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ABSTRACT

We consider the predator-prey system with a common consuming resource
that was proposed by Holt and Polis in 1997 to introduce the the effects of
intraguild predation in modelling community ecology. Some of the results
suggest that strong intraguild predation can even foster the coexistence of
species. In 2018, the spatiotemporal dynamics of the model proposed was
further analyzed to illustrate the theoretical findings previously mentioned
in 1997. In this thesis, we perform transformations to the system, in order
to study a simplified equivalent system. The number of parameters is re-
duced without altering the biological meaning of the system or the dynamic
behaviour. The local stability of the model is studied at each of the two pos-
itive boundary equilibria and at the positive interior equilibrium by finding
the intervals of the parameters involved. The behaviour of the system will
depend on which intervals the parameters fall. The emphasis is put on the
ranges of the predation rate assuming, there is less that can be done to in-

fluence the parameters representing the natural birth and death rates of the
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prey and predator. By using the qualitative theory for autonomous planar
systems, we show under which conditions each positive boundary equilibria
can be a saddle, saddle node, or stable, and the interior positive equilibrium
is locally asymptotically stable. Under certain conditions the positive in-
terior equilibrium is a stable node. It is interesting to note that when the
consumption of the common resources are equal for the predator and prey

species then we would be dealing with a symmetric system.
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Chapter 1

Introduction

1.1 Definitions and Notation

Consider the following autonomous dynamical system
(1.1.1)

subject to the initial condition

(2(0),9(0)) = (z0,%0),

where ¢t > 0 and f, g : R? — R are functions.
We denote by z the derivative of the function x related to time ¢, and by
C'(R?) the Banach space of functions defined on R? whose first-order partial

derivatives are continuous on R%. We always assume that f, g € C*(R?).

Definition 1.1.1. (z(t),y(t)) is said to be a solution of (1.1.1) if z,y €
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C'(R?) and satisfies both equations of (1.1.1). A solution (z(¢),y(t)) is said

to be positive if for all ¢ > 0, z(¢),y(t) > 0 [3].

Definition 1.1.2. (z*,y*) € R? is said to be an equilibrium of (1.1.1) if it
satisfies f(z*,y*) = 0 and g(z*,y*) = 0. An equilibrium point (z*,y*) is
said to be positive if both z*,y* > 0; a boundary, if z* = 0 or y* = 0; posi-
tive interior, if both z*,y* > 0 [3]. In other words, the (z*,y*) equilibrium
solution is a boundary when the point lies on the x or y axis. In predator
prey models, bounary equilibria refer to a situation where at least one of the

species is extinct.

1.2 Local Stability Analysis

In order to analyze the local asymptotic stability near an equilibrium of
a system of first order autonomous non-linear scalar differential equations,

we can use the method of linearization [3], which is described below.

Consider the autonomous dynamical system of non-linear equations with

two variables, x and y:

o(t) = f(z,y), (1.2.1)

y(t) = g(z,y).



Assume the system (1.2.1) has an equilibrium (z*, y*).

We may expand the functions f and g using the Taylor series centered at

(x*,y*) where u =2 — 2* and v =y — y* [3]:

E:f($ Y )+fx($ Y )u_{_fy(gj Y )U+fxx(x Y )?+fxy($ Y )UU+
= = g9(2", y") + g (2", y")u + gy (27, Y )V + gaa(T™,y )3+gxy(az Y uv + .

Since f(z*,y*) =0 and g(z*,y*) = 0 at equilibrium we have

%fo(x Y )U—i-fy(l’ Y )U+fxx<x Y )?_'_fxy(x Y )uv+
dv * % * ok * % U2 * ok
%=gx(:c YU gy (27, Y0+ gaa(2”y )3+gxy(:v Y )uv +

ul
2

is negligible for an approximation of the function f and ¢ close to the equi-

2
Assuming that f.(z*, y*)%+f$y(x*, Y )uv+.. and gup (2%, ) —4Gay (¥, y* )uv

librium, we have

du * % * %
E:fxCU » Y )u+fy(x » Y )U
dv * % * ok
%:gx(x Y )U—i-gy(x 'Y )U

Definition 1.2.1. The following system is said to be linearized about the

equilibrium (x*, y*):
dX =
— = AX
dt

where X = (u,v)T and A is the Jacobian matrix evaluated at the equilibrium

(z*,y") [3].



We denote by A(z,y) the Jacobian matrix of f and g at (z,y), that is,

of of
Alz,y) = gfg gg (1.2.2)
or dy

and by |A(z,y)| and tr(A(z,y)) its determinant and trace, respectively [3].
The eigenvalues of A(x,y) are determined by the roots of the character-
istic polynomial:
PA) =\ —tr (2, 9)\ + |A(2, )|
The behaviour of the solutions of a linear system can be studied near the
equilibrium (z*, y*) by the eigenvalues, A1, A2, of A(z*,y*). Eigenvalues are

not limited to real numbers.

Definition 1.2.2. An equilibrium is called a node when the eigenvalues are
real numbers with the same sign and may be distinct or equal, A\; < Ay <0
or 0 < Ay < X2 [3]. A node is called stable when solutions approach the
equilibrium as ¢ — oo: in this case, \;y < Ay < 0. It is called an unstable

node when the solution does not converge as t — oo; in this case, 0 < A\; < \s.

Definition 1.2.3. An equilibrium is called a saddle when the eigenvalues are
real numbers with opposite signs [3]. Such that A\jAs < 0, e.g. A\; <0 < Ao
Solutions will approach a saddle point initially, but in general solutions will

not stay near a saddle point over time.

Definition 1.2.4. An equilibrium is called locally asymptotically stable when
eigenvalues are negative or have negative real parts [3]. In this case, solutions

approach the equilibrium as t — oo.



The results stated in local stability analysis section apply to non-linear
planar systems of first order differential equations. The results require that
the system may be linearized about an equilibrium, in this case the non-linear
system behaves similiarly to a linear system, with some exceptions. The
results have been commonly used to study the local stability of biological
models based on non-linear systems, for example, in [38, 40, 8, 24, 7, 19,
39, 26]. We later will use these qualitative theories when discussing local

stabilities. [42]

1.3 The Proposed Model

In this thesis we consider the following predator-prey model:

N = N(HE —dP —h),

cP+sN

(1.3.1)
P:P(cpbﬁ—l—d]\f—g).

