methodology are listed in Table 4.1 with respect to mobility and connectivity. In the table, the

number of branches, links and joints for configurations ranging from 1 ≤M ≤ 6 are summarized.∗.

For the configurations listed in Table 4.1, we see that for every decrease in system mobility, there

is a reduction in the number of branches in the system. As previously mentioned, parallel robots in

general have an equal number of branches as mobility with a single controllable actuator on each

branch. The exception to this is obviously those parallel robots with a passive constraint branch.

Regardless of constraint methodology used, the reducing the number of branches within the system

cannot be used in a truss-based structure, as removing branches from the system jeopardizes the

integrity of the truss itself.

Additionally, it becomes increasingly difficult to generate a suitable parallel mechanism with

low system mobility due to the branch connectivity requirements. For the robot to be considered

parallel, it must contain at least two branches. We can easily see that each limited mobility mode

for the constraint branch methodology satisfies this requirement. However this is not the case for

the joint constraint configuration with a mobility M = 1 as there is only one branch within the

system. We also note that the joint constraint configuration with a mobility M = 2, the two

branches within the system are architectural dissimilar to those with a higher mobility. The lack

∗For the passive branch constraint methodology it is assumed that the following link, joint and connectivity
parameters are used: M = 6: nl = 2 and nj = 3, M = 5: nl = 2 and nj = 3, M = 4: nl = 2 and nj = 3,
M = 3: nl = 1 and nj = 2, M = 2: nl = 1 and nj = 2, M = 1: nl = 0 and nj = 1
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Table 4.1: Mobility and connectivity summary of typical parallel robots

System Branch Constraint Parallel Robot Joint Constraint Parallel Robot
M K nb nl nj

∑
fj Ck

1 nb nl nj
∑

fj Ck

6 0 7 16 21 42 6,6,6,6,6,6,(6) 6 14 18 36 6,6,6,6,6,6

5 1 6 14 18 35 6,6,6,6,6,(5) 5 12 15 29 6,6,6,6,5

4 2 5 12 15 28 6,6,6,6,(4) 4 10 12 22 6,6,5,5

3 3 4 9 11 21 6,6,6,(3) 3 8 9 15 5,5,5

2 4 3 7 8 14 6,6,(2) 2 6 4 8 4,4

1 5 2 4 4 7 6,(1) 1 2 1 1 1

1 The connectivity of the constraint branch is shown in parentheses

of similarity in branch connectivity makes any comparison between the configurations impossible,

as the configurations with a mobility M > 2 are categorized differently.

The physical ramifications mentioned above render traditional parallel robots unable to fulfill the

requirements of a multi-configuration, truss-based mechanism, as which is to be used for the wing

module. As such, modifications must be made in order to accommodate the unique requirements of

the wing. From Table 4.1, we do see that both systems are entirely dependent on the configuration

of particular passive branches. Thus a closer look at the mobility equation is warranted.

First, we can expand Eq. (4.1) to differentiate between the unconstrained branches, and passive

constrained branches

M = λ (nl,u + nl,c − nj,u − nj,c − 1) +

nj,u∑
j=1

fj,u +

nj,c∑
j=1

fj,c (4.4)

where the subscripts ‘u’ and ‘c’ refer to links and joints situated in unconstrained branches, and

passive constrained branches, respectively. In Eq. (4.4), we can see that
∑nj ,u

j=1 fj,u and
∑nj ,c

j=1 fj,c are

summations of the connectivity of each of the unconstrained and constrained branches, respectively.

Thus Eq. (4.4) can be rewritten in terms of unconstrained and constrained branches

M = nb,u [λ (nl,u − nj,u) + Cu] + nb,c [λ (nl,c − nj,c) + Cc] + λ (4.5)
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where nb are the number of branches, and where the subscripts ‘u’ and ‘c’ still refer to links and joints

situated in unconstrained branches, and passive constrained branches, respectively. Additionally,

the base and platform link have been accounted for within Eq. (4.5), which renders the equation

only a function of the branches within the system.

Equation (4.5) describes the mobility of a parallel mechanical system in terms of a collection

of constrained and unconstrained branches. This new form of the mobility analysis allows for

the parallel mechanical system to be analyzed in a modular fashion, as the branches themselves

are viewed as modules that are used within the system. Unconstrained branch modules can be

swapped out with suitable branch candidates to form new parallel mechanical systems with different

kinematic qualities, without the need to perform additional mobility and connectivity analyses.

Constrained branch modules will alter the mobility of the system, however as will be shown below,

Eq. (4.5) is versatile and can be for the analysis of both constraint methodology. It will also be

used in developing the truss-based mechanisms to drive the morphing wing modules.

4.2 Wing Module Design Methodology

In this section, the mobility and connectivity requirements outlined in Section 4.1 are used to

develop the specific wing module concepts based on the branch constraint and joint constraint

methodology. For each wing module constraint methodology, a detailed mobility and connectivity

analysis is presented, followed by the wing module concept. The branch constraint wing module

is presented first, followed by the joint constraint wing module. A comparative discussion is then

given contrasting the wing module concepts.

4.2.1 Branch Constraint Wing Module

4.2.1.1 Branch Constraint Mobility Analysis

Lower mobility parallel robots designed with the branch constraint methodology have a single

constraint branch within the system that houses all of the constraints. Thus in Eq. (4.5), nb,c = 1.

The remaining unconstrained branches in the system are of UPVS joint architecture. Thus nl,u = 2
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and nj,u = 3. Additionally, the unconstrained branches each possess a connectivity Cu = 6. Using

these values and setting λ = 6, we see that λ (nl,u − nj,u) + Cu = 0, and Eq. (4.5) reduces to

M = 6 (nl,c − nj,c + 1) + Cc (4.6)

Here, it is plain to see that the mobility of the system is entirely dependent on the constraint

branch, and only the constraint branch.

The constraint branch itself can be configured at random such that the required constraints are

imposed on the moving platform as per the requirements of the system, however, overly complex

configurations should not in general be considered in lieu of ones that are simple. If we then require

the branch to be a simple open-loop mechanism, disregarding the base and platform links as they

have already been taken into account within the derivation, then we see that every potential branch

follows a joint-link-joint sequence, where the total number of joints is always one greater than the

number of links, nj,c = nl,c + 1. This holds for configurations in which all joints are lower-order

joints with a single degree-of-freedom, and configurations in which there are a combination of lower

and higher-order joints with multiple degrees-of-freedom. Making the substitution, Eq. (4.6) finally

becomes

M = Cc (4.7)

Table 4.2: Mobility and connectivity comparison of typical constraint branch parallel robots

System Typical Parallel Robot New Parallel Robot
M K nb nl nj

∑
fj Ck

1 nb nl nj
∑

fj Ck
1

6 0 7 16 21 42 6,6,6,6,6,6,(6) 7 16 21 42 6,6,6,6,6,6,(6)

5 1 6 14 18 35 6,6,6,6,6,(5) 7 16 21 41 6,6,6,6,6,6,(5)

4 2 5 12 15 28 6,6,6,6,(4) 7 16 21 40 6,6,6,6,6,6,(4)

3 3 4 9 11 21 6,6,6,(3) 7 15 20 39 6,6,6,6,6,6,(3)

2 4 3 7 8 14 6,6,(2) 7 15 20 38 6,6,6,6,6,6,(2)

1 5 2 4 4 7 6,(1) 7 14 19 37 6,6,6,6,6,6,(1)

1 The connectivity of the constraint branch is shown in parentheses
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Equation (4.7) shows that the mobility of a parallel robot using a passive constraint branch is

a function only of the connectivity of the constraint branch. The mobility is also independent of

the number of unconstrained branches in the system insofar as a suitable number of controllable

joints are present within the robot system. A comparison of the mobility and connectivity of

typical branch constraint and new branch constraint parallel robots is shown in Table 4.2. The

same constraint branch configurations for the various lower mobility modes are used here as were

used in Table 4.1. We see that now, there are always seven branches within the system, with six

unconstrained branch and one constrained branch. This then allows for a truss-based mechanism

to be designed to fulfill the requirements of the morphing wing module, as a set number of branches

can be incorporated within the system, thus maintaining the integrity of the truss, and thus the

structural characteristics of the wing.

4.2.1.2 Branch Constraint Wing Module Conceptual Design

The module is required to assume 15 different kinematic states, thus the configuration of the

constraint branch must change according to the required kinematic motions of the particular wing

module configuration. As the module can assume any combination of variable sweep, cant, twist

and/or span, then the constraint branch must be configured to allow only for these motions, namely

one translational and three rotational degrees-of-freedom. The translational degree-of-freedom

obviously corresponds to the span-wise motion of the module, and the sweep, cant and twist

degrees-of-freedom correspond to the three rotational degrees-of-freedom. The order in which these

degrees-of-freedom are applied will result in different constraint kinematics and the options available

are discussed further below.

Translation first, then rotations

For configurations in which translational motion is followed by subsequent rotations, the

rotational joints present within the system are in general, located at the platform airfoil.

As such, any span motion is always first and is along the module z-axis, followed by any

subsequent rotations. Figure 4.1 shows an example wing module with a translational total
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(a) Top View (b) Front View (c) Side View

Figure 4.1: Example of translation then rotation branch constraint module with 15o sweep, 15o

cant, -5o twist, and 12 unit span

span of 12 units, followed by a 15o sweep, 15o cant, and -5o twist. Here, we see that when the

rotations are applied, the module maintains its initial sweep and cant orientations with respect

to the aircraft or previous module. Twist motion on the other hand alters the configuration

of the module itself. As such, a configuration in which translation is followed by rotation

essentially separates the degrees-of-freedom between the module itself, and the subsequent

module where sweep and cant motion primarily affect any subsequent module within the wing

module sequence. Using this setup for the module, an additional module is always required

following a module where sweep and/or cant morphing is required.

Rotations first, then translation

For configurations in which any rotations are followed by the translation, larger platform

airfoil displacements are observed due to the rotational joints being positioned at the base

airfoil. This is reflected in Fig. 4.2 in which a 15o sweep, 15o cant, and -5o twist is followed by

a 12 unit span. Here we see that all degrees-of-freedom, including sweep and cant variation,

have a direct impact on the orientation of the module itself, which is in contrast to the

translation followed by rotation configurations. As such, there is no separation in degrees-of-

freedom from one module to the next, and there is no requirement that an additional module

is needed following a module with sweep and/or cant morphing capabilities.

A summary of the kinematic states and constraint branch architecture for each kinematic option

is summarized in Table 4.3.† To facilitate the constraints for the rotational degrees-of-freedom, a

transverse revolute joint is used for sweep and cant motion, whereas an axial revolute joint is used

†For a description of joint types and joint nomenclature, see Table B.1 in Appendix B
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(a) Top View (b) Front View (c) Side View

Figure 4.2: Example of rotation then translation branch constraint module with 15o sweep, 15o

cant, -5o twist, and 12 unit span

Table 4.3: Constraint branch joint sequence summary

Module Platform Degrees-of-Freedom Constraint Branch Joint Sequence
Mobility Sweep Cant Twist Span Trans.→Rot. Rot.→Trans.

1 X - - - RT RT

1 - X - - RT RT

1 - - X - RA RA

1 - - - X PV PV

2 X X - - U U

2 X - X - RTRA RTRA

2 X - - X PVRT RTPV

2 - X X - RTRA RTRA

2 - X - X PVRT RTPV

2 - - X X PVRA (RAPV) RAPV (PVRA)

3 X X X - URA URA

3 X X - X PVU UPV

3 X - X X PVRTRA RTRAPV (RTPVRA)

3 - X X X PVRTRA RTRAPV (RTPVRA)

4 X X X X PVURA URAPV (UPVRA)
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for twist motion due to the alignment of rotation axes and coordinate frames. When sweep and

cant morphing are present, the combination of the two transverse revolute joints form a universal

joint. This is not the case for a combination of sweep and twist or cant and twist as the rotational

axes of the combined transverse and axial revolute joint do not form a proper universal joint. Gan

et al. [49, 50] introduced a reconfigurable Hooke joint that combines one transverse and one axial

rotation axis , but for the module, the two joints remain separate. When the module is capable of

simultaneous sweep, cant and twist, a universal joint and axial revolute joint are used to impose the

necessary constraints. Here, the universal and axial revolute joint could in theory be combined to

form a spherical joint as the rotation axes align, however in practice, spherical joints have limited

motion ranges about all axes as compared a universal and axial revolute joint combination. For the

span-wise translational degree-of-freedom a variable prismatic joint is used. For the configurations

in which the prismatic joint is attached to the base or platform airfoil, a fixed prismatic joint

could in theory be used, however in regards to space and weight limitations, a fixed prismatic

joint imposes a larger penalty as compared to those of the variable prismatic joint. As such, the

variable prismatic joint is used when span morphing is required. Lastly, it is worth noting that

the span-wise translation axis and twist rotational axis are colinear. As such, when both motions

are required within the module, the order of the variable prismatic and axial revolute joint are

interchangeable without affecting the translation-rotation sequence. The corresponding constraint

branch configurations are shown in parentheses in Table 4.3.

With the various configurations of the constraint branch defined in Table 4.3, the constraint

branch wing module is shown kinematically in Fig. 4.4. Here, we see that there are seven branches

within the wing module system. Branches 1 through 6 form a specialized truss mechanism that

is situated within the bound wing volume as seen in Fig. 4.3(a), and branch 7 is the constraint

branch. The unconstrained branches connect to the base and platform airfoils in a loop with three

distinct connection points as shown in Fig. 4.3(b). The point p1 lies above the 1/4-chord point on

the x-axis and p2 lies at the intersection of the camber line and the y-axis, with p3 being placed

near the lower leading edge depending on the camber (shape) and thickness of the airfoil. Using
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Table 4.4: Enumeration of controllable branch combinations for the constraint branch wing module

M Active Branch Combinations

4 1-2-3-4, 1-2-3-5, 1-2-3-6, 1-2-3-7, 1-3-4-5, 1-3-4-6, 1-3-4-7, 1-4-5-6, 1-4-5-7, 1-4-6-7,
1-5-6-7, 2-3-4-5, 2-3-4-6, 2-3-4-7, 2-4-5-6, 2-4-5-7, 2-5-6-7, 3-4-5-6, 3-4-5-7, 3-4-6-7,
4-5-6-7

3 1-2-3, 1-2-4, 1-2-5, 1-2-6, 1-2-7, 1-3-4, 1-3-5, 1-3-6, 1-3-7, 1-4-5, 1-4-6, 1-4-7, 1-5-6,
1-5-7, 1-6-7, 2-3-4, 2-3-5, 2-3-6, 2-3-7, 2-4-5, 2-4-6, 2-4-7, 2-5-6, 2-5-7, 2-6-7, 3-4-5,
3-4-6, 3-4-7, 3-5-6, 3-5-7, 3-6-7, 4-5-6, 4-5-7, 4-6-7, 5-6-7

2 1-2, 1-3, 1-4, 1-5, 1-6, 1-7, 2-3, 2-4, 2-5, 2-6, 2-7, 3-4, 3-5, 3-6, 3-7, 4-5, 4-6, 4-7, 5-6,
5-7, 6-7

1 1, 2, 3, 4, 5, 6, 7

these connection points results in three planar truss sections within the wing, and are formed by

branches 1-2-3, 3-4-5, and 5-6-1. In Fig. 4.3(b), a NACA 4512 airfoil is used to show the rationale

for the point selection. Highly cambered airfoils tend to have a lower surface that has very low

curvature, thus the planar truss formed by branches 5-6-1, fits this profile well. Also, positioning

p1 and p2 on the x and y-axes, respectively, give large moment arms for the actuation of cant

and sweep morphing, respectively. This is further explained below. Finally, the branch connection

point setup leaves sufficient space to include high lift devices such as trailing edge flaps and leading

edge slats on the wing [62].

The last step for the conceptual design of the constraint branch wing module is to determine

the architecture of the unconstrained branches and the layout of controllable actuators within

the module system. While numerous branch candidates are possible (see Appendix B), UPVS

style branches are used due to their compact form and resemblance to traditional truss members.

Using the branches listed in Table 4.3 for the constraint branch, and the UPVS branches for the

unconstrained branches, the allocation of controllable actuators can now be achieved. If each branch

can only have one controllable actuator, and the constraint branch can also have a controllable joint,

then the list of enumerated module configurations is shown in Table 4.4. At total of 21, 35, 21, and

7 configurations are possible for the 4-DOF, 3-DOF, 2-DOF and 1-DOF modules, respectively.
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Figure 4.3: Branch constraint wing module with branch numbers and branch airfoil connection
points

To reduce the number of candidate configurations, the single degree-of-freedom modules are

analyzed based on the motion required of the platform. The 1-DOF wing modules are shown in

Fig. 4.4 where the active branch is shown as a dashed line. Also shown is the required motion of the

platform using the translation followed by rotation motion method. For the sweep module shown

in Fig. 4.4(a), the rotation of the platform is about the platform xp-axis. The branch that provides

the largest moment arm for this motion is branch 5, thus for any sweep motion, this branch is

designated as active. Similarly for the cant module (Fig. 4.4(b)), the rotation of the platform is

about the platform yp-axis, thus the branch that provides the larges moment arm and is used for

any cant motion is branch 3. The twist module on the other hand require a rotation about the

zp-axis. With branches 3 and 6 eliminated from contention, any of branches 1, 2, 4, 6 or 7 can be
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Figure 4.4: Constraint branch modules with 1-DOF (dashed line represents active branch)

used to provide platform twist. Branch 1 is very closely aligned to the twist axis, thus represent a

dead point in regards to actuation, and thus is not suitable to provide twist motion. Branches 2, 4

and 6 all are situated at an angle to the twist axis and thus could be used, however, we note that

for any configuration which requires twist, there is a revolute joint at the platform on the constraint

branch (see Table 4.3). As the RA and zp-axis align, this joint can be used as an active joint to

provide the necessary platform twist, thus designating branch 7 to be used for any configuration

which requires twist as shown in Fig. 4.4(a). This leaves branches 1, 2, 4, and 6 available for control

of the span motion. As branch 1 is very closely aligned with the span-wise motion of the module,

this branch is then designated for all span motion as shown in Fig. 4.4(d). Branches 2, 4, and 6,

the diagonally aligned branches, thus remain passive at all times.

Using the distribution of actuators above, modules ranging from 4 to 1-DOF can quickly be

configured by either adding or removing the corresponding actuator for the particular motion, while

simultaneously reconfiguring the constraint branch. If branches 1, 3, 5 and 7 are used exclusively

to provide the module with span, sweep, cant and twist morphing capabilities, respectively, then

the final configurations for the branch constraint module are listed in Table 4.5. For example, a
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Table 4.5: Enumeration of final configurations for the constraint branch wing module

M Active Branch Combinations

4 1-3-5-7

3 1-3-5, 1-3-7, 1-5-7, 3-5-7

2 1-3, 1-5, 1-7, 3-5, 3-7, 5-7

1 1, 3, 5, 7

1-3-7 module represents a module capable of variable cant, twist and span. As such, we see that

there are 1, 4, 6 and 4 final configurations for the 4-DOF, 3-DOF, 2-DOF and 1-DOF constraint

branch wing modules, respectively. These configurations match the number of possible motion

combinations shown in Fig. 1.4.

4.2.2 Joint Constraint Wing Module

4.2.2.1 Joint Constraint Mobility Analysis

Parallel robots that assume lower mobility modes via joint constraints require that a single degree-

of-freedom to be removed from the system for each reduction in mobility from a full 6-DOF robot.

Although there is no restriction on where degrees-of-freedom are removed, it is common and prac-

tical to impose a requirement that degrees-of-freedom only be removed from branches with a con-

nectivity Ck = 6, resulting in a branch of connectivity Ck = 5. If multiple degrees-of-freedom are

removed from a single branch, then the robot more closely resembles the constraint branch parallel

robot. Thus to provide sufficient differentiation, degrees-of-freedom can only be removed from a

branch of connectivity Ck = 6.

When the robot assumes a limited mobility mode, any unconstrained branch has Cu = 6,

nl,u = 2, and nj,u = 3 and any constrained branch has Cc = 5, nl,c = 2, and nj,c = 2. Using these

values and λ = 6, Eq. (4.5) reduces to

M = 6− nb,c (4.8)

Here we see that the mobility of a joint constraint parallel robot is only dependent on the number
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of constrained branches within the system. Similar to the branch constraint parallel robot, the

mobility here is also independent of the number of unconstrained branches in the system insofar

as a suitable number of controllable joints are present within the robot system. A comparison of

the mobility and connectivity of typical joint constraint and new joint constraint parallel robots

is shown in Table 4.6. We see that now, there are always six branches with an equal number

of constrained branches as system mobility. This allows allows for configurations with a mobility

M < 3 to be developed without losing the physical resemblance of a parallel robot. Again, similar to

the branch constraint parallel robot, the new joint constraint methodology allows for a truss-based

mechanism to be designed to fulfill the requirements of the morphing wing module.

4.2.2.2 Joint Constraint Wing Module Conceptual Design

The base design for the joint constraint wing module is shown in Fig. 4.5. Equation (4.8) indicates

that an unlimited number of unconstrained branches can exist in the system, and the mobility is

only dependent on the number of constrained branches. Here, a constraint branch is any branch

that reconfigures from a UPVS to a RTPVS configuration. The minimum number of branches as

previously developed is six, however a total of eight are used to form a rectangular truss as shown

in Fig.4.5. Branches 1 and 3 diagonally span the upper and lower wing, respectively, while branches

2 and 4 are situated in the trailing and leading edge regions, respectively. Branches 5 through 8

Table 4.6: Mobility and connectivity comparison of typical joint constraint parallel robots

System Typical Parallel Robot New Parallel Robot
M R nb nl nj

∑
fj Ck nb nl nj

∑
fj Ck

6 0 6 14 18 36 6,6,6,6,6,6 6 14 18 36 6,6,6,6,6,6

5 1 5 12 15 29 6,6,6,6,5 6 14 18 35 6,6,6,6,6,5

4 2 4 10 12 22 6,6,5,5 6 14 18 34 6,6,6,6,5,5

3 3 3 8 9 15 5,5,5 6 14 18 33 6,6,6,5,5,5

2 4 2 6 4 8 4,4 6 14 18 32 6,6,6,5,5,5

1 5 1 2 1 1 1 6 14 18 31 6,5,5,5,5,5
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Figure 4.5: Joint constraint wing module

are axial branches with branches 5 and 6 at the trailing region and branches 7 and 8 at the leading

region. The four diagonal and four axial branches, or truss members, form a rectangular prism with

planar trusses formed around the perimeter of the entire truss mechanism. The planar trusses are

formed by the 1-5-8, 2-5-6, 3-6-7, and 4-7-8 branches. The positioning of the leading and trailing

planar trusses 4-7-8, and 2-5-6, respectively are located near to the area in which the wing spars

would have normally be placed.

From the eight branches, the number of constrained branches that reconfigure from a UPVS to a

RTPVS configuration is equal to the mobility of the wing module. However, the combination of the

constrained branches is independent of the specific degrees-of-freedom the wing module is required

to provide. With eight branches within the wing module forming the kinematic truss, multiple

configurations can be used for each mobility mode. Additionally, the number of active branches,

i.e. those with a controllable degree-of-freedom, is equal to the mobility of the wing module. As

with the joint constraint module, only one joint can be active per branch, thus there are an equal

number of active branches as wing module mobility. For example, a 4-DOF wing module has four

branches designated as being active. With the UPVS/RTPVS branch configuration, the prismatic

joint is controllable.

From the kinematic requirements of the truss, we can see that a branch can be categorized as
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being unconstrained or constrained and as being active or passive. The unconstrained/constrained

and active/passive state of the branches are mutually exclusive, thus branches can be either

unconstrained-active, unconstrained-passive, constrained-active or constrained-passive. With the

eight branches of the wing module labeled in Fig. 4.5, Table 4.7 enumerates the configurations the

module can assume for each mobility mode. In the table, configurations are grouped according

to the active branches and then passive branches within the system. Each entry in the second

column can be combined with an entry in the third column. As such, each configuration is unique.

For illustrative purposes, a configuration from each mobility mode is shown in Fig. 4.6 where

unconstrained-active branches are solid, unconstrained-passive are dashed, constrained-active are

dotted, and constrained-passive are dash-dotted. For example, Fig. 4.6(a) shows 4-DOF module

configuration with a 1-2-3-4 active branch and 5-6 passive branch setup. Branches 7 and 8 are

unconstrained and passive. In this case there are unconstrained-active, unconstrained-passive and

constrained branches are present within the system. Figure 4.6(b) represents a 3-DOF module with

2-3-6 active and 3-5-6 constrained branches. Here unconstrained-active, unconstrained-passive,

constrained-active and constrained-passive branches are present within the system. A 2-DOF wing

module is shown in Fig. 4.6(c).

In total, we see that for the 4, 3, 2, and 1-DOF mobility modes, a total of 1792, 3136,

1792, and 416 unique configurations are possible, respectively. Note here that these configu-

rations are independent of the module sweep, cant, twist or span-morphing capabilities. The

configurations listed in Table 4.7 contain a mix of unconstrained-active, unconstrained-passive,

constrained-active or constrained-passive branches, which greatly increase the number of enumer-

ated configurations. To help reduce the candidate configurations, a restriction on the active/passive,

unconstrained/constrained combinations are imposed. As used in [59, 64], branches are limited

to be either unconstrained-active, unconstrained-passive, or constrained-passive, thus eliminating

constrained-active branches. Unconstrained branches, active and passive, now are of UPS branch

architecture with a controllable prismatic joint for those that active, while constrained branches

are of RPS branch architecture. This reduces configuration candidates for the 4, 3, 2 and 1-DOF
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Figure 4.6: Example wing module configurations

mobility modes to a total of 384, 560, 384, and 160 unique configurations, respectively.

Finally, we can reduce the number of candidate configurations by limiting active branches to

the diagonal truss members, and constrained branches to the axial truss members. This however

eliminates the single degree-of-freedom module configurations as there are only four axial truss

members and the single degree-of-freedom modules require five constraints. Constraints can in the-

ory be added by removing a degree-of-freedom from elsewhere in the system. There are compelling

reasons as to why the single degree-of-freedom modules be discarded which are listed below.

1. First, from a paralle; mechanism perspective, four-bar linkages are sufficient to provide a

single degree-of-freedom. The module in the current configuration is overly complicated for
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Table 4.8: Enumeration of final wing module configurations

M Active Branch Combinations Constrained Branch Combinations

4 1-2-3-4 5-6, 5-7, 5-8, 6-7, 6-8, 7-8

3 1-2-3, 1-2-4, 1-3-4, 2-3-4 5-6-7, 5-6-8, 5-7-8, 6-7-8

2 1-2, 1-3, 1-4, 2-3, 2-4, 3-4 5-6-7-8

such a motion set.

2. The resultant motion of the platform airfoil may be highly irregular, and perhaps undesirable.

Also, the constrained kinematics could be very difficult or be impossible to solve.

3. One of the requirements of the modular morphing wing is the ability to position degrees-of-

freedom a specific locations along the wing span. As such, varying the span of each module

satisfies this requirement, and allows specific placement of the remaining degrees-of-freedom.

For these reasons, eliminating the single degree-of-freedom modules is justifiable, and thus reduces

the candidate configurations to a more reasonable number. Table 4.8 enumerates the candidate

configurations that remain. Here we see that there are a total of 6, 16, and 6 unique configurations

for the 4, 3, and 2-DOF modules, respectively.

4.2.3 Module Comparison

From the architecture descriptions of the two different wing modules, the difference between the

two lie not only in the layout of the constraint methodology used, the branch layout, but also

in reconfiguration. Much of this chapter was dedicated to describing in detail, the constraint

methodology of each wing module. The branch constraint wing module uses a central branch to

house all of the constraints, while the joint constraint module distributes constraints amongst the

branches.

The branch layout between the two proposed systems are very different. The branch constraint

module consisted of six unconstrained branches, with a central constrained branch. The six uncon-

strained branches formed a triangular prism shaped truss joining the base airfoil to the platform

88



airfoil. The joint constraint module on the other hand consisted of eight branches forming a rectan-

gular prism truss with constrained and unconstrained branches distributed amongst the branches.

The physical location of the joint constraint branches lie within the volume that would be filled by

the wing torque box, thus following a more sensible layout. From Eq. (4.7), we see that the mobility

of the branch constraint module is dependent only on the central constrained branch. Thus adding

two additional unconstrained branches and altering their layout to one that is identical to the joint

constraint module is an option to bring the branch constraint module in line with current wing

geometry.

Branch layout of course can be altered, as mentioned, however reconfiguration of each is much

different. Reconfiguration of branch constraint module requires removing degrees of freedom from

the central branch and thus altering the kinematic topology of joints within the structure. As

shown in Table 4.3, the configuration of the module is fully dependent on the degree-of-freedom

requirements of the wing module. The joint constraint module, on the other hand, separates the

degree-of-freedom requirements from the specific constraint configuration and thus offers much

more flexibility in configuring the module. As each of the eight branches within the system are

candidates in which a constraint may be placed, multiple configurations can be assumed to perform

the same morphing requirements of the module. The kinematic performance of the module can thus

be adjusted to not only address the degree-of-freedom requirements of the wing, but also obtain an

optimized kinematic performance. It is for this reason that the joint constraint wing module is the

more desirable option for the development of the modular morphing wing system.

4.2.4 Passive Wing Module

It is worth noting that within the morphing wing system, there may be instances where morphing is

not needed. For instance, in the vicinity of the wing tip, kinematic capabilities may not necessarily

be required as the wing tip location can be controlled by inboard modules. In these instances, a

passive wing module can be utilized in which kinematic capabilities of the wing truss are removed by

replacing all prismatic joints with fixed-lengths links. This offers greater flexibility for the modular
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wing system.

4.3 Summary

In this chapter, the kinematic architectural requirements of the morphing wing module was pre-

sented. The overview of common mechanical systems from the previous chapters was used to

provide a basis for the development of the modular morphing wing system. A specialized variable

geometry truss system with parallel mechanism modules was proposed for the architectural devel-

opment process. As the wing module is a constrained system, two parallel mechanism constraint

methodologies were proposed for the wing module. A detailed branch-based mobility analysis was

developed and branch enumeration evaluation was completed for each module constraint method-

ology. The mobility analysis provided the branch connectivity requirements for the modules and a

concept was proposed for each constraint methodology. A comparison of the two module concepts

lead to the selection of the joint constraint model as the base for the wing module. Lastly, the idea

of passive modules was discussed.

It should also be noted that the branch enumeration process can easily be used for other modular

systems in which volumetric and weight constraints are not as strict as those required for a wing

system. Thus, branches that are kinematically feasible but not suitable due to their individual

workspace requirements here, may be better suited for other mechanisms, and could provide the

means to develop new modular parallel-style mechanisms. These branches are listed in Appendix B.
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Chapter 5

Wing Module Kinematic Modeling

In this chapter, the kinematics of the wing module are developed. First, the kinematic setup of the

wing module is given including the establishment of branch vector loop kinematics. This is followed

by the development of a parametric formulation for the kinematics of the wing module. Here a new

parametric constraint system is introduced and applied to the wing module. With the constraint

system established, the methods by which to solve the constraints are detailed. This is then followed

by the development of the wing module instantaneous kinematics, and the system Jacobian and

constrained Jacobian matrices. With the kinematics formulated, the kinematic performance of the

wing module is evaluated. Variable range and constraint Jacobian inverse condition distribution

are used as indices to measure the kinematic performance of the module for the different module

configurations and comments on reconfiguration and configuration selection are given. Finally, a

summary of the chapter is given.

5.1 Wing Module Kinematic Setup

The joint constraint module, as mentioned in Section 4.2.3 was chosen to be used as the platform

in which the morphing wing module was to be built upon. In the previous chapter, the kinematic

architecture of the module described in detail and the module joint topology was studied. With

the architecture established, the kinematic model of the wing can be developed.

The kinematics of parallel robots, including the wing module, can be modeled using branch
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Figure 5.1: Joint constraint wing module shown branch vector loop

loop vectors. The loop vectors trace separate paths within the module, linking a common interior

path for all branches, with individual paths for each branch, thus forming a loop of vectors. An

example of a vector loop the kth branch of the wing module is shown in Fig. 5.1. From the figure,

we can see that for the kth branch, the following vector loop equations holds

pb,k + dk = b + pp,k (5.1)

where for the kth branch, pb,k, and pp,k are the base, and platform airfoil branch vectors, respec-

tively, dk is the branch vector, and b is the height of the platform airfoil above the base, and is

the span of the module. All of the vectors in Eq. (5.1) are expressed in the base-fixed coordinate

frame Ob.

If a 6-DOF parallel robot were to be analyzed using Eq. (5.1), b =

{
bx, by, bz

}T

and

pp,k = Rx (Λ) Ry (Γ) Rz (α) p′p,k contain the six controllable degrees-of-freedom. Here p′p,k ={
p′k,x, p′k,y, p′k,z

}T

, which is the local representation of the platform vector and is expressed

in the platform-fixed coordinate frame Op. R = Rx (Λ) Ry (Γ) Rz (α) is the rotation matrix that
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expresses p′p,k within the base-fixed coordinate frame Ob where

Rx =


1 0 0

0 cos Λ − sin Λ

0 sin Λ cos Λ

 , Ry =


cos Γ 0 sin Γ

0 1 0

− sin Γ 0 cos Γ

 , Rz =


cosα − sinα 0

sinα cosα 0

0 0 1


The rotation order is chosen to correspond with the sequential sweep, cant and twist rotations of

the wing. Equation (5.1) can then be rearranged to solve for the only unknown, the branch vector

length

dk = |b + pp,k − pb,k| (5.2)

Equation (5.2) can be solved automatically for a 6-DOF parallel robot system as the platform

height b and angles within the platform rotation R are defined by the user for the particular task.

The morphing wing module, however, is a reconfigurable system in which different limited mobility

modes can be assumed. Any system operating in a limited mobility state requires constraints to

be solved, thus maintaining the kinematic integrity of the system. As outlined in the Chapter 4,

with each degree-of-freedom removed from the full 6-DOF system, an additional constraint must

be added. The constraints are mathematical equations that describe the physical constraints of

the system, which for the wing module, is the motion of the platform. The dependent platform

motions, qD are expressed in terms of the remaining independent motions, qI , such that

qD = f (qI) (5.3)

Equation (5.3) is the symbolic representation of the system constraints, and specific constraint

equations are modeled for the particular mechanism state. As the wing module is capable of

task-based reconfiguration, the constraints on the system must change accordingly to not only the

current module mobility, but also the configuration of the wing module with respect to the selection

of constrained branches. A parametric constraint system must therefore be developed for the wing

module that addresses these changes.
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Figure 5.2: Joint constraint wing module shown branch vector loop and constraint plane

5.2 Module Kinematic Formulation

In this section, the kinematics of the wing module are developed. First, a new parametric constraint

equation is formulated for the wing module. Using the parametric formulation, constraint equation

solutions are developed for the mobility modes assumed by the wing module. Afterwards, the

instantaneous kinematics of the wing are introduced, including formation of the system Jacobian.

Then, the parametric constraint equation is used to form a parametric constrained velocity equation.

Finally, the constrained Jacobian is formulated.

5.2.1 Parametric Constraint Formulation

In order to solve Eq. (5.2) for each branch within the wing module, the constraints of the system

must first be solved. As mentioned, these constraints are mathematical constraints that define the

motion of any constrained branch within the system. As the combination of branches, including how

many are needed can vary according to mobility requirements of the system, the formulation should

be independent of system mobility, and the number and combination of constrained branches.

As mentioned, the spherical joint of each passive branch is constrained to move in a plane as
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shown in Fig. 5.2. From this we can define the following parametric constraint equation

(b + pp,k) · nk = 0 (5.4)

where nk is the constraint plane normal for branch k. Since the constrained branch consists of

a RPS joint configuration, nk is parallel to the rotation axis of the revolute joint at the base.

Note that there is no restriction on the the orientation of the constraint plane. Traditionally, for

parallel robots with constrained branches, the constraint plane passes through the origin of the

base coordinate frame Ob and is perpendicular to the base of the robot, such as the formulation

developed by Xi et al. [56] No such requirement is placed on Eq. (5.4), as any orientation can be

evaluated. Equation 5.4 is thus a fully parametric constraint equation.

If there are nb,c constrained branches, then Eq. (5.4) can be expanded to included all constrained

branches 

(b + pp,1)T 01×3 · · · 01×3

01×3 (b + pp,2)T . . .
...

...
. . .

. . . 01×3

01×3 · · · 01×3

(
b + pp,nb,c

)T





n1

n2

...

nnb,c


=



0

0

...

0


nb,c×1

(5.5)

Equation (5.5) forms the system of equations for nb,c constrained branches and grants the required

flexibility in selecting the combination and number of constrained branches, and is also independent

of the wing module degrees-of-freedom chosen as independent and which are dependent.

For example, a 5-6 type 4-DOF wing module, requires two constrained branches. Applying

these constraints to Eq. (5.5) results in the following system of equations(b + pp,5)T 01×3

01×3 (b + pp,6)T


n5

n6

 =

0

0


This new parametric formulation offers a very high level of flexibility in which task-based recon-

figuration is possible [59,64]. For the wing module, task-based reconfiguration refers to configuring

the module to the required morphing degrees-of-freedom. The particular task therefore dictates
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the mobility of the system and the independent platform airfoil motions. In the section that fol-

lows, solutions to the constraint equations are shown for the mobility modes assumed by the wing

module. For each developed solution, only one set of module degrees-of-freedom are shown, while

the other degree-of-freedom combinations can be derived in a similar manner.