N(t) and P(t) represent the densities of the prey and predator respec-

tively. The parameters b, ¢ and s represent the consumption of the predator

and the prey species for common resources. Coefficient d measures the pre-

dation rate, g and h are the natural death rates of the predator and the prey

respectively. All the parameters are positive constants.



Chapter 2

Positive Equilibria

We first use the following transformation:
c
a=-
s

to change system (1.3.1) into the following equivalent system:

=2(s —w—9) = fz,y), 20.1)

= y(32 +yx —0) = g(,y),
where f =b, vy =d, 6 =h, o z(t) = N(t) and y(t) = P(t) have the
same biological meanings as b, d, h, g, N(t) and P(t). From (1.3.1), we see
that under the above transformation, the constant s is normalized to one, in

system (2.0.1). Note that (1.3.1) is reduced from 6 parameters to 5 which

helps symplify the analysis of the model.

Proof. Multiplying the numerator and denominator by 1/s results in the



following terms:

bS — b(S/S) = b
cP+sN (c/s)P+(s/s)N (¢/s)P+N? (2 0 2)
be b(c/s) _ _ ble/s)

cP+sN = (c¢/s)P+(s/s)N ~— (c¢/s)P+N -
By (2.0.2) and with the new variables a = ¢, 8 =b, vy =4d, 0 = h, 0 = g,
x(t) = N(t) and y(t) = P(t), it follows that the model represented by (1.3.1)

is reperesented by the equivalent model (2.0.1). O

Using suitable transformations to reduce the number of parameters in
predator-prey models and SIR models (Susceptible, Infectious, or Recovered
in epidemiology models) has been widely used in [38, 24, 39, 22, 19, 7, 8, 40,
26].

Recall that (z,y) € R? is an equilibrium point of (2.0.1) if it satisfies
f(z,y) =0 and g(z,y) = 0. An equilibrium point (z,y) is said to be positive
if z,y > 0 and to be a positive interior equilibrium point if z,y > 0. It is
easy to verify that (x,y) is an equilibrium point of (2.0.1) if and only if (z,y)

satisfies

o(=L— —yy—6) =0,
@s—w=9) (2.0.3)

y(22L +yx —0) = 0.

ay—+x

The following notation for the reocurring combination of parameters will

be used throughout the thesis and in the Theorems:

00:%7 ’70:%(0-_&5>a
T = %(0 —ad+6), 12=2Fl0o—ad—ao), 1= FG(0—ad).



Theorem 2.0.1. Suppose a > 0, >0, 0 > 0.
(1) If one of the following conditions holds,
(1) 0 > ad and 0 < v < 7,
(17) 0 < 0 < ad and vy > 0,
(i7i) 0 > ad and v > 73,
then (2.0.1) has two positive equilibria (x1,11) = (5/0,0) and (z2,y2) =
(0,5/0).
(2) If 0 > ad and vy < v < 73,

then (2.0.1) has three positive equilibria (x1,y1), (z2,92) and (z*,y*), where

g )(7—%)-

o — ad

. e .
TS e —ap ) and =

Proof. Note that the trivial solution, z = 0 and y = 0, is not taken into

consideration because the first term in the equation ﬁ would be undefined.
It is easy to verify that if either x = 0 or y = 0, then (0,5/0) or (£/6,0)
respectively, satisfy (2.0.3) and thus are equilibria of (2.0.1).

Suppose that y = 0 and = # 0, from the first equation of (2.0.3) we

obtain,
B B
——0=0 =
x TS
It follows that (z1,71) = (5/6,0) is a solution of (2.0.3).

Suppose that x = 0 and y # 0, from the second equation of (2.0.3) we

obtain,

Q™



It follows that (z2,y2) = (0, 8/0) is a solution of (2.0.3).

Suppose x > 0, y > 0 and 0 — ad # 0. We show that z* and y* satisfy
(2.0.3).

Since, o # 0, multiplying the second equation of (2.0.3) by 1/« yields,

8 _
oz W —0=0,
v (2.0.4)

B Yy T
ay+x+a$ a_o'

Subtracting, the first equation from the second equation of (2.0.4) we

B _|_13;_g_< 5 —’yy—(5>=

ay +xr o «

obtain

Simplifying results in the following expression for y

o o o o 1
Te T hyt6=0, wy=2-6-"2, y=y'=—-"——a
«Q «Q @ « ay 7 o«
(2.0.5)

From the first equation of (2.0.4), multiplying both sides by (ay + x) we

have,
B—=(vy+d)ay+z)=0. (2.0.6)

Substituting (2.0.5) into (2.0.6),

(2.0.7)




Solving for z from (2.0.7), together with 0 — @y # 0 yields

o o—ad af o o af
B=|——=x , = — — 1, r=—— :
¥ a o—ad v vy o—ad

Thus the expression we find for z is the following

1 afy
=t ="|o0— . 2.0.8
r=2x 5 (0 p— ozé) ( )
We will use the expression for z* in the following forms,

af o
f=—————— | —(0c—ad) — 2.0.9
X ’Y(U—Ozé)(aﬂ(a Oé) /7)7 ( )

af
=—(13—7). 2.0.1

o —ad) (v =) (2.0.10)

Substituting (2.0.8) into (2.0.5), we have,

., o o0 1
=—————z
ay v«
o—ad 1 afy
- ay _a_v(a_a—oﬁ)
X ( ofr ) (2.0.11)
=—|o—ad—oc+
ary o—ad
L By
()
From (2.0.11),
Y= N —— <7 5(0 a5)) (2.0.12)
B
= o (v =) (2.0.13)

Therefore,



satisfies (2.0.3) and thus is an equilibrium point of (2.0.1).

(1) Under conditions (i), we have ¢ > ad and 0 < v < 7o and under
conditions (i7) we have 0 < ¢ < «ad and v > 0. By (2.0.13), and (2.0.12)
respectively, it follows that y* < 0. Similarly, if (i73) holds, then ¢ > «d and
v > 3. By (2.0.10) we have z* < 0. So, (z*,y*) is not a positive equilibria
under (1). Then, system (2.0.1) has only two positive equilibria points (z1, y1)
and (z2,ys).