5.2.2 Constraint Solving

The particular solution to Eq. (5.5) is dependent on the mobility of the wing module, and the

selected constrained branches. If we look at a single constrained branch, and expand Eq. (5.4), the

following constraint equation is formed. For simplicity, p′p,k is replaced with p′k to represent the

platform airfoil branch vectors since the base airfoil branch vector, pb,k, does not appear in the

constraint solution. Thus, expanding Eq. (5.4) yields

nk,x
(
bx +R11p

′
k,x +R12p

′
k,y +R13p

′
k,z

)
+ nk,y

(
by +R21p

′
k,x +R22p

′
i,y +R23p

′
i,z

)
+ nk,z

(
bz +R31p

′
k,x +R32p

′
k,y +R33p

′
k,z

)
= 0 (5.6)

where the components of R are

R11 = cos Γ cosα R12 = − cos Γ sin Λ R13 = sin Γ

R21 = sin Λ sin Γ cosα+ cos Λ sinα R22 = − sin Λ sin Γ sinα+ cos Λ cos Λ R23 = sin Λ sin Γ

R31 = − cos Λ sin Γ cosα+ sin Λ sinα R32 = cos Λ sin Γ sinα+ sin Λ cosα R33 = cos Λ cos Γ

(5.7)

Using Eq. (5.6), the solution to the particular constraint system can be solved. For each case,

bx and by are mandatory dependent motions. Additional dependent motions for the 3-DOF and

2-DOF module configurations will obviously vary accordingly. Within Fig. 5.3, Fig. 5.4 and Fig. 5.5

examples of module kinematic motions are shown. The base and platform airfoil vectors outlined

in Table 5.1 are used for the module configurations shown within the figures, however operation

limits of the joints are disregarded here. Branches that are active-diagonal are dotted lines, passive-

diagonal are dashed lines, constrained-axial branches are dash-dotted lines, and unconstrained-axial

are solid lines. A comparison of the kinematic performance is discussed later in Seciton 5.3.
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5.2.2.1 Constraint Solution for 4-DOF Configurations

For the 4-DOF wing module, there are six unique configurations the module can assume. For this

configuration, the module span, sweep, cant, and twist are all independent. The dependent motions

are defined as qD =

{
bx, by

}T

= f (bz,Λ,Γ, α), thus two constraint equations are required. Using

the 5-6 constrained branch configuration as an example, a linear system of equations is formed using

Eq. (5.6), and the two constrained motions can be solved asbxby
 =

nx,5 ny,5

nx,6 ny,6


−1−p5 · n5 − nz,5bz

−p6 · n6 − nz,6bz

 (5.8)

5.2.2.2 Constraint Solution for 3-DOF Configurations

For the 3-DOF wing module, 16 unique configurations can be assumed, with four unique constrained

branch combinations. In addition to bx and by being designated as dependent, one platform airfoil

rotation must be added to qD. As the selection of constrained rotation is independent of the selec-

tion of constrained branches, a total of 12 unique constrained motion and branch combinations are

possible. If the enumerated active branches are also included, a total of 48 modules are possible,

however, active branches are independent of constrained branches and are not considered. Here,

three constraint equations are required. For the developed solution, the module twist, α, is des-

ignated as dependent, thus qD =

{
bx, by, α

}T

= f (bz,Λ,Γ), and the 5-6-7 constrained branch

configuration is used. The first step is to rearrange Eq. (5.6) in terms of the cosα, sinα, and bx

and by. For simplicity, c and s will be used in lieu of cos and sin, respectively. For each constrained

branch, collecting forms

0 =
[
nk,xp

′
k,xcΓ + nk,y

(
p′k,xsΛsΓ + p′k,ycΛ

)
+ nk,z

(
−p′k,xcΛsΓ + p′k,ysΛ

)]
cα

+
[
−nk,xp′k,ycΓ + nk,y

(
p′k,xcΛsΓ − p′k,ysΛsΓ

)
+ nk,z

(
p′k,xsΛsΓ + p′k,ycΛsΓ

)]
sα

+ (nk,x) bx + (nk,y) by +
[
nk,xp

′
k,zsΓ − nk,yp′k,zsΛcΓ + nk,z

(
bz + p′k,zcΛcΓ

)]
(5.9)
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Figure 5.3: 4-DOF wing modules with red constrained branches and Λ = −15o, Γ = 30o, α = −5o

and bz = 275 mm
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which for the 5-6-7 constrained branch configuration, form the following system of equations

A5cα +B5sα + n5,xbx + n5,yby + C5 = 0

A6cα +B6sα + n6,xbx + n6,yby + C6 = 0

A7cα +B7sα + n7,xbx + n7,yby + C7 = 0 (5.10)

Equation (5.10) is nonlinear due to the trigonometric terms, however a numerical solution can still

be developed. First, one equation is rearranged to isolate bx which is then substituted into the

other two equations. If branch 5 is used to rearrange for bx, then the equations for branches 6 and

7 become

(n5,xA6 − n6,xA5) cα (n5,xB6 − n6,xB5) sα + (n5,xn6,y − n6,xn5,y) by + (n5,xC6 − n6,xC5) = 0

(n5,xA7 − n7,xA5) cα (n5,xB7 − n7,xB5) sα + (n5,xn7,y − n7,xn5,y) by + (n5,xC7 − n7,xC5) = 0

(5.11)

Next, the equations in Eq. (5.11) are rearranged to isolate by, which are then equated to each other,

leading to(
n5,xA6 − n6,xA5

n5,xn6,y − n6,xn5,y
− n5,xA7 − n7,xA5

n5,xn7,y − n7,xn5,y

)
cα +

(
n5,xB6 − n6,xB5

n5,xn6,y − n6,xn5,y
− n5,xB7 − n7,xB5

n5,xn7,y − n7,xn5,y

)
sα

+

(
n5,xC6 − n6,xC5

n5,xn6,y − n6,xn5,y
− n5,xC7 − n7,xC5

n5,xn7,y − n7,xn5,y

)
= 0

(5.12)

which is in the form

A∗cα +B∗sα + C∗ = 0 (5.13)

At this point, Eq (5.13) consists of only one unknown, which is the module twist, α. Although

multiple solutions to Eq (5.13) exist, a minimum-norm solution can be determined. Equation (5.13)

is rearranged into quadratic form in terms of cos and sin

(
A∗2 +B∗2

)
cos2 α− 2A∗C∗ cosα+

(
C∗2 −B∗2

)
= 0(

A∗2 +B∗2
)

sin2 α− 2B∗C∗ sinα+
(
C∗2 −A∗2

)
= 0 (5.14)
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(c) 5-7-8 Constrained Branches
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Figure 5.4: 3-DOF twist-constrained wing modules with red constrained branches and Λ = −15o,
Γ = 30o, and bz = 275 mm

for which each equation, α can be determined

α = arccos

[
2A∗2C∗2 ±

√
4A∗4C∗4 − 4 (A∗2 +B∗2) (C∗2 −B∗2)

2 (A∗2 +B∗2)

]

α = arcsin

[
2B∗2C∗2 ±

√
4B∗4C∗4 − 4 (A∗2 +B∗2) (C∗2 −A∗2)

2 (A∗2 +B∗2)

]
(5.15)

The two solutions for each form of Eq. (5.15) are then compared to find one that matches for both

the cos and sin quadratic solutions. Alternatively, the minimum norm solution can be found by
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using the generalized inverse as shown in [56]cosα

sinα

 =
1

A∗2 +B∗2

A
∗C∗

B∗C∗

 (5.16)

The cos and sin solutions from Eq. (5.16) can then be used to find α. After some simplification

α = arctan
−A∗

B∗
(5.17)

With α known, the remaining dependent motions, bx and by can now be solved using Eq. (5.10). A

similar solution can be obtained using sweep or cant as a constrained motion, and any combination

of constrained branches.

Alternatively, if the span of the module is not required, then the solution for the dependent

motions defined by qD =

{
bx, by, bz

}T

= f (Λ,Γ, α) can be solved using a system of linear

equations similar to Eq. (5.8). If the 5-6-7 constrained branch is therefore used as an example, the

constraints are solved as 
bx

by

bz


=


nx,5 ny,5 ny,6

nx,6 ny,6 nz,6

nx,7 ny,7 nz,7


−1

−p5 · n5

−p6 · n6

−p7 · n7


(5.18)

5.2.2.3 Constraint Solution for 2-DOF Configurations

The final solution developed is for the 2-DOF wing module configurations. For this mobility, six

unique configurations are possible, however referring to Table 4.8 in Section 4.2.2.2, only one com-

bination of constrained branches is possible, represented by the 5-6-7-8 constrained branch config-

uration, thus four constraint equations are required. The dependent motions for this configuration

consist of two platform airfoil rotations in addition to bx and by. For developing the solution, it is

assumed that the module sweep, Λ, and cant, Γ are dependent, thus qD =

{
bx, by, Λ, Γ

}T

=

f (bz, α). The constraint solution for any combination of platform airfoil rotations for the 2-DOF

mobility mode is nonlinear due to the presence of the trigonometric terms in Eq. (5.6). However,

steps can be taken to reduce the four nonlinear equations by eliminating bx and by from the system.
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First, terms are grouped, where for each constrained branch

AkcΛ+BksΛ+CkcΛcΓ+DksΛcΓ+EksΛcΓ+FksΛsΓ+GkcΓ+HksΓ+nk,xbx+nk,yby+nk,zbz = 0 (5.19)

where

Ak = nk,y (pk,xsα + pk,ycα) Ek = −nk,ypk,z

Bk = nk,z (pk,xsα + pk,ycα) Fk = nk,y (pk,xcα − pk,ysα)

Ck = nk,zpk,z Gk = nk,x (pk,xcα − pk,ysα)

Dk = nk,z (pk,ysα − pk,xcα) Hk = nk,xpk,z (5.20)

Using a similar system for the 3-DOF constraint solution, one constraint equation is rearranged to

isolate for bx and then substituted into the remaining three. For example, using constraint branch

5 to isolate for bx and then substitute into the equation for constraint branch 6 results in

0 = (n5,xA6 − n6,xA5) cΛ + (n5,xB6 − n6,xB5) sΛ + (n5,xC6 − n6,xC5) cΛcΓ + (n5,xD6 − n6,xD5) cΛsΓ

+ (n5,xE6 − n6,xE5) sΛcΓ + (n5,xF6 − n6,xF5) sΛsΓ + (n5,xG6 − n6,xG5) cΓ + (n5,xH6 − n6,xH5) sΓ

+ (n5,xn6,y − n6,xn5,y) by + (n5,xn6,z − n6,xn5,z) bz (5.21)

Similar equations are formed for the constraint equations for branches 7 and 8. Once again, one

equation is used to isolate for by which is then substituted into the remaining two equations. After

performing the substitutions, two constraint equations remain, one with components from branches

5, 6 and 7, and the other with components from branches 5, 6 and 8. Using branches 5, 6 and 7 as

an example, the constraint equation becomes

0 = A∗567cΛ +B∗567sΛ + C∗567cΛcΓ +D∗567cΛsΓ

+ E∗567sΛcΓ + F ∗567sΛsΓ +G∗567cΓ +H∗567sΓ + Z∗567bz (5.22)
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where

A∗567 =

(
n5,xA7 − n7,xA5

n5,xn6,y − n6,xn5,y
− n5,xA6 − n6,xA5

n5,xn7,y − n7,xn5,y

)
B∗567 =

(
n5,xB7 − n7,xB5

n5,xn6,y − n6,xn5,y
− n5,xB6 − n6,xB5

n5,xn7,y − n7,xn5,y

)
C∗567 =

(
n5,xC7 − n7,xC5

n5,xn6,y − n6,xn5,y
− n5,xC6 − n6,xC5

n5,xn7,y − n7,xn5,y

)
D∗567 =

(
n5,xD7 − n7,xD5

n5,xn6,y − n6,xn5,y
− n5,xD6 − n6,xD5

n5,xn7,y − n7,xn5,y

)
E∗567 =

(
n5,xE7 − n7,xE5

n5,xn6,y − n6,xn5,y
− n5,xE6 − n6,xE5

n5,xn7,y − n7,xn5,y

)
F ∗567 =

(
n5,xF7 − n7,xF5

n5,xn6,y − n6,xn5,y
− n5,xF6 − n6,xF5

n5,xn7,y − n7,xn5,y

)
G∗567 =

(
n5,xG7 − n7,xG5

n5,xn6,y − n6,xn5,y
− n5,xG6 − n6,xG5

n5,xn7,y − n7,xn5,y

)
H∗567 =

(
n5,xH7 − n7,xH5

n5,xn6,y − n6,xn5,y
− n5,xH6 − n6,xH5

n5,xn7,y − n7,xn5,y

)
Z∗567 =

(
n5,xn7,z − n7,xn5,z

n5,xn6,y − n6,xn5,y
− n5,xn6,z − n6,xn5,z

n5,xn7,y − n7,xn5,y

)
(5.23)

Equation (5.22) is still nonlinear with the module sweep, Λ, and cant, Γ present; the other two

dependent variables, bx and by have been eliminated. Solving Eq. (5.22) can be accomplished using

numerical methods, such as Newton-Raphson, and yields the values of Λ and Γ. The remaining

dependent motions, bx and by can now be solved using Eq. (5.9). A similar solution can be obtained

using any combination of sweep, cant and twist.

5.2.3 Instantaneous Kinematics

The instantaneous kinematics of parallel robots, including the wing module, form a relationship

between the platform rate-based variable inputs and the rate-based joint velocity outputs. This

relationship, formally known as the system Jacobian, is essentially a transformation between the

system global coordinate frame into individual local frames for each controllable joint within the

system. For parallel robot systems, including the wing module, the rate-based relationship takes

the form

Jfwdḋ = Jinvtp (5.24)
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Figure 5.5: 2-DOF wing modules with red constrained branches and bz = 275 mm

where ḋ is the vector of joint velocities, tp is the instantaneous twist of the platform airfoil, and Jfwd

and Jinv are the forward and inverse Jacobian matrices. The platform instantaneous twist vector is a

combination of linear and angular velocity components, where tp =

{
ḃz, ḃy, ḃz, ωΛ, ωΓ, ωα

}T

={
ḣT, ωT

}T

. The platform airfoil twist vector is not to be confused with wing twist variable as-

sociated with the mobility of the module, as the twist vector is derived from screw theory.

To form the system Jacobian, the derivative of the branch vector loop, Eq (5.1), is taken

ḋk + ωdk
× dk = ḃ + ω × pp,k (5.25)
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where for branch k, ḋk and ωdk
are the linear and angular velocity components, respectively and

where for the platform airfoil, ḃ and ω are the linear and angular velocity components, respectively.

The base airfoil vectors do not contribute to the velocity as the vectors are stationary within the

module frame. Equation (5.25) is the velocity vector loop and holds for each branch within the

system, thus forming the aforementioned rate-based relationship. Each side of Eq. (5.25) calculates

the spherical joint velocity with respect to the module base airfoil.

In Eq. (5.25), six velocity components for the branch are present, however only the controllable

joint velocity is needed. As the active branches of the wing module are of UPS architecture, with an

active prismatic joint, the only velocity component needed is that which aligns with the prismatic

actuator. In this case, this velocity is the summation of linear velocity components that align with

dk. All other velocity components, including the angular velocity components of the branch, are

orthogonal and can be eliminated by projecting Eq. (5.25) onto dk, which after elimination becomes

ḋk = ḃ · dk + ω × pp,k · dk (5.26)

Equation (5.26) can be rearranged such that the instantaneous twist of the platform can be ex-

tracted. Doing so yields

ḋk =

{
dT
k , (pp,k × dk)

T

}
tp (5.27)

Finally, Eq. (5.27) is formed for each active branch within the wing module system and combined

to form the system of linear equations in the form of Eq. (5.24). In general, the Jacobian system

for a parallel robot with mobility M takes the form

1 0 . . . 0

0 1
. . .

...

...
. . .

. . . 0

0 · · · 0 1





ḋ1

ḋ2

...

ḋM


=



dT
1 (pp,1 × d1)T

dT
2 (pp,2 × d2)T

...
...

dT
1 (pp,1 × d1)T


ḃ

ω

 (5.28)

We can form the Jacobian as

J = J−1
fwdJinv (5.29)

105



where we see that J = Jinv, as the inverse of the identity forward Jacobian is also the identity

matrix.

5.2.4 Parametric Velocity Constraint

For the limited mobility modes the wing module assumes, the Jacobian matrix of Eq. (5.28) is of

size M × 6, and as such is not directly invertible. If the platform instantaneous twist is known in

full, then via the Jacobian transformation, the joint velocities can be determined. Conversely, if

joint velocities are known, then the platform instantaneous twist can be determined via the inverse

Jacobian. Since for the wing module the Jacobian matrix is never square, the pseudo-inverse

must be used when calculating the platform twist for a given set of joint velocities. Alternatively

constrained Jacobian matrices have been proposed that are square, and thus are directly invertible

[70,71].

The platform twist vector t contains a mix of both independent and dependent platform velocity

components, regardless of the wing module mobility mode as ḃx and ḃy are always dependent

velocities. From Eq.(5.4), the spherical joint within the branch is required to move within the

constraint plane and the resultant velocity of the spherical joint must also be on this plane. Thus the

derivative of Eq. (5.4) can be used to form a relationship between the dependent and independent

platform velocities. After taking the time derivative of Eq. (5.4), the velocity constraint becomes

(
ḃ + ω × pp,k

)
· nk = 0 (5.30)

which is the parametric velocity constraint. Once again for simplicity, the platform airfoil vectors

are expressed as pk as only the platform airfoil vector appears in Eq. (5.30). Expanding Eq. (5.30)

and collecting platform instantaneous twist components results in{
nk,x, nk,y, nk,z, (nk,ypk,z − nk,zpk,y) , (nk,zpk,x − nk,xpk,z) , (nk,xpk,y − nk,ypk,x)

}
tp = 0

(5.31)

In this form, Eq. (5.31) can be used to form the specific system of equations in which the

dependent velocity components are related to the independent velocity components. Symbolically,
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this relationship is in the form

Jdeptdep = Jindtind (5.32)

where the independent Jacobian, Jind, and dependent Jacobian Jdep relate the independent and

dependent twist vectors, tind and tdep, respectively. Within the system there are an equal number of

velocity constraints as there are platform constraints, thus Jdep is square of size M ×M . Therefore

it can be inverted such that

tdep = J−1
depJindtind = Jttind (5.33)

where Jt is the twist Jacobian. Finally, the rows of Eq. (5.33) are aligned accordingly such that

tp =

{
tind, tdep

}T

=

{
tind, Jttind

}T

and

ḋ = JJttind (5.34)

where the constrained Jacobian Jc is defined as

Jc = JJt (5.35)

This is the M ×M matrix that represents the transformation between independent platform twist

components to the velocities of the unconstrained-active prismatic joint velocities.

5.3 Kinematic Evaluation

In this section, the kinematics of the wing module are evaluated with respect to various performance

parameters. The goal is to not only show how the module will respond to kinematic input, but

also to contrast the performance of each configuration for each mobility mode. Ultimately, module

selection is made based not only on the mobility requirement of the module, but also on which

configuration provides the best kinematic performance.

For the simulations, the base and platform airfoils each have a chord length of 750 mm, with the

coordinate frames centered at the 1/4-chord points. Connection points for the the branch vectors

are summarized in Table 5.1. Also listed are the stroke limits for each branch which correspond

to the total physical length of each branch of the developed prototype (branches 1 and 3 have
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Table 5.1: Wing module branch parameters

Base Airfoil Branch Platform Airfoil Branch Stroke Length [mm]
Branch Coordinates [mm] Coordinates [mm] Minimum Maximum

1
{

50, 225, 0
}T {

50, −75, 0
}T

283.7 421.7

2
{

50, 225, 0
}T {

50, 225, 0
}T

207.5 345.5

3
{
−50, −75, 0

}T {
−50, 225, 0

}T
283.7 421.7

4
{
−50, −75, 0

}T {
50, −75, 0

}T
207.5 345.5

5
{

50, 250, 0
}T {

50, 250, 0
}T

207.5 345.5

6
{
−50, 250, 0

}T {
−50, 250, 0

}T
207.5 345.5

7
{
−50, −100, 0

}T {
−50, −100, 0

}T
207.5 345.5

8
{

50, −100, 0
}T {

50, −100, 0
}T

207.5 345.5

added extensions to account for the additional requied length of the axial branches; see Chapter 6

for figures). The operational limit of the spherical joint at the platform airfoil is restricted to be

within 30o of the home configuration. Here, we define the home configuration of the module to

be bh =

{
0, 0, 250

}T

, mm, and no platform rotation. At this configuration, the direction of

each branch is simply d̂k,h =
∣∣∣bh + p′k,p − pk,b

∣∣∣ / |dk,h|. Thus we can see that the operational limit

of each spherical joint is arccos
(
R ∗ d̂k,h · d̂k

)
≤ π/6. Lastly, the constraint planes are oriented

perpendicular to the base airfoil, and pass through the base airfoil coordinate frame z-axis.

5.3.1 Module Kinematic Range

The kinematic performance of the wing module depends on the operational range of the controllable

airfoil degrees-of-freedom. In this section, the variable range for the wing module configurations

listed in Table 4.8 are evaluated for each mobility. The sweep, cant and twist for each configuration

is dependent on the module span. This is due to the operational limits of the prismatic joints

within the system, as well as the operational limits of the spherical joints. Minimum and maximum

platform sweep, cant and twist values are listed in the subsequent tables The figures with the
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Table 5.2: Kinematic range for the 4-DOF wing module configurations at bz = 250 mm

Constrained Platform Airfoil Variable Range [deg]
Branches Λmax Λmin Γmax Γmin αmax αmin

5-6 18.0 -14.0 29.0 -28.0 37.5 -27.5

5-7 20.5 -12.0 30.0 -28.0 3.5 -4.0

5-8 21.0 -12 30.0 -27.0 8.0 -8.5

6-7 21.0 -13.5 27.0 -30.0 9.0 -7.5

6-8 21.0 -12.0 30.0 -31.5 5.0 -3.5

7-8 20.0 -13.5 30.0 -30.0 43.5 -45.5

following sections depict the distribution of these variables.

5.3.1.1 4-DOF Module Kinematic Range

The 4-DOF wing module consists of four active branches and two constrained branches, leading to

six possible configurations. A visual representation of the joint variable range is difficult for the

4-DOF wing modules as the four degrees-of-freedom, if plotted, represent a manifold in 4-space.

As such, a midpoint span of bz = 250 mm is used to evaluate the platform angular ranges, in lieu

of using the full span range.

Table 5.2 presents the range of platform airfoil variables at a span of bz = 250 mm. The physical

interpretation of the constraint system here is finding the set of lines between the two constraint

planes which spans the distance between the spherical joints on the constrained branches. Here we

see that the range of platform sweep and cant is fairly consistent between the different constraint

branch combinations. Thus we can conclude that the sweep and cant variation is fairly independent

of the combination constrained branches. This is because as the module varies the sweep and cant,

the overall motion of platform airfoil tends to be in the direction in which the constrained branch

spherical joints are forced to move. This alignment of motions allows for an increased range in

platform motions for the sweep and cant variables. The limiting factor for these motions is therefore

dominated by the operational limits of the prismatic and spherical joints.
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Figure 5.6: Sweep range of 4-DOF wing modules at bz = 250 mm
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This is not the case, however with the platform twist, α as there are very large differences

between configurations. For twist variation, the range is predominantly dependent on the constraint

planes. First we see that the 5-7 and 6-8 configurations allow for the smallest amount of twist,

bound by approximately ±5o. These configurations represent constrained branches on opposite

quadrants of the base airfoil coordinate frame (refer to Table 5.1) for constrained branch locations.

These configurations have constraint planes separated by approximately 15o. The smaller the

angular spacing between constraint planes, the closer the configuration is to becoming degenerate

in which constrained platform motion becomes increasingly more difficult to achieve. If the two

constraint planes are co-planar, then the configuration is degenerate as the system loses the ability

to achieve suitable motions. This effect was explored with a symmetric parallel robot in [59,64].

Next, the 5-8 and 6-7 configurations have platform twist bound by approximately ±10o. These

configurations represent the two constrained branches being located in the upper or lower regions of

the wing module, respectively, with one branch located in the trailing edge region, and the other in

the leading edge region. The increased range in platform twist is associated with fact that the con-

straint planes are separated by approximately 38o. Despite the larger range, the increase is modest

compared to the twist range of the 5-6 and 7-8 configurations. These configurations represent both

constrained branches located at trailing edge region, or leading edge region, respectively. For the

5-6 configuration, the constraint planes are separated by approximately 23o, but the increase in

twist range is associated with a larger set of lines between the constraint planes, that span the

distance between the constrained branch spherical joints. The 7-8 configuration on the other hand

benefits from the constraint planes being separated by approximately 53o. A correlation becomes

apparent between the angular spacing of constraint planes and the set of lines between the two

planes that span the distance between the constrained branch spherical joints. The 5-6 and 7-8

configurations possess these qualities and thus allow very large twist range for the airfoil platform.

Not only are the variable ranges important, but also how the platform variable limits effect the

others. To explore this, overlapping contour plots of platform sweep (Fig. 5.6), cant (Fig. 5.7), and

twist (Fig. 5.8) show minimum and maximum variable ranges with respect to the other variable
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values. For each figure, the colourbar represents the variation in the particular platform variable.

For instance, for Fig. 5.6, the sweep variation is shown with respect to the module cant and twist.

The coloured contours and colourbar are representative of the minimum and maximum module

sweep with respect to the module cant and twist. Likewise, for Fig. 5.7, the coloured contours

and colourbar are representative of the minimum and maximum module cant with respect to the

module sweep and twist. The same coloured contour representation is used for the twist variation

in Fig. 5.8.

For the sweep variation, we see that maximum values occur when the platform cant and twist

are close to 0o. Figure 5.6(b), Fig. 5.6(c), Fig. 5.6(d), and Fig. 5.6(e) show the 5-7, 5-8, 6-7, and

6-8 configurations respectively, and from the contours, positive and negative platform sweep is

predominantly sided with either positive or negative twist, whereas this is not the case with respect

to cant variation. The 5-6 and 7-8 configurations, Fig. 5.6(a) and Fig. 5.6(f) on the other hand show

combined cant and twist correlation between extreme sweep motion. The shape of the workspace

is almost mirrored between the two configurations. For the 5-6 configuration, the sweep workspace

is predominantly within the range of positive cant and twist, or negative cant and twist. The 7-8

configuration on the other hand has the sweep workspace is predominant when the cant twist are

of opposite sign.

Cant variation of the platform is predominantly dependent on sweep for the 5-6 and 7-8 config-

urations, Fig. 5.7(a) and Fig. 5.7(f), respectively. Here, maximum and minimum cant values occur

at opposite signs of twist. For the 5-6 configuration, maximum and minimum cant occur with

positive and negative twist, and vice versa for the 7-8 configuration. The remaining configurations,

5-7, 5-8, 6-7, and 6-8, Fig. 5.7(b), Fig. 5.7(c), Fig. 5.7(d), and Fig. 5.7(e), respectively each show

that there is little variation in cant ranges with respect to the platform twist. The exception here

is the maximum cant for the 5-7 configuration occurs at a negative twist. For all configurations,

sweep variation, except at extreme values, has little effect on cant variation.

Finally, the maximum and minimum twist values dependent on both the cant and sweep. Using

the same groupings as analyzed above, we see trends for the 5-7 and 6-8, 5-8 and 6-7, and 5-6
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Figure 5.7: Cant range of 4-DOF wing modules at bz = 250 mm
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Figure 5.8: Twist range of 4-DOF wing modules at bz = 250 mm
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and 7-8 configurations. Starting with the 5-7 and 6-8 configurations, Fig. 5.8(b) and Fig. 5.8(e),

respectively, have opposite twist distributions. For the 5-7 configuration, a maximum twist occurs

at negative sweep and small values of cant. The minimum twist occurs at a positive cant and sweep.

The 6-8 configuration is opposite with maximum twist occurring with a positive cant and sweep,

and minimum twist occurring at a negative sweep and small values of cant. Next, the 5-8 and 6-7

configurations, Fig. 5.8(c) and Fig. 5.8(d), respectively, also have opposite twist distributions. The

5-8 configuration has minimum and maximum twist in the negative cant and sweep, and positive

cant and sweep regions, respectively. The minimum and maximum values are switched for the

6-7 configuration. Lastly, the 5-6 and 7-8 configurations, Fig. 5.8(a) and Fig. 5.8(f), respectively,

represent the configurations with the largest twist variation. These configurations exhibit less

of a dependency on sweep variation when observing the twist distribution, as the minimum and

maximum twist values are predominantly determined by the module cant.

The 4-DOF wing modules represent the configurations with the largest variable reach. The

uneven distribution of branches about the base coordinate frame does not lead to isomorphic

configurations, however strong kinematic correlations develop between configurations with similar

placement of passive branches. While sweep and cant range is relatively consistent between the

configurations, the twist range is not. The 5-7 and 6-8 configurations represent diagonally opposite

constrained branches, which severely limit the twist range as described above. The 5-8 and 6-7

configurations have constrained branches either within the upper or lower region of the module,

respectively, and although these configurations expands the twist range versus the 5-7 and 6-8

configurations, the twist range is still limited with respect to that of the 5-6 and 7-8 configurations.

The 5-6 and 7-8 configurations have constrained branches in the trailing and leading edge regions,

respectively.

5.3.1.2 3-DOF Module Kinematic Range

The 3-DOF wing module consists of four constrained branch configurations, each capable of pro-

viding two independent rotations to the platform. The remaining rotational motion is dependent.
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Table 5.3: Kinematic range for the 3-DOF wing module configurations

Const. Dep. Range [deg] Dep. Range [deg] Dep. Range [deg]
Branches Mot. Λmax Λmin Mot. Γmax Γmin Mot. αmax αmin

5-6-7 Γ 14.5 -18.0 Λ 25.0 -28.5 Λ 1.25 -3.25
α 17.0 -19.0 α 26.0 -28.5 Γ 1.25 -3.25

5-6-8 Γ 17.5 -18.0 Λ 28.5 -24.5 Λ 2.5 -1.25
α 17.5 -18.5 α 28.5 -26.5 Γ 3.5 -1.25

5-7-8 Γ 18.0 -14.5 Λ 28.5 26.5 Λ 0.5 -1.25
α 18.5 -16.0 α 28.5 -27.0 Γ 0.5 -1.25

6-7-8 Γ 18.0 -16.0 Λ 26.5 -28.5 Λ 1.5 -0.5
α 18.5 -16.0 α 27.0 -28.5 Γ 1.5 -0.5

Thus a total of twelve combinations of branch constraints and platform motions are possible. For

this case, the span-wise distribution of variables can be visualized due to the presence of three

independent motions.

A summary of the variable ranges is shown in Table 5.3. In the table, the constraining platform

motion is listed beside the variable range for each configuration. Thus for the 5-6-7 configuration,

cant and twist ranges are shown for dependent sweep, sweep and twist ranges are shown for de-

pendent cant, and sweep and cant ranges are shown for dependent twist. As seen in the table,

the 3-DOF wing modules have sweep and cant variable ranges comparable to the 4-DOF modules,

however we see that in all cases, the twist range has be severely reduced. This once again is due

to the orientation of the constraint planes. For the 3-DOF modules, there is always a combination

of leading or trailing edge, upper or lower, and diagonal passive branches, thus forming a trian-

gular constraint between the spherical joints. The limitations associated with diagonally opposing

constrained branches, here, are compounded with the additional constraint, thus further reducing

the effective twist rage for each 3-DOF configuration. The constraint planes could be reoriented

to increase the twist range, but this could have an affect on other performance parameters not

addressed here. What is apparent is the similarity in variable ranges depending on the constraint

branch combination. This will be explored further below, but the variable range exhibits similari-

ties with the 5-6-7 and 5-6-8 configurations, and with the 5-7-8 and 6-7-8 configurations. These two
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groupings are those with two constrained branches at the trailing and leading edge wing regions,

respectively.

The distribution of platform variables depicted in the figures are grouped according to the

variable range and the dependent motion. Thus the sweep distribution is depicted in Fig. 5.9

and Fig. 5.10 are associated with dependent cant and twist respectively. Likewise, Fig. 5.11 and

Fig. 5.12 depict the cant distribution with dependent sweep and twist, respectively, and Fig. 5.13

and Fig. 5.14 depict the twist distribution with dependent sweep and cant, respectively. Like the

kinematic range for the 4-DOF modules, the coloured contours and colourbars are representative of

the particular platform variable variation of the wing module. For example, the coloured contours

and colourbar for Fig. 5.9 are representative of the sweep maximum and minimum values of the

cant-constrained wing module with respect to the module twist and span. Figure 5.10 shows the

maximum and minimum sweep contours of the twist-constrained wing module with respect to the

module cant and span. The remaining figures follow a similar convention for the cant and twist

variation.

The constraint branch combinations between the pairing of trailing edge verse leading edge

combinations is apparent for the sweep variation with both constrained platform cant and twist.

Figure 5.9 shows the sweep variation for a constrained cant platform airfoil. Mirroring of the

workspace is seen with the 5-6-7 (Fig. 5.9(a)) and 5-6-8 (Fig. 5.9(b)) configurations, and with the

5-7-8 (Fig. 5.9(c)) and 6-7-8 (Fig. 5.9(d)) configurations, respectively. Both groupings of trailing

and leading edge configurations mirror variable ranges with respect to the change in twist sign.

Additionally, we see that minimum and maximum sweep values occur at the same sweep sign,

and are highly dependent on the module span, with positive (forward) sweep occurring at shorter

module spans, and negative (aft) sweep occurring at large module spans. This is beneficial from an

implementation point of view as additional trailing edge clearance is required for negative sweep,

and larger module spans accommodate this requirement. We do see though that the twist range is

limited due to the three constrained branches as discussed above.

The sweep variation for a constrained platform twist is shown in Fig. 5.10. Here, trailing edge
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Figure 5.9: Sweep range of 3-DOF wing modules with constrained platform cant

(Fig. 5.10(a) and Fig. 5.10(b)) and leading edge (Fig. 5.10(c) and Fig. 5.10(d)) constrained branch

groupings are evident from workspace shapes, where here, the workspaces are almost identical. The

maximum positive sweep at smaller module spans and minimum negative sweep at larger module

spans are maintained for the twist-constrained configurations, which as mentioned, is beneficial.

The small variations in the ranges are associated with the asymmetric layout of branches, however

the difference here are minor. What we do note for both the cant and twist-constrained configura-

tions, the bulk of module sweep variable range can be achieved for a large range of twist and cant,

respectively.
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Figure 5.10: Sweep range of 3-DOF wing modules with constrained platform twist

As with the sweep, the trailing and leading edge constraint branch combination groupings are

evident for the cant variation of the 3-DOF wing module configurations. For the sweep-constrained

modules, there is again an apparent mirroring of the cant range shape with respect to a twist sign

change, with minimum and maximum values being sided with respect to the sign of the platform

twist as seen in Fig. 5.11. The 5-6-7 (Fig. 5.11(a)) and 5-6-8 (Fig. 5.11(b)) configurations show a

large dependence on the cant range based on the span of the module, where negative cant values

are achievable at smaller module spans, and positive cant values achievable at large module spans.

Unlike the sweep variation, clearance requirements are not an issues with respect to cant variation,
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Figure 5.11: Cant range of 3-DOF wing modules with constrained platform sweep

so the variable range associated with the 5-6-7 and 5-6-8 constrained branch configurations are

not necessarily a positive feature. This is in contrast though to the 5-7-8 (Fig. 5.11(c)) and 6-7-8

(Fig. 5.11(d)) constrained branch configurations where there the span-dependency on cant is less

apparent. The minimum and maximum cant values are dependent though on the sign of the twist,

but a larger span range is available in these instances, thus making the 5-7-8 and 6-7-8 configuration

performance more desirable than the 5-6-7 and 5-6-8 configurations.

The cant variation for a constrained platform twist is shown in Fig. 5.12. Similarly to the sweep
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Figure 5.12: Cant range of 3-DOF wing modules with constrained platform twist

variation for a constrained platform twist, the workspace shapes here are almost identical for the

trailing and leading edge constraint branch combinations. For these configurations, we see that

there is a larger workspace for a positive cant for the 5-6-7 (Fig. 5.12(a)) and 5-6-8 (Fig. 5.12(b))

configurations, whereas the 5-7-8 (Fig. 5.12(c)) and 6-7-8 (Fig. 5.12(d)) configurations allow for a

larger negative cant workspace. With respect to span variation, the minimum and maximum cant

values generally are achievable near the mid-span region, however, as mentioned, the minimum and

maximum values cover a large range of the variable workspace. This is in contrast to the sweep-

dependent configurations, where the 5-7-8 and 6-7-8 configurations exhibit a better variable range.
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Figure 5.13: Twist range of 3-DOF wing modules with constrained platform sweep

Here, all four twist-dependent constraint branch combinations are good candidates with respect to

the cant variable range, however if used in combination with a sweep-dependent module, the 5-7-8

and 6-7-8 configurations are best.

The twist variation for the sweep-dependent and cant-dependent modules are shown in Fig. 5.13

and Fig. 5.14, respectively. Once again, the trailing and leading edge constraint branch combination

trends continue. The sweep-dependent configurations show workspaces that are essentially divided

with respect to the sign of the module cant. The central portion of the workspace near Γ = 0o
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is reachable, however due to the rendering of contours in Matlab, this region appears outside of

the workspace. However, from the kinematics analysis, it is known that this workspace region is

reachable. The twist workspace emerges further at cant values above/below Γ = ±10o, with min-

imum and maximum twist values achievable at the cant workspace extremities. Here, we see that

maximum and minimum twist values are essentially mirrored for the 5-6-7 (Fig. 5.13(a)) and 5-6-8

(Fig. 5.13(b)), and the 5-7-8 (Fig. 5.13(c)) and 6-7-8 (Fig. 5.13(d)) configurations, respectively. As

the 5-6-7 and 5-6-8 configurations have a large twist variable range for Γ ≤ ±10o, these two config-

urations are better, and should be selected base on the minimum or maximum twist requirements

of the module. There is a small dependence on module span.

Finally, the twist variation for the cant-dependent modules continue the workspace trends for

the other 3-DOF configurations. The trailing edge (Fig. 5.14(a) and Fig. 5.14(b)) and leading edge

(Fig. 5.14(c) and Fig. 5.14(d)) have similar but mirrored workspaces with respect to the maximum

and minimum twist values. Here though, unlike the sweep-dependent configurations, the central

portion of the workspace is well defined, thus all configurations can be used for morphing within

this variable region. The twist variable extremities however are sided, with maximum or minimum

values achievable at positive or negative sweep values. For these configurations, the twist variable

extremities are dependent on the module span, however the majority of the twist range can be

achieved within the bulk of the span and sweep variable ranges. As such, each module provides

good kinematic performance. If used in combination with a sweep-dependent module, the the 5-6-7

or 5-6-8 configuration should be used. Again, the small variations in the workspaces are due to the

asymmetric setup of the wing module branches.

The 3-DOF wing modules can achieve a very good kinematic range for the various configurations.

As previously mentioned, the twist-dependent configurations are ideal due to the orientation of

the constraint planes. Further work into the orientation of the constraint planes could result in

larger twist variation for the sweep and cant-dependent configurations, yet this was not explored

here. Exploring this kinematic feature should be done in combination with other pertinent module

performance parameters to ensure an enhanced kinematic profile does not significantly degrade
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Figure 5.14: Twist range of 3-DOF wing modules with constrained platform cant

other parameters. An example of such could be the strength or stiffness of the wing truss under

load. Orientation of the constraint planes to pass through the base airfoil z-axis is common among

parallel robots, and thus was used here.

What is apparent from the figures above, are the similarities between the various 5-6-7 and 5-6-8,

and 5-7-8 and 6-7-8 configurations, respectively. These grouping represent the configurations with

two constrained branches at the trailing edge and leading edge, respectively. The other groupings

which results in mirroring of minimum and maximum values are the 5-6-7 and 6-7-8, and the 5-6-8
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and 5-7-8 configurations. This grouping is for a pair of constrained branches on the upper and

lower wing surfaces, respectively. Thus for these modules, larger variable ranges are sided between

the trailing and leading edge combinations, whereas the mirroring of variable range is associated

with the upper and lower wing surfaces. This knowledge allows the appropriate configuration to

be selected based on the morphing requirements of the particular module.