(2) Under conditions (2) we have, 0 — ad > 0, and 79 < v < 73. By
(2.0.10) we have z* > 0 and by (2.0.13), we have y* > 0. Hence, (z*,y")
is a positive equilibrium point of (2.0.1). Thus, (2.0.1) has three positive

equilibria, (z1,¥1), (72,12) and (z*,y*). O
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Chapter 3

Local Stability Analysis

In this section, we analyze the local stability of each positive equilibrium
of (2.0.1) by using the well-known qualitative theory for autonomous planar
systems [41, 42].

We recall some well-known results on local stability of the following sys-

tem:

(3.0.1)
y(t) = g(x(t), y(1)),
where f,g € C1(R?). We denote by A(x,y) the Jacobian matrix of f and ¢

at (z,y), that is,
Alw,y)=| 9% (3.0.2)
and by |A(z,y)| and tr(A(z,y)) its determinant and trace, respectively.

The following results have been widely employed to study the local sta-

bility and phase portraits for predator-prey models, for example, in [7, 8, 19,

12



24, 26] and susceptible-infective-removed epidemic models in [38, 39, 40).

Lemma 3.0.1. Let (z*,y*) be an equilibrium of (3.0.1). Then the following
assertions hold.

(2) If |A(z*, y*)| < 0, then (z*,y*) is a saddle.

(i1) If |A(z*,y*)| > 0 and (tr(A(z*, y*)))? — 4| A(z*, y*)| > 0, then (z*, y*)
is a node. It is stable if tr(A(z*,y*)) < 0 and unstable if tr(A(z*,y*)) > 0.

(13i) Assume that |A(z*,y*)| > 0. If tr(A(z*, y*)) < 0, then (z*,y*) is
locally asymptotically stable; if tr(A(z*,y*)) = 0, then it is stable and if

tr(A(z*,y*)) > 0, then it is unstable.

A map T : R?* — R? defined by T(z,y) = (f(z,y),9(z,y)) is said to be
regular if 7" is one to one and onto, T and 7! are continuous and |A(z, y)| #
0 on R2. If T is regular, then the following transformation

x1 = f(z,y), (3.0.3)

v =gz, y)
is said to be a regular transformation. If (3.0.1) is changed into another sys-
tem under suitable regular transformations, then the two systems are said to
be equivalent. It is known (for example see [41]) that under regular trans-
formations, the topological structures of solutions of a planar system near
equilibria including a variety of dynamics like saddles, topological saddles,
nodes, saddle nodes, foci, centers, or cusps remain unchanged.

We need the following result which was proved in [19, Proposition 3.2].

13



Lemma 3.0.2. Let (z*,y*) be an equilibrium of (3.0.1). Assume that
|A(z*, y*)| = 0, tr(A(z*,y*)) # 0 and (3.0.1) is equivalent to the following
system

j:l :p<xlay1>7 (304)

U1 = oy1 + q(y1, z1)

with an isolated equilibrium (0,0), where p(z1,31) = > 77,5, 150 a;riyl and
q(T1,91) = D27y 00 b;xiyl are convergent power series. If ¢ # 0 and

asy # 0, then (z*,y*) is a saddle node.

A function f : Q C R? — R is said to be analytic in an open set € if it
has a convergent Taylor series in some neighborhood of each point in € (see
42, p.69]).

When |A(z*,y*)| = tr(A(z*,y*)) = 0 and A(z*,y*) # 0, under suitable
regular transformations, (3.0.1) is equivalent to the following form

T =y,
(3.0.5)

y = ara*[L+ h(z)] + bpz"y[L + g(2)] + y* R(z, y)
with equilibrium (0, 0), where h, g and R are analytic in a neighborhood of
(0,0), h(0) =¢(0) =0, k > 2, a,, #0 and n € N.
Lemma 3.0.3 ([41, 42]). Let (z*, y*) be an equilibrium of (3.0.1) and |A(z*, y*)| =
tr(A(z*,y*)) = 0 and A(z*,y*) # 0. If (3.0.1) is equivalent to (3.0.5),
k=2m+1€Nand a; > 0, then (z*,y*) is a topological saddle.

Now, we use the above theoretical results to study phase portraits near

each of the positive equilibria of (2.0.1) obtained in section 2.
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By (2.0.1) and (3.0.2), we have

afy afx
xaQ_’Yy_(; T laray?z 1T
Az, y) = ( (rrew) o e ) , (3.0.6)
7Y — (z+ay)? (z+ay)? +yr—o0
af(0x + oy)
A =7 -0 ) 3.0.7
Az, y) @t ay)? +7(oy — 0x) + do, (3.0.7)
and
af(z +y)
tr(A = —= —y) — . 0.
(Ale) = T @)~ (o). (308)

Proof. Taking the partial derivatives of the functions f(z,y) and g(z,y),
defined in (2.0.1) we obtain,

of B _5_x( B ) _ Blay+z)—zB 5
or oay+ax R (oy + x)? N ay +x R
of af . aBr
R G ) B P L U
dg af . apy
wo( @) o gheE 600
dg  ap o?f _ aflz+ay) —a’Py
8_y_ay+w+w_a+y(_(ay+w)2> N (ay + x)? Torme



_ afr
(z+ay)?

By (3.0.9), (3.0.10), (3.0.11) and (3.0.12), together with (3.0.2), it follows
that the jacobian matrix of f and g at (z,y) is defined by (3.0.6).