5.3.1.3 2-DOF Module Kinematic Range

For the 2-DOF wing module, only one constrained branch configuration is possible, where all

four parallel branches are constrained. As such, there is no choice in configuration selection for

the 2-DOF wing modules. The only selection possible is which platform rotation is independent,

rendering the remaining two dependent. The range of platform variables are listed in Table 5.4 and

the span-wise distribution is shown in Fig 5.15.

The variable ranges for the platform sweep and cant remain relatively large for the 2-DOF

module, as compared to those for the 4-DOF and 3-DOF modules, however, slightly diminished

here. Again, this is due to the overall motion of platform airfoil tending in the direction in which

the constrained branch spherical joints are forced to move. For the 2-DOF modules, all four axial

branches are constrained, hence a rectangular constraint between the spherical joints is presented.

The limitations associated with the 3-DOF wing modules are present here and then compounded

with the additional constrained branch. Reorienting the constraint planes in a circular fashion

could increase the twist capabilities of the module as module twist is a motion essentially perpen-

dicular to the current orientation of the constraint planes. If left in the current configuration, the

Table 5.4: Kinematic range for the 2-DOF wing module configurations

Independent Platform Airfoil Variable Range [deg]
Motion Maximum Angle Minimum Angle

Λ 12.6 -15.2

Γ 12.6 -16.7

α 0.45 -0.25
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Figure 5.15: Angular range of the 2-DOF wing module

limited twist motion would require sequential 2-DOF modules to achieve larger over wing twist

values. Alternatively, increasing the mobility of module to a 4-DOF configuration with 5-6 or 7-8

constrained branches could overcome this, as two 2-DOF twist-capable wing modules are equally

complex, with respect to the number of controllable degrees-of-freedom, as a single 4-DOF module.

Referring to Fig. 5.15(b), we see that the largest variable ranges occur primarily within the centre

of the span limits of the module. For the cant and twist distributions, Fig. 5.15(b) and Fig. 5.15(c)

show evidence of this, whereas the sweep distribution shown in Fig. 5.15(a) is slightly skewed. For

a sweep-independent module, large positive sweep values are possible at shorter spans, whereas
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large negative sweep values occur at longer module spans. This is beneficial from the perspective

of clearance, as a negative sweep indicates the wing is sweeping aft. The cant-independent module

is less dependent on the module span as compared to the sweep-independent module. The cant

extremities occur near the mid-span region, and taper off with both increasing and decreasing span.

As clearance is not an issue for cant variation, the relative symmetry of the workspace is beneficial.

Finally, the twist variation is very small. This is strictly due to four constrained branches within

the system. As the constraint planes are essentially perpendicular to a twist motion, the platform

does not have the freedom to reach large twist values.

5.3.2 Module Constrained Jacobian Inverse Condition Distribution

In addition to kinematics, the instantaneous kinematics of the wing module are used as a perfor-

mance index for the various configurations. As the kinematics themselves varied according to the

constrained branch combinations, the instantaneous kinematics depend not only on constrained

branches within the system, but also on the active branches within the system. As such, there is

further opportunity to tune the particular module configuration to meet the current requirements

of wing.

The instantaneous kinematics here are evaluated by examining the constrained Jacobian inverse

condition number. The condition of the Jacobian is an indication of how close a parallel mechanism

is to being isotropic or singular. A parallel mechanism, including the wing module is isotropic if

both Jfwd and Jinv have a condition number, µ equal to 1 at a minimum of one pose within

the workspace [72]. The closer the condition number is to unity, the closer the hyperellipsoid of

platform motions is to being a hypersphere; a desirable quality for velocity and force transmission

purpose [73]. Alternatively, the closer the condition number is to infinity, the close the robot is to

being in a singular position. Study has been done recently on Jacobian conditioning, where global

indices, distribution have been discussed with respect to parallel robots [74]. Although somewhat

disputed, the condition distribution of the Jacobian can be used to identify singular positions within

the workspace [51].
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Indices used here for comparative purposes are defined using the inverse condition number 1/µ,

which falls on the interval [0, 1]. An inverse condition number value of 0 indicates a singular con-

strained Jacobian and a value of 1 indicates an isomorphic configuration. As the condition number

varies throughout the workspace, a sample of values are taken throughout the entire workspace.

For each case, the maximum, and non-singular minimum, average and standard deviation of the

the inverse condition is given. These values act as a gauge on the performance of the wing module

configurations.

5.3.2.1 4-DOF Jacobian Inverse Condition Distribution

The six configurations of the 4-DOF wing module consists of the four active branches being com-

bined with two constrained branches, leading to six possible configurations. As with the kinematic

evaluation of the 4-DOF configuration, visualization of the constrained Jacobian inverse distribu-

tion requires manifolds in 4-space. The distribution presented in Fig. 5.16 is representative of the

module at bz = 250 mm. The summary of condition data is given in Table 5.5.

The constrained Jacobian inverse condition maximum, non-singular minimum, average and

standard deviation listed in Table 5.5 show that the 5-6 and 7-8 constrained branch configurations

exhibit better performance as compared to the remaining configurations. As all four diagonal

Table 5.5: Constrained Jacobian inverse condition data for the 4-DOF wing module configurations
at bz = 250 mm

Constrained Constrained Jacobian Inverse Condition
Branches µmax × 10−4 µmin × 10−9 µavg × 10−4 µstd × 10−4

5-6 50.647 29.433 18.850 13.715

5-7 5.0066 64.123 2.2361 1.3035

5-8 7.6377 9.8076 3.0022 1.8752

6-7 6.9521 13.932 2.745 1.714

6-8 0.9424 0.9157 0.19938 0.18485

7-8 49.876 0.87056 22.678 12.447
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branches are used, this is solely due to the position and orientation of the constraint planes. For

these two configurations, they have a relatively high maximum and average values for the workspace,

which is a positive attribute. The remaining configurations, 5-7, 5-8, 6-7 and 6-8, each are at least

an order of magnitude smaller for the maximum and average values as compared to the 5-6 and 7-8

configurations. The 6-8 configuration exhibits the poorest performance at two orders of magnitude

smaller. With respect to the non-singular minimum values, the 5-7 configuration has the largest

minimum, followed by the 5-6 configurations. Thus from the data in presented in Talbe 5.5, the

5-6 and 7-8 configurations both have the best performance.

Figure 5.16 shows the constrained Jacobian inverse condition distribution for the various 4-DOF

configurations. From the analysis, the 5-6 (Fig. 5.16(a)) and 7-8 (Fig. 5.16(f)), the 5-7 (Fig. 5.16(b))

and 6-8 (Fig. 5.16(e)), and the 5-8 (Fig. 5.16(c)) and 6-7 (Fig. 5.16(d)) configurations show similar

distributions. The 5-6 and 7-8 configurations represent the two constrained branches positioned

at the trailing and leading edge, respectively. For these configurations, we see that the larger

condition numbers are sided considerably towards the cant variation, whereas the sweep variation

has little effect. Generally, the wing would require a positive cant, thus the 7-8 configuration

show a high condition distribution in this region, but additionally, the negative cant condition

distribution is high when compared to the distribution of the 5-6 configuration. For the remaining

4-DOF configurations, condition distribution is dependent on the module cant, and the distribution

itself is almost equivalent for both positive and negative cant values. However as summarized in

Table 5.5, the condition distribution of the 5-7, 5-8, and 6-7 are an order of magnitude smaller than

that of the 5-6 and 7-8 configurations, with the 6-8 condition distribution two orders of magnitude

smaller. This in combinations with the overall twist range, confirms the dominance of the 5-6 and

7-8 configurations with respect to the kinematic performance.

We can also see that there is a clear region where every constraint configuration is singular, or

near singular. The dark streak in the centre of the workspace occurs when the sweep Λ = 0, and

cant Γ = 0, for distinct values of twist. Specifically, the 5-6 and 7-8, the 5-7 and 6-8, and the 5-8 and

6-7 configurations have a singular line spanning twist values of −22o ≤ α ≤ 22o, −1o ≤ α ≤ 1.5o,
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(a) 5-6 Constrained Branches (b) 5-7 Constrained Branches

(c) 5-8 Constrained Branches (d) 6-7 Constrained Branches

(e) 6-8 Constrained Branches (f) 7-8 Constrained Branches

Figure 5.16: Constrained Jacobian inverse condition distribution for 4-DOF wing modules at bz =
250 mm
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and −3.5o ≤ α ≤ 4.5o, respectively. Along these lines, the opposing active branches 1 and 3, and/or

2 and 4, are equal in length and opposite in direction, which results in linear dependent rows of

the constrained Jacobian. This reduces the matrix rank, and the constrained Jacobian is singular

in these positions.

5.3.2.2 3-DOF Jacobian Inverse Condition Distribution

From the kinematic evaluation presented in Section 5.3.1.2, it is evident that the current config-

uration of constrained branches, i.e. their orientation with respect to the base airfoil coordinate

frame, renders the 3-DOF wing module ideal to provide independent sweep and cant rotations,

with a constrained twisting motion. Sweep or cant-constrained modules are indeed kinematically

viable as suitable ranges shown in Table 5.3, however for comparative purposes here, the instan-

taneous kinematic analysis for the 3-DOF wing modules is limited to those that have dependent

twist motion. Further reasons for limiting the analysis is due to the number of configurations that

would need to be analyzed. The 3-DOF configurations each have three active and three passive

branches. With four combinations of each as outlined in Table 4.8, a total of 16 module configura-

tions are possible. If we were to also consider sweep and cant-constrained configurations, a total of

48 module configurations are possible. Instead, focus is placed on the twist-constrained modules so

that a trends and comparisons can be made between these configurations. These wing modules are

analyzed, and a summary of constrained Jacobian inverse condition data is presented in Table 5.6.

For the 3-DOF wing module constrained Jacobian inverse condition, there is a large selection

of configurations from which not only to analyze the kinematic performance, but also to select

which is best suited for a given task. In Table 5.6, the condition data is grouped according to the

constrained branch configuration so that similar configurations can be compared. For the 5-6-7 and

5-6-8 configurations, we see from the data, the maximum and average condition values are largest

for the 1-3-4 active branch configuration. These configurations have an active branch on the upper

and lower wing surface, and at the leading edge. We see also that for the 5-6-7 constrained branch

configurations, the non-singular minimum values are generally larger than the 5-6-8 configurations
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Table 5.6: Constrained Jacobian inverse condition data for the 3-DOF wing module configurations
with dependent platform twist

Passive Active Constrained Jacobian Inverse Condition
Branches Branches µmax × 10−3 µmin × 10−7 µavg × 10−3 µstd × 10−3

5-6-7 1-2-3 4.0004 1.3874 2.6209 1.0614
1-2-4 8.1239 61.535 3.3678 2.0482
1-3-4 10.816 24.8 3.693 2.1514
2-3-4 4.4702 29.072 2.796 1.0222

5-6-8 1-2-3 3.9867 1.8513 1.8898 1.111
1-2-4 7.2367 0.25298 3.2427 2.1721
1-3-4 11.194 0.48671 3.4989 2.3654
2-3-4 4.3345 1.4436 2.868 1.0659

5-7-8 1-2-3 4.1946 0.095915 1.3575 1.2659
1-2-4 7.2863 0.011803 3.1054 1.792
1-3-4 6.276 14.347 3.0329 1.6577
2-3-4 4.1834 0.70935 1.2606 1.0036

6-7-8 1-2-3 4.2717 0.56404 1.5961 1.2529
1-2-4 6.9322 1.4366 2.5984 1.7003
1-3-4 5.7155 14.223 2.4708 1.4413
2-3-4 3.8899 4.4022 1.5594 0.94849

with the same active branches. For the 5-7-8 and 6-7-8 configurations, the maximum values are

relatively close for each of the active branch configuration, but we see here than the largest non-

singular minimum values occur for the 1-3-4 active branch modules. This temporarily indicates that

the 1-3-4 active branch configurations tend to outperform the other active branch configurations.

To further analyze this apparent trend, the condition distribution of the various configurations

are analyzed. The condition distribution for the 5-6-7, 5-6-8, 5-7-8 and 6-7-8 constraint branch

configurations are shown in Fig. 5.17, Fig. 5.18, Fig. 5.19, and Fig. 5.20 respectively. The condition

distribution for these configurations all are highly dependent on the module cant, with less of a

dependence on the span and sweep variation in the workspace. This phenomenon was also apparent

with the 4-DOF wing modules.

The constrained Jacobian inverse condition distribution for the 5-6-7 constraint branch config-

urations is shown in Fig 5.17. From the figure, we see that the 1-2-3 and 2-3-4 active branches

132



(a) 1-2-3 Active Branches (b) 1-2-4 Active Branches

(c) 1-3-4 Active Branches (d) 2-3-4 Active Branches

Figure 5.17: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
constrained platform twist and 5-6-7 constrained branches

configurations each exhibit a condition distribution that is fairly low, and uniform throughout the

workspace (see Fig. 5.17(a) and Fig. 5.17(d), respectively), which confirms the condition data pre-

sented in Table 5.6. The 1-2-4 (Fig. 5.17(b)) and 1-3-4 (Fig. 5.17(c)) configurations each show a

greater variation in Jacobian condition that is highly dependent on the module cant, where negative

cant values shown better Jacobian conditions. Conversely, we see that the module sweep has less of

an effect on the condition for the 1-2-4 module, as compared to the 1-3-4 module where in addition

to the negative cant, positive sweep values show better conditions.
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(a) 1-2-3 Active Branches (b) 1-2-4 Active Branches

(c) 1-3-4 Active Branches (d) 2-3-4 Active Branches

Figure 5.18: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
constrained platform twist and 5-6-8 constrained branches

For the 5-6-8 constraint branch configurations, the condition distribution for the various active

branch configurations shows very similar trends to those with 5-6-7 constrained branches. Fig-

ure 5.18 shows the distribution for the 5-6-8 constraint branches configurations which if compared

to Fig. 5.17, the condition distribution is almost identical. The 1-2-3 (Fig. 5.18(a)) and 2-3-4

(Fig. 5.18(d)) configurations again show a consistently low condition over the workspace, while the

1-2-4 (Fig. 5.18(b)) and 1-3-4 (Fig. 5.18(c)) configurations show a condition distribution that is

dependent on the module cant. For the 1-2-4 configuration, there is a band within the negative
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(a) 1-2-3 Active Branches (b) 1-2-4 Active Branches

(c) 1-3-4 Active Branches (d) 2-3-4 Active Branches

Figure 5.19: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
constrained platform twist and 5-7-8 constrained branches

cant region in where the Jacobian condition is distinctly higher than the remaining workspace, a

phenomenon also present of the associative 5-6-7 constraint branch configuration (see Fig. 5.17(b)).

Once again though, the 1-3-4 configuration tends to perform best over the entire workspace, with

a very well conditioned region within the negative cant and positive sweep region.

The 5-7-8 constraint branch configurations shown in Fig. 5.19 continue to not only show that the

Jacobian condition is highly dependent on the module cant, but also that the 1-2-4 (Fig. 5.19(b))

and 1-3-4 (Fig. 5.19(c)) configurations tend to perform better than the 1-2-3 (Fig. 5.19(a)) and 2-
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(a) 1-2-3 Active Branches (b) 1-2-4 Active Branches

(c) 1-3-4 Active Branches (d) 2-3-4 Active Branches

Figure 5.20: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
constrained platform twist and 6-7-8 constrained branches

3-4 (Fig. 5.19(d)) configurations. First, the cant-dependency of Jacobian condition is opposite for

the 1-2-3 and 2-3-4 configurations. Here, the Jacobian is well conditioned for positive and negative

cant for the 1-2-3 and 2-3-4 configurations, respectively. The 1-2-4 and 1-3-4 configurations do

not exhibit this opposition of Jacobian condition where both configurations are well conditioned

in both the positive and negative cant regions, with greater values achieved with a positive cant.

Additionally, we see that negative sweep values tend towards a better conditioned Jacobian which

is in direct contrast to the 5-6-7 and 5-6-8 configurations.
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Finally, the 6-7-8 constraint branch configurations show a very similar condition distribution as

compared to the 5-7-8 configurations. In Fig. 5.20, we continue to see the dominant trend of the

1-2-4 (Fig. 5.20(b)) and 1-3-4 (Fig. 5.20(c)) configurations over the 1-2-3 (Fig. 5.20(a)) and 2-3-4

(Fig. 5.20(d)) configurations. The 1-2-3 and 2-3-4 configurations again show opposition in which

better conditioning is seen with positive and negative cant, respectively. Also, the 1-2-4 and 1-3-4

configurations are well conditioned for positive cant and negative sweep.

From the above analysis and figures, we see that the selection of constraint and active branches

have a profound impact on the instantaneous kinematics of the 3-DOF wing module. First, we see

that the 5-6-7 and 5-6-8 constraint branches show similar condition distributions, while the 5-7-8

and 6-7-8 configurations show similar distributions. This grouping is based on the presence of two

constrained branches as the trailing and leading edges, respectively. From the analysis, we see

that if a positive cant and negative (aft) sweep is required, then the 5-7-8 and 6-7-8 configurations

perform better than the 5-6-7 and 5-6-8 configurations. Conversely, a negative cant and positive

sweep requires the opposite, thus selecting constraining branches to achieve better performance

can be achieved. Secondly, we see that the selection of active branches also has an impact on the

Jacobian distribution. For all constraint branch configurations, the 1-2-4 and 1-3-4 configurations

performed better than the 1-2-3 and 2-3-4 configurations. Here, branches 1 and 4 coalesce to a

single point on the platform airfoil, with branch 2 or 4 connected at the opposite corner of the wing

truss. This configuration seems to consistently provide better overall performance with an slight

edge to the 1-3-4 configuration for the 5-6-7 and 5-6-8 constraint branches, and the 1-2-4 for the 5-

7-8 and 6-7-8 configurations. The combination of two active branches and constrained branches at

the leading and trailing edges, respective result in better instantaneous kinematic performance, and

thus intelligent selection of the module configuration can lead to better overall module kinematic

performance.

Finally, as with the 4-DOF wing modules, singularities are present in the workspaces of each

3-DOF wing configuration. The singularities occur when both the sweep and cant are zero for all

module span. In the current configuration setup, branches 1 and 3 and branches 2 and 4 oppose each
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Table 5.7: Constrained Jacobian inverse condition data for the 2-DOF wing module configurations

Independ. Active Constrained Jacobian Inverse Condition
Motion Branches µmax × 10−3 µmin × 10−5 µavg × 10−4 µstd × 10−4

Λ 1-2 8.0958 374.69 57.02 14.225
1-3 6.385 440.05 55.222 8.7474
1-4 6.0539 0.11768 17.248 17.55
2-3 0.60471 9.3428×10−3 2.0749 1.4929
2-4 7.9198 364.07 56.527 13.838
3-4 6.371 440.33 54.881 8.3742

Γ 1-2 19.998 366.6 61.171 38.558
1-3 20.0 440.0 66.237 37.425
1-4 6.1471 0.26463 18.361 18.64
2-3 0.78159 0.18908 2.316 1.7847
2-4 20.001 356.11 61.615 38.548
3-4 20.004 440.27 66.882 37.413

α 1-2 1.1776 0.049271 4.3048 3.8282
1-3 1.5486 0.04928 5.2036 4.7371
1-4 1.4132 7.6894×10−6 3.3401 4.1106
2-3 0.17693 2.861×10−6 0.42035 0.44583
2-4 1.2275 0.049272 4.392 3.9465
3-4 1.6215 0.04928 5.337 4.9039

other in direction, thus when there is no platform airfoil rotation, there are always two branches

which are directed opposite to each other, which reduces the rank of the constrained Jacobian.