+yz — 0. (3.0.12)

By (3.0.6), we compute the determinant of A(z,y),

!Auwﬂ—(@fﬁiy-“w—”)(@iigv+”x_a)

- (- (e e )

o (g o) (g 7o)
~(Frer ) (e )
(i) (i) ()
‘Wnyfiw2+”)+%§‘(mifgv‘”)<@f€w2+”)
= ~ore( i ) (e ) )
AR B o e

__ap(éz +oy)
N (x + ay)?

+7(oy — dx) + do,
and the trace of A(z,y),

tr (A(x, y)) = by Yy — 0 + apz

@+ ay)? @rayy T
af(r +y)
= it e =) = (6 +0)

16



3.1 Analysis of the Positive Boundary Equi-
libria

Consider the equilibrium (/3/4, 0)

Recall the notation v; = %(0 —ad+9)

Lemma 3.1.1. Suppose a > 0, 8 > 0, 6 > 0, then the following assertions
hold,
(1) If one of the following conditions holds,
(i) If > 1and 0 > §(a— 1) and v > 7,
(i) f0<a<land o >0and vy >,
(t3) f o >1and 0 <o < d(aw— 1) and v > 0,
then tr((8/0,0)) > 0.
(2) If one of the following conditions holds,
(i) If a>1and o >d(a—1)and 0 <y < 7,
(i) f0<a<lando >0and 0 <7y <,
then tr((5/9,0)) < 0.
(3) If one of the following conditions holds,
(1) f a>1and 0 > §(a— 1) and v = 74,
(i) f 0 <a<land o >0andy=,
then, tr((5/4,0)) = 0.

Proof. By (3.0.8) with (z,y) = (8/6,0), we have

17



w(A(5/5,0)) = ad + =L — (o+ )
B 8 as)— 94
—5[7 A 55}
B[ 3
= S (3.2

(1) If (4) or (4¢) holds, we have v > 71. The result follows by (3.1.8). If
(#3i) holds, we have a > 1 and 0 < 0 < §(av — 1) and y > 0.

é(a —d(a—1))

é(a—a(?—i—d)zﬁ

"= 3
Hence, if %( —d(a—1)) <0, the result follows by (3.1.1).
(2) If (¢) or (4i) holds, we have 0 < v < 7;. The result folows by (3.1.8).
£ (i

(3) If (@) or (7i) holds, we have v = ;. The result follows by (3.1.8). O

Lemma 3.1.2. Suppose a@ > 0, 8 > 0, 6 > 0, then the following assertions
hold,
(1) If one of the following conditions holds,
(i) If 0 > ad and v > 7,
(11) f0 <o < ad and v > 0,
then |A(5/4,0)] < 0.
(2) If 0 > @d and 0 < v < 7, then |[A(8/6,0)| > 0.
(3) If 0 > @ and v = 7, then |A(8/6,0)| = 0.

Proof. By (3.0.7) with (x,y) = (5/6,0) we have,

18



[A(8/6,0)| = —ad® —yB + 09

=p [%(0 —ad) — 7} (3.1.3)
= B0 —)- (3.1.4)

(1) If (¢) or (i7) holds, then %(0 —ad) —~v < 0. Hence, by (3.1.3), we have
|A(8/5,0)] <0

(2) Under conditions (2), we have 0 < v < vy. The result follows by
(3.1.4).

(3) Since 7y = 7, the result follows by (3.1.4).

Theorem 3.1.3. Suppose that a >0, 8 > 0 and § > 0.
(1) If one of the following conditions hold,
(1) If o > ad and v > 7,
(i) f 0 <o < ad and v > 0,
then the equilibrium point (8/6,0) is a saddle.
(2) If 0 > ad and 0 < 7y < 7, then (/0,0) is a stable node.
(3) If 0 > «d, and v = 7y, then the equilibrium (/5/4,0) is a saddle-node.

Proof. By (3.0.7) with (x,y) = (8/6,0) we have,

19



[A(8/6,0)| = —ad® —yB + 09

=p [%(0 —ad) — 7} (3.1.5)
= B —7)- (3.1.6)

(1) If (4) or (i) holds, then %(0 —ad) — v < 0. By (3.1.5), we have
|A(B/0,0)| < 0. The result follows from Lemma (3.0.1) (7).

By (3.0.8) with (z,y) = (5/0,0), we have

By

tr(A(8/0,0)) = ad + — — (o + )
B 2 —as)=2a
_5{7 57— 55}
8 5
=5 ly _ B(a —ad + 5)} (3.1.7)
=2 (313

Let

A(B/6,0) = tr*(A(5/6,0)) — 4| A(8/4,0)]
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Then by (3.1.5) and (3.1.7) with (z,y) = (5/9,0), we have

A(B/6,0) = 5—;[7— %(a— a5+5)r — 48 [%(g_a(;) _7}

= % -(a52 + By — 00 + 5))2} + 487 — 46(0 — ad)

= é :(a(SQ + By = 0(0 +6)) +46° By — 46°(0 — 045)]

_ % :(0452 By — (0 + ) + 4828y — 6% + 45%52)}

- % :(0452 + B87)? = 28(0 + 6)(ad® + By) + 0%(0 + 6)% + 46%(ad® + By) — 4053}
- % :(a52 + By)% 4 (46° — 200 — 26%)(ad® + B) + 0% (0 + 6)% — 4053}

= % :(a52 + 57)? + (20 — 200) (ad® + By) + 6%((0 + 0)* - 405)}

- % :(a52 + B7)* + (26% — 200)(ad” + Bv) + 6°(0* + 206 + 6% — 405)}

- % :(a(52 +87)2 + 26(6 — ) (ad® + ) + 6%(0% — 206 + 52)}

= % :(a52 + B9)2 4 26(8 — o) (ad® + By) + 6%(0 — 6)21

= % -(a52+57)+5(0—5) 2 > 0.

(3.1.9)

(2) Under conditions (2) we have 0 < v < 749 < 71, by (3.1.6), we have
|A(8/4,0)] > 0 and by (3.1.8) we have tr(A(/5/9,0) < 0. This together with
(3.1.9) and Lemma 3.0.1 (iz) imply the result.

(3) Since ¢ > ad and v = . By (3.1.6) we have |A(3/6,0)| = 0.

By (3.1.7) we obtain:
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(8/5,0)70) —ad+ 10 _ g5 _agp d0=9B_
) 3 5
=ad+(c—ad)—0c—6 =9

thus, tr (A(B/(S, 0)) £ 0.