This in turn leads to singularities within the workspace.

5.3.2.3 2-DOF Jacobian Inverse Condition Distribution

The 2-DOF wing configurations require all four of the axial branches to be constrained, and two of

the four diagonal branches to be active. This leads to six unique configurations for each independent

platform rotations.

The collected data in Table 5.7 shows that there is a distinct disadvantage for the 1-4 and 2-3

active branch configurations with respect to the constrained Jacobian inverse condition. For each

independent platform motion, the 1-2, 1-3, 2-4 and 3-4 active branch configurations outperforms

the 1-4 and 2-3 configurations, however, the 2-3 configuration exhibits the poorest performance.

This is particularly true for the non-singular minimum condition values which are significantly
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smaller than those of the other active branch combinations. The 1-4 and 2-3 configurations each

have both active branches coalescing to a single point, thus restricting the ability for the prismatic

actuators to push the platform airfoil. The remaining configurations each consists of an active

branch connected at the leading and trailing edge of the wing module. This separation of active

branches clearly demonstrates better instantaneous kinematic behaviour, and thus the 1-2, 1-3, 2-4

and 3-4 configurations are favoured.

The inverse condition distribution of the constrained Jacobian is shown in Fig. 5.21 for the

sweep-independent wing modules. The 1-4 and 2-3 modules shown in Fig. 5.21(c) and Fig. 5.21(d),

respectively, show that the condition distribution is poor compared to the other configurations. The

1-2 (Fig. 5.21(a)), 1-3 (Fig. 5.21(b)), 2-4 (Fig. 5.21(e)), and 3-4 (Fig. 5.21(f)) modules each shown a

better distribution, albeit distributions that are sided in favor of negative sweep values. This is, in

general, a positive feature as negative sweep indicates an aft sweep motion, which would be required

more than a forward sweep motion. We do note that for the 1-2, 1-3, 2-4 and 3-4 configurations,

there is a discontinuous transition in the condition distribution between positive and negative sweep

values. Each sign of sweep displays almost uniform condition distribution and with little condition

variation with respect to the module span, and we see that for these configurations, the condition

is dependent only on the sign of the module sweep, with the obvious exception being the 1-4 active

branch configuration. The best distribution is observed with the 2-4 configuration.

The inverse constrained Jacobian condition distribution for the cant-independent wing modules

are shown in Fig. 5.22. Similarly to the sweep-independent modules, the Jacobian condition of

the cant-independent modules shows little dependence on the span of the module, but is highly

dependent on the module cant. Once again the 1-4 (Fig. 5.22(c)) and 2-3 (Fig. 5.22(d)) active

branch modules exhibit a poor condition distribution compared to the remaining configurations.

For the remaining configurations, the condition distribution is sided depending on the sign of the

module cant, with slightly more favourable condition when the module is in a negative cant position.

The 1-2 (Fig. 5.22(a)), 1-3 (Fig. 5.22(b)), 2-4 (Fig. 5.22(e)) and 3-4 (Fig. 5.22(f)) configurations all

show high conditioning throughout the workspace. This is particularly true when the module cant
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(a) 1-2 Active Branches (b) 1-3 Active Branches

(c) 1-4 Active Branches (d) 2-3 Active Branches

(e) 2-4 Active Branches (f) 3-4 Active Branches

Figure 5.21: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
active platform sweep
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(a) 1-2 Active Branches (b) 1-3 Active Branches

(c) 1-4 Active Branches (d) 2-3 Active Branches

(e) 2-4 Active Branches (f) 3-4 Active Branches

Figure 5.22: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
active platform cant
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(a) 1-2 Active Branches (b) 1-3 Active Branches

(c) 1-4 Active Branches (d) 2-3 Active Branches

(e) 2-4 Active Branches (f) 3-4 Active Branches

Figure 5.23: Constrained Jacobian inverse condition distribution for 2-DOF wing modules with
active platform twist
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close to, but not equal to zero, where we can see the condition number is the highest. However

much like the sweep-independent configurations, there is a discontinuity in Jacobian condition while

transitioning from positive to negative cant values. Here, the 3-4 configuration is best suited with

respect to Jacobian conditioning.

Finally, the constrained Jacobian inverse condition distribution for the 2-DOF sweep-independent

wing modules is shown in Fig. 5.23. Much like the sweep and cant-independent modules, the 1-4

and 2-3 active branch configurations, shown in Fig. 5.23(c) and Fig. 5.23(d), respectively, shown

the poorest condition performance, with the 2-3 configuration continuity to exhibit the worst con-

dition distribution. Here though, there is a gradual transition in condition as the module twist is

increased or decrease, with very little dependency on the span of the module. We see that for the

1-4, as well as the 1-2 (Fig. 5.23(a)), 1-3 (Fig. 5.23(b)), 2-4 (Fig. 5.23(e)) and 3-4 (Fig. 5.23(f))

modules, the highest condition is achieved at the maximum module twist. Although not as high as

positive twist values, the condition also increases as the twist decreases and reaches the minimum

value. This is opposite to what was shown with the sweep and cant-independent modules in which

the highest condition is experienced when there the sweep and cant were both close to, but not

equal to zero. The best performance however, which is also shown in Table 5.7, are the 1-3 and 3-4

active branch configurations.

With respect to singularities in the workspace, the 2-DOF wing modules are not singularity

free. Much like the 4-DOF and 3-DOF wing modules, singularities are present when the platform

airfoil is parallel to the base airfoil, i.e., no module sweep, cant or twist.

5.3.3 Kinematics Summary

In this section, the kinematics and instantaneous kinematics of the wing module configurations

were explored in detail. In Section 5.3.1, the kinematic range of platform variables was analyzed

with the expressed goal of determining which constraint branch combination provided the best

kinematic performance for the 4-DOF and 3-DOF wing modules. The 2-DOF wing module posses

four constrained branches and thus only one configuration is possible. From the analysis, it was
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evident that the combination of constrained branches has a profound impact on the kinematic

performance of the wing with respect to the module twist, whereas the kinematic performance of

the sweep and cant was relatively independent of constraint branch combination. This is due to

the constraint plane orientations being perpendicular to the base airfoil and passing through the

base airfoil z-axis. As such, the planar motion of the spherical joints on the constrained branches

tends in the direction required for sweep or cant motion of the platform airfoil. Twist motion on

the other hand is perpendicular to the constraint planes and is thus limiting depending on which

branches are constrained. As was shown, diagonally opposed constrained branches are the most

limiting combination, which is avoidable for the 4-DOF configurations, but unavoidable for the

3-DOF and 2-DOF configurations. Despite this being a limiting factor, a decent twist range is

achievable for the 3-DOF configurations.

The instantaneous kinematics of the wing module were analyzed in Section 5.3.2 where the

constrained Jacobian inverse condition distribution was used as a performance parameter of the

wing modules. Where the kinematics of the modules are dependent only on the constraint branch

combination, the instantaneous kinematics are dependent on both the active and constraint branch

combinations, leading to further opportunity for reconfiguration, and further configurations for

analysis, especially for the 3-DOF wing modules. Consistently, the Jacobian condition improved

as the platform airfoil was actuated away from a position in which the platform airfoil was parallel

to the base airfoil. With no platform airfoil rotation, singularities are present, requiring additional

measure to be taken when instantaneous motion is to be used. However, better Jacobian condition

is experienced as the platform airfoil is reoriented away from the original parallel position. This is

consistent for parallel robots with this type of constraint system [59,64].

The kinematic analysis shown was for specific constraint branch orientations. Specifically, con-

straint planes were restricted to be perpendicular to the base airfoil and pass through the zb-axis

as is a common setup for traditional constrained parallel robots. This setup is not necessarily

a requirement, and any constraint plane orientation can theoretically be used without having to

reformulate the kinematic equations. As such, there is an opportunity to optimize the kinematic
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performance of the module by altering the orientations of the constraint planes. This is, however.

beyond the scope of this these.

Finally, what was shown from the kinematic analysis was that the range of performance values

can be used to select the best suited module, on-demand. The module configuration can be selected

based not only on the kinematic variable range, but also the instantaneous kinematic performance.

This unique feature allows an extremely high level of flexibility for the wing module.

5.4 Summary

In this chapter, the kinematics of the wing module were evaluated. First, a new parametric con-

straint kinematic formulation was developed for the inverse and instantaneous kinematics of the

wing module. The developed parametric formulation is more versatile than previous constraint

systems and can be applied to other parallel robot systems. To evaluate the kinematic potential of

each wing module mobility, the constrained inverse and instantaneous kinematics were computed

and analyzed. Platform airfoil variable ranges were determined as well as the constrained Jacobian

inverse condition distribution. Computational comparisons highlight performance capabilities and

limitations of the module configurations, which can be used for optimal configuration selection.

The benefits of the proposed constraint system were shown, as internal reconfiguration of the wing

module leads to more desirable kinematic performance for a given mobility requirement.
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Chapter 6

Wing Module Prototype Development

In this chapter, a discussion on the development of the wing module prototype is given. First,

a brief description of the wing module is given including a description of the active and passive

branch components. With the wing module described, the kinematic response of the wing is shown

as it pertains to proving the developed kinematics. This is followed by a discussion on morphing

skin systems including the development of the morphing skin system using the developed module

kinematics. Finally, conclusions are given.

6.1 Module Prototype

In this section, a description of the module prototype is given. First, a physical description of

the module is given including descriptions of components used. This is followed by the kinematic

response of the wing module.

6.1.1 Module System Description

One of the major features of the developed morphing wing system is modularity. The benefits of

modularity as previously mentioned is that analysis of a full system can be reduced to that for a

single module. In previous chapters, this feature has been exploited for the architecture, mobility

and kinematics analyses. This feature is further exploited for the development of a prototype,

where a single controllable wing module was developed with the goal of validating the developed

mobility and kinematic formulations.
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(a) Prototype solid model (b) Wing module prototype

Figure 6.1: Mechanical prototype of wing module

The 4-DOF module with 5-6 constraint branches was used for the wing module prototype which

is shown in Fig. 6.1. This configuration was selected based on the resultant kinematic capabilities

analyzed in Chapter 5. However, the prototype can be reconfigured to any other 4-DOF configura-

tion by swapping the constrained branches accordingly. The solid model in Fig. 6.1(a) depicts an

early design configuration of the wing module in which the active branches are diagonally positioned

following the same direction, as opposed to opposing directions for upper/lower and leading/trailing

branches shown in Fig. 6.1. The branches of the prototype consist of four unconstrained-active, two

unconstrained-passive and two constrained-passive branches. The two constrained-passive branches

are configured to the branch architecture outlined in Section 4.2.2.2 and have RTPVS joint archi-

tecture. The unconstrained branches are however configured with SPVS joint architecture in lieu

of a UPVS branch. The additional degree-of-freedom replaces the universal joint on the base airfoil

with a spherical joint, raising the connectivity of the branch to Ck = 7. This renders the branch re-

dundant by a single degree-of-freedom since (Ck = 7) > (λ = 6). The reason for the unconstrained

branches to be configured as such was for strength considerations. If an unconstrained branch

connects to the base and platform airfoil ribs with a spherical joint, or plain spherical bearing, then

moments are not transferred to the branch, thus reducing the strength requirement of the branch.

The unavoidable result of this configuration is the alignment of two rotation axes, one from each

spherical joint, which align along the branch vector, dk. This allows the prismatic joint to rotate

axially, or spin, about this axis. Although kinematically undesirable and unnecessary, very little
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axial rotation of the prismatic joint was observed and did not negatively affect the mobility of the

wing system.

To provide controllable motion, actuators from Firgelli Technologies, Inc, were selected based

on their compact size and their performance characteristics. The L16-P 150:1 140 mm actuator

was used with technical specs outlined in Table 6.1. A compact actuator is essential due to volume

limitations within the wing module. A 150:1 gear reduction ratio was selected which limited the

maximum speed of the actuator to 8 mm/s under no load. A slow morphing maneuver is required to

prevent quick changes in aerodynamic forces, thus the low actuation speed is beneficial. The 150:1

gear reduction ratio provides the maximum lifting capabilities of the actuator while minimizing the

weight of the actuator–another important requirement. Despite the compact size, the actuator can

provide 200 N lift force and 102 N back drive force. Additionally, the ability to withstand side forces

is essential due to the direction of lift and drag forces with respect to the actuator orientation. The

large electrical stroke of 138 mm allows for significant workspace to be reached. Finally, suitable

positional accuracy and mechanical backlash allows for precise repeatability.

The prismatic joints of the passive branches are required to react to the kinematic motion of

the platform, with an ability to lock when not in motion. Locking the extension capabilities of the

passive branches maintains the structural integrity of the truss when the wing is not transitioning

from one position to another. The passive prismatic joints are a piston-cylinder style joint with PVC

tubing used for the cylinder and a turned aluminum rod used for the cylinder. For compatibility

with the Firgelli actuators, the passive branches were designed to achieve a maximum stroke of 138

mm. A set screw was threaded into the side of each PVC tube and tightened to lock the passive

branches when not in motion.

6.1.2 Kinematic Response

The kinematic response of the wing module is used to prove the developed kinematic formulations.

In order to control the wing module, a hardware-software integrated control system was developed

using Matlab Simulink, and custom controller developed by Quanser. The control hardware from
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Table 6.1: Firgelli Technologies, Inc L16 150:1 140 mm actuator characteristics [75]

Characteristic Value

Gear reduction 150:1

Peak power 75 N at 7 mm/s

Max speed (no load) 8 mm/s

Max force (lifted) 200 N

Back drive force 102 N

Max side load (extended) 20 N

Mass 84 g

Electrical stroke 138 mm

Positional accuracy 0.5 mm

Mechanical backlash 0.2 mm

Quanser interfaces with Matlab Simulink through QUARC, an interface software. Specialized

Simulink blocks enable standard Simulink signals to be read by QUARC, transfer the signals to

the controller which in turn drives the actuators within the wing module system.

Figure 6.1.2 shows a custom interface developed in Matlab Guide. The interface is the front

end of the control system in which user-specific wing module sweep, cant, twist and span inputs

are used to actuate the wing module. All four wing degrees-of-freedom must be entered into the

control system. The prototype kinematics are identical to those developed in Chapter 5. Individual

morphing motions are shown in Fig. 6.3. Here, individual sweep (Fig. 6.3(a)), cant (Fig. 6.3(b)) and

twist (Fig. 6.3(c)) motions are shown at a spcific span. For each of the above platform rotations,

the other platform rotations were specified to be 0. Fig. 6.3(d) shows the prototype with a specific

span, and no rotations. A more complicated morphing maneuver is shown in Fig. 6.1.2 where a

combination of sweep, cant, twist and span were input, and the resultant motion of the platform

airfoil was observed. The full video is available in Appendix C.
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Figure 6.2: Screen shot of wing module prototype control interface

(a) Sweep (b) Cant

(c) Twist (d) Span

Figure 6.3: Wing module prototype with single morphing degree-of-freedom pose
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Figure 6.4: Wing module prototype with multiple degree-of-freedom pose, utilizing 4 degrees-of-
freedom

6.2 Wing Module Skin System Conceptual Design

One particularly challenging aspect associated with wing morphing is the implementation of mor-

phing skins systems. At the highest level, a skin system for a morphing wing must maintain an

adequate aerodynamic surface, while simultaneously supporting the associative loads experienced

during flight. While many wing morphing projects have been proposed, as surveyed in Chapter 2,

the skin systems utilized are equally as diverse as the projects to which they are associated. How-

ever, as with the mechanisms to which they are paired, the developed morphing skin systems are

suitable only for a single type of morphing. For the proposed modular morphing wing, a more

versatile skin system is required as the module is expected to assume varying motion profiles.

The detailed development of a skin system is beyond the scope of this dissertation as is a

survey of current developments in morphing wing skin systems. However, the high level kinematic

requirements of a skin system can be formulated and identified based on the predicted motion of the

wing module. The goal here is to observe how the the skin would change with respect to morphing.

In this section, an overview of potential skin systems is given for the wing module, followed by a

151



kinematic analysis for the conceptual design of a skin system for the wing module.

6.2.1 Morphing Wing Skin Systems

For an individual morphing degree-of-freedom, a unique morphing skin system can be developed

once the expected motion range is established. The challenge however for the morphing wing

module is that the skin system is expected to satisfy a variety of motion requirements that are not

necessarily uniform over the entire wing module skin surface. Each morphing-degree-of-freedom

imposes drastically different requirements and resultant wing skin motion profiles. For example,

span morphing requires the skin to expand and retract uniformly, however sweep motion requires

non-uniform skin expansion and retraction. Inoyama et al. show in their work the variation in

skin system requirements for their planar morphing wing [42,43]. For the morphing wing module,

addressing the unique skin motion requirements for each individual morphing degree-of-freedom

would not suffice, as the wing skin must be able to satisfy a combination of motion requirements.

As such, an analysis on the kinematic response of the wing skin must be performed.

Categorically, a morphing wing skin can be a) a system of sliding rigid bodies, b) a stretch-

able material wrapped around the wing, or c) a hybrid system combing elements of sliding and

stretchable skins.Each morphing wing skin system is briefly described with respect to the four wing

module degrees-of-freedom.

6.2.1.1 Sliding Skin System

A sliding skin system consists of one or more rigid bodies that slides against each other and/or

static wing surfaces during a morphing maneuver. This method is popular with some sweep-

morphing and span-morphing wings where rigid wing sections slide within an adjacent hollow wing

or body [11,29,30,34,35]. As such, two rigid surfaces remain in contact and slide against each other

during morphing. An alternative method that has been proposed for sweep motion is a series of

rigid ‘feathers’ that rotate about the sweep rotation axis [15]. The use of sliding skins for sweep

and span morphing can be attributed to the fact that both motions are planar, and the sliding skin

surfaces are easier to implement.
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Benefits of sliding skins are attributed to the fact that the rigid bodies provide a suitable

surface to withstand aerodynamic forces, particularly the pressure distribution. Penalties include

the additional weight of overlapping skin sections, with major challenges of maintaining a seal

between two adjacent skin surfaces to prevent air flow within the wing volume. Despite these

challenges, a sliding skin system has potential to be used in a poly-morphing wing system.

For the wing module, the combined platform rotations requires that any sliding skin remains in

contact with an adjacent surfaces that are not necessarily planar for a given morphing maneuver;

i.e. the local orientation between the sliding skin and adjacent surface is not consistent during the

full morphing motion. The in-plane sweep and span motion, combined with the out-of-plane cant

and twist motion results in skin surfaces that must posses multiple degrees-of-freedom in order to

maintain contact with adjacent surfaces. Additionally, the curvature variation of the wing imposes

additional contact constraints. When coupled with the motion of the wing module, the sliding

skin motion requirements will vary across the surface of the wing. Using a kinematic analysis to

quantify the local effects of morphing on the wing skin is thus required for any detailed design.

6.2.1.2 Stretching Skin System

A stretchable, or flexible skin consist of a material that can stretch according to the wing morphing

motion. In contrast to a sliding skin system, stretchable skins are popular primarily with twist

morphing wings [23–27]. Here, the relatively small displacement of morphing bodies within the

wing system are suitable for stretchable materials. A flexible material was also developed for the

multi-role morphing air vehicle [44–46]. Stretchable skins have also been proposed for morphing

wings with sweep and cant morphing [13,14].