To apply Lemma 3.0.2, we change the equilibrium (5/4,0) to the origin
(0,0) by using the change of variables x; = = — ; and y; = y. Noting
that 1 = /6, Then the first and second equation of (2.0.1), respectively,

becomes:

1 = (B +x1><m — W —5)

U1 =1 (amf—gﬁm_kﬂﬁl + 1) —0>

/3(51 +$1)
iy = T8 )y — 6(B +
'S 3 o F o Y(B1 +x)yr — (B + )
S By _
U = T~ + (B + 21)y1 — oy

Note, that The tayor series expansion ﬁ = > ,x" can be used to

approximate f and g around an equilibrium (0,0). We have

1 B 1/6 s > (T tay\"
51+x1+ay1_1—(—%)_512( 1)( Io )

n=0

Thus,

22



aBy

B+ 1 + ay B/ By Z

T + oy
=ady; |1 —
yl{ 3,
and

B(P1 + 1) _ B(Pr+ x1 + ayr) — aBy

b1+ x1 + ayy B+ 21 + ayy

<x1+ay1)

Sz

n=2

— 48— aBiy
b1+ 1+ oy

:B—aéyl{l—xl—i_ayl +Z(_1>n($1+ayl) :|
n=2

A

Hence,
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B(B1 + x1)

Ty = B+ 11+ am — (B +2)yr — 0(B1 + )
1+ ayp > T+ ay "
— B —ady |1 - DT N gy (T
’ @“{ By ;()( ﬂ”
— (B +x1)y1 — (81 + 11)
. . x1+ay1
=4 a5y1+a6y1( 5/ )
o0 + n
— ady Z(_l)n(xl ﬁayl) — (B + x1)yr — 0(B1 + 1)
n=2 1
52 252
:5—a5yl+%$1y1+%y%—751y1—“ﬂ1y1—55/5—5$1
- z1 +ay \"
— ad 1"
oYy ;( ) ( B )
252 52
= %y% - (V — %)xlyl — (vB1 + ad)yy — 0z
> x+ay \"
—ad —1)" ,
n2 (-1 ( B, )

n=2

and after substituting v = 7y

252 (S -2 52 > + n
= aﬁ y%—(%)myl—(éml—kayl)—aéyl Z(—l)n(%) .

n=2

Similarly,
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_ aBy
B1+ 1 + oy

T+« > x1+ay \ "
= ady; {1 - 15—1/1 +Z(—1)n <1ﬁ—y1> ] +’Y(51 +951)?/1 — 0
1 p— 1

1 +7(61 + 1)1 — o

052 > x+ oy \ "
= ady; — 7yl(xl + ayy) + (61 + x1)y1 — oy + adyy Z(—l)n( 1 : y1>
1

2(52 62 o N "
N _aﬁ vit (7 B %)%m + (a6 — o +vB1)y1 + adys Z(—l)” (—331 ﬁayl) :
1

n=2

n=2

and after substituting v = 7y

. a8 do — 2a? > x1+ ayy \ "
Y1 = _Ty% + <UT) T1Y1 + adyy Z(—l)n (15—y1> .
1

n=2

Let x5 = dx1 + oy, and yo = ;.
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Ty =021 + 0y
a253 50' — 20652 > T + a n
- 3 y% - 5( )-lel —0(0xy + oY1) — 04(523/1 Z(—l)n (1_3/1)

B n=2 ﬁl
_a*’o 2, (50—2&52)I + ado Z(_l)n<x1+ay1)"
5 Y ﬁ 1Y1 n s ﬁl

a?)? 9 do — 206>

=3 (5—0)y1+(
(-5 045%2 <x1+ay1)

o?6? do — 2062 _
- (5—0)y§+( a a )(0—5)(1:2 5Uy2)y2—5$2

>(‘7 —6)z1y1 — 0(0x1 + oY1)

3 p
°° B 4oy \”
+ (0 = d)ady; ;(—1) (JT(;Z/>
_ Q?Q (5 a)yg B (o0 — 5)0(50 — 2a0) yg n (o — 6)(50 - 2Q5)m2y2 — Sy
(o §)aby, Z(—l)n <$2 - (Uﬁ— a5)y1)
_ (-0 oo — 2« a?6? )2 (0—5)(0—20{5)37 —0x
=" <( 2a0) + 5>y2+ 5 2Y2 — 02
(o §)aby, Z(—l)n (m — (Uﬁ— a5)yl)
— (0 — U)(g _ a5>2y§ + o= 5)(; = 2a9) T2Ys — 0o
+ (0 — d)adys Z(—l)n (IQ — (05_ 045)111)
and
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do — 200\ (13 — oY > Dm0v 4y \"
1y —o A
7o) (5 e o (S5

do — 2a6? — (o —ad n
3 )%ngr (%)IQWJF(M@QZ(_D”(@ (05 e! )yl>

n=2

o— 2a(5)0y§ N (a —6204(5)$2y2 4 by Z(‘l)n (xg - (O'ﬁ— a5)y1)
n=2

B (—a2(52 —02+2a(50)y2+ (0—2045)36 y
6 2 B 292

Q
no
>,
no
no
| +
S/ N /N 7/ N
>,
Q
|
[\
o
S5
no

o0

_ _lo—adp (0 - 20‘5)1«2@/2 + oty Z(_l)n(xz - (aﬁ— aé)yl)"

n=2

Let

(@2, ya) = (0 — 0)(2 - 045)2yg N (o0 — 5)(2 — 2ad) -

+ (0 — 8)adys i(_m (3«“2 - (05— aé)y1>”

n=2

and
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> (xg (o aa)y2>"

(U_—O“S)Q S+ (U _ﬁ2a6)$2y2 + adys Z(_l)n 3

n=2

then (2.0.1) can be, after the above transformations, written as

Ty = =09 + p(T2, y2)
(3.1.10)
Y2 = Q(%, yz)

Let x3 = 1o and y3 = x5, then

T3 = q(y3, x3) (3.1.11)

U3 = —0ys + p(ys3, T3)

From our definition of ¢ we have that asy = —% = (0 since, o > ad.

Moreover, o = —9 # 0. Thus, by Lemma 3.0.2 the result follows.

3.2 Analysis of the Second Positive Bound-

ary Equilibrium

Consider the equilibrium point (0, 5/0)
By (3.0.6), (3.0.7) and (3.0.8) at (0,8/0) we have:

o3

-0 0
A(0,B/0) = o , (3.2.1)

SES]

—0

+

[0}
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2
[A(0,8/0)] = ="+ + o,

and

tr(0,8/0) = Z — br 5 .

(07 g

respectively.

Lemma 3.2.1. Suppose a > 0, 8 > 0, 6 > 0, then the following assertions
hold.
(1) If 0 > ad and 0 < 7y < 73, then |A(0,5/0)| < 0.
(2) If one of the following conditions hold,
(i) If 0 > ad and v > 73,
(17) If 0 <o < ad and v > 0,
then |A(0,3/0)| > 0.
(3) If o > @d and y = ~3, then |A((0, 5/0)| = 0.

Proof. By (3.2.1) we obtain:

40,6/0) = a2 = 2 —5) T B4
o Ze-a))  =sb-w)

(1) Under condition (1) we have ¢ > ad and 0 < 7 < 3. The result
follows by (3.2.6).
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(2) If (¢) holds we have o > ad and v > 3 The result follows by (3.2.6).
Similarly, If (é4) holds 0 < ¢ < ad and v > 0, the result follows by (3.2.5).

(3) we have 0 > «ad and v = 73, the result follows by (3.2.6). O

Lemma 3.2.2. Suppose § > 0, 6 > 0, then the following assertions hold.
(1) If one of the following conditions hold,
(7)) If a >1and ¢ >0 and v > 0,
(i) f0<a<land 0 <o <ogpandy>0,
(179) If 0 < a < 1 and 0 > g¢ and v > 7,
then tr (A(0, 8/0)) < 0.
(2) If 0 <a < 1and o> 0gand 0 <y <7, then tr (A0, 3/0)) > 0.
(3) If 0 < a < 1 and 0 > g9 and v = 7, then tr (4(0,3/0)) = 0.

Proof. By (3.0.8) with (x,y) = (0, 5/0), we have
)

0,8/ = § =% =5 =0 = (5o —ai—a0) 1) = S =)

A0 = 5= 50 (3.2
= Z(1—a)~ (54 2
tr (A(0,8/0)) = 5(0%(0 —ad —ao) — 7)
= g(aiﬁ(g(l —a)—ad) — 7)
) 5(0(1 ) . s _7) (3.2.3)
o af (1—a)
- (Mo 1)



(1) If (¢) holds, we have @« > 1 and ¢ > 0 and v > 0. It follows that by
(3.2.2), tr (A(0, 8/c)) < 0. If (ii) holds we have 0 < & < 1 and 0 < o < g
and v > 0. It follows that by (3.2.3), tr (4(0, 8/c)) < 0. If (iii) holds y > 7o,
the result follows by (3.2.9).

(2) Since v < 7y, the result follows by (3.2.9).

(3) Since v = 7y, the result follows by (3.2.9). O

Theorem 3.2.3. Suppose that a > 0, § > 0 and § > 0, then the following
assertions hold.
(1) If o > ad and 0 < 7y < 73,
then the equilibrium point (0, 5/0) is a saddle of (2.0.1).
(2) If one of the following conditions hold,
(1) If 0 > ad and v > 73,
(1) f0 <o <ad and v >0,
then the equilibrium point (0, 5/0) is a stable node of (2.0.1).
(3) If 0 > ad and 7y = 73,
then the equilibrium point (0, 3/0) is a saddle node of (2.0.1).

Proof. By (3.0.7) with (x,y) = (0, 5/0) we have,

2

|A0, 8/0)| = —% +9B+ 6o (3.2.4)
= ﬁ( - @(a - aa)) (3.2.5)
=By =) (3.2.6)
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(1) Since v — v3 < 0. By (3.2.6), we have |A(0,8/0)| < 0. The result

follows from Lemma (3.0.1) (7).
By (3.0.8) with (z,y) = (0, 8/0), we have

tr (A(0, 8/0)) :g—ﬁ—a—é

(0% o

zg %(a—aé—aa)—’y

= g(% - ’Y)-
Let
A(0, B/a) = tr* (A(0, B/a)) — 4] A(0, B/0)]

Then by (3.2.4) and (3.2.7) with (z,y) = (0,8/0), we have
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(3.2.8)

(3.2.9)



o P ? o?
20, 8/0) = <“’+a——— ) —4(=— +78 +d0)

g

1 9 0’2 2 0_2
=5\t b0 | —d(=—+9f+d0)

0-2

1 0'2 2 0.2
= —( (= + )= (18+b0) ) —4(1B8+b0) +4—

(72 o a

2 2

= % <(75 —d0)? = 2(—0” + %)(vﬁ —00) + (=0 + %)2> —4(yB + d0) + 4%

1T 2 2 0? 9 o’ 9 9 o
= —| (1B =00)"+ (20" =2—=) (78 = 00) + (0" + —)* —do* (1B + do) + 4—
= % _(75 —60)* + (20% — 2%2 —40%) (78 = d0) + (—o® + %2)2 + 4%4}
= % -(75 —60)? + (=207 — 2%2)(75 —§0) + o1 — é)z n 4%4]
- % (36— b0 —20°(1 + é)(vﬂ —b0) +o'(1+ é)ﬂ

: 2
:% (Vﬁ—éa)—02(1+$) >0
(3.2.10)

(2) Under conditions (i) we have v > 3 > ¥,. By (3.2.6), and (3.2.9) we
have |A(0, 3/0)| > 0 and tr (A(0, 3/0)) < 0 respectively. This together with
(3.2.10) and Lemma 3.0.1 (i7) imply the result. Similarly under conditions
(17), we have 0 < ¢ < «d and v > 0. By (3.2.5) and (3.2.8), we have
|A(0, 8/0)] > 0 and tr (A(0,3/c)) < 0 respectively. The result follows by
(3.2.10) and Lemma 3.0.1 (i7).

(3) Since 0 > ad and v = ~3. By (3.2.6) we have |A(0,5/c)| = 0.

By (3.2.8) we obtain:
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tr (A(0, 8/0)) = p L%(J —ad —ao) — O%(a — ad)
_B(o s 3.2.11
(o) N

thus tr (A(0,3/0)) # 0.