Implementation of a stretchable skin system has considerable challenges, particularly with re-

spect to material selection. Kikuta [76], in his Masters dissertation, evaluated several potential

materials for morphing skins. Based on experimentation, the materials tested all failed to address

key issues associated with morphing, particularly with elongation, and resistance to deformation

from pressure distribution. These issues, in addition to material fatigue and additional actuation
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forces, pose considerable challenges for stretchable materials for wing skins. The benefits of a

stretchable skin is that the material can, in general, respond to a variety of motions.

For the wing module, a stretchable skin must be able to provide large deformations due to the

span-wise motion capabilities of the module. The platform airfoil rotations each impose different

motion profiles on the skin in different wing regions, thus suitable tension throughout the skin

must be maintained for all wing motions to ensure the skin does not become loose (loss of tension),

or become rippled. While flexible materials have been designed to address specific motions, one

that allows for large extension without imposing severe actuation penalties, while simultaneously

preventing rippling for shear and torsion and preventing bending from normal forces does not exist.

A stretchable skin for the wing module must then be evaluated kinematically for the local motions

and deformations associated with morphing, but also would require a passive support structure to

prevent adverse deformation associated with morphing and pressure distribution.

6.2.1.3 Hybrid Skin System

A hybrid skin system combines elements from sliding and stretching skin systems. As such, a

hybrid skin systems inherits qualities from sliding and stretching skins, making a hybrid system

extremely challenging in its implementation. Theoretically, a hybrid system could be developed

that is suitable for the entire morphing wing. For the wing module, for example, a sliding skin

system could act as a support structure to a stretchable skin that provides an aerodynamic seal.

Alternatively, the features from each skin system could be used in specific wing regions where it is

most suitable, and thus easier to implement. Regardless of the design, a kinematic analysis of the

skin motion must be used to lay the foundation for detailed design.

6.2.2 Wing Skin Kinematic Response

From a kinematic perspective, the developed kinematic formulation for the wing truss members

can be extended for evaluation of the wing skin. At the highest level, Eq. (5.1) provides a vector

loop between two distinct points on the base and platform airfoils. By extension, these two distinct
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point could be points on the airfoil perimeter, thus representing a span-wise skin element

pa,b + a = b + pa,p (6.1)

where pa,b and pp,b are the base and platform airfoil perimeter vectors, and a is the span-wise skin

vector. Here, pp,b is expressed in the base coordinate frame where pp,b = Rp′p,b, and b is still the

module span vector. Equation (6.1) can be used to evaluated span-wise motion between any two

points on the base and platform airfoil perimeters, though it stands to reason that the perimeter

locations are equivalent for both the base and platform.

In addition to span-wise vectors, airfoil sections within the wing module centre can be defined

that reflects that gradual transition from the base airfoil orientation, to the platform airfoil orien-

tation. If δ is a fraction on the order 0 ≤ δ ≤ 1 that represents a position on the module span

vector, and where δ = 0 and δ = 1 represents the base and platform airfoil positions, respectively,

then the orientation of an airfoil section at δ is given by

Rδ = Rx (δΛ) Ry (δΓ) Rz (δα) (6.2)

Combining span-wise skin vectors with intermediate airfoil sections results in a grid system that

can be used to evaluate the kinematics and motion profile of a skin system. A discretized wing

skin grid is shown in Fig. 6.2.2. Here, the grid spacing is dependent on the curvature of the airfoil

cross-section with more grid elements present at the leading edge as compared to the trailing edge.

As the wing module moves, the resultant motion of the skin can be observed and thus evaluated.

In the following section, the effects of individual morphing degrees-of-freedom on the wing skin

are evaluated, followed by a section that evaluates the wing skin for the combined motion range of

the wing module. The 4-DOF wing module with 5-6 constrained branches is used as an example

for the wing skin motion analysis as this module was used for the development of the prototype.

A different module mobility and constrained branch combination will naturally result in a different

wing skin response, however a full analysis is beyond the scope of this dissertation. The motion
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Figure 6.5: Wing module showing skin grid

analysis presented is intended to lay the foundation of a detailed design, in this particular case, for

the 4-DOF wing module with 5-6 constrained branches.

The individual morphing motions each impose different requirements on the skin system. Ad-

ditionally, as mentioned, the resultant motion of the wing skin is not uniform accross the entire

wing surface. As such, the individual morphing motions are evaluated individually first to observe

these effects. The exception to this is the span motion, where the motion response of the skin

is simply identical to the span-wise motion of the wing module, thus for this analysis, the span

morphing is not considered. For the analysis, the span of the module is held at bz = 250mm. The

linear expansion/retraction of span-wise grid lines and angular displacement of span-wise grid lines

with respect to airfoil cross sections are analyzed. The results are normalized, based on the initial

lengths and orientation of the grid lines, indicating the kinematic requirements for the skin system

at different skin surface nodes.
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6.2.2.1 Wing Skin Response for Individual Platform Motion

From the kinematic analysis in Section 5.3.1.1 for the 4-DOF module with 5-6 constrained branches,

the range of rotational variables present the workspace boundary for the wing module. However,

these boundary values are dependent on the other platform rotations, hence the motion range for

one particular platform variable with the other two held at zero is less than what is outlined in

Table 5.2. In the figures that follow, the kinematic results of the skin motion are based on the range

of each platform airfoil rotation, while the remaining two degrees-of-freedom are kept at a constant

0o. The maximum and minimum elongation of span-wise grid members, and the maximum and

minimum angular displacement of intersecting grid lines are shown for each platform rotation.

The kinematic response of the wing skin for sweep motion is shown in Fig. 6.6. With the cant

and twist variables held at 0o, the module is capable of sweeping on the interval 9o ≤ Λ ≤ 11o.

As expected, the maximum and minimum elongation span-wise grid values, shown in Fig. 6.6(a)

and Fig. 6.6(b), respectively, are clustered near the trailing edge, peaking at just over a normalized

value of 1.35, representing a forward swept position. For an aft-swept pose, the minimum elongation

values are also located at the trailing edge, with a value of approximately 0.6 of the original length.

The elongation values gradually become unity towards the 1/4-chord location, and then increase

or decrease accordingly toward the leading edge. This is expected as the the rotation centre of the

platform airfoil is at the 1/4-chord location, and indicates that any skin system implemented would

not be uniform between leading and trailing edge regions with respect to extension and retraction

capabilities. From an angular displacement perspective, the variation of angular displacement of

grid lines varies span-wise, with maximum (Fig. 6.6(c)) and minimum (Fig. 6.6(d)) values clustered

near the platform airfoil. A small region at the platform leading edge requires a very small angular

displacement range, while towards the trailing edge the angular displacement of grid lines is upwards

of 25o.

For the cant motion, the skin response is shown in Fig. 6.7. The cant motion is on the range of

−24o ≤ Γ ≤ 27o while holding the sweep and twist at a constant 0o. The resultant skin motion for

platform cant results in maximum and minimum elongation values occuring at the wing skin regions
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(a) Linear elongation for max sweep (b) Linear elongation for min sweep

(c) Angular deformation for max sweep (d) Angular deformation for min sweep

Figure 6.6: Wing skin motion response for 4-DOF wing module with 5-6 constrained branches with
module sweep at bz = 250 mm

furthest from the chord-line; i.e. the upper and lower wing surfaces. The maximum and minimum

distribution values, shown in Fig. 6.7(a) and Fig. 6.7(b), repsectively, indicate a much smaller

elongation range as compared to the distriubtion associated with sweep motion, as is expected

from a geometry perspective. Here, the skin is required to expand or contract by approximately

10% of the original length while tappering off to very small values at the leading and trailing

edges of the wing. The maximum and minimum angular distributions, shown in Fig. 6.7(c) and

Fig. 6.7(d), respectively, show that there range of angular displacements of the wing skin is remains

low for majority of the wing surface, with a very large range required at the leading edge of the

platform airfoil. In this region, the combination of platform motion, and wing curvature requires
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(a) Linear elongation for max cant (b) Linear elongation for min cant

(c) Angular deformation for max cant (d) Angular deformation for min cant

Figure 6.7: Wing skin motion response for 4-DOF wing module with 5-6 constrained branches with
module cant at bz = 250 mm

that any developed skin must be able to withstand angular variations of upwards of ±25o. This

requirement gradually relaxes towards the base airfoil, and towards the 1/4-chord. Here, the non-

uniform angular displacement values between the upper and lower wing surfaces is attributed the

resultant motion required by the constrained branches and the difference between maximum and

minimum cant values.

Finally, the wing skin motion distribution for platform twist is shown in Fig. 6.8. Here, the

platform airfoil can twist on the range ±22o while the sweep and cant are kept at a constant 0o.

From the analysis, we see that for twist motion, the span-wise grid elements at no point retract, as

evident by the minimum elongation distribution shown in Fig. 6.8(b). In constrast to this, there
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(a) Linear elongation for max twist (b) Linear elongation for min twist

(c) Angular deformation for max twist (d) Angular deformation for min twist

Figure 6.8: Wing skin motion response for 4-DOF wing module with 5-6 constrained branches with
module twist at bz = 250 mm

wing skin experiences large expansions, particuarly towards the trailing edge of the module, where

the wing skin is required to expand to an elongation value of approximately 1.6 (see Fig. 6.8(a)).

Smaller elongation values are seen gradually towards the leading edge. The maximum and minimum

angular distributions are shown in Fig. 6.8(c) and Fig. 6.8(d), respectively. Here, we see that wing

twist results in a wide range of angular displacements, with maximal and minimal values located

at the platform airfoil, within the middle region of the wing. The maximum and minimum values

are not equal and opposite, due to the constrained kinematics, and the resultant motion of the

platfom.
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6.2.2.2 Wing Skin Response for Combined Platform Motion

Building on the results in the previous section, a combination of sweep, cant and twist rotations

are used for the evaluation of the wing skin motion response. Here, the kinematic range outlined in

Table 5.2 of the 4-DOF wing module with 5-6 constrained branches is used to evaluate the motion

response of the wing module skin and is shown in Fig. 6.9. Since the full kinematic range of the wing

module at bz = 250mm is used, the resultant wing skin motion is not simply the superimposition

of results obtained from the individual motion analysis of the previous section.

The maximum and minimum skin elongation values for the full kinematic range of the 4-DOF

(a) Maximum linear elongation distribution (b) Minimum linear elongation distribution

(c) Maximum angular deformation distribution (d) Minimum linear elongation distribution

Figure 6.9: Wing skin motion response for 4-DOF wing module with 5-6 constrained branches at
bz = 250 mm
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wing module with 5-6 constrained branches are shown in Fig. 6.9(a) and Fig. 6.9(b), respectively.

With a combination of platform degrees-of-freedom, we see that the resultant skin motion retains

characteristics from the individual motion analyses. First, the combination of sweep and twist

rotation impose greater span-wise elongation requirements on the trailing edge of the wing skin,

which is expected as both individual motions required large expansions and contraction require-

ments in this region. With the combined motion, however, the trailing edge skin region is required

to expand by almost double the original length, and retract to over half of the original length.

These expansion and contraction requirements reduce towards the leading edge region of the wing.

It is also shown that the regions of the wing skin near the upper and lower surfaces at the platform

airfoil retain the requirements imposed by cant-morphing in which the wing skin must be able to

expand or contract by 10% of the original length.

For the angular displacement, trends associated with individual morphing are also inherited

when combined with other motions. The minimum and maximum angular displacements shown

in Fig. 6.9(c) and Fig. 6.9(d), respectively, show that the wing skin near the platform airfoil, and

particularly near the leading edge, experience the largest angular displacement for the full range

of platform airfoil motions. The larger variable range results in skin angles of approximately ±25o

near the platform airfoil leading edge, which is due not only to the curvature of the wing itself, but

again, by cant morphing. Sweep and twist morphing once again imposes large skin displacement

angles towards the middle of the wing.

6.2.3 Wing Skin Motion Summary

The resultant motion requirements of the skin system vary not only according to the motion of the

platform airfoil, but vary across the wing surface itself. Large extension and retraction capabilities

are required towards the leading and trailing edges, while large angular displacements tend to be

present near the platform airfoil. As such, a single design paradigm might not be sufficient to

address the morphing needs of the wing module. Discretizing the wing skin as presented allowed

for wing skin regions to be identified in which large linear and angular displacements are required.
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Thus, the use of flexible, sliding (rigid or compliant) or hybrid skin systems can be implement in

region to which they are best suited. As such, the presented analysis and kinematic formulation

lays the foundation for a detailed design to be developed that meets the varied needs of the wing

skin with respect to the kinematic requirements associated with morphing.

6.3 Summary

In this chapter, the developed morphing wing module prototype was shown. First, a discussion of

the prototype was given, including a brief description of the branches of the wing module prototype.

With the prototype introduced, the kinematic response of the wing module was shown in an effort

to prove the validity of the kinematic formulation of Chapter 5. Next, it was shown that the

developed kinematics could be used to describe the kinematics of a wing skin system. Potential

wing skin systems were introduced and their function with respect to the wing morphing degrees-

of-freedom were discussed. A discretized wing skin grid was then established to evaluate the motion

response of the wing skin. The elongation distribution and angular displacement distribution was

evaluated, first for individual wing module motions, followed by combined platform motions. It was

shown that the morphing requirements of the wing skin vary across the wing skin surface, and the

kinematics can be used to lay the foundation for detailed design of a morphing wing skin system.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This dissertation presented the conceptual design of a modular morphing wing. Morphing wing

technology has recently become a major research focus at institutes world wide with the expressed

goal of improving the performance of an aircraft during all or specific segments of its mission.

Aircraft morphing can be categorized according to the degrees-of-freedom which morphing pro-

vides. At the wing level, these morphing degrees-of-freedom include variable sweep, cant, twist and

span. Within the literature, numerous concepts have been proposed, each addressing the morph-

ing problem in a different manner, but primarily focusing on a single, or specific set of morphing

degrees-of-freedom. The proposed mechanisms and methods of morphing are so specific that new

systems must be developed in order to address a different individual or set of morphing degrees-

of-freedom. Additionally, for many projects, a morphing mechanism was developed first, followed

by a performance analysis of the wing morphing mechanism. This process thus limits the potential

for maximizing performance gains that the morphing wing was originally required to provide. The

developed modular morphing wing concept presented in this dissertation aimed to address these

specific issues.

The proposed morphing wing module is based structurally and kinematically on variable geom-

etry truss mechanisms. In general, a variable geometry truss is a sequential stacking of closed-loop

parallel mechanism modules to form an open-loop serial-style mechanism. Truss mechanisms in-
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herit positive qualities from each parent mechanism, which was shown to be beneficial when applied

in a morphing wing scenario. From serial robots, a truss mechanism inherits large dexterity and

workspace reach, which for a morphing wing, is essential for providing large scale morphing maneu-

vers. Each module of the truss mechanism is an individual parallel mechanism which provides high

stiffness, and payload-to-weight ratios to the truss system, which is more capable of withstanding

the loads associated with flight, as compared to a simple serial mechanism. The truss platform

provided the needed qualities listed above, such that the morphing wing system could be developed

in a modular fashion.

Further to this, since the morphing wing system consists of sequentially stacked modules, the

analysis of the system reduced to a single module only. The module itself was designed as a

reconfigurable parallel truss system, capable of not only altering the number of degrees-of-freedom

for the wing module, but also the combination of these degrees-of-freedom. As such, the developed

system has a very large degree of flexibility in configuration generation as modules ranging from two,

up to a combination of up to four degrees-of-freedom are possible. Span-morphing was shown to

be a requirement for all modules. Using the four wing-level morphing degrees-of-freedom, the base

wing module is capable of reconfiguring itself to provide any above degree-of-freedom combination.

This allows for a morphing wing system to be quickly generated to match any degree-of-freedom

combination required, at any station along the wing span, without the need to develop a new wing

morphing system from scratch. This not only saves time and development costs, but allows the

wing system to address the specific morphing needs for a specific mission, and thus increase the

potential performance gains as compared to other morphing wings.

7.2 Contributions

The main contributions of this dissertation are as follows:

Modularity and Reconfigurability within the Morphing Wing Field

First and foremost, the subsequent contributions are due to the introduction of modularity
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and reconfigurability within the morphing wing field. These concepts are prevalent within the

robotics field where much research has been conducted. However for the morphing wing field,

designs in the literature were proposed for specific morphing characteristics. The introduction

of modularity and reconfigurability addressed a specific need where a morphing wing could

be quickly designed to address specific morphing requirements. This laid the foundation for

further research and development of a modular wing system in which analysis tools could be

developed at the module level, and be easily applied to all permutations of the wing module

configuration.

Morphing Wing Truss

Building on the concepts of modularity and reconfigurability, a reconfigurable modular truss

mechanism was proposed to provide a wing with specific morphing degrees-of-freedom at spe-

cific span-wise locations. The individual truss modules were designed to be reconfigurable

and to provide any combination of sweep, cant, and twist with span morphing capabilities.

Sequentially stacking specific truss modules could then be used to form a unique morphing

wing system. This modularity and reconfigurability allows for an unlimited number of mor-

phing wings to be quickly designed and analyzed, thus eliminating the need to design specific

mechanisms for specific morphing degrees-of-freedom.

Discretization Algorithm

A discretization algorithm was presented that discretizes an otherwise continuous wing, into

a discrete number of wing modules. The presented algorithm determines the minimum num-

ber of wing modules required to emulate a known and desirable wing shape and associated

performance. Additionally, the algorithm used the known geometry of a reference wing to

provide a natural and intelligent spacing of wing modules in which fewer modules were clus-

tered in wing regions with low curvature and/or twist, and additional modules were clustered

in wing regions with high curvature and/or twist. A mathematical description of the refer-

ence wing was provided using the parallel transport method of curve framing. The algorithm

incrementally increased the number of modules within the wing system and the aerodynamic
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performance was analyzed until a maximum performance was achieved, thus yielding the

minimum number of wing modules for the morphing wing system.

Branch Based Mobility Analysis

The modules of the proposed wing system are based off parallel robot architecture, in which

branch modules are assembled in parallel to form the mechanism. Mobility was traditionally

analyzed based on the number of joints and links within the robot system, however the inherit

modularity of branches with the parallel robot architecture was exploited, and the mobility

equation was redeveloped in terms of the number of unconstrained and constrained branches

within the wing system. For the two proposed parallel robot constraint methodologies it

was shown that the mobility of the system reduced to either the connectivity of the con-

straint branch within tricept-style parallel robots, or to the number of constrained branches

within the robot structure for Stewart-style parallel robots. It was the Stewart-style, or joint

constraint methodology, that was used for the basis of the wing module.

Reconfigurable Parallel Mechanism

The presented mobility analysis allowed for new joint-constraint parallel mechanisms to be

developed conceptually in which the number of branches within the system were not equal

to the mobility of the system. In fact, it was shown that an infinite number of unconstrained

branches could be placed within the parallel mechanisms without constraining the motion of

the platform. By using hybrid prismatic joints, and reconfigurable universal-to-revolute joints,

reconfiguration to lower mobility modes is achievable for the parallel mechanism without the

need to remove branches from the system. The wing module was designed with this feature,

and a specialized rectangular parallel-style truss was proposed. The module consisted of a set

unconstrained-active, unconstrained-passive and constrained-passive branches which could be

reconfigured not only to lower mobility modes, but could do so independently of the selection

of dependent platform variables.