To apply Lemma 3.0.2, we change the equilibrium (0, 5/0) to the origin
(0,0) by using the change of variables z = 21 and y = y; + 2. Noting that
Bo = /0, the system (2.0.1) becomes:

.i?l =2 (m —’y(yl +62) —5>

Z)1=(y1+52)<a(ylf—é)ﬂ+7x—0)

= % + (Y1 + B2)z1 — o (y1 + Ba)
Note that
1 1 & xl—i-ozyl)n
— " 3.2.13
1+ oy + af 0452;( afs ( )
Thus,
aB(y1 + Ba) _4_ By
afs + x1 + ayy afs + x1 + ayy
o > T+ oy "
N ) A
Y >( = )
o T+ ay; = T+ ay \"
— B — 1 =2 )y 2L
’ Oéxl[ s +Z( )( oy )]

n=2
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and

By o R I — (:cl + ay1>"
=T |1 SR Ny AR
afs+x1+ay;  « ! By Z< ) By

n=2

Hence the second equation of (3.2.12) becomes,

jy = aB(yr + 52)
afs + 1 + ayy

L A Y Cey N ERTCHRARE AN

«Q afsy a3y

+ (B2 +y1)x1 — o (B2 + 1)

n=2
o 0'2 (72 ) g = n( 21 —|—ay1 !
=3- 51’1 + =T+ 5T+ V(B2 + y1)zr — o (Ba+y1) — a$1 Z(_l)

af a?p ra B
2 2 00 n
T2 o o o z1 + ay
- — Dy —oyy — — E 1y A
OZQ/Bxl + (v + aﬁ)xlyl + (752 a)xl oY1 Ole n:2( ) < e >
1 el o? o

2 2 (5 2
e (B S (o2
_ %xl Sy (fl;rﬁfyl)"

n=2
2 [eS)

o 20% — ado o W T ay\"

and
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Ty

py

afs +x+ay; o«

= —_7;'1

o { 1+ oy
1 eIl
afs

36

()]

n=2

= b, +€Zl+ o V(B2 + y1)z1 — 0y
- gxl [1 _ntam + i(_l)n (w) "] — (B2 +y1)r1 — Oy

o afy —~ afBs
= gxl - (gwl)%ﬁiyl — By — Y171 — 01 + gxl g(—l)” (—xliﬁ?yl)n
- gwl - ;TZB-C’?% - 2_;33191 —YPex1 — Y121 — 0y + gxl g(—l)" (%ﬁj@h)n
_ _%ﬁ - (7 + %)Ilyl - ( — B2 + g — 5) T, + gq;l g(_l)n (xl(jﬁc;yl
= —%ﬁ - (2—; — %T + %)xlyl - <%(a - a6)§ - g +6>x1

+ giﬂl i(—w (_xl;rﬁjéyl)"
Let yo = dx1 + oy and x1 = xs.

y



?Jz = 51'1 + Uyl

o? do — 20% |« L ol T oy \"
:5|:—QTB$%+<T)$1Q1+E$1;(—1) ( 1&52 1) :|

ol ot (2 - S () |
S Y L T S
+-oZn ()
_ %(a o)+ (W) (0— o) (yga:’z/a _ 5/0—953) — oy,
+6-0) 20 2(—1>”((“ ]
o=l (<o) (S5 i) o

+(0 - a)g:vz i(—l)"((a - a?f + ay2)"
n=2
— 0—5<g2/a2+52 —zaé/a)x§+ <5U_B+2/O‘

)n((U - aé(i;g + ayg)”

2
2
= U_5<U/C“—5) w3 + (5—20/04)(5_0)%1;2 — oY

PR S e

)(5 - U)yzl’z —0Y2

_.I_
=
|
2
SIS
8
)
[
D
—

o0

— oYz + (5 — O’)gl@ Z(_l)n((

n=2

o — ad)ws +ags\"
af
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and

",1.72 :jfl
2 do — 202 ) i n — ad)xy + "
= —Oj‘TﬁIg—l— < ? ﬁo- /a) (y2 - I2>$2 + gl’z ;(_1) <<0 040)422 ay2>
_ (6=a/a)® , do —20°% /o 0« nf (0 —ad)zy + oy \"
I R T3+ <—6 )$2y2+5m2 ;(_1) ( B )
Let

- 52 5 — 2 > o 5 n
PR

n=2

and

(0 —08)(c—ad)? , (0—10) (20— ad)

q(x2,y2) = o’ Ty + B Yoo
0 (00— ad)ry + ayy \"
+(5—U)ax2;(—1) < o7 )
then (2.0.1) can be written as
Ty = p(x2,Y2)

(3.2.14)
Vo = —0y2 + q(z2, y2)
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From our definition of p and ¢ respectively we have that asy = — (”;f‘ ; ) =+

0 since, o > ad. Moreover, p = —c # 0. Thus, by 3.0.2 the result follows.
O

3.3 Analysis of the Positive Interior Equilib-
rium
Consider the interior equilibrium (z*, y*)

Theorem 3.3.1. If « > 0, 8> 0,0 >0, 0 > ad and 7y < 7 < 73, then

(x*,y*) is locally asymptotically stable.