Parametric Constraint Kinematics
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A parametric constraint kinematic formulation was presented that was applied to the wing

module. The parametric constraint formulation can also be applied to a wide variety of lower

mobility parallel robots. Applied to branches that are constrained to move within a plane,

the parametric constraint equation can be used for any constrained branch orientation and

is independent of the selected independent and dependent platform variables. Additionally,

the parametric constraint was further formulated to describe the instantaneous kinematics of

the lower mobility parallel mechanisms. Formulation of the constrained Jacobian matrix was

also shown.

Prototype Development

Finally, through the development of a mechanical prototype wing module, the branch based

mobility, reconfigurable parallel mechanism and parametric constraint kinematics were proved

to be valid. It was also shown that the developed kinematics could be used to describe the

motion response of a wing skin system. Through a search of workspace variables, it was

shown that the kinematic response of the wing skin system is not uniform across the wing

surface with respect to skin elongation and angular displacement. The analysis shows that

the kinematic analysis can be used a foundation for the detailed design of a morphing wing

skin system.

7.3 Future Work

The work presented in this dissertation provides a base for further analysis of the morphing wing

module. Here, high level design concepts were presented and there is opportunity to build on these

concepts. Some relevant future works are described below.

First, the presented discretization method determines the number of required modules for a

single wing profile. For each segment of an aircraft mission, the discretization algorithm would

yield a different number of required modules. Additionally, the spacing of the modules would be

different for each mission segment. A method is therefore required to consolidate the different mod-

ule configurations into a single set of morphing wing modules. In doing so, the unique wing module
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configuration would provide near-optimal performance for all of the mission segments. Finally,

an iterative approach could be implemented to fine tuning the final wing module configuration to

reduce the controllable degrees-of-freedom within the wing system, i.e. introducing the constraint

kinematic, and lower mobility module configurations to the discretization algorithm. The ability

to reduce the total degrees-of-freedom for all wing modules while minimizing effects on the over-

all performance of the wing is ideal from a complexity standpoint, and also better utilizes the

reconfigurability of the wing module.

Next, it was mentioned in Chapter 5 that the orientation of the constraint planes could be

adjusted to provide a better kinematic response. It was shown that the kinematic performance

of the wing module is dependent on the combination of constrained branches, and the respective

constraint plane orientations. An optimization algorithm could therefore be used to determine

optimal constraint plane orientations, thus improving the kinematic performance.

A kineto-structural analysis of the wing truss system is required, particularly for truss member

sizing. Naturally, modules at the wing base must be stronger to withstand the aerodynamic forces

experience during flight. Additionally, the dynamics, vibration and flutter analysis is essential in

ensuring the structural stability of the wing during flight. These analyses could be combined with

a constraint plane orientation analysis in a MDO analysis to fully consider all aspects of the truss

structure for a final configuration for each wing module configuration.

Further efforts into developing a viable skin system is required to achieve a flight-ready design.

Initial efforts in developing a flexible skin system proved to impose a large actuation penalty on

the truss mechanism. While an brief kinematic analysis of the skin motion response was presented,

further analysis into the kinematics, kineto-statics and dynamics of a suitable system is required.

Finally, from an aerodynamic perspective, there are considerable aerodynamic issues to be

explored, but were beyond the scope of this dissertation. First, the discrete nature of the wing

modules present areas on the wing which are discontinuous, and the associated effects and possibly

penalties could be evaluated. Additionally, an analysis when transitioning between wing shapes

must be achieved to ensure the transition does not adversely effect the aerodynamics and stability
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of the aircraft. These analyses can be done through computational tools and confirmed through

wind tunnel testing. Though not mentioned previously, a static wind tunnel model was evaluated.

With progression in developing a viable skin system, a mechanical wind tunnel model could be

developed.
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Appendix A

CFD Mesh

In Chapter 3, a hypothetical reference wing was used to evaluate the aerodynamic performance

of a morphing wing. Computational fluid dynamics was used to compute the aerodynamic forces

for each wing configuration. Meshing was computed using ANSYS c© GambitTM on the HPCVL

network.

Due to the memory limitations of the 32 bit version of the Gambit software, the computation

grid had to be split into smaller volumes to allow the mesh file to be saved without running out

memory. The computational grid used for the aerodynamic analysis is divided into three main

regions. With each iteration of the discretization loop, the exact size of the computation grid

varied according to the wing geometry. Approximately 12 million cells were used for each iteration

which is depictred in Fig. A.1. The details of each region is described below.

Interior Structured Wing Boundary Region The region directly surrounding the wing was

a structured hexahedral mesh as shown in Fig. A.1(a) and Fig. A.1(b). This region forms an

ellipse that bounds the volume of the wing and is scaled according to the wing taper, which

also scales the mesh accordingly. For each airfoil rib plane, 120 mesh nodes are distributed

along the upper and lower surfaces of the wing, with nodes clustered at the leading and trailing

edge sections. A total of 50 grid layers extend out from the wing surface perpendicularly The

spacing of the off wall layers were decreased until a y+ ≈ 1 was acheived. In the span-wise

direction, the nodal spacing for each modules was adjusted to acheive a uniform quadrilateral

172



(a) Interior structured wing boundary mesh airfoil rib
cross section

(b) Wing surface interior structured wing boundary
mesh

(c) Middle unstructured symmetry mesh (d) Boundary between interior structured and middle
unstructured meshes

(e) Far-field structured symmetry mesh (f) Boundar between middle unstructured and far-field
structured grid

Figure A.1: Computational grid used for the discretization algorithm performance analysis

surface mesh on the upper and lower surface of the wing.

Middle Unstructured Region Growing off of the interior structure wing boundary region was

the middle unstructured tetrahedral region as shown in Fig. A.1(c) and Fig. A.1(d). The flex-

ibility of the unstructred tetrahedral elements permitted a smooth growth of mesh elements

outward from the wing. In addition to this, the unstructured grid was capable of providing

a suitable mesh around the interior structured wing boundary region for each wing config-
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uration analyzed. The middle unstructured region was an ellipse with a three chord length

major axis, and one and half chord length minor axis. The major axis was colinear with the

wing root chord. Span-wise, the computation grid extended five chord lengths.

Far-field Structured Region The final region of the mesh was the far-field hexahedral structured

region which extended out from the boundary of the middle unstructured region. The far-field

structured rgion was also elliptical in shape with a 50 chord length major axis, and 25 chord

length minor axis. As with the middle unstructured region, the major axis was colinear with

the wing root chord, and the extened five chord lengths spanwise. The far-field unstructured

grid is shown in Fig. A.1(e) and Fig. A.1(f).
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Appendix B

Parallel Robot Branch Enumeration

In Chapter 4, the kinematic architecture of the wing modules are given. As the wing module is

based off of reconfigurable parallel robots, the module itself is defined by the branch architecture.

The focus of the architecture analysis was on module configuration. Here, details relating to branch

architecture is given as it pertains to the reconfiguration of parallel mechanisms.

B.1 Parallel Mechanism Branch Candidate Enumeration

When designing a parallel robot, Eq. (4.2) must be considered in addition to Eq. (4.1). As the

hexapod has a system order M = 6, and the system order λ = 6, the resultant connectivity for

each of the six branches within the system is Ck = 6. While any combination of links and joints

can be used to for the branches, not all combinations are suitable. The resultant screw system

for the branch must allow the platform to move and orientate itself independently within three

dimensional space. Table B.1 depicts various kinematic pairs (joints) that can be used to fulfill the

connectivity requirements.

Using the kinematic pairs listed in Table B.1, possible branches can be enumerated. Branch

candidates were enumerated using the joints listed in Table B.1 for an on-the-fly reconfigurable

robot [57]. In general though, the various joints can be assembled in any sequence such that the

summation of their individual degrees-of-freedom satisfy the connectivity requirements outlined

in Chapter 4. Given that the lowest connectivity of any kinematic pair is unity, and the highest
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Table B.1: Summary of common kinematic pairs

Kinematic Pair Abbreviation Kinematic Diagram Degrees-of-Freedom

Transverse Axis
Revolute

RT 1

Axial Axis Revolute RA 1

Variable Leg Length
Prismatic

PV 1

Fixed Leg Length
Prismatic

PF 1

Universal (Hooke) U 2

Cylindrical C 2

Spherical S 3

connectivity is three, the minimum and maximum number of joints within a given branch is two

and six, respectively for a branch connectivity Ck = 6. The number of joints within the branch

system is inversely proportional to the robot stiffness and proportional to the robot workspace and

dexterity. It is for this reason that most parallel robots adhere to a two-link, three-joint branch

architecture [56,57,71], although others have been proposed [49,50,55,61,70]. A enumerated list of

possible branch configurations is given in Table B.2. For simplicity, the branches are listed using

their associated joint abbreviations, in order from the base to the moving platform. For instance,

a PFUS branch consists of a fixed prismatic joint attached at the base, a universal joint within the

middle of the branch, followed by a spherical joint attached to the moving platform.
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Table B.2: Enumeration of all possible parallel robot branch candidates with two-link, three-joint
branch architecture

Degree-of-Freedom
Joint 1 Joint 2 Joint 3 Branch Candidates

1 2 3 RTUS, RTCS, RAUS, RACS, PVUS, PVCS, PFUS, PFCS

1 3 2 RTSU, RTSC, RASU, RASC, PVSU, PVSC, PFSU, PFSC

2 1 3 URTS, URAS, UPVS, UPFS, CRTS, CRAS, CPVS, CPFS

2 3 1 USRT, USRA, USPV, USPF, CSRT, CSRA, CSPV, CSPF

2 2 2 UUU, UUC, UCU, UCC, CCC, CCU, CUC, CUU

3 1 2 SRTU, SRTC, SRAU, SRAC, SPVU, SPVC, SPVU, SPFC

3 2 1 SURT, SURA, SUPV, SUPF, SCRT, SCRA, SCPV, SCPF

In total, 56 different branch configurations are possible that satisfy the connectivity require-

ments of the system, however not all candidate configurations succeed at satisfying the physical

motion requirements of its associative screw system. As mentioned, the branch must allow the

platform to move and orientate itself freely within three-dimensional space. To satisfy this require-

ment, enumeration rules are applied to the possible branch configurations in order to eliminate

unfeasible configurations. In addition to these enumeration rules, others are applied that address

implementation issues associated with physical characteristics of the joints, as well as rules that

grant positive kinematic qualities to the robot system.

Spherical Joints

From a kinematic and kineto-static perspective, it is advantageous to have a spherical joint

occupy the Joint 3 position within the branch. Kinematically, a spherical joint attached to

the platform guarantees the platform is capable to freely orientate itself with respect to the

branch. The two remaining joints need only independently position the spherical joint within

three-dimensional space in order to fulfill the kinematic requirements of a branch. From a

kineto-static perspective, the spherical joint does not transmit moments to the branch; only

linear forces are transmitted. As such, a spherical joint is required to be positioned at the
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Joint 3 location. Any branches that do no satisfy this enumeration rule are eliminated.

Variable and Fixed Prismatic Joints

The nature of variable leg length and fixed leg length prismatic joints require that the fixed

leg length prismatic style actuator must be physically connected to some other component,

for example, the base. If a prismatic joint is to be placed as the second joint within the

branch, then a variable leg length prismatic joint is required, as these prismatic actuators

do not require a physical connection point. Conversely, a variable leg length prismatic joint

connected to the base is in effect, a fixed leg length prismatic actuator. Using this, the

enumeration rule that Joint 1 prismatic actuators are of the fixed leg length type, and Joint

2 prismatic actuators are of the variable leg length type. Any branches that do not follow

this rule are eliminated.

Axial Revolute Joints

With a spherical joint required at the platform level, an axial revolute joint within the branch

does not guarantee that the platform can position and orientate itself freely with respect

to the branch. This is a result of the rotation axis of the axial axis revolute joint and link

being colinear. An axial axis revolute joint preceded or followed by a universal joint does not

allow the moving platform the necessary motion as described above. This is also true when

an axial axis revolute joint follows a cylindrical joint. As such, an axial axis revolute joint

is only acceptable when it is followed by a cylindrical joint whose linear axis is not parallel

to the rotation axis of the axial axis revolute joint. This final enumeration rule eliminates

any branches with adjacent axial axis revolute and universal joints and any branch with a

cylindrical joint followed by an axial axis revolute joint.

After the enumeration rules are applied and unsuitable branches eliminated, nine branch can-

didates remain which are listed in Table B.3. These branches satisfy the connectivity requirements

imposed by Eq. (4.2), while satisfying the kinematic requirement for the moving platform. As such,

any of the branches listed can be used to form a full 6-DOF hexapod.

178



Table B.3: Enumeration of feasible parallel robot branch candidates with two-link, three-joint
branch architecture

Degree-of-Freedom
Joint 1 Joint 2 Joint 3 Branch Candidates

1 2 3 RTUS, RTCS, RACS, PFUS, PFCS

2 1 3 URTS, UPVS, CRTS, CPVS

B.2 Parallel Mechanism Constrained Branch Candidate Enumer-
ation

While the branches listed in Table B.3 can be used to form a 6-DOF parallel robot, modifications

must be made to form parallel robots of lower mobility as constraints must be added to the system.

Constraints are added to the system by removing a degree-of-freedom from the system. The un-

constrained branch candidates listed in Table B.3 each consist of three joints. As seen, the branch

candidates possess a joint degree-of-freedom sequence of either fj = 1, 2, 3, or fj = 2, 1, 3, and

each joint is a candidate for a degree-of-freedom to be removed. Removing a degree-of-freedom

introduces the necessary system constraint that allows a robot to assume a lower mobility mode,

however the physical ramifications differ depending on which joint the degree-of-freedom is removed

from. From a connectivity perspective, one of three options are available as discussed below.

1-DOF joint reconfigures to a 0-DOF joint

Removing the degree-of-freedom from the joint of fj = 1 (either RT, RA, PF, or PV) eliminates

the joint from the branch, and results in the two links to be fused into a single link. This

reconfiguration reduces the branch to a one-link, two-joint system. The resulting branch

configurations that that satisfy the fj = 2, 3 joint degree-of-freedom sequence are either of US

or CS architecture. For the US branch, the spherical joint is restricted to move on the surface

of a sphere whose radius is defined by the length of the link connecting the universal and

spherical joints. The CS branch on the other hand requires the spherical joint moves along the

curved surface of a cylinder whose radius is defined by the link connecting the cylindrical and

spherical joints. Though kinematically feasible, it becomes increasingly difficult to achieve a
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suitable kinematic response with each additional constrained branch, of either configuration.

For instance, branches of US architecture impose a finite limit on the height of the platform

with respect to the base due to the fixed link lengths. Branches of CS architecture on the

other hand could allow height adjustment of the platform, but lateral motion is increasingly

more difficult with reduction in system mobility.

2-DOF joint reconfigures to a 1-DOF joint

A degree-of-freedom can be removed from the 2-DOF joint, resulting in a branch with a

joint degree-of-freedom sequence of fj = 1, 1, 3. The two, 2-DOF joints are the universal and

cylindrical joints. For the universal joint, removing a degree-of-freedom results in a transverse

axis revolute joint, regardless of which rotation axis is removed. The cylindrical joint on the

other hand has two distinct reconfigurations as the joint itself consists of one linear and

one rotation axis. Thus after reconfiguration, the resultant joint is either a transverse axis

revolute joint, or a fixed leg length or variable leg length prismatic joint (depending on where

the cylindrical joint was location within the branch). Branches with a joint degree-of-freedom

sequence of fj = 1, 1, 3 are very common in lower mobility parallel robots. For example,

[48, 54, 56, 57, 77] all present parallel robots that have joint degree-of-freedom sequence fj =

1, 1, 3 for lower mobility parallel robots.

3-DOF joint reconfigures to a 2-DOF joint

The final option available is removing a degree-of-freedom from the 3-DOF joint. The only

option available here is the spherical joint, and reconfiguration results in the spherical joint

at the platform becoming a universal joint with branches assuming either a fj = 2, 1, 2, or

fj = 1, 2, 2 joint degree-of-freedom sequence. Configurations such as this have been proposed

in some parallel robots, for instance [61]. This reconfiguration maintains the two-link, three-

joint architecture of the parent branch, but the loss of a rotation degree-of-freedom at the

platform will allow bending about one axis to be passed to the upper link within the branch.
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From the above analysis, we can see that removing a degree-of-freedom from the 1-DOF joint

within the branch is not a viable option as the resultant motion of the platform becomes increasingly

restricted as the robot assumes a lower mobility mode. Thus this option is discarded from further

analysis. Removing a degree-of-freedom from the spherical joint to have a universal joint at the

platform, although feasible, is discarded here due to structural considerations of passing bending

from the platform to the branches. Removing a degree-of-freedom from the 2-DOF joint within the

branch is thus the preferred method to introduce constraints within the robot system.

In order to apply the constraints, a degree-of-freedom is removed from either a universal or

cylindrical joint. Equation (4.8) is independent of the branch configuration, but it is important

to expand on the reconfiguration of the branch when a degree-of-freedom is removed, a summary

of which is shown in Table B.4. The final configurations are sorted based on how the universal

or cylindrical joint is reconfigured, and after reconfiguration there are six unique configurations

available: RTRTS, RTPVS, RARTS, RAPVS, PFRTS, and PFPVS.

Table B.4: Reconfiguration of branch candidates for reduced mobility modes

Joint Reconfigured Branch Configuration

U→RT RTUS→RTRTS, PFUS→PFRTS, URTS→RTRTS, UPVS→RTPVS

C→RT RTCS→RTRTS, RACS→RARTS, PFCS→PFRTS, CRTS→RTRTS, CPVS→RTPVS

C→PF CRTS→PFRTS, CPVS→PFPVS

C→PV RTCS→RTPVS, RACS→RAPVS, PFCS→PFPVS

Any of the unique branches listed in Table B.4 are capable of providing the necessary constraint

to the robot system for a lower mobility mode, with some configurations out performing others from

kinematic and implementation point of view. From this we can further eliminate branch candidates.

First, the RAPVS configuration is degenerate due to the alignment of the RA rotation and PV

translation axes, which renders the branch unable to provide suitable planar motion, and is thus

degenerate. Regarding the RARTS branch, the resultant motion of the spherical joint is motion

on the surface of a sphere. Although this motion is not degenerate, the motion of the spherical
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joint becomes increasingly difficult to implement with each additional degree-of-freedom removed

from the platform. For example, a 3-DOF robot has three constrained branches in which the three

associative spherical joints form a triangle. The vertices of this triangle must always lie on the

sphere surfaces defined by the constrained branches, which could be impossible for many platform

poses. Thus the RARTS constrained branch is too restrictive and is eliminated. Both constrained

branches are derived from the RACS unconstrained branch which is therefore eliminated.

Elimination of the RACS unconstrained branch results in constrained branches in which the

spherical joint experiences strictly planar motion. The TRTS, RTPVS, PFRTS, and PFPVS con-

strained branches each provide suitable motion, but are derived from different unconstrained

branches. A lower mobility parallel robot can be formed by combining unconstrained branches

in Table B.3, with suitable constrained branches from Table B.4, while satisfying the requirements

imposed by Eq. (4.2) must be considered in addition to Eq. (4.1).
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Appendix C

Prototype Motion Video

In Chapter 6, still shots of the wing module were shown at various platform airfoil poses. Addi-

tionally, the screen shot of the Matlab Guide control interface was shown. The video from which

the stills were taken can be retrieved at http://www.youtube.com/watch?v=QLkeZNP7UGs. The

video shows the wing module prototype in use assuming a variety of poses. Additionally at the

beginning of the video, a static stress test is performed. The video not only validates the developed

kinematic formulation, but also highlights the benefits of using a truss system to perform wing

morphing. The video was recorded on October 13, 2011 at Ryerson University.
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