Proof. By (2.0.9) and (2.0.12) we have the following expressions

oy" —ox" = ﬁ {0<7 - %(0 - a5)) - 045(%(0 —ad) — 7)]

(3.3.1)
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oy 4 opt = — D :0<’y—%(a—a(5))—l—a(S(iﬁ(a—a(S)—’y)}

(o — ad) a
B 6] [ oz do
= o —a0) _(a —ad)y — E(o —ad) + E(O’ — 04(5)]
__ B8
“e—an | aé)y]
=0
(3.3.2)
1
+ayt = %(a — Ua_ﬂzé + aa—ﬂzé — 046) = ;(a — ad)
of __ _ofy (3.3.3)

(z* +ay*)? (0 — ad)?
By (3.0.8) and substituting (2.0.8), (2.0.12) and (3.3.3) we obtain the

following
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tr(A(z*,y*))=(7+ o0 >x+( ap )Z—W)y—o—é

(x + ay)? (x+ oy

__op
- (x+ay)2(a:+y)+7(x—y)—a—6

B ofy B afy By B B afy B By oy
_(a—a5)2(0 a—a5+a—a5 5)+U o—ad U—Oz5+6 70
- 5 (o e 0) - e
_ —ad
__ap*y [(0 - ad) (0 = ad)
o Lat | (r o= e ) —ate )
:(UO‘_&Z;P (J;ﬁa& <aa—a5—a0+a25—a+a5)—’7(04_1)1
2 - — ad
)
2% 6§
_(aa_ﬁoja)s “B<0—“5)_%(““5>”(0‘_1)}
‘ L
N (aa—ﬁ()})?} [0‘70_73_OW+7]
2
N (aa—ﬁa’g):a [a(70_7)+7_73}
(3.3.4)
Let
__ap
T = m

By (3.0.7) and substituting (3.3.1) and (3.3.2) and (3.3.3) we obtain the
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following

A" y)] = Aoy — 6a%) — — P

b ((0 + ad)y — 275(0 — a6)> 04—52272 + do

- (o0 — ad) (0 — ad)
_ap? (0 — ad) 200 (0 — ad)?
— m[—72+7<(0+a5)7— 7(0—(15)) +600¢—B2]
2 _ 252 Y
[—’72+ d aﬁa 0 v — i(gz(a—acS)Q%-éa—(aa;;d) ]
2 —a?% (0 — ad)
[ — 7%+ — v —do 5 ]
= —7|y? . _aogég’y + (50<J 0455)2}
o af S ap
o2 —a262\* (o f ad)? (o + ad)? (0 — ad)?
= —7 (’y %03 ) — 10232 + 5001—52}
=7 (7 o’ Q—a% ) + 04;222 (4@50— (a+a6)2>]
B o? —a? (0 — ad)
-7 (7 2a8 ) 4232 ]
(7 ﬁa—oﬁ))( ——0—045))
=—7(7 = 73) (7 — )
=71 =77 =)
(3.3.5)

From Theorem 2.0.1 we have (z*,y*) is a positive equilibrium point of
(2.0.1) under the conditions o — ad > 0 and vy < v < 3. Hence, by (3.3.4)
and (3.3.5) we have tr(A(z*,y*)) < 0 and |A(z*,y*)| > 0 respectively. It
follows that by Lemma 3.0.1 (iv), the interior equilibrium (z*, y*) is locally

asymptotically stable. O
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Chapter 4

Numerical Simulations

4.1 Discussion

Among predator prey models, my focus was on one that exhibits in-
traguild predation. However, there are models that incorporate different be-
haviors observed in nature that affect the balance. For example, the Holling
type IV functional response which describes the interaction between predator
and prey when the prey exhibit group defense. A harvesting rate could be
added to a model in which either or both species are subject to capturing.
Seasonal changes in the environment affect the population dynamics. Local
extinctions could be balanced by remigration, then a model would have to in-
corporate a migration rate. The Allee effect refers to a reduction in individual
fitness at low population density. A combination of some of these behaviors
have been analyzed in models before. But realistically, there is a point where

adding complexity to the model loses its value because most of the data you
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Predator Population y(t)
Predator Population y(t)

Prey Population x(t) Prey Population x(t)

(a) (z1,y1) = (4.8,0) is a stable node (b) (z1,y1) = (4.8,0) is a saddle node
of (2.0.1), where a = 0.5, 8 = 1.2, of (2.0.1), where a = 0.5, § = 1.2,
0 =0.25,0=.2,and v < vy 60=0.25,0=.2,and vy =

Figure 4.1: The phase portraits of (2.0.1) for different values of 7. Figures
4.1a and 4.1b satisfy the conditions of Theorem 3.1.3 (2) and (3), respec-
tively. In particular, figures 4.1a and 4.1b show that the boundary equilib-
rium (z1,y1) can be a stable-node or a saddle-node respectively, depending

on v, B, a and ¢ and 4.
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(b) (x1,y1) and (z2, y2) are both sad-

a) (z*,y*) is a stable node of (2.0.1),
(@) (@ y") ( ) dles of (2.0.1), where = 0.5, 8 =

where a = 0.5, 8 = 1.2, § = 0.25,
12,6 =025 0=.2 and v < v <

c=.2and v <7y <173
73-

Figure 4.2: The above graphs show that the positive interior equilibrium is
locally asymptotically stable for non zero initial conditions. The parameters
o, B, 7, a and § were chosen such that they satisfy Theorem 3.3.1. Note that
they also satisfy Theorem 3.1.3 (1) and Theorem 3.2.3 (1) shown in figure b)

with £ = 0 or y = 0 for initial conditions.
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(a) (z2,y2) = (0,6) is a stable node (b) (z2,y2) = (0,6) is a saddle node
of (2.0.1), where o = 0.5, 5 = 1.2, of (2.0.1), where o = 0.5, § = 1.2,
0=0.25,0=.2,and v > 73 0 =0.25,0=.2,and v = 3.

Figure 4.3: The phase portraits of (2.0.1) for different values of . Figures
4.3a and 4.3b satisfy the conditions of Theorem 3.2.3 (2) and (3), respec-
tively. In particular, figures 4.3a and 4.3b show that the boundary equilib-

rium (z2,y2) can be a stable-node or a saddle-node respectively, depending

on v, B, a and ¢ and 4.
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would need to fit the model can not be collected, even if the mathematics
is possible to analyze with computational methods. In this thesis the model
represents, a natural environment where the main population changes at the
time are due to competition for recourses and predator prey exploitation. In
the presence of limited resources, relatively small populations will increase,
whereas an excessively large population will have insufficient resources to
survive As we might expect when o = 1. the system is symmetric because «
represents the ratio that measures the abilities of the two species to compete
for resources. As v moves through the ranges of intervals the interior equilib-
rium travels linearly from the the equilibrium (z1,y;) to (x2,y2). When the
interior equilibrium meets either of the boundary equilibrium it looks like a
pitchfork bifurcation. We are only taking positive solutions so we are not

seeing this in the numerical simulations.
